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In this talk, | will review

Path-Integral Optimization & the “Complexity” in CFT

2 years ago---

Maybe useful appetizer to listen on complexity
on EoP

Then, | will try to show you our recent attempt in BCFT---

Preliminary observation
just started w/



AdS/CFT & Quantum Information

Modern Perspective of AdS/CFT A “Geometrization” of Quantum States
{Quantum Entanglement} [ Emergent Geometry] “Gravity”
AdS/CFT “Spacetime”
Tensor Network
Ex: Entanglement Entropy (EE) Min. Area of codim.-2 Surface p 0ot
. | Area(v.a4) .
Sa=—Trpalogpa @B H,%IP 4G N [Ryu-Takayanagi 06]
a7
MERA network Hyperbolic geometry (a time slice of AdS) «3&:\;&3}%
(for CFT vacuum) [Swingle 09] %ﬁi@i
[Vidal 05,06] R

But still More direct way to dual geometries from quantum states?
mysterious  —» _ _
mechanism-:- Entanglement is NOT enough---Better probe? Complexity?



Motivation & Proposal (1) as/CET s 20yearsold

but still mysterious...
Direct or Systematic Way to Get Information about Dual Geometries?

AdS/CFT Geometry

(a time slice of AdS)

Quantum State

— MERA (Tensor Network)
Fsy, A toy model
e of ADS/CFT

— Euclidean Path-Integral [ Direct way ? ]

OISTRART IR I [Coputa-Kundu-Miyaji- Takayanagi-KW'17]

“Optimization” of Euclidean Path-Integral for Wave Functional in CFTs

In2d T “Minimization” of the Liouville Action of the Back-ground Metric



Motivation & Proposal (2) "

CFT Analogue of “Complexity of Quantum State” 7

A State
A

Simple
Operations

— minl #(O ti
Cy = minl #(Operations) | 0)[0)]0) -~ A Ref State

Holographic Complexity A new probe for dual spacetime beyond HEE
4 )
[ Complexity ]
\_ [Susskind, +Stanford 14] / \[Brovvn—Roberts—Susskind—vaingIe—Zhao 1@
(Max. codim-1 surface) (Action on WDW patch(“codim-0"))

CFT analogue? — [No Definition of the complexity in CFTs so far-- ]

A few developing attempts--- [Susskind, + collaborators---] [Chapman-Heller-Marrochio-Pastawski 17]
(including ours)  [Jefferson-Myers 17] [Yang, + collaborators 17]
[Caputa-Magan 18]---etc




Motivation & Proposal (2)

CFT Analogue of “Complexity of Quantum State” 7

OIV@ITeIo I Il | Coputa-Kundu-Miyaji-Takayanagi-KW'17]

[ Complexity of States in CFTs J “Optimized Action”
In 2d CFT, “Liouvlille Action”
Tensor Network Renormalization (TNR) Procedure “Optimization”
T L L L11 “Optimized” TN
V]G (z)] ~ ~ b 1 Ex: MERA (CFT vacuum)
42 4+ o o *—o—o Y Complexity

(Refining & Coarse-graining tensors) ~ min#|tensors]



Optimization of Euclidean Path-Integrals
& Complexity in CFTs

More detail---



Basic Rules tfor Our “Optimization” Procedure

( CFT Analogue of TNR Procedure )
Discretization of Euclidean path-integral

z = OO0 €

(Regularization) "’I )
A
U[3(x)] = f (H 1] Dgo(z,g;)) e=5ert (@) T 6(e(e, x) — () T
T e<z<oo T
Metric (one cell = unitarea) ds® = ¢ 2+ (dz* + da'da’)” z"
Z = € @(m) >
“Optimization” of the path-integral T
Changing the gseometry of the lattice regularization & T 2

Modifying the back-ground metric for the path-integral
with fixing the UV bdy condition

2

26

€
Qz‘z(Z :;-’L') =0 [Redundantdofs k>1/z j
— Discarded

2

gzz(Z — 6,.1') =€ ) gZJ(Z — 6,.1,‘) = 513 - €



Basic Rules tfor Our “Optimization” Procedure
( CFT Analogue of TNR Procedure )

After optimization, reproduce the correct wave functional up to a normalization

(Ansatz)
legab I:(TO(J:)] — N(gaé) ' leﬁab [(TO('CU)]
Estimate redundant dofs Minimize this!!

“Optimization” of the path-integral [4)

Minimizing “# of lattice points” o VWUV
(= “# of tensorsina TN”)
Optimize .

0Y(0}(0) - - -
Our Conjecture for Complexity in CFT e R
MERA network

Nopt & eXp(CompleXIt}L)\‘ Min[#(Operations)]



?d CFT case

In 2d CFT, we can diagonalize the general back-ground metric

_ 1

Weyl Scaling ds® = 62¢(z’$)(dz2 + de) with  e2¢(z=e2) — —~

€

The change of the measure is characterized by the Liouville action
_ _Splp]—SL[o

[D@]gab:e%&ab — € Llol=5r ol [D(p]gab:éab UV regularization
. o0 o0 / ---> # of unitaries
Suldl=gem [ do [ d:l(000)+ (0:07 41+ R n TN

A
™~ Conformal Anomaly ---> # of isometries

q:jgab:eg‘i)&::,b [(’5(‘1‘)] — 6SL [gb]—SL [0] ' qjgabzﬁab [(75(:{:)]

Minimize this !! mng[SL((b) = 51(0)] = (Complexity)



Vacuum on Plane (Poincare AdS,)

/ ! —
w =z +ix FOM : awamcbzﬁeng 62(’5:%- A(W)B(’w)
) 1 i (1— Aw)B(w))?
L, = - Especially, A(w)=w, B(w)=-1/w
z  pz) . . |
| | a time slice of Poincare AdS;
S ERETELE | 4 1 1 1 da? + dz?
20 — | - . o _ ax” +az"
S raE aE T W=y
This solution clearly minimizes the Liouville action : g2¢(z=00,x) _ L = /da’:
C 2 B\ 2 b1z C\/EL
St = gp | dwdz [(00¢)" + (0:0 + vie?)?| — 1o f delyiet 2= =2 957

Volume divergence!!



Othel’ :Xamp‘es Work well for simples examples!!

\__VZ

P

A
Finite T or TFED state ll"m U 8/2 —>  Wormhole M (A time slice of BTZ BH)
B/2

—_——— - ——

_—————

______

R r—

Sa = —1rpalogpa

S fn—>1§V




Examples : Our "Complexity” in CF1s

2d CFT Hgn[SL(cb) — 51,(0)] ~ (Complexity) Volume divergence !!
Ve cL — ~N
Vacuum on plane (Poincare AdS3) SL = 127e - /dw
Vacuum on disk g :E-(l—l) TFD o _c (1. 7
(Global AdS3) P76\ (BTzBH) ~* 3 \c¢ 23)
3d CFT | 4d CFT 3
With a naive extension--- (Global AdS4) N = ga- (Global AdS5) & = T6rax
1 1 2 2 1 5

—

e

The volume law leading divergence:| agree with the holographic complexities !!

The divergence structure
& g [Chapman-Marrochio-Myers 16]

[Lehner-Poisson-Myers-Sorkin 16]

The relative coefficients are different in general---
[Carmi-Myers-Rath 16] [Reynolds-Ross16]



Summary
B Metric on a time slice

A proposal to define complexity of states in CFTs of dual spacetime

using “Optimization” of Euclidean Path-Integrals / /EW HEE
— Some checks for some states in 2d CFTs, P4, Sa

“Complexity” = “Optimal Action”

= “the Liouville Action” (2d) H“;&“[SL(@ = 50(0)] & (Complexity)

(Qualitative) Matching to the Holographic Conjectures!!

I:U I’J[hel’ \/\/OI’kS Developing in past 2 years!!

Higher dims, Time depend., Relation to Holographic Complexity
Masamichi’s talk

Non-CFT case RG flow Application to EoP
-+ etc

How about CFT w/ defect or bdy ?



Defects distinguish Holographic Proposals?

A toy model of AdS3/D(or B)CFT2

CFT2 w/ a defect (or bdy)

1
16’]TGN

Ibulk + Ibrane —

8¢

AdS3 w/ a brane on a AdS?2 slice

AdS3

/dgx\/—_g(R— ) £ )\/dzm/—_h

Cy — CV,Vac: — ? sinh y* -log

_ Ca—Cavac =0 No defect contribution !

defect CFT2

5 ) X defect brane tension

(scheme dependent?)

Which is better as the complexity? Need the CFT counterpart:--



Path-Integral Optimization in BCF T eretiminary-

Just started working w/ ) 2= f(z)
( ; oM, [ K+ pp =0
Boundary Liouville field theory ZA \\
c |
Sclél = 55~ / ((00)* + R + pe®?) ; M
‘|——/ (ch—l—/,LBBbqs) N T »
12mJorm z2=€¢ x>0
“Optimize” 8M0[ —0 ug=0

EOM w/ b.c.on dMy & OM;

1
CrL=—"- OL,vac T C'L,bdy(/JB) OM stays
2 A"‘\ /

Might appear bdy contribution
(or corner contribution?) 3/\/11 moves

Check the bdy entropy, g-thm--- Work harder! Please discuss! Thank you I






Naive Estimation: Liouville Action From TNR

Suppose each tensor has unit area in the original square lattice

o000 ‘ ‘
dxdz 26( Coarse-graining dzxdz o oo
O — 22(%) dodz 5 oo o0
€2 (2¢) [ SN - ‘5 ;‘
€ —> T 2¢
For the s-th layer of MERA network, per unit cell, gs+1,
Jd C (s+1)-th layer
(; )"’2 20 &0 0 0 - 12t
€ \
dxdz 2861 A A MERA layer
A (25-1¢)(2%¢) o
® ¢ 006 0 0 0 o
s-th layer
' ' ® o 0o 0 o
Total # of tensors in the optimal network * oo 2

o0 o0 286
SL[CD]:ﬁ/_ dw/ dz[(09)*+pe*?]  ~ Complexity !!



Optimization for Density Matrix

PA — TrAc l]:f)(l;[f|

Optimize S .
{A_|_ i m : |dentify along
z2=0 -=-- \ B d82 = €2¢(z’x)(d2’:2 + d.’L’Q) : \\E_/ : 82:':
A_ 1 : = :
® — | !
6 _ e o o o o e e = |
|Ai c

The shape of @3 is given by extremizing w

c Same as holographic EE !!

Srp = — dS[K(]Cb—I— /VLBBQb] HB — 0

127 Jos: . (tension less) Half circle 22 4+ 22 = 12

Neumann bdy condition eqbK — naaagb + Ko = 0 Entanglement wedge



-ntanglement Entropy from Optimization

n-sheeted geometry

w/ deficit angle 27(1 —n)
Optimize 0%+
" T
PA n—1| <1 §—|-7r(n—1)

Bdy condition & shape of 0¥+ changes
K = W(n o 1) Same as holographic EE !!

K = (
B pp = m(l —n)

c
= —0n ol / ds ¢ + 1B ds e? ~ 6 /az ds e — 3 log
0% n=1 .

127 127
ox Length of the extremal surface

2l



