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Random quantum circuits are efficient implementations of randomness
and are a solvable model of chaotic dynamics.

As such, RQCs are a valuable resource in quantum information:

Decoupling Randomness

and in quantum many-body physics:

Thermalization Quantum chaos Transport



Random quantum circuits

Consider local RQCs on n qudits of local dimension ¢, evolved with
staggered layers of 2-site unitaries, each drawn randomly from U(q?)

where evolution to time t is given by U, = U® .. .UM



Our goal

Study the convergence of random quantum circuits to unitary k-designs

where we start approximating moments of the unitary group



Unitary k-designs

Haar: (unique L/R invariant) measure on the unitary group U(d)

For an ensemble of unitaries £, the k-fold channel of an operator
O acting on H®* is

oW (0) = /5 dU USH(0)Utek

An ensemble of unitaries £ is an exact k-design if

o (0) = o) (0)

~ T Haar

e.g. k=1 and Paulis, £ = 2,3 and the Clifford group



Unitary k-designs

Haar: (unique L/R invariant) measure on the unitary group U(d)
k-fold channel: % (0) = [, dU USH(O)UT®k

exact k-design: <I>(gk)((9) 1

Haar

(0)

but for general k, few exact constructions are known

Definition (Approximate k-design)

For € > 0, an ensemble £ is an e-approximate k-design if the k-fold
channel obeys

o - ot

Haar
S

<e

— designs are powerful



Intuition for k-designs

(eschewing rigor)

How random is the time-evolution of a system compared to the full
unitary group U(d)?

Consider an ensemble of time-evolutions at a fixed time t: & = {U;}
e.g. RQCs, Brownian circuits, or {e*#* H € £y} generated by
disordered Hamiltonians

quantify randomness:
when does &; form a k-design?
(approximating moments of U(d))



Previous results

RQCs form approximate unitary k-designs

» Harrow, Low (‘08): RQCs form 2-designs in O(n?) steps

> Branddo, Harrow, Horodecki (‘12): RQCs form approximate
k-designs in O(nk'?) depth



Previous results

RQCs form approximate unitary k-designs
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Previous results

RQCs form approximate unitary k-designs

» Harrow, Low (‘08): RQCs form 2-designs in O(n?) steps
> Branddo, Harrow, Horodecki (‘12): RQCs form approximate
k-designs in O(nk'?) depth
Moreover, a lower bound on the k-design depth is O(nk)
Furthermore,

> [Harrow, Mehraban] sShowed higher-dimensional RQCs form k-designs in
O(n*'Ppoly(k)) depth

> [Nakata, Hirche, Koashi, Winter] considered a random (time-dep) Hamiltonian
evolution, forms k-designs in O(n?k) steps up to k = o(,/n)

as well as many other papers studying the convergence properties of RQCs:
[Emerson, Livine, Lloyd], [Oliveira, Dahlsten, Plenio], [2nidarié], [Brown, Viola], [Brandao, Horodecki],

[Brown, Fawzi], [Cwikliﬁski, Horodecki, Mozrzymas, Pankowski, Studziriski]



Frame potential

The frame potential is a more tractable measure of Haar
randomness, where the k-th frame potential for an ensemble £ is
deﬁned aS [Gross, Audenaert, Eisert], [Scott]

FP = / dUav |Te(UTv) [
uvee

(2-norm distance to Haar-randomness)

k-th frame potential for the Haar ensemble: F® gl for k <d

Haar

For any ensemble &, the frame potential is lower bounded as

FO > 5

Haar »

with = if and only if £ is a k-design



Frame potential

k-th frame potential : ~ F) = / AUV | Te(UTV) [
uveE

where: ]-"ék)z}“(k) and F(k)

Haar Haar

= k! (for k < d)

Related to e-approximate k-design as

o~ aff

Haar

S (A - AR




Frame potential

k-th frame potential : ~ F) = / AUV | Te(UTV) [
uveE

where: ]-"ék) > F® and FF — gl (for k < d)

Haar Haar

Related to e-approximate k-design as

< 2 (]_-( ) _ gk >

Haar

o~ aff

Haar
S

The frame potential has recently become understood as a diagnostic of

quantum chaos [Roberts, Yoshida], [Cotler, NHJ, Liu, Yoshida], ...



Our approach

» Focus on 2-norm and analytically compute the frame potential for
random quantum circuits

> Maklng use Of the ideaS in [Nahum, Vijay, Haah], [Zhou, Nahum], W€ Can Write
the frame potential as a lattice partition function

> We can compute the k = 2 frame potential exactly, but for general
k we must sacrifice some precision

> We'll see that the decay to Haar-randomness can be understood in
terms of domain walls in the lattice model



Frame potential for RQCs

The goal is to compute the FP for RQCs evolved to time t:

F = / duav | Te(U; v;)|
U, V:€RQC

Consider one UtTVt:




Frame potential for RQCs

The goal is to compute the frame potential for RQCs:

2k
]:1%’80 Z/dU|Tf(U2(t—1))‘

simply moments of traces of RQCs, with depth 2(¢t — 1)




Haar integrating

Recall how to integrate over monomials of random unitaries.
For the k-th moment [Coliins], [Collins, $niady]

/dUUiljl U UL U

Lymy

= > @) (FIOWY (07 7,d),

o,TES}

where
50(7|7) = 52’1]'0(1) s 5ikja<k)

and where Wy(o,d) is the unitary Weingarten function.



Lattice mappings for RQCs

[Nahum, Vijay, Haah], [Zhou, Nahum]

Consider the k-th moments of RQCs, k copies of the circuit and its
conjugate:

1ol ol ol ol o ol o7 o7 o1




Lattice mappings for RQCs

Haar averaging the 2-site unitaries gives

with pbc in time, where the diagonal lines are index contraction§ between
gates, given as the inner product of permutations (o|7) = ¢/ ™), and
the horizontal lines are Wy(o =17, ¢2).



Lattice mappings for RQCs

An additional simplification occurs when we sum over all the blue nodes,
defining an effective plaquette term

02

where J7! = o1
TGSk o
3

The frame potential is then a partition function on a triangular lattice




Frame potential as a partition function

The result is then that we can write the k-th frame potential as

Fuge = 211750 = >

{e} < {o}

of width ng = |n/2], depth 2(¢ — 1), with pbc in time.
The plaquettes are functions of three o € S, written explicitly as

02

Josas = 01 = > Wylor 7. q?)g" " TRt )

0203
TES,
g3 k



Frame potential as a partition function

The result is then that we can write the k-th frame potential as

Fuge = 21175 =22

{e} < {o}

of width ng = |n/2], depth 2(¢ — 1), with pbc in time.

We can show that JJ, =1, and thus the minimal Haar value of the
frame potential comes from the k! ground states of the lattice model

Floe =k +...

Also, for k = 1 we have fégc =1, RQCs form exact 1-designs.



k = 2 plaquette terms

For k = 2, where the local degrees of freedom are o € Sy = {I, S},
the plaquettes terms JJ! _ are simple to compute

I S
4 =1, s =1,
I S
S I
D<I =0, s =0,
S I

I
I

i S S I
_ _ _ _ q
I =1 =3 S =@
S I S

=



k = 2 plaquette terms

we can interpret these in terms of domain walls separating regions of
I and S spins

I S
I =1, S =1,
I S
S I
I =0, S =0,
S I
I S S I
i =1 =3 =g ==
(¢*+1)



k = 2 plaquette terms

we can interpret these in terms of domain walls separating regions of

I and S spins
I
I =1,
I
S
I =0,
S
I S
I =1 =S




k = 2 domain walls

. . 2 .
all non-zero contributions to ]-'F({(%C are domain walls

(which must wrap the circuit)

a single domain wall a double domain wall
configuration: configuration:




2-designs from domain walls

To compute the 2-design time, we simply need to count the domain wall
configurations

]:1(%2820 2<1+ Zwt(Qat)+ Zwt(q,t)Jr...)

1 dw 2 dw




2-designs from domain walls

To compute the 2-design time, we simply need to count the domain wall
configurations

(2) q 2(t—1) q 4(t—1)




2-designs from domain walls

To compute the 2-design time, we simply need to count the domain wall

configurations
2(t—1)y ng—1
2 <9(1 2
Frqc = <+ ?+1




2-designs from domain walls

To compute the 2-design time, we simply need to count the domain wall
configurations

@ q 2p(t—1)
fmgc—2<1+ch(n,t)<q2+l) >
p

We can actually compute the ¢, (n,t) coefficients exactly by solving the
problem of p nonintersecting random walks in the presence of boundaries
[Fisher], [Huse, Fisher].



RQC 2-design time

We have the k& = 2 frame potential for random circuits

- 2% 2(t—1)\ ng—1
72, < 2<1+ (q2+1) )

2
Ho S d4 (‘Flgig(;))c - fIEI?ar)’

and recalling that ||®g(£c — o

Haar

the circuit depth at which we form an e-approximate 2-design is then

2 1 -1
tQZC(inogq+logn+log1/e) with O:<logq2z )

and where for ¢ = 2 we have t3 =~ 6.2n, and in the limit ¢ — oo we find
to = 2n

(reproducing the known result that t2 is O(n + log(1/€)) [Harrow, Low])



k-designs in RQCs

We wrote the k-th FP as a lattice partition function of o € Sy spins

Frge = 21175 = 22

{o} < {o}

and had plaquette terms

02 03

— 7o T 1o
Tosoy = = Wyloy'md)d"T g
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k-designs in RQCs

We wrote the k-th FP as a lattice partition function of o € S spins

Faoe = 21175 = 22

{o} < {o}

with domain walls representing transpositions between permutations
g9 I g3 g9 !l! 03
o1 01

i.e. denoting the generating set of transpositions for Si, of which there are (g)



A panoply of domain walls

(and ominous combinatorics)

For general k, domain walls are now allowed to interact, pair create, and
annihilate

this means we can have closed loops in the circuit

so there is no longer a nice division into multidomain walls sectors



Domain walls - a tractable sector

But there are a few facts about J7}, 's that we can prove for any £,

which guarantee the independence of the single domain wall sector

q+1

for any domain wall in the k-th moment (i.e. any transpositions in Sk)



Domain walls - a tractable sector

For general k, we then have the contribution from the ground states and
single domain wall sector, plus higher order contributions

Fo < k!(l + (ng — 1)(];) <2§f__11)) (qu 1)2“71) T )




Domain walls - a tractable sector

For general k, we then have the contribution from the ground states and
single domain wall sector, plus higher order contributions

Fo < /<:!<1 + (ng — 1)(];) <2§f__11)) (qu 1)2“71) T )

Moreover, the multi-domain wall terms are heavily suppressed and higher
order interactions are subleading in 1/q as

1
T

In the large ¢ limit, the single domain wall sector gives the e-approximate
k-design time: t;, > C(2nklogq + klogk + log(1/¢)), which is

tr = O(nk‘)



k-designs from stat-mech

RQCs form k-designs in O(nk) depth

we showed this in the large ¢ limit, but this limit is likely not necessary

» the multi-domain walls terms with no intersections are bounded by the single
domain wall terms

> for interacting domain wall configurations, the more complicated the interaction
term the stronger the suppression

» many of the interaction terms have negative weight

Conjecture: The single domain wall sector of the lattice partition
function dominates the multi-domain wall sectors for higher
moments k and any local dimension q.

As the lower bound on the design depth is O(nk), RQCs are then
optimal implementations of randomness



Future

science

Can we rigorously bound the higher order terms in ]:f({lgc at

small g7

These stat-mech approaches are powerful, can we use them

for other RQCs?
e.g. RQCs with different geometries, higher dimensions, Floquet RQCs,
RQCs with symmetry/conservation laws
» show that orthogonal circuits i) form k-designs for O(d)
» do z-spin conserving RQCs [Khemani, Vishwanath, Huse], [Rakovszky, Polimann,
von Keyserlingk] form k-designs in fixed charge sectors?

A linear growth in design also has implications for the
growth of complexity

Apply these techniques to the RQCs in the Google
experiments?



Thanks!
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