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© EE OF SINGULAR REGIONS IN CFTS: KNOWN FACTS
AND CONJECTURES

© EE OF SINGULAR REGIONS IN CFTs: NEW RESULTS
@ Vertex-induced universal terms

@ Wedge entanglement vs corner entanglement
@ Singular regions and EE divergences

o F = E = DaAe
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ENTANGLEMENT ENTROPY IN CFTs Insfituto

Balseiro

Rényi/Entanglement entropy of subregions is intrinsically divergent
for QFTs, “area law” divergence built in.

Pablo Bueno EE of singular regions in CFTs



EE of singular regions in CFTs: known facts and conjectures

9
ENTANGLEMENT ENTROPY IN CFTs Insfituto

Balseiro

Rényi/Entanglement entropy of subregions is intrinsically divergent
for QFTs, “area law” divergence built in. Luckily, well-defined “uni-
versal terms”. [Even for those, some care must be taken when theory contains

superselection sectors; see Javier’s talk & Horacio’s last lecture; subtlety ignored
here]
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9
ENTANGLEMENT ENTROPY IN CFT'S Insfituto

Balseiro

Rényi/Entanglement entropy of subregions is intrinsically divergent
for QFTs, “area law” divergence built in. Luckily, well-defined “uni-
versal terms”. [Even for those, some care must be taken when theory contains

superselection sectors; see Javier’s talk & Horacio’s last lecture; subtlety ignored

here]
Given smooth spatial entangling region V with characteristic length
scale H,
Fd—2 a4 bl 4 (—1)%F sumiv odd d)
Sr(Ld) = bd—zm+bd—4m+~ D R (=1) ( )

by + (—1)"F sV log (4) + b0, (even d).

where 4, UV regulator.

(=] ] = 8
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UNIVERSAL TERMS IN d = 3,4 infiuto

Balseiro

Even d: s!™V & logarithmic term, linear combination of local integrals on ¥ = 9V
weighted by theory-dependent “charges”.

0dd d: sV & constant term, no longer controlled by local integral on ¥ = 9V
Less robust than logarithmic terms = May use Mutual Information as a regulator.
[Casini; Casini, Huerta, Myers, Yale]
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UNIVERSAL TERMS IN d = 3,4

. d
Instituto
Balseiro
Even d: s!™V & logarithmic term, linear combination of local integrals on ¥ = 9V
weighted by theory-dependent “charges”.

univ
n

@ d =4, ¥ < smooth surface [Solodukhin; Fursaev]
1 : . H
- [fa(n) / R+ fy(n) / ¥ = feln) / wf] tog (%)
4 JX Jx »
where fo(1) = a, fp(1) = fe(1) = c trace-anomaly coefficients. CGeometry
and theory dependences factorize term by term.

0dd d: sV & constant term, no longer controlled by local integral on ¥ = 9V
[Casini; Casini, Huerta, Myers, Yale]

Less robust than logarithmic terms = May use Mutual Information as a regulator.
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UNIVERSAL TERMS IN d = 3,4

. d
Instituto
Balseiro
Even d: s!™V & logarithmic term, linear combination of local integrals on ¥ = 9V
weighted by theory-dependent “charges”.

univ
n

@ d =4, ¥ < smooth surface [Solodukhin; Fursaev]

1 C H
- [fa<n>_/27z+fb(n)/zkr —fc(n)/zﬂ]log (g)

where fo(1) = a, fp(1) = fe(1) = c trace-anomaly coefficients. CGeometry
and theory dependences factorize term by term.

0dd d: sV & constant term, no longer controlled by local integral on ¥ = 9V
Less robust than logarithmic terms = May use Mutual Information as a regulator.
[Casini; Casini, Huerta, Myers, Yale]

@ d =3, ¥ < smooth curve

s® =p 2

univ
n

e.g., ¥ = S!, then s‘f“i" = free energy of CFT on S? [Casini, Huerta, Myers;
Dowker], non-local quantity. Geometry and theory dependences entangled.
or «F = T E= DAl
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CORNER ENTANGLEMENT IN d = 3

Instituto

Balseiro

Situation changes when geometric singularities present on 3. Consider
corner of opening angle 2 on a time slice of a d = 3 CFT,

SEmer = by — —a

(3)
6 n

(Q) log (?) + by
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9
CORNER ENTANGLEMENT IN d = 3 Ineiuto

Balseiro

Situation changes when geometric singularities present on 3. Consider
corner of opening angle 2 on a time slice of a d = 3 CFT,

H H
i = by~ () log (7) by

Logarithmic universal term arises, controlled
by as{q’)(ﬂ). Vast literature, free fields, lattice
models, holography, etc. [Many people]

Angular and theory dependences do not dis-
entangle (e.g., simple result for holographic
theories [Drukker, Gross, Ooguri; Hirata, Takayanagi] VS
horrendous expressions for free fields [casini,
Huerta]).

= DAl

[m] (=) = =
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9
CORNER ENTANGLEMENT IN d = 3 Ineiuto

Balseiro

Still, remarkable amount of universality observed [PB, Myers, Witczak-Krempa]
2
T
@) =c@-m2+..., o= Cr (1)

Conjectured to hold V CFTs in d = 3.
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CORNER ENTANGLEMENT IN d = 3 Ineiuto

Balseiro

Still, remarkable amount of universality observed [PB, Myers, Witczak-Krempa]
2
@) =c@-m2+..., a=72’—4cT 1)

Conjectured to hold V CFTs in d = 3. Proven! [Faulkner, Leigh, Parrikar]

- : - -
6\ — scalar 4
S ‘\\‘ a(i)(.Q 4 CT — fermion
b — holography
4- ‘\ o Ising (N=1) g
\ XY (N=2)
o Heisen. (N=3)
,. NOT |
- minimal

A ALLOWED

0 n }4 n ‘/2 3 7; /4 n

Stress tensor charge Cr provides natural normalization.
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CORNER ENTANGLEMENT IN d = 3 Ineiuto

Balseiro

Still, remarkable amount of universality observed [PB, Myers, Witczak-Krempa]
2
T
@) =c@-m2+..., o= Cr (1)

Conjectured to hold V CFTs in d = 3. Proven! [Faulkner, Leigh, Parrikar]

5 T T
6o R — scalar 1
\ 3)
5 \\\ a 1 (Q )/ CT — fermion
“‘ — holography
4- \\ o Ising (N=1) g
\ XY (N=2)
o Heisen. (N=3)
,. NOT |
- minimal
ALLOWED
0 n }4 n ‘/2 3 7; /4 n

Stress tensor charge Cr provides natural normalization.
Universal lower bound < a(l‘S> Q) > Q log[1/sin(2/2)] [PB, Witczak-Krempal

=} (=) = = == DA
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CORNER ENTANGLEMENT IN d = 3 Ineiuto

Balseiro

Still, remarkable amount of universality observed [PB, Myers, Witczak-Krempa]
2
T
@) =c@-m2+..., o= Cr (1)

Conjectured to hold V CFTs in d = 3. Proven! [Faulkner, Leigh, Parrikar]

5 T T :
6o R — scalar 1
\ 3)
5 \\\ a 1 (Q )/ CT — fermion
“‘ — holography
4- \\ o Ising (N=1) g
\ XY (N=2)
o Heisen. (N=3)
,. NOT |
- minimal
ALLOWED
0 n }4 n ‘/2 3 7; /4 n

Stress tensor charge Cr provides natural normalization.
E 2
Universal lower bound < a(l‘S> Q) > # log[1/sin(2/2)] [PB, Witczak-Krempal
Analogous result to (1) for (hyper)-cones in general d. [PB, Myers; Mezei; Miao]
o = - =, Iz 9Hae
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CORNER ENTANGLEMENT IN d = 3 Ineiuto

Balseiro

Still, remarkable amount of universality observed [PB, Myers, Witczak-Krempa]
2
T
@) =c@-m2+..., o= Cr (1)

Conjectured to hold V CFTs in d = 3. Proven! [Faulkner, Leigh, Parrikar]

5 T T :
6o R — scalar 1
\ 3)
5 \\\ al (Q)/ CT — fermion
“‘ — holography
4+ \\ o Ising (N=1) g
\ v XY (N=2)
o A Heisen. (N=3)
,. NOT |
- minimal
ALLOWED
0 n }4 n ‘/2 3 7; /4 n

Stress tensor charge Cr provides natural normalization.
< 2

Universal lower bound < a(l‘S> Q) > # log[1/sin(2/2)] [PB, Witczak-Krempal

Analogous result to (1) for (hyper)-cones in general d. [PB, Myers; Mezei; Miao]

Rényi entropy generalization is trickier... - e = =
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CONE ENTANGLEMENT IN d = 4

Instituto
Balseiro

[Klebanov, Nishioka, Pufu, Safdi]

disentangled from angular dependence (which is the same for all CFTs)

H H
SN = by — afP () log? <g> + b log <

?> +co
1 cos? Q)
(@) = L ) 22

FT;
o) v CFTs

Fundamentally different from corner, theory dependence completely
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OTHER SINGULAR REGIONS IN d = 4 Instituto

Balseiro

@ Polyhedral corner of opening angles 01, 6s,...,0;

5(4) polyh. _ b2

n

H? H L
5T W F‘H)n(ela 0o, ,0;)log <g> +0(8°)

log instead of log? universal term. v, (01,69, -- ,6;) conjec-
tured to be controlled by some linear combination of f,(n),

fb(n) [Sierens, PB, Singh, Myers, Melko]
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. d
OTHER SINGULAR REGIONS IN d = 4 Insfituto

Balseiro

@ Polyhedral corner of opening angles 01, 6s,...,0;

2

H H L
ST(L4) polyh. _ b2?_wlg+vn(917 027 A 79]) log (3) +O(50)

log instead of log? universal term. vy, (01,62, - - - ,0;) conjec-
tured to be controlled by some linear combination of f,(n),

fb(n). [Sierens, PB, Singh, Myers, Melko]

o Infinite wedge of opening angle (2
H 2 H
st =, @) o)
frn(£2) non-universal overall factor, but based on holographic
and free scalar calculations, dq ( fa(92)/ a%g)(Q)) @Dy

[Klebanov, Nishioka, Pufu, Safdi]
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VERTEX-INDUCED UNIVERSAL TERMS

Instituto
@ Setup: free scalar in d-dim. Rényi entropy from Euclidean par-

Balseiro
tition function on R¢ for a field which picks up a phase when
entangling region V' is crossed. [Casini, Huerta]
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. d
VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

@ Setup: free scalar in d-dim. Rényi entropy from Euclidean par-
tition function on R¢ for a field which picks up a phase when
entangling region V' is crossed. [Casini, Huerta]

@ Regions emanating from vertices = radial dimensional reduction
possible.

it
n
N
0
]
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

@ Setup: free scalar in d-dim. Rényi entropy from Euclidean par-
tition function on R¢ for a field which picks up a phase when
entangling region V' is crossed. [Casini, Huerta]

@ Regions emanating from vertices = radial dimensional reduction
possible.

@ Connect to Rényi entropy in dS¢y_1). High-mass expansion of
Sds(d—l)
n .

or <& = E = Dac
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

@ Setup: free scalar in d-dim. Rényi entropy from Euclidean par-
tition function on R¢ for a field which picks up a phase when
entangling region V' is crossed. [Casini, Huerta]

@ Regions emanating from vertices = radial dimensional reduction
possible.

@ Connect to Rényi entropy in dS¢y_1). High-mass expansion of
Sds(d—l)
n .

@ Restrict to d = 4, add some salt...

or <& = E = Dac
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

@ Setup: free scalar in d-dim. Rényi entropy from Euclidean par-
tition function on R¢ for a field which picks up a phase when
entangling region V' is crossed. [Casini, Huerta]

@ Regions emanating from vertices = radial dimensional reduction
possible.

@ Connect to Rényi entropy in dS¢y_1). High-mass expansion of
SdS(d,l)
n .

@ Restrict to d = 4, add some salt...

Sn|10g2 — _fb(n) 10g26/k2

8 ~

where v < boundary of area on the surface of S? resulting from
S*nv.
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VERTEX-INDUCED UNIVERSAL TERMS

Instituto
Balseiro

S3 NV <« orange surfaces. v <> black arcs bounding theEIIn.
Pablo Bueno
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VERTEX-INDUCED UNIVERSAL TERMS
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—fo(n) o 2
Snliog? = Tlog ) ’Yk

S® NV < orange surfaces. v <> black arcs bounding theEIIn.
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VERTEX-INDUCED UNIVERSAL TERMS

.
Instituto
Balseiro
—fo(n) o 2
Snliog? = 7log ) ’Yk

For (elliptic) cones, this reproduces

result obtained from Solodukhin’s
formula.

S3 NV & orange surfaces. v < black arcs bounding theEIIn.
Pablo Bueno
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VERTEX-INDUCED UNIVERSAL TERMS

.
Instituto
Balseiro
—fo(n) o 2
Snliog? = 7log ) ’Yk

For (elliptic) cones, this reproduces

result obtained from Solodukhin’s
formula.

For polyhedral corners, v are al-

ways great circles = k = 0, no log?
term.
S3 NV & orange surfaces. v < black arcs bounding theEIIn
Pablo Bueno

EE of singular regions in CFTs




EE of singular regions in CFTs: New results

. d
POLYHEDRAL CORNERS tito
2
st g B 00000108 (3) +0@)
Universal function v,, (61,62, - - ,0;) does not arise from log term con-

trolled by Solodukhin’s local-integrals formula. It arises however from
non-local constant piece. Its evaluation for free fields requires full cal-
culation of spectral function on sphere with a cut —fully analogous
to corner in d = 3, very different from cone.

=] (=) = = = DA
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9
WEDGE EE vS CORNER EE Inettuto

Balseiro

For free fields, wedge entanglement function f(£2) computable from
corner entanglement using dimensional reduction...

Pablo Bueno EE of singular regions



EE of singular regions in CFTs: New results

WEDGE EE vS CORNER EE
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Instituto
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For free fields, wedge entanglement function f(£2) computable from
corner entanglement using dimensional reduction...
Result:

f() =

H

v
a(Q) [1 + log ayy] ar

where ayy = €/d, oy = L/H

are ratios of UV and IR regulators
along the two different directions.

o F = E = DaAe
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WEDGE EE vS CORNER EE

. d
Instituto
Balseiro
For free fields, wedge entanglement function f(£2) computable from
corner entanglement using dimensional reduction...
Result:

f() =

H
v
a(Q) [1 + log ayy] ar
where ayy = €/d, oy = L/H
are ratios of UV and IR regulators

along the two different directions.

Same angular dependence. Overall factor of f(Q) ill-defined, polluted
by ambiguous choices of regulators. Ok with [Kiebanov, Nishioka, Pufu, Safdi]

o F = E = DaAe
Pablo Bueno EE of singular regions in CFTs
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WEDGE EE vs CORNER EE Ineiuto

Balseiro

Einstein gravity bulk = Ryu-Takayanagi prescription for EE

10 T T T T

— wedge
6r -=- corner

Remarkably close...
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WEDGE EE vs CORNER EE o
alseiro
Einstein gravity bulk = Ryu-Takayanagi prescription for EE
10 ‘ ‘ ‘ ‘ 0.02
sl
— wedge . om
of =+ corner S
L
& 000
af =
4
ol -0.01F
Ot ' . : 5 -0.02 . . ' '
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
QO
Remarkably close... But different
a(@) 2% & c @2 o @-m? 4., Z=ar(3)" ~o0108
o
P r 22/3256/70 (2
F(Q) 92°g+.. 00 RS (o P AT gz #(6) ~ 8.7469
3 (%)
o = =) El= DAl

EE of singular regions in CFTs
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WEDGE EE vs CORNER EE o
alseiro
Einstein gravity bulk = Ryu-Takayanagi prescription for EE
10 ‘ ‘ ' ‘ 0.02
sl
— wedge 0.01

6 =" corner

1-1()/a((2)

ol -0.01F
Ot ' . : 5 -0.02 . . ' '
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Q/n Qn
Remarkably close... But different
a(@) =20 & c @2 o @-m? 4., Z=ar(3)" ~o0108
Q o
P r 22/3256/70 (2
Q—0 K Q . K
) = gt @ 25 Q-1+, g:#(‘»:s.mﬁg
3T (5)
Wedge EE # corner EE in general. D e e == e
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9
INTERMEZZO: EMI MODEL Inettuto

Balseiro

Computing EE in QFTs is difficult in general...
Usual (semi)-analytic handles

@ Highly symmetric regions, e.g., (hyper)spheres
@ Highly symmetric theories, e.g., d = 2 CFTs
@ Free fields

@ Holography

u]
8
I
il
it
n
S
0
i)
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INTERMEZZO: EMI MODEL Inettuto

Balseiro

Computing EE in QFTs is difficult in general...
Usual (semi)-analytic handles

@ Highly symmetric regions, e.g., (hyper)spheres
@ Highly symmetric theories, e.g., d = 2 CFTs
@ Free fields

@ Holography

Perhaps less known: Extensive Mutual Information model (EMI).

[Casini, Fosco, Huerta; Swingle]|

u]
8

I
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n
S
0
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9
INTERMEZZO: EMI MODEL Inettuto

Balseiro

Computing EE in QFTs is difficult in general...
Usual (semi)-analytic handles

@ Highly symmetric regions, e.g., (hyper)spheres
@ Highly symmetric theories, e.g., d = 2 CFTs
@ Free fields

@ Holography

Perhaps less known: Extensive Mutual Information model (EMI).

[Casini, Fosco, Huerta; Swingle]|

Defining property suggested by its name: I(A,B) + I(A,C) = I(A,BUC) =
Strongly constrains EE and MI expressions.

nj - n
SEMI — Ii/ dd72r1/ dd72r2 1—2(2(172)
8A A ry —ro|

or <& = E = Dac
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INTERMEZZO: EMI MODEL Insfituto

Balseiro

Computing EE in QFTs is difficult in general...
Usual (semi)-analytic handles

@ Highly symmetric regions, e.g., (hyper)spheres
@ Highly symmetric theories, e.g., d = 2 CFTs
@ Free fields
@ Holography
Perhaps less known: Extensive Mutual Information model (EMI).

[Casini, Fosco, Huerta; Swingle]
Defining property suggested by its name: I(A,B) + I(A,C) = I(A,BUC) =
Strongly constrains EE and MI expressions.

n;-n
SEMI — K dd*er dd72r2 1 22d 5
8A oA v —raf2(4=2)

Free fermion in d = 2 only theory known to satisfy extensivity property. Still
EMI expressions capture generic features of EE and MI in general dimensions.
Computationally, even simpler than Ryu-Takayanagi formula.

Pablo Bueno EE of singular regions in CFTs 22/06/2019 13 /18
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FINITE MI FOR TOUCHING REGIONS Inettuto
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y(w) = || cot(2/2)
B

tn

u]
8

I
il
it
n
S
0
i)
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9
FINITE MI FOR TOUCHING REGIONS Insfituto

Balseiro
y(z) = |z]cot(€/2)
B

tn

I(A, B) = 4wk tan(Q/2)log (L/8) + O(8°)  for straight corner
4k [LE™ 1

IAB =00 | e s

for curved corner

Divergent for m > 1 but finite for m < 1 = two regions touching at
a point through a sufficiently sharp corner have non-divergent MI.

Pablo Bueno EE of singular regions in CFTs 22/06/2019 14 /18
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NEwW EE SINGULARITIES (OR LACK THEREOF) o

Balseiro
1/2<m<1 m=1/2

P P

u]
8

I
il
it
n
S
0
i)
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P
NEW EE SINGULARITIES (OR LACK THEREOF) o

Balseiro
- Wii <

4xH

S(m 1 _ —a(Q)log (H/8) + O(8°), a(Q) =2k[1 + (7 — Q) cot Q]

Spr = #4—0(60), 1/2<m<1.
For 1/2 < m < 1, curvature divergence at the tip, still no additional

EE divergence = Corners less sharp than straight corner do not mod-
ify the EE structure of divergences.
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NEwW EE SINGULARITIES (OR LACK THEREOF) o
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y(x) = ™
(m>1)

u]
8

I
il
it
n
S
0
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. d
NEw EE SINGULARITIES (OR LACK THEREOF)

Instituto

Balseiro
y(x) = Az™

(m>1)

!

2KTCm,
0

Iy I +0(8Y).

4k H
SEE =

New non-universal divergence (same as for MI). The sharper de corner,
the closer to the area-law one, without ever reaching it.

o F = E = DaAe
Pablo Bueno EE of singular regions in CFTs
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THINGS TO REMEMBER Insttuto

Balseiro

@ Straight lines emanating from vertices produce logarithmic en-
hancement of entanglement divergences with respect to smooth
regions.

o d = 3 corner: logd + from constant term; af')(Q) non-local
nature.

o d = 4 cone: log?§ term < from logd term; a%)(Q) local,
controlled by f(n), angular dependence fully determined.

o d = 4 polyhedral corner: Coefficient of log? § term vanishes
= remaining log ¢ arising from constant term, v, (01,...,0;)
non-local nature.

or <& = E = Dac
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THINGS TO REMEMBER Insttuto

Balseiro

@ Straight lines emanating from vertices produce logarithmic en-
hancement of entanglement divergences with respect to smooth
regions.

e d = 3 corner: logd + from constant term; al? >(Q) non-local
nature.

o d = 4 cone: log?d term < from logd term; a514)(§2) local,
controlled by f(n), angular dependence fully determined.

o d = 4 polyhedral corner: Coefficient of log® § term vanishes
= remaining log § arising from constant term, v,, (61, ...,0;)
non-local nature.

@ Wedge entanglement # corner entanglement in general.

@ MI of regions touching through sufficiently sharp needles does
not diverge.

@ Corners less sharp than straight corners do not modify structure
of divergences of EE. If sharper than straight corners = new
non-universal divergences approaching area-law.
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A FEW QUESTIONS FOR THE FUTURE

Instituto
Balseiro

@ Actual computation of v(f;,0s,03) for free fields requires full
evaluation of spectral function on S? with boundary conditions

on two-dimensional spherical polyhedron. Challenging, perhaps
not particularly illuminating...
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A FEW QUESTIONS FOR THE FUTURE Insfituto

Balseiro

@ Actual computation of v(61,609,60s) for free fields requires full
evaluation of spectral function on S? with boundary conditions
on two-dimensional spherical polyhedron. Challenging, perhaps
not particularly illuminating...

@ Ts there an upper bound for the corner function: a(2) > a(®(Q)
vV CFTs?

or <& = E = Dac
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A FEW QUESTIONS FOR THE FUTURE Insfituto

Balseiro

@ Actual computation of v(61,609,60s) for free fields requires full
evaluation of spectral function on S? with boundary conditions
on two-dimensional spherical polyhedron. Challenging, perhaps
not particularly illuminating...

@ Ts there an upper bound for the corner function: a(2) > a(®(Q)
vV CFTs?

@ Does the EMI model correspond to any real CFT in d > 37 If
not, what properties does the EMI fail to satisfy? Are there less
restrictive conditions one can impose on the mutual information
leading to interesting models?
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VERTEX-INDUCED UNIVERSAL TERMS Instituto

Balseiro

For a free scalar (analogously for free fermion), Rényi entropy com-
putable as [Casini, Huerta]

1 . 1 n—1 ik
Sn(V) = g log(Trpy) = — > log Z[e”™n]
k=0

2mia) Fyclidean partition function on RY for a field which

2mia when entangling region V is crossed.

where Z|e
picks up a phase e
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

For a free scalar (analogously for free fermion), Rényi entropy com-
putable as [Casini, Huerta]

1 n 1 = ik
Sn(V) = g log(Trpy) = — > log Z[e”™n]
k=0

where Z[e?™%] Euclidean partition function on R? for a field which
picks up a phase €™ when entangling region V is crossed. One can

exploit relation with Green function:

. 1
O log 2] = / 7 G (7, 7).
Rd

where
(=VZ +m?)Go (7, 7) = 6(F — 72),
lim Ga(’Fl + 6’)7, FQ) = 62ﬂia lim Ga(’l_ﬁ — 677, FQ), € v,
e—0+ e—0+

and 77 is orthogonal to V.
eI ST
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VERTEX-INDUCED UNIVERSAL TERMS

Instituto
Balseiro
When boundary conditions implemented along angular directions, we

can dimensionally reduce along radial direction.
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VERTEX-INDUCED UNIVERSAL TERMS

When boundary conditions implemented along angular directions, we

Instituto
Balseiro
can dimensionally reduce along radial direction. Result (up to non-
universal divergences):

A 1 d—2)?
Om2 log Z[e*™] = e Tr \/—Védl + ( )

4
Spectral function on S?~! with boundary conditions on a cut S~ 'NV
(very difficult to compute in general).

o F = E = DaAe
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

When boundary conditions implemented along angular directions, we
can dimensionally reduce along radial direction. Result (up to non-
universal divergences):

(d—2)?

X 1
Om2 log Z[eQma] = —1Tr \/—Védl + 1

4m?
Spectral function on S?~! with boundary conditions on a cut S~ 'NV
(very difficult to compute in general).
Example: corner of opening angle 2 in d = 3, cut is angular sector
on equatorial St. If we use spherical coordinates (6, ¢), for each mode
we have

lim ®(7w/2 = 2™ lim ®y(7w/2 — )
lim @o(m/2 + €, ) = ™™ lim Dy(m/2 — €, ¢)
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VERTEX-INDUCED UNIVERSAL TERMS Instituto

Balseiro

When boundary conditions implemented along angular directions, we
can dimensionally reduce along radial direction. Result (up to non-
universal divergences):

2
Ome2 log Z[e*™) = 4—;2 Tr \/—ngl + %
Spectral function on S?~! with boundary conditions on a cut S~ 'NV
(very difficult to compute in general).
Example: corner of opening angle 2 in d = 3, cut is angular sector
on equatorial St. If we use spherical coordinates (6, ¢), for each mode
we have

lim ®(7w/2 = 2™ lim ®y(7w/2 — )
lim @o(m/2 + €, ) = ™™ lim Dy(m/2 — €, ¢)

For regions emanating from vertices in d = 4, cut on S® < certain
area on the surface of a S2.
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VERTEX-INDUCED UNIVERSAL TERMS Instituto

Balseiro

Spectral function can be related to analogous Rényi entropy in (d—1)-
dim. de Sitter space (as long as boundary conditions match).

1 1
Oz log Z [dS(q—1)] = 5 Tr V21 —d(d—1)g(d) — mQ] '

u]
8

I
il
it
n
S
0
i)
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VERTEX-INDUCED UNIVERSAL TERMS Instituto

Balseiro

Spectral function can be related to analogous Rényi entropy in (d—1)-
dim. de Sitter space (as long as boundary conditions match).

1 1
Oz log Z [dS(q—1)] = 5 Tr [Véd_1 —d(d—1)g(d) — mz] ‘
Then log(6/L) [* 85’23“_1)
Sn|log__T 0 dm "o

u]
8

I
il
it
n
S
0
i)
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

Spectral function can be related to analogous Rényi entropy in (d—1)-
dim. de Sitter space (as long as boundary conditions match).

1 1
Oneton 2 [850-0] = 32— s
Then s
log(§/L) [ 98y Y
Sn|log = —T /(; dm2m W .

High-mass expansion (valid for m > Lqg = 1, UV cutoff § hidden in

Cn,i)
dS(a—1 d—3 Cn,—1
Sn( ):cn’(d73)m +...+cn’0+ m +

Various possible combinations of m, § and local integrals over en-
tangling surface. All trace of m in divergent terms involving § must
disappear as m — 0 = terms involving negative powers of m combined
with ¢ forbidden.
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VERTEX-INDUCED UNIVERSAL TERMS Instituto

Balseiro

Only possible form of ¢, —; in d = 4:

2
cn,—lzan/k )
Y

where v < boundary of the entangling region in dSs < boundary of
area on the surface of S? resulting from S3 N V.

u]
8

I
il
it
n
S
0
i)
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

Only possible form of ¢, —; in d = 4:

2
cn,—lzan/k )
Y

where v < boundary of the entangling region in dSs < boundary of
area on the surface of S? resulting from S3 N V.

Entangling regions in dSs < orange surfaces.
v < black curved segments bounding them. . - -

it
n
S
0
2
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VERTEX-INDUCED UNIVERSAL TERMS Insfituto

Balseiro

Local nature of ¢,, 1 prevents it from feeling the background geometry
curvature = we can fix a,, e.g., using cylinder Rényi entropy in flat

space,
Slsa)| = fo(n) /k2
v

8m

Combined with

ds
log(6/L) [, 08y
Sulog =~ [ amn

we finally get

— n
Snliogz = %10g2 5/ k?
Yy

or <& = E = Dac
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WEDGE EE vS CORNER EE Inettuto

Balseiro

When entangling region takes the form C' xRy, dimensional reduction
possible for free fields. d-dim. field < oo (d — 1)-dim. independent
fields of mass M]g = m2 + (QWIC/L)Q [Casini, Huerta]

L [V -
SWEx k) =7 [ dpsiV OV

u]
8

I
il
it
n
S
0
i)
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WEDGE EE vS CORNER EE Inettuto

Balseiro

When entangling region takes the form C' xRy, dimensional reduction
possible for free fields. d-dim. field < oo (d — 1)-dim. independent
fields of mass M]? = mQ + (27Tk/L)2 [Casini, Huerta]

L [Ye _
S xRy = ;/ dp SYV(C, /m2 + p2)

r

H

Let C be a corner region in d—1 =
3. Then,

f(Q) = G,(Q) [1 + lOg aUv] IR

where ayy = €/d, oy = L/H
are ratios of UV and IR regulators
along the two different directions.

= DAl

[m] (=) = =
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WEDGE EE vS CORNER EE V

Instituto

Balseiro
When entangling region takes the form C' xRy, dimensional reduction

possible for free fields. d-dim. field < oo (d — 1)-dim. independent
fields of mass M]? = m2 + (27Tk/L)2 [Casini, Huerta]

L [V -
SWExr) = [ apsiVe VT )

Let C be a corner region in d—1 =
3. Then,

H
L

f(Q) = G,(Q) [1 + log aUv] IR

where ayy = €/d, oy = L/H
are ratios of UV and IR regulators
along the two different directions.

Angular dependence agrees. Overall factor of f() ill-defined, pol-
luted by ambiguous choices of regulators. Agreement with [Kicbanov,
Nishioka, Pufu, Safdi]

=} = = == HQAQ>
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EVEN DIMENSIONS

Instituto
Balseiro

sUY & Jogarithmic term, linear combination of local integrals on
3 = 9V weighted by theory-dependent “charges”.
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EVEN DIMENSIONS

Instituto
Balseiro

sUY & Jogarithmic term, linear combination of local integrals on
3 = 0V weighted by theory-dependent “charges”.

e d= 4, Y. < smooth surface [Solodukhin; Fursaev]

s = o [t [ 7t [ 1 = gt [ 1o ()
where f.(1) = a, fp(1) = fc(1) = ¢ trace-anomaly coefficients.

Geometry and theory dependences factorize term by term. Rényi-
index dependence changes from theory to theory.

o F = E = DaAe
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EVEN DIMENSIONS

Instituto
Balseiro

sV & Jogarithmic term, linear combination of local integrals on
3 = 0V weighted by theory-dependent “charges”.

e d= 4, Y. < smooth surface [Solodukhin; Fursaev]

sumiv _% [fa(n)/; R+ fb(n)L B = fc(")/x W] log <%>

where f,(1) = a, f»(1) = f.(1) = ¢ trace-anomaly coefficients.
Geometry and theory dependences factorize term by term. Rényi-
index dependence changes from theory to theory.

@ d = 6,8,... < similar story (more independent integrals and
Charges). [see e.g., Safdi; Miao]

=] (=) = = = DA
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ODD DIMENSIONS

Instituto
Balseiro

sV & constant term, no longer controlled by local integral on X =
OV'. Less robust than logarithmic terms, e.g., one cannot distinguish
H from H + ad, which pollutes s'"V = Use Mutual Information as
regulator [Casini; Casini, Huerta, Myers, Yale]
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ODD DIMENSIONS

Instituto
Balseiro

sV & constant term, no longer controlled by local integral on X =
OV'. Less robust than logarithmic terms, e.g., one cannot distinguish

e d=3

H from H + ad, which pollutes s'"V = Use Mutual Information as
regulator [Casini; Casini, Huerta, Myers, Yale]

univ

H
8B =p = — st

e.g., ¥ = SY, then sV = free energy F of CFT on S? [casini,
Huerta, Myers; Dowker], Non-local quantity.

Pablo Bueno

EE of singular regions in CFTs




el
ODD DIMENSIONS Inettuto

Balseiro

sV & constant term, no longer controlled by local integral on X =
OV'. Less robust than logarithmic terms, e.g., one cannot distinguish
H from H + ad, which pollutes s'"V = Use Mutual Information as
regulator [Casini; Casini, Huerta, Myers, Yale]

ed=3 I
57(13) — blg _ S;llniv
e.g., ¥ = SY, then sV = free energy F of CFT on S? [casini,
Huerta, Myers; Dowker], Non-local quantity.

@ d=5,7,... <« similar story for siV  analogous connection be-
tween s{"V(S9=2) and F(S?)

=] (=) = DA
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