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• Previous work: SL(2) symmetry gives rise to a gauge 
symmetry; since only relative positions of bulk objects 
w.r.t. the boundaries are physical, an overall SL(2)g 
transformation to the entire system (boundary + matter) 
leaves physical states invariant.


• Here, this symmetry also gives rise to a separate physical 
symmetry SL(2) that ~ translates matter relative to the 
boundary. Moves the worldline of the cat into the interior!

NAdS2
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Outline
Construction 

Applications 

• Chaos


• Bulk Reconstruction/Exploring the bulk


• Traversable Wormholes 

• Connection to “Size” (see talk by YZ)

Algebra


State Operator Correspondence

Ask me 
about this!
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aside: SU(2) analogy

Xl(ul)

Xr(ur)

X2 = 1

Ja
l + Ja

r + Ja
m = 0

“embedding space” constraint 

Gauge constraint

HPhysical = (Hl ⇥Hmatter ⇥Hr)/SU(2)g

There are some straightforward looking generalizations of this discussion, for example
one could consider a supersymmetric system and a super-Schwarzian.

It would be interesting to understand how this story is modified when the length of
the throat is not infinite (or �J is finite) and eventually covering the case of a generic
finite temperature black hole. We know that the chaos correlators are also given in terms
of simple displacements in this case too. So we expect that they should also be useful
for constructing the local 2d Poincare symmetry near any horizon (the two dimensions
are time and the radial direction). We have also recalled the general expectation that the
inner horizon would have some kind of singularity. It would be interesting to understand
it better, and it is likely that these finite throat length corrections are relevant.
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A SO(3) analogy

Consider a non-relativistic particle in Euclidean space. We have the position operators
and the angular momenta:

[Ji, Jj] = i"ijkJk, [Ji, Xj] = i"ijkXk, [Xi, Xj] = 0, i, j, k = 1, 2, 3. (A.117)

This is the Euclidean algebra E(3). (Note that what is normally the momentum generator,
P i, is here the position operator). This algebra has two Casimirs,

X2 = r2, J · X = �. (A.118)

Our toy model consists of two non-relativistic particles, which we dub “left” and “right,”
each constrained to live on the surface of the sphere r2 = 1. We assume for simplicity
that our non-relativistic particles do not carry intrinsic spin, so � = 0. In addition, there
is some “matter” which can carry angular momentum. This matter could for instance be
some spinning particle, which lives at the center of the sphere. (Later we will see that the
matter has to have integer spin.) Finally, we demand that the overall system has vanishing
angular momentum Jl + Jr + Jm = 0; e.g., the overall SO(3) symmetry is gauged. Thus
the Hilbert space of our system may be denoted

H = (Hl ⌦ Hr ⌦ Hm)/SO(3). (A.119)
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aside: SU(2) analogy

Xl(ul)

Xr(ur)

X2 = 1

Ja
l + Ja

r + Ja
m = 0

HPhysical = (Hl ⇥Hmatter ⇥Hr)/SU(2)g

This also means that all physical operators O must commute with the total angular mo-
mentum, [Ja

l
+ Ja

r
+ Ja

m
, O] = 0.

A.1 Exact SO(3) algebra from two copies

Armed with this Hilbert space, we may consider the physical operators

Xl · Jr, Xr · Jl, (Xl ⇥ Xr) · (Jl + Jr) . (A.120)

Note that we can � = 0 and the gauge constraint to rewrite these as

G1 = �Xl · Jm, G2 ⇠ �Xr · Jm, G3 ⇠ � (Xl ⇥ Xr) · Jm. (A.121)

This suggests that the 3 operators form an SO(3) algebra. (More precisely, we should
replace Xr with the Gram-Schmidt linear combination of Xl and Xr that is orthonormal
to Xl.) We can check this by computing their commutators directly in the 2-body Hilbert
space without the gauge constraint. To do so, it is worth introducing a little bit of notation.
Let V and W transform be vector operators under SO(3) such that

[Vi, Vj] = [Wi,Wj] = [Vi,Wj] = 0

V · V = W · W = 1,

V · W = 0.

(A.122)

Then defining e1 = V, e2 = W, e3 = V ⇥W , we may write GA = �eA
i
Ji where J = Jl + Jr.

Here the capital indices are physical, and the lower indices are the gauge index.

[GA, GB] = [eA
i
Ji, e

B

j
Jj]

= i✏ijk
�
eA
i
eB
k
Ji + eB

j
eA
i
Jk + eB

j
eA
k
Ji
�

= �i(eA ⇥ eB) · J
= i✏ABCGC ,

(A.123)

where in the last line, we used eA ⇥ eB = ✏ABCeC . Note that in order to construct
this algebra, it was crucial that we had other vector operators that were not just the
angular momentum operators. The left and right Hilbert spaces were representations of
the Euclidean algebra, and not just the SO(3) algebra, so we are necessarily considering
an infinite dimensional Hilbert space.

It is also interesting to construct the Casimir operator

C = GAGA = eA
i
Jie

A

k
Jk = �ikJiJk = J2. (A.124)

So we see that the Casimir of the gauge charges is equal to the Casimir of these physical
charges.

Note that evolving with one of the GA leads the Xl and Xr vectors to precess about
some axis. Alternatively, if we replace Jl + Jr with �Jm, we can view the positions of the
particles as fixed under time evolution, but the matter rotates. The invariant statement
is that the generators move the left and right particles with respect to the matter.
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Gauge invariant & satisfy exact su(2) algebra!
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Embedding space

• View AdS2 as a hyperboloid in 3D spacetime


• Matter charges are vectors (carry an SL(2,R) index)


• “Gravitationally dressing” bulk charges

Y · Y = ⌘abY
aY b = �1

[Qa, Qb] = i✏abcQc
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Schwarzian Theory

If we have quantum fields moving on AdS2 the charges can be written in terms of the
stress tensor and the associated Killing vector

Q⇣ =

Z

⌃

nµTµ⌫⇣
⌫ (2.11)

where ⇣µ are each of the Killing vectors in (2.5). These charges are constant and indepen-
dent of the spatial slice ⌃ used to evaluate them, if the fields obey appropriate reflecting
conditions at the AdS2 boundary.

2.2 Review of the nearly-AdS2 gravity theory

We will be considering the JT theory coupled to matter as [21, 22, 23, 24]

S = �0

Z
R � 2

Z
K

�
+

Z
�(R + 2) � 2�b

Z
K + Sm[gµ⌫ ,�] (2.12)

where we have also indicated the boundary terms. The first term is topological and only
contributes to the extremal entropy. We have also assumed that the matter couples to
the metric but not to �. We will also assume that the boundary is very far away so that
matter e↵ectively feels as if it was in exactly AdS2 space. This is sometimes called the
“Schwarzian” limit because in this case the boundary dynamics is governed by [2, 3, 4]

SSch[t] = �
Z

du {et(u), u} , {f, u} =
f 000

f 0 � 3

2

f 002

f 02 , d⌧p = 2�b du (2.13)

where u is a rescaled version of proper time ⌧p, and t can be viewed as the Rindler time t
in (2.6a) near the boundary. We can view the curve t(u) as parametrizing the position of
the boundary. The action (2.13) captures a gravitational degree of freedom that we can
view as living on the boundary4.

We will consider spacetimes describing a two sided eternal black hole, so that we have
two boundaries and two variables tr, tl, each with the action (2.13). The dynamics of the
full system (2.12) reduces to the dynamics of three decoupled systems connected only by
an overall SL(2)g constraint

S = SSch[tr] + SSch[tl] + Sm[gµ⌫ ,�] (2.14)

These three decoupled systems are the following. First we have the matter which lives in
exactly AdS2 space and has SL(2)g charges Qa

m
. Then we have the right and left bound-

aries. In this limit, they are not directly coupled to each other or to the matter. However,
in NAdS2 gravity, an overall SL(2)g transformation is a redundancy of our description.
Hence the physical Hilbert space is [2, 3, 4]

HPhysical = (Hl ⇥ Hmatter ⇥ Hr)/SL(2)g , Qa

l
+Qa

m
+Qa

r
= 0 (2.15)

4This should not be confused with a possible holographically dual boundary quantum mechanical
theory, which would describe the full system.
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where the charges Qa are the SL(2)g charges of each of the systems. Physically, this says
that only the relative positions of the matter and the boundaries matter. As pointed out
in [10], we can view it as “Mach” principle, where the boundaries are the “distant stars”.
These are part of the usual constraints of general relativity.

One can find explicit expressions for the SL(2)g charges of the right and left boundaries
by using the Noether procedure on (2.13) [3]

Q�1

r
=

tr 000

tr 02
� tr 002

tr 03
� tr

0

Q+

r
= etr


tr 000

tr 02
� tr 002

tr 03
� tr 00

tr 0

�

Q�
r

= e�tr


�tr 000

tr 02
+

tr 002

tr 03
� tr 00

tr 0

�
. (2.16)

where Q± = Q0 ±Q1. The left side charges may also be obtained by analytic continuation
Ql ! �Qr with tl = �tr + i⇡, ul ! �ur + i(constant). We are defining ul and tl so that
they go forwards in time in the thermofield double interpretation.

Q�1

l
= �tl000

tl02
+

tl002

tl03
+ tl

0

Q+

l
= e�tl


tl000

tl02
� tl002

tl03
+

tl00

tl0

�

Q�
l

= etl

�tl000

tl02
+

tl002

tl03
+

tl00

tl0

�
(2.17)

One can check that 1

2
Qr · Qr = {e�tr , u}.

For our subsequent discussion it is convenient to write a nicer expression for the bound-
ary position so that its SL(2) transformations properties are more manifest. The dynamics
of the boundary is closely related to the dynamics of a charged massive particle, or a par-
ticle with spin, in the limit that the mass and the charge (or spin) becomes both very
large, while keeping the total SL(2) charges Qa finite [9, 10]. We have (2.9) with q = 2�b.
In this case, the coordinates Y a become very large because we approach the boundary. So
it is convenient to define rescaled coordinates Xa via

Xa

r
=

Y a

r

Yr · Qr

=
Y a

r

q
, Xr.Qr = 1 , X2

r
! 0 (2.18)

So, from the point of view of (2.9) we have r2 = 0, qx = 1 for the variable Xa

r
. For Xl

we get qx = �1. We can also rescale proper time by the same factor so that now we obey
Ẋr.Ẋr = �1. In terms of our previous variables these can be written as

Xr =
�
X�1, X+, X�� =

✓
1

tr 0
,
etr

tr 0
,�e�tr

tr 0

◆
, X± ⌘ X0 ± X1

Xl =

✓
1

tl0
,�e�tl

tl0
,
etl

tl0

◆
.

(2.19)
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Xl(ul)

Xr(ur)

I =
N

�J

Z
du {et, u}

Gauge constraint

+matter

N
oe

th
er
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Xr
<latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit>

Xl
<latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit>

Xr
<latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit>

Xr
<latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit><latexit sha1_base64="lGitgEh14UJ1Dw00uy/ORu4gGo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3egB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5AzikjbE=</latexit>

Xl
<latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit>

Xl
<latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit><latexit sha1_base64="Dfw/cB1xbeaYhjEUaDdKjTK4w+g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSQ3cgB9WaW3cXIOvEK0gNCrQG1a/+MGFZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC9OnZELqwxJlGhbCslC/T2R09iYaRzazpji2Kx6c/E/r5dhdBPkQqUZcsWWi6JMEkzI/G8yFJozlFNLKNPC3krYmGrK0KZTsSF4qy+vk3aj7rl17/6q1mwUcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8gfP5Ay+Mjas=</latexit>

Xr +Xlp
�2Xr ·Xl

<latexit sha1_base64="7n+pkn+1efqmG1wlOUn3vBpQyrs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFQSxJEXRZcOOygm0DTQiT6aQdOrk4cyKU0Cdw46u4caGIW9fufBsnbRba+sPAz3fO4cz5g1RwBZb1baysrq1vbFa2qts7u3v75sFhVyWZpKxDE5FIJyCKCR6zDnAQzEklI1EgWC8YXxf13gOTiifxHUxS5kVkGPOQUwIa+WbdDSWhuePLM8cX09xV9xLy86YGLh0kgAs69c2a1bBmwsvGLk0NlWr75pc7SGgWsRioIEr1bSsFLycSOBVsWnUzxVJCx2TI+trGJGLKy2fnTHFdkwEOE6lfDHhGf0/kJFJqEgW6MyIwUou1Av5X62cQXnk5j9MMWEzni8JMYEhwkQ0ecMkoiIk2hEqu/4rpiOh8QCdY1SHYiycvm26zYVsN+/ai1mqWcVTQMTpBp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3nrilHOHKE/Mj5/AIyunFs=</latexit><latexit sha1_base64="7n+pkn+1efqmG1wlOUn3vBpQyrs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFQSxJEXRZcOOygm0DTQiT6aQdOrk4cyKU0Cdw46u4caGIW9fufBsnbRba+sPAz3fO4cz5g1RwBZb1baysrq1vbFa2qts7u3v75sFhVyWZpKxDE5FIJyCKCR6zDnAQzEklI1EgWC8YXxf13gOTiifxHUxS5kVkGPOQUwIa+WbdDSWhuePLM8cX09xV9xLy86YGLh0kgAs69c2a1bBmwsvGLk0NlWr75pc7SGgWsRioIEr1bSsFLycSOBVsWnUzxVJCx2TI+trGJGLKy2fnTHFdkwEOE6lfDHhGf0/kJFJqEgW6MyIwUou1Av5X62cQXnk5j9MMWEzni8JMYEhwkQ0ecMkoiIk2hEqu/4rpiOh8QCdY1SHYiycvm26zYVsN+/ai1mqWcVTQMTpBp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3nrilHOHKE/Mj5/AIyunFs=</latexit><latexit sha1_base64="7n+pkn+1efqmG1wlOUn3vBpQyrs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFQSxJEXRZcOOygm0DTQiT6aQdOrk4cyKU0Cdw46u4caGIW9fufBsnbRba+sPAz3fO4cz5g1RwBZb1baysrq1vbFa2qts7u3v75sFhVyWZpKxDE5FIJyCKCR6zDnAQzEklI1EgWC8YXxf13gOTiifxHUxS5kVkGPOQUwIa+WbdDSWhuePLM8cX09xV9xLy86YGLh0kgAs69c2a1bBmwsvGLk0NlWr75pc7SGgWsRioIEr1bSsFLycSOBVsWnUzxVJCx2TI+trGJGLKy2fnTHFdkwEOE6lfDHhGf0/kJFJqEgW6MyIwUou1Av5X62cQXnk5j9MMWEzni8JMYEhwkQ0ecMkoiIk2hEqu/4rpiOh8QCdY1SHYiycvm26zYVsN+/ai1mqWcVTQMTpBp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3nrilHOHKE/Mj5/AIyunFs=</latexit><latexit sha1_base64="7n+pkn+1efqmG1wlOUn3vBpQyrs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFQSxJEXRZcOOygm0DTQiT6aQdOrk4cyKU0Cdw46u4caGIW9fufBsnbRba+sPAz3fO4cz5g1RwBZb1baysrq1vbFa2qts7u3v75sFhVyWZpKxDE5FIJyCKCR6zDnAQzEklI1EgWC8YXxf13gOTiifxHUxS5kVkGPOQUwIa+WbdDSWhuePLM8cX09xV9xLy86YGLh0kgAs69c2a1bBmwsvGLk0NlWr75pc7SGgWsRioIEr1bSsFLycSOBVsWnUzxVJCx2TI+trGJGLKy2fnTHFdkwEOE6lfDHhGf0/kJFJqEgW6MyIwUou1Av5X62cQXnk5j9MMWEzni8JMYEhwkQ0ecMkoiIk2hEqu/4rpiOh8QCdY1SHYiycvm26zYVsN+/ai1mqWcVTQMTpBp8hGl6iFblAbdRBFj+gZvaI348l4Md6Nj3nrilHOHKE/Mj5/AIyunFs=</latexit>

Xl ⇥Xr

Xl ·Xr
<latexit sha1_base64="tPz3y0vmjngLS7lTqUlZRVnYBZY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRF0GXBjcsKtg00IUwmk3bo5MHMjVBC9278FTcuFHHrD7jzb5ymWWjrgYFzz7mXO/cEmeAKLOvbqG1sbm3v1Hcbe/sHh0fm8clApbmkrE9TkUonIIoJnrA+cBDMySQjcSDYMJjeLPzhA5OKp8k9zDLmxWSc8IhTAlryzaYbSUILxxcu8Jgp7PhyXpY0TKGsfLNlta0SeJ3YFWmhCj3f/HLDlOYxS4AKotTItjLwCiKBU8HmDTdXLCN0SsZspGlC9F6vKG+Z43OthDhKpX4J4FL9PVGQWKlZHOjOmMBErXoL8T9vlEN07RU8yXJgCV0uinKBIcWLYHDIJaMgZpoQKrn+K6YTosMBHV9Dh2CvnrxOBp22bbXtu8tWt1PFUUdnqIkukI2uUBfdoh7qI4oe0TN6RW/Gk/FivBsfy9aaUc2coj8wPn8AY+CbMw==</latexit><latexit sha1_base64="tPz3y0vmjngLS7lTqUlZRVnYBZY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRF0GXBjcsKtg00IUwmk3bo5MHMjVBC9278FTcuFHHrD7jzb5ymWWjrgYFzz7mXO/cEmeAKLOvbqG1sbm3v1Hcbe/sHh0fm8clApbmkrE9TkUonIIoJnrA+cBDMySQjcSDYMJjeLPzhA5OKp8k9zDLmxWSc8IhTAlryzaYbSUILxxcu8Jgp7PhyXpY0TKGsfLNlta0SeJ3YFWmhCj3f/HLDlOYxS4AKotTItjLwCiKBU8HmDTdXLCN0SsZspGlC9F6vKG+Z43OthDhKpX4J4FL9PVGQWKlZHOjOmMBErXoL8T9vlEN07RU8yXJgCV0uinKBIcWLYHDIJaMgZpoQKrn+K6YTosMBHV9Dh2CvnrxOBp22bbXtu8tWt1PFUUdnqIkukI2uUBfdoh7qI4oe0TN6RW/Gk/FivBsfy9aaUc2coj8wPn8AY+CbMw==</latexit><latexit sha1_base64="tPz3y0vmjngLS7lTqUlZRVnYBZY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRF0GXBjcsKtg00IUwmk3bo5MHMjVBC9278FTcuFHHrD7jzb5ymWWjrgYFzz7mXO/cEmeAKLOvbqG1sbm3v1Hcbe/sHh0fm8clApbmkrE9TkUonIIoJnrA+cBDMySQjcSDYMJjeLPzhA5OKp8k9zDLmxWSc8IhTAlryzaYbSUILxxcu8Jgp7PhyXpY0TKGsfLNlta0SeJ3YFWmhCj3f/HLDlOYxS4AKotTItjLwCiKBU8HmDTdXLCN0SsZspGlC9F6vKG+Z43OthDhKpX4J4FL9PVGQWKlZHOjOmMBErXoL8T9vlEN07RU8yXJgCV0uinKBIcWLYHDIJaMgZpoQKrn+K6YTosMBHV9Dh2CvnrxOBp22bbXtu8tWt1PFUUdnqIkukI2uUBfdoh7qI4oe0TN6RW/Gk/FivBsfy9aaUc2coj8wPn8AY+CbMw==</latexit><latexit sha1_base64="tPz3y0vmjngLS7lTqUlZRVnYBZY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRF0GXBjcsKtg00IUwmk3bo5MHMjVBC9278FTcuFHHrD7jzb5ymWWjrgYFzz7mXO/cEmeAKLOvbqG1sbm3v1Hcbe/sHh0fm8clApbmkrE9TkUonIIoJnrA+cBDMySQjcSDYMJjeLPzhA5OKp8k9zDLmxWSc8IhTAlryzaYbSUILxxcu8Jgp7PhyXpY0TKGsfLNlta0SeJ3YFWmhCj3f/HLDlOYxS4AKotTItjLwCiKBU8HmDTdXLCN0SsZspGlC9F6vKG+Z43OthDhKpX4J4FL9PVGQWKlZHOjOmMBErXoL8T9vlEN07RU8yXJgCV0uinKBIcWLYHDIJaMgZpoQKrn+K6YTosMBHV9Dh2CvnrxOBp22bbXtu8tWt1PFUUdnqIkukI2uUBfdoh7qI4oe0TN6RW/Gk/FivBsfy9aaUc2coj8wPn8AY+CbMw==</latexit>

Geometric construction

We can now wonder whether we can define two other generators in a similar way.
Natural candidates are

G1 +G�1 = Ẽ + B̃ = �2
Qa

m
Xlap

�2Xl.Xr

, G1 � G�1 = Ẽ � B̃ = 2
Qa

m
Xrap

�2Xl.Xr

(3.31)

These are generators which leave one of the points fixed, (Xl for the first, and Xr for the
second). They do not act within the Wheeler de Witt patch, and can map points inside to
points outside, see figure 2. These generators have been defined so that they obey the same
algebra as the generators in (2.5), but are defined relative to the two boundary positions.
Notice that they involve a matter operator, Qa

m
and operators of the boundary systems

Xa

l,r
. Since they are gauge invariant, they map physical states to other physical states.

We can think of the generators B̃ as defined by the following procedure. Imagine that
have have two points Xl and Xr that are very far away, but not yet at the boundary. Then
we join them by a geodesic and determine their midpoint. Then B̃ is the boost around
this midpoint. Then the third generator, Ẽ, results from commuting the previous ones
and gives a generator that locally looks like a time translations around the midpoint, see
figure 2. These are time translations locally orthogonal to the geodesic joining Xl and Xr.

Acting on a state with given boundary coordinates Xl and Xr, this state moves the
matter around leaving the boundary points fixed. The resulting time evolution of Xl and
Xr can be changed by the action of these generators, but not their instantaneous positions.

We have found the action of a physical SL(2) symmetry on the physical Hilbert space.
In particular this means that the physical Hilbert space is infinite dimensional due to the
matter degrees of freedom, and their descendants.

In this discussion, we have neglected the possibility of topology changes, such as the
ones in [25], since we assumed that the topology is essentially a strip. Therefore we are
assuming that �0 in (2.12) is very large so that topology changes are highly suppressed. It
would be interesting to understand how other topologies change the picture; presumably
it should be related to cutting o↵ the algebra to a finite dimensional Hilbert space.

An alternative way to describe this same construction is to say that we have defined
three vectors eA

a
, where A is an index running over the three vectors, and then we defined

three gauge invariant generators
GA = eA

a
Qa

m
(3.32)

The three vectors were the ones in (3.30) (3.31)

e0
a
=

✏abcXb

l
Xc

r

Xl.Xr

, e�1

a
= � 1p

�2Xl.Xr

(Xra +Xla) , e1
a
=

1p
�2Xl.Xr

(Xra � Xla)

(3.33)
The GA also obey the SL(2) algebra, [GA, GB] = i✏ABCGC , due to the properties of eA

a

and the commutation relations of Qa

m
. We can also write the matter Casimir

C ⌘ GAGB⌘AB = Qa

m
Qb

m
⌘ab = Ẽ2 � B̃2 � P̃ 2 = E2

m
� B2

m
� P 2

m
(3.34)

which is SL(2) gauge invariant and commutes with the Hamiltonian.
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Operator-State 
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(a) (b) (c)
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Operator-State 
Correspondence

(a) (b) (c)
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Operator-State 
Correspondence

(b)(a)

1-loop


Schwarzian 

bad diagrams 

(suppressed by 1/N in a model like SYK)
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Schwarzian  
Limit

Weakly  
coupled 

Sch 

Strongly  
coupled 

Sch

I =
N

�J

Z
{et, u}

N

�J
�J = 1

N = 1

SYK Model

Kitaev talks, Maldacena Stanford 1604.07818,

Kiteav Suh 1711.08467

N � 1, �J � 1

N

�J
= const
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Applications
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Traversable wormhole

See also Maldacena Stanford Yang 1704.05333
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• The Maldacena-Qi 
traversable wormhole has 
non-trivial “breathing 
modes”, which breaks the 
SL(2) spectrum


 


• Our E generator “subtracts 
off” both potential and 
kinetic energy. The result is 
generator w/out a 
temperature dependence

L = �̇2 � V (�)

Eternal Traversable 
wormhole

�

Maldacena Qi 1804.00491
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Schwarzian  
Limit

Weakly  
coupled 

Sch 

Strongly  
coupled 

Sch

size 

???

???N = 1

N

�J = 1
�J
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Questions
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Order from Chaos

P̂ ' s(✏00
r
� ✏00

l
) (4.72)

where we have used (4.67).
Notice that the generators B̂, Ê, P̂ are completely well defined if the system has a

quantum mechanical dual. For example, they are well defined in the SYK model. However
they do not obey an exact SL(2) algebra. In addition, their definition depends on � (via s).
This means that they behave as SL(2) generators only for states close to the thermofield
double state with that inverse temperature. The fact that they obey the right algebra
for such states comes from their connection to the matter charges in (4.43). Notice that
the thermofield double state, or empty wormhole, really comes in a two parameter family,
parametrized by the temperature and a relative time shift between the two sides, see
[27, 28]. Again, these generators act as desired only for a particular synchronization of the
two times. This is implicit in the above formulas when we write left-right correlators “at
the same time”.

4.4 Order from chaos

We can wonder what happens if we take the generators we defined, which are defined in
terms of correlators at ul = ur = 0 and we “evolve” them with the boost Hamiltonian.
We then get, in Lorentzian time,

eiũB̂Êe�iũB̂ =
�

2⇡

"
Hr +Hl � ⌘̃

X

j

Oj

l
(�u)Oj

r
(u) � h· · · iTFD

#
' cosh ũÊ � sinh ũP̂

eiũB̂P̂ e�iũB̂ = @ũ

 
�⌘̃

2⇡

X

j

Oj

l
(�u)Oj

r
(u)

!
' � sinh ũÊ + cosh ũP̂ (4.73)

where h· · · iTFD indicates the expectation value of the previous three terms in the TFD
state. The first equality is what we get from the explicit definition of the hatted generators.
The second equality is expected to hold for states that are close to the thermofield double,
and it holds to the extent that we can approximate the hatted generators by the matter
ones in the semiclassical limit, see (4.43) and to the extent that the hatted operators obey
an approximate SL(2) algebra.

We can think of (4.73) as an approximate expression for the approximate symmetries
at zero time in terms of operators at other times.

Notice that in (4.73) we have exponentially growing terms in the right hand side as
ũ ! 1. Such terms can only come from the term involving Oj

l
(�u)Oj

r
(u), which indeed

can lead to exponential growth. The reason is the following. The expectation values of
these operators on a state created by acting with operators on the thermofield double is
an out of time order correlator. This is an analytic continuation to Lorentzian time of
a configuration of operators as in figure 5(a). In (4.73) we are computing the di↵erence

between this out of time order correlator and the disconnected correlator contained in the
thermofield double expectation value hOj

l
(�u)Oj

r
(u)iTFD. The latter is time independent
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Order from Chaos

u

−u

−u

u

(a) (b)

P+ P−
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How are these symmetries?

• The Casimir commutes with the Hamiltonian.


• However, generators do not commute with the usual 
Hamiltonian Hl + Hr. Nevertheless, their time evolution is 
simple and geometric. We can undo the time evolution.


• For any QFT on background AdS2 the generators do not 
commute with the global energy. This is related to the fact 
that the Killing vectors are time dependent.

If we have quantum fields moving on AdS2 the charges can be written in terms of the
stress tensor and the associated Killing vector

Q⇣ =

Z

⌃

nµTµ⌫⇣
⌫ (2.11)

where ⇣µ are each of the Killing vectors in (2.5). These charges are constant and indepen-
dent of the spatial slice ⌃ used to evaluate them, if the fields obey appropriate reflecting
conditions at the AdS2 boundary.

2.2 Review of the nearly-AdS2 gravity theory

We will be considering the JT theory coupled to matter as [21, 22, 23, 24]

S = �0

Z
R � 2

Z
K

�
+

Z
�(R + 2) � 2�b

Z
K + Sm[gµ⌫ ,�] (2.12)

where we have also indicated the boundary terms. The first term is topological and only
contributes to the extremal entropy. We have also assumed that the matter couples to
the metric but not to �. We will also assume that the boundary is very far away so that
matter e↵ectively feels as if it was in exactly AdS2 space. This is sometimes called the
“Schwarzian” limit because in this case the boundary dynamics is governed by [2, 3, 4]

SSch[t] = �
Z

du {et(u), u} , {f, u} =
f 000

f 0 � 3

2

f 002

f 02 , d⌧p = 2�b du (2.13)

where u is a rescaled version of proper time ⌧p, and t can be viewed as the Rindler time t
in (2.6a) near the boundary. We can view the curve t(u) as parametrizing the position of
the boundary. The action (2.13) captures a gravitational degree of freedom that we can
view as living on the boundary4.

We will consider spacetimes describing a two sided eternal black hole, so that we have
two boundaries and two variables tr, tl, each with the action (2.13). The dynamics of the
full system (2.12) reduces to the dynamics of three decoupled systems connected only by
an overall SL(2)g constraint

S = SSch[tr] + SSch[tl] + Sm[gµ⌫ ,�] (2.14)

These three decoupled systems are the following. First we have the matter which lives in
exactly AdS2 space and has SL(2)g charges Qa

m
. Then we have the right and left bound-

aries. In this limit, they are not directly coupled to each other or to the matter. However,
in NAdS2 gravity, an overall SL(2)g transformation is a redundancy of our description.
Hence the physical Hilbert space is [2, 3, 4]

HPhysical = (Hl ⇥ Hmatter ⇥ Hr)/SL(2)g , Qa

l
+Qa

m
+Qa

r
= 0 (2.15)

4This should not be confused with a possible holographically dual boundary quantum mechanical
theory, which would describe the full system.
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Higher dimensional analog
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(c)(a) (b)

Coleman de Luccia 
Instanton
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