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complexity , Integrability , and chaos
-
---
-

-- In many
branches of physics we talk

about

complex systems : many
internal components,

many -body interactions,
multi -party

correlations , emergent behaviors
- a a

e.g.
' or.a

. 1¥ i
E←¥. . →

' AdslCFT Black Hole

strongly Interacting Heme Neural & microstates
Materials Interaction Networks Emergent & the

Networks spacetime Information

Paradox

← T complexity, black holes & AdslCFT- -

y
- - ←#

( s

(/, i ① complex microstates are hard to

( i discriminate
d - ② Chaotic dynamics scramble information

⑧ Hawking radiation stores information
in a highly complex (pseudorandom ? ) code

④ Interior volumegrowth may
have

something todo with dynamical complexity
growth of the state ,

at least in

holographic cadsgood
contests

④t ② leads to a conjecture :
maximally chaotic processes such as black

hole

formation have linearly increasing complexity for

an exponential amount of time .



• In fact in cases in string theory where wecan
construct microstates, they are clearly very
complex .

• There is an old argument WB
,
DeBoer

, Tejgala, Simon, 2005

Microstates of black ←→ States of SUN)

Fass .mn?m:..)I.mm..:.aEaimn:ii:s:nf
Imicrostates ←→ 0107 dim cos -- Nh

• What do such operators look
like?

• They are gauge -invariant polynomials in the
fields { Am, XYZ , 43

j
~ \ fermions

gauge field adjoint complex
scalars
~

complex object
made

from many simple
pieces

8-gag O
- Iq [XX y I 225

. . .] - O
CNY fields

sprinkle traces, derivatives, other
fields

Abmostaksachlong#ingsarerandompolynomiatsinthefields.LI
⇒ Very difficult to tell apart using

simple operations (e.g. statistically
universal

correlates of low dimension operators
.)

↳ Apparent information loss
in semiclassical

black holes.



• Back to our conjecture :

maximally chaotic processes such as black
hole

formation have linearly increasing complexity for

an exponential amount of time .

• In others statement,what
do we want to mean

by
"complexity

" ?

• Intuitions from computer Science
-

"

complexity
" counts

the size of the algorithm needed to
assemble

the object starting with simple
initial objects

and elementary procedures acting
on
them .

offAMPLE 1 : KOLMOGOROV COMPLEXITY
-

The complexity of a sequence
= length of the

shortest program (
let's say on a Turing

machine)

required to produce
it.

Remember our

→ Random sequences are complicated black hole

while IT and TT are simple lymoicpegrsatfetones :)
EXAMPLE 2: STOCHASTIC COMPLEXITY (Rissamen)
--

The complexity ofa message is the size of the smallest
code for compressing it.

µ
his is straight out of information theory

but is conceptually )related to Kolmogorov : #TEdeTf ORKIN AL SEGNI
-

→

EXAMPLE 3 : CIRCUIT COMPLEXITY
-

-tf

"
Given N input

bets
,

C. c.NS
-

- size
TD#T\ C#of gates,

width/depth)

on Tt IDs of the missional
circuit

£ •

a ai 8 .
•

toeompute the answer



An ambiguity
-

-
-

The size of
the algorithm depends on the choice

of computing arxstritutwre
- e.g.

the particular

Turing machine design,
the details of the

decoding algorithm ,
or the circuit gate set

7⇒?¥¥ ⇒Feet
Avoiding the ambiguity
-
- -

-

Ask how complexity ofa problem class
scales

with input size N .

Ehgsical-sgste-ms.ae Locality
in spacetime suggests

a more
natural canonical

definition of the architecture
.

⇒ The elementary operators we use should be

:÷÷÷÷÷÷÷÷÷÷÷::::¥
If you

have a discrete qubit system, define•

R- local
= acting on no more

than k bits .

• Let simple vs. COMPLEX be defined by the degree of

locality of the
Hamiltonian , taken

tobe simple,

since this generates the natural
tone evolution .



• Let's treat quantum time evolution as a computation .

t- yes mm riffraff-
-

[ EihtU
T I} Entangled

←
141077 1- ~

Seems likea
-

simple evolution
Seems like a

complex evolution
~some local ~ large local

and

changes in IQ> global changes,
substantial nonrural
correlation & entanglement

• ffooean we construct a measure of
the

complexity of this time evolution ,
and hopefully

relate to other properties ofphysical
interest?

• That is, we
want to define Clues )

- CC@ int )
Let ME Hilbert space suing= unitary operations

of dim
-N on It

T.FI#ImFtedreguirYawn?eanga
of the curve on

SUCN) in some¥
ut

appropriateIntrigued the length
•The complex

c- of the shortest geodesic
on SUCN)

( N ) between 1 and Ult )

N - 2N n=# of
qubits

• This is a difficultproblem, because
SUN) isa complicated fiber bundle .

What metric on SUN) is useful for

quantifying complexity ?



" it owmmeaiamtmanoF.ms:
• Infinitesimal operation

shortest Path? O = quiz
i q= generators
Ldirections on tangent

Natural guess :
space

-
-

Metric should be
"small " in the simple

(easy1local
) directions and

" large " in

the ChardI nontocat )
directions

↳ This definition gives geodesic lengths
that are cpohpromially) equivalent
to circuit complexity ( for the

(Nielsen

time evolution
treated a's a quantum

etat )

ioicuitj if you take

direction metric n by
S-lndin.tt

↳ cat = In an arm

Non- local direction metric
N OCes) ⇒ es n N

• We willadopt this definition and use
it with

STR models
with Nfermions as examples .

• so if the tangent space of
suing is split

as 97×3 ce.my) and 97,3
hard
,
we take

the

complexity metric : Gig - TMB w.mg;p) iffmeseto
for Suen)

(
more generally, we can

take
, for anygroup .

Gija Citgo keg , Kiya
tartan- Killing form

\ ciaqoeeszeassm.ee, )



.⇒ Yea.TW#aFkmtEfnhEnsnFaemetoieGiE-
[* utms.a.pl

gcx, y ) = Glxutgyui
' )

v

Tangents @ U

Geodesic equation on
SUINT in Eater- Arnold form

- -
-
-
--

Gijddvg
'
= fg.kv.io greve

Vi - tangents to
path

-

Se path parameter

fijk> structure
const.Solve If

Sdss Vlsi)UCS ) - Peypffo
of group.

↳ Path ordered exponential

ctompleaitg, Cluett ) -- min folds Ticks,
lover geodesics

This is oapeuutual formalism for calculations
!

D= GAMMA

Example : Sak) T, - za j 72=82 ; 73=8,82 MANY

STK with afermions ⇒ g,j=[mum] 0=2 Viti

⇒ ddV÷= -2µV'2v3 ddV÷=2µv3V ' litas dads =
SOI

'
- V'est -

o
'coscv3.ms) -HsinWms)

g.
c- complexity⇒length

v4sI=v2cos 3ms> + V'sinuous) =fw¥+µµTp
vested

2



We are interested in the complexity of
time

evolution . so we want geodesics from Uco) -4

to Nlt) = e-
int .

.? .We want a basis for Suen) . We

can take a representation based on
the

SUN)
gamma

matrices, for example .

Joe aEGO,
- - - N - i } { sea ,8b3= RSab

aqifpaqand let Ta
.
. . am=8a , -t.am Ap -

= Ti iz Lai - i am )

• In the STK model csohieh we will discuss

later ) Van Ya l elementary fermion )

⇒ K- local ⇒ no more than k Tsin Ti
⇒ TL

k- non local ⇐
More than k Ts in Ti E T,

•We want tosolve
the Euler- Amoled equation

Gijddv's ? fight Greve Gijldutnssap)
UG)=P eyplfsods ' Vesey B - C. Uco) = I j Ult)

= e- int

- suppose the Hamiltonian is local
: He Is

"
T "

Then you
can show that there is ALWAYS a geodesic

-

along the easy directions
vacs ) = rod ; Vass

- o

with Vd= Jat ⇒ V = Ht

⇒ Time evolution trajectory is geodesic
.

IF this is the shortestgeodesic C=tfT{r8mwp{foggy



Stow the linear complexitygrowth can end .

- -
-

-Geodesicoops cesyirgatepoints
govern a geodesic
Ucs] :[o, D →

U CST )
with Nlcs =p and Ucl ) = Q

,
- r÷:÷÷÷:÷m÷These arehardto ⇒ the geodesic we

study ingeneral,
it started with is a

we will make progress saddlepoint, nota
minimum

in free and integrable ofthe length .
So
,
we

theories can find a shorter path

minimizing geodesic
Relevance of conjugate Points can be a finite distance
--
- away

•MISLEADING INTUITION. .. Most sectional ,

curvatures of Lie groups are negative
•

(Milnor), sowe
can take as a day

I

modfo.gg?zineFspmo7nemfomamyi-77mm
.

Thereare no conjugate points in
this .

+*
g

toy model,
so they are

irrelevant .

• This isa bad idea
because

(a) The main result of
Milnor isTatum with m2 MV58T

anyfuemghtme-p-osffmto.ttmettlesome curvature , orelse it is flat
(b) conjugate points are

some of the earliest
obstructions

in free and integrabletheories -



How to find conjugate points truncating complexitygrowth
- -

- -
- - -

. -

•Start with the
"

linear "geodesic along
the time

evolution trajectory v* Ht ,
which means

that

the path of antares is yes, = e-
is? H

• We want to perturb the trajectory
VCs) → Vcs ) t SU Cs) to foist order .

and still solve the Eater
- Arnold equation

Gig day; ÷ fig V.
t Grew Gift utnss.a.pl

with the same boundary
condition .

• In first - orderperturbation theory this gives
the

Jacobi equation . Let SV= SVLocal t
SVNon local

Projections to⇒ i
'

d8fg_ =Mt LH , ND
L the easyhard

I:{a:L
-

hier
. ) subspaces.

Equation
in iddVNL-nttn.CH, SVNif n ,pt order formalism

• To locate conjugate points define the super
- operator Yee

acting on the operator perturbation
SV such that :

pq.fi
Stds (Htt SV = e-

ith
y - i ya ISU lol ) t OCSW ) )

- Y maps
the perturbation atother identity Sev co ) to the

deviation in the endpoint
.

- Expanding the
LHS in

a Dyson series,
nieget

: Yu GuoD= folds Its
H gyesjeistt



• Finally, using the Jacobi to solve for the perturbed
trajectory, we get :

Yul snob = Side eintsf.su#9:9aKesd::pnq-im.g.geinIInsT5v9oMHi;D .
-intXi¥

+ get"Instart..
] e.

ints

where: { T.is is a basis for the generators of
the nonkral subspace whichdiagonalizes

the

adjoint action of H : EH,T.jf-X.ata

ionjugate points occur when Yµf8v lol ) = o lie;
no endpoint deviation .

So ; A CONJUGATE POINT S-→ Yu HAS A ZERO ANODE

EXISTS

This looks a bit complicated, but it
is

simpler than it looks,
and we can use it to

prove severalgeneral results .



CLAIM I

¥tne Hamiltonian has an adjoint loginoperator
ady lo ) = EH,O] ⇒ 0 , with a EIR and

O E { local operators} then a congregate

point occurs
at t*

- 232
R

Cii ) If I O E { nonfood operators }
such that

[ H ,87=98
with HEIR then a conjugate

point occurs as t*=2H×.
21

PROIA
Evaluate the super

-operator Yu on such

adjoint eigenoperators of
H

✓
ONLY THIS CONTRIBUTES

YulSUH) = fide eiHts [ gy, fog
* O is PURELY LOCAL

Local Projections - gut? E"h¥÷ SHIVA,T;) ,-intXI
Nonluocal Projections ¥

ONLY This cover,Boast
+ ? @ti7ttnhisJgj.qo,q,

IF 0 Is purely ) q
iHts

NONLOCAL



CLAIM 2
I

Let Map Lt )- fools fools
. To [ eics-smtmqeicsns.itHyp)

where Tx and Tp are any
two simple Cloud)

operators . If Maples
has azero mode

at

tome th , thena conjugate Emt occurs
at toe

.

Map ~ temporally smeared, infinite
temperature

2-point function of local
operators .

PROOF : Let SV lo) = § X' 79
where Xa is

-

the zero
mode of Map Ct)

The Frobenius norm of Yee is

11 You ISUlol) HE= Tr[ Hal Sue YulSven ))
By explicit

computation , using
t
-

Ep (Xd)
*

Map It) XB
that SV co) is entirely
in the easy directions

Then Ep Maps XP
-o ⇒ Il Ym Hp

= o

⇒ yalsnob) = o
⇒ there is a conjugatepoint



CLAIM 3 ( EIGENSTAT 8 COMPLEXMY HYPOTHESIS)
-

Let 1ms
,
in> be any energy eigenstates and

let Ta - local generators and Tq
- nonlegalgenerators.

Then linear growth in complexity persists for
a time of Ole

's) it :

Rmn = {
Kml Ta In> P
-

§kmkathskt.gsmt.am#*2=e-2SpolyCs) 9mm

Says that energy eigenstates
cannot be

mapped onto each
other by easy operations

proof Make the assumption andcalculate

the zero
modes of Yu

⇒ t⇒te) Dmaxe largest gap



Applications
-

①freetheory.skwith H - if
,
Teej Yi YI

CHI E TN and we can find an explicit

way of fast
- forwarding time evolution .

We improve a
bound of Aharonov

& Atiq

by a constant factors

② INTEGRABLE THEORY Using the
above results

H - Hot EH , for conjugate
Clt ) G poly IN ) points

+

③ CHAOTIC SYK
direct computation
of geodesic

(A) EEN loops.


