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For a > 2D + 1, the effective light cone is linear

The tight Lieb-Robinson bound is obtained
1[O:(t), 04|l < 2P (ds 5 — vt) ™



Long-range Hamiltonian (system size:n , spatial dimension: D )

a>0, gg= O(l)
H = Z hig +Zh with  |[hs 4] < |-+ ||: operator norm

JEA : : .
b d; ;: distance between ¢ and j

Generalized to k-body interaction, time-dependent Hamiltonians

a is experimentally controllable J. Zhang, et al., Nature 551, 601 (2017).
Time evolution: O;(t) = e*0 e~ "

Local approximation: O;(t,i|r|)

O;(¢,i[r]) == ; )tri[r]c [0(1)] @ Lipyye,




Long-range Hamiltonian (system size:n , spatial dimension: D )

> 0, = 01
1 = Zthh with [|hiyl < =0 = Ol
i,jENA |-+ ||: operator norm
Can we have d; ;j: distance between 7 and j
¢ . Nature 551, 601 (2017).
O;(t) = O;(t,i[r])

Time evolu t) = etOe

Local approximation: O;(t,i|r|)

O;(¢,ir]) :== ; )tri[r]c [0:(8)] ® Ly,



Lieb-Robinson bound

Upper bound on |||O;(t), O,]|

Short-range interacting systems

H [OZ (t)’ OJ] H 5 e_COnSt'(di,j —vt) Lieb and Robinson, Commun. Math. Phys. 28, 251 (1972).

v: Lieb-Robinson velocity
S. Bravyi, et al., PRL 97, 050401 (2006).

HO’L(t) — Oz(t, Z[T])H < frD_le_COHSt.(’r—vt)

Y

Effective light cone: R = vt
O;(t) ~ O;(t,i[r]) for r> R

Experimentally observable

M. Cheneau, et al., Nature 481, 484 (2012).
P. Richerme, et al., Nature 511, 198 (2014).




Linear-light cone problem in long-

range interacting systems

Short-range interaction

Linear light cone: R = vt v = finite

Long-range interaction: 1/

Exponential light cone: R = e

1[0 (1) — O;(t,i[r])]|| < eVtr—tD

Y

Hastings and Koma, Commun. Math. Phys. 265, 781 (2006).

Various numerical simulations observe linear-light cone

even under long-range interactions

P. Hauke and L. Tagliacozzo, PRL 111, 207202 (2013).
L. Cevolani, et al., New J. Phys. 18, 093002 (2016).



Linear-light cone problem in long-

range interacting systems

Short-range interaction

Linear light cone: R = vt v = finite

Long-range interaction: 1/

[Linear light cone Problem]

“What is the critical exponent .. above which the linear
light cone is ensured in long-range interacting systems?” 312000

Various numerical simulations observe linear-light cone

even under long-range interactions

P. Hauke and L. Tagliacozzo, PRL 111, 207202 (2013).
L. Cevolani, et al., New J. Phys. 18, 093002 (2016).



Previous studies

Nearly linear light cone

exponential light cone polynomial light cone

vt a—D+1
R xe Rxte20 -5 Rxt (a— 00)
Hastings and Koma, CMP 265, 781 (2006). M. Foss-Feig, et al., PRL 114, 157201 (2015).

IMProve M. C. Tran, et al., PRX 9, 031006 (2019).

Rocta—20 — Rt (0 — 0)

Improved Lieb-Robinson bound (1D, a > 3)

Chen and Lucas, PRL 123, 250605 (2019).
t
[10:6): 01l 5 5= I[0:(6) = Osft il S #7747
i)

Useful up to t = O(d;, But, cannot achieve O;(t) =~ O;(t, i[vt])



Lieb-Robinson bound: for a > 2D+1

D : spatial dimension

Cy,Cly, v: constants

1[0i(t), O4]Il < Carlt]*®*(ds; — o[t])~°
110:(8) = Ou(t, i\l < Cly¢[PH (r — 5[¢])—+D

The bound gives O;(t) ~ O;(t,i[R]) for R 2 vt
* Linear light cone is obtained for a« > 2D + 1
The bound is generalized to non-local operators O, -+ Ox, O; — Oy

Cannot be extended to a < 2D +1

* For a < D , even the polynomial light cone can break down
Z. Eldredge, et al., PRL 119, 170503 (2017).



Our result

Lieb-Robinson bound: for a > 2D+1

D : spatial dimension

Cy,Cly, v: constants

110:(1), O;]|| < Cylt|*PH(d;; — olt)) ™
1[0:(t) — O (t, i[r)]|| < Ch|t|°TH(r — o|t|)~ TP

The bound gives Q-+ [t,i|R]) for R 2 vt

Can we improve the current Lieb-Robinson bound?
m NO! The linear light cone can break down for o« < 2D + 1

Y

* For a < D , even the polynomial light cone can break down
Z. Eldredge, et al., PRL 119, 170503 (2017).



Optimality of the bound

Quantum state tran sfer S. Bravyi, et al., PRL 97, 050401 (2006).

Initial state Po: product state of |0) with R qubits

Unitary operation to qubit A, uo =1 or wu; = [1)(0] + [0)(1]

Time evolution p(t) = UT( sPOUs)Ut — Te—tJo H(r)dr
Pg)(t) = trpge UT( SPOUS)Ut:| H(Tz): mtleractlon decay of r—@
s=Uuor

Can we distinguish pfg (t) and p( () ?
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Optimality of the bound

Lieb-Robinson bound gives the upper bound

1 0 N

D) — oD@l < sup [us, O]l < R t[20+
Op:||Opl=1 |

(using our theorem)

Explicit quantum dynamics that achieves
105 (1) = pig’ (®)1 2 R Je[*P+

The dynamics consists of CNOT-type short-range interactions
and long-range Ising interactions

< R >
Aeg ¢ B
mout 100+-0) 00 - -- 0) Output



Optimality of the bound

Step 1 (t/3) : copy the input state, prepare GHZ states
(Implementable by CNOT type short range interaction)

‘LA‘ ‘LB| — C’)(t) Z. Eldredge, et al., PRL 119, 170503 (2017
L g Lz
eecccccccoe e0c0ccocee B
"]6677565'0}- oy — ;;;Lt_(;']éo_.i6>;+_§|iif.’1>

Step 2 (2t/3) : long-range Ising interaction ¢~ H1singt/3

———————————————————————————————————————————

A'............ '..........:B
00---0) or [11---1) Rotated GHZ state: |OO"'O>+f/i—w|11"°1>
2

0 ct-|Lal-|Lg|/R™



Optimality of the bound

Step 3 (3t/3) : disentangle the rotated GHZ state

[Lal, | Ll = O(t) 0 xt-|Lal-|Lp|/R"
L.A LB
Al’ooooooooooo. § o B
“_|6(-)f--">"o-r-\-1-1 ----- N 2
Output
(10) +e=°|1))/v2

105 @) — oD ()|ly = sin(20) > t|La| - |Lp|/R® o t3/R®
D-dimensional systems, |L4|,|Lg| = O(tP)

More explicit lower bound has been recently obtained.
M. C. Tran, et al., PRX 10, 031009 (2020).



Further discussion

Lieb-Robinson bound for a<2D+1

Current results: Polynomial light cone (o > 2D) R t%

M. C. Tran, et al., PRX 9, 031006 (2019).
Kuwahara and Saito, PRL 126, 030604 (2021).

What happens for o = 2D ?

(General cases) there is a protocol to achieve sub-exponential light cone

R o exp [O(t")] (ko < 1)
M. C. Tran, et al., arXiv: 2010.02930v1
(Special cases, OTOC) Polynomial light cone exists for (o > D)

20— D41 _
R ot 2a—2D Kuwahara and Saito, PRL 126, 030604 (2021)

1
Out-of-time-order correlators (OTOCs): ) (i)tr([Wi(t), Vil T [W5 (1), Vir])
r




Summary

Long-range interaction: 1/
Linear light cone: what is the critical o ?

Tight Lieb-Robinson bound
1[0:(t), O3]l S 2P+ (diy; — vt) ™ = e = 2D + 1
O;(t) ~ O;(t, i|vt])
Open questions (o> a)
* Dose the linear light cone break down for @ = . ?
* Further elaboration for the case of a < 2D

Kuwahara and Saito, PRL 126, 030604 (2021)
M. C. Tran, et al., arXiv: 2010.02930v1



Thank you for listening




Proof idea: connecting different

length scale

Hy :interaction length up to /¢
by = ly — -+ = L= — 00

) " . a—2D —1
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The connection should be performed very carefully!!



