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~ What we mean by “scrambling” in this talk 2

R _ _____ - — — — ——

» Scrambling =~"chaotic” un‘i’ra'r'y dynamics.

— Scrambling “delocalizes” information to the whole system.

. Many different definitions:
- Haar random unitary, Unitary 2-design, OTOC, Operator Entanglement ® .

Fundamental Physics
Strongly-correlated physics

= In this talk, scrambling = unitary 2-design (>=~0TOC) [Roberts & Yoshidag (‘07)'].

— Relatively strong definition of "scrambling”.



An important property of scrambling :

e

= Why care about scrambling (= unitary 2-design) in QI?
- Scrambling is related fo “decoupling”, the key task in QI theory.
— The “decoupling” unitary can be used to encode information

What is decoupling?
Task: to find a unitary U such that the resulting state is a product state.

R \IJR
PSR ~ ® Decoupled!
(given) \ S U 7'8 — A A p (any state)
Unitary CPTP map (given)
If U is scrambling, we can achieve decoupling (if (¥,T) satisfies a certain condition).



Decoupling - a brief history -
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Quantum Quantum Error Correction . Black hole
Thermodynamics [Aveyesinghe, Devetak, Hayden, & Winter (‘09)] information paradox §
[del Rio et al (‘16)] ' I [Hayden & Preskill (‘07)]

Statistical physics Fundamental Physics

& decoupling are key tools

to understand quantum information in many-body systems.

hice to further explore decoupling in physics......



What is partial decoupling?

U;: scrambling in a subspace

R

PSSk . .
* What happens if the scrambling has

A
@j Uj TS%A a structure of direct-sum?
Unitary CPTP map = Why?

S




Quantum Error Correction (QEC)

-- New capacity theorem --
[Wakakuwa, YN, & Yamasaki (‘20)]

W

Hayden-Preskill protocol §

with symmetry
[YN, Wakakuwa & Koashi (‘20)]

QEC in
Quantum Chaos

Q many-body physics | Fundamental Physics

Main message:

Partial decoupling as a new tool to study QI in many-body systems.



Partial Decoupling

=288 hart
of the talk
' Quantum Error Correction (QEC)
4 - New capacity theorem -- Hayden-Preskill protocol §

QEC in with symmetry

[Wakakuwa, YN, & Yamasaki (‘'20)]
' [YN, Wakakuwa & Koashi (‘20)]

Quantum Chaos

Q& many-body physics | | Fundamental Physics

The last part
of the talk
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What is Quantum Error Correction (QEC)?
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= QEC is a method to protect infor'mafion from noise.
- Given , to find a pair of "encoding” map € and "decoding’ map D-st. .

DoN o 5 identity

s’” WL’, Encodmg N0|se
rr'

el Time
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Two approaches in QEC
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1. Practical approach: expliciﬂy constructing encoder and decoder.

Also offer interesting toy
models of physical phenomena.

) Topologlcal 'orders | AdS/CFT
Toric code Color code HAPPY code

2. Fundamental approach: find the fundamental limit of QEC.

= How much info. can be, in principle, protected from a given ?

Scrambling comes intfo the play!! | Tlrl;\e 0
iy &,

Encodmg Nonse
0 sw e )




Quantitative setting of QEC
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= Various situations of QEC.
— Is the information »_c/ass/ca/ or ?

- Ts additional resource, e.g. entanglement, available?

= What is the trade-off between (C, /, E, 6)?

C-bit classical info: . | Recovery error:
“I love you". :

Q-qubit Quantum info:
“|¥)".

E ebits
D o N o £ = identity

En'ra nhglement



Fundamental limit of QEC
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Trade-off between (C, 0, E, §)?

= Capacity theorems glve answersl

— HSW theorem ('97), LSD theorem ('97~'05), Hsieh & Wilde ('10) (i.id sefting).
— Mosonyi, Datfta, Dupuis, Berta, Anshu, a lof of ......

= General case (0 < C,,E < o) remains unexplored.
— Based on the , we proved “hybrid” capacity theorem.

C-bit classical info: : Recover‘y
"T love you".

Q-qubit Quantum info:
|¥)". Entanglement

o £ = identity



Hybrid capacity theorem 1
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Trade-off between (C, 0, E, §)?

= Specific encoding:
1. Embed the alphabet j € {1, ...,2¢} into {1, ...,J}, where | > 2¢, and apply a random
permutation ¢ to obtain a(j).
2. Attach ancillary qubits of m qubits.
3. Apply scrambling on (Q+m+E) qubits and an additional map F, dep. on a(j).

C bits: j € {1,...,2¢Y 2> (e {1,..,]}

on
(Q + m + E) qubits

A\

0 qubi’rs- |\If> o — crambling — Additional
— U,;) =

Fo(j)

i

E ebits =



Hybrid capacity theorem 2
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Trade-off between (C, 0, E, §)?

There exists a decoding map s.t.
51 ~ 2C’—|—Q—E—|—Hmax(SCST|B)QN—log[J]

5 < 51/2 n 5;/2 where 5o 7o 9@~ B+ Hinax(Sr|BSe) o

and, gy is constructed from F; and the noise JV.

C bits: j € {1,..,2} 2> a()eE {1,...]3

Sat .

Q qubits |U) »— [ Additional T rq
- Uo()) mop N
- Fo * Y
g —= (Q + m + E) qubits

E ebits i
@7‘*‘@



Hybrid capacity theorem 3

— e

C-bit classical and information can be protected from the
noise IV (6 «< 1) if and only if

C —+ Q S_, E — minf,J{HnlaX(SCST|B)QN o log[’]]}
Q S_, b — min]:{HmaX(S’r‘BSC)QN}

Hybrid capacity theorem (informal)

1. The fundamental limit is characterized by conditional entropies of g.
2. Encoding by “random permutation + scrambling + F" is optimalll

By using this, we can study QEC in quan’rum chaos.

Cbitsije {1,..,2°) > o())

| ' Recovery
error
- Q qubits |\If> a:— Scrambling Add'ronal Nmse.
U5 ()) £
pa on . O’(j) |

E ebits & % () +m + E) qubits
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QEC in QuanTum Chaos seﬁmg 1
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- Though’r experlmen’r QEC in chaos

1. Alice encodes a quantum statfe |¥) to a (part of) many-body system.

E ebits
L —

%@,& « Some of the other spins (E qubits) are
F Ss entfangled with the qubits outside.

* The rest qubits are pure states, e.qg.,
10)®W-Q=E)




QEC in “Quam‘um Chaos seﬁmg g
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- Though’r experlmen’r QEC in ' chaos

1. Alice encodes a quantum statfe |¥) to a (part of) many- body system.
2. HamllTonlan dynamlcs Uscrr (= scrambling)




QEC in “Quam‘um Chaos seﬁmg 3"
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- Though’r experlmen’r QEC in chaos
1. Alice encodes a quantum statfe |¥) to a (part of) many- body system.
2 HamllTonlan dynamlcs Uscrr (= scrambling)
occurs on the sysTem




QEC in “Quam‘um Chaos seﬁmg i

- Though’r experlmen’r QEC in chaos
1. Alice encodes a quantum statfe |¥) to a (part of) many-body system.
2 HamHToman dynarmcs Usr (= scrambling).
occurs on the system.
4. Bob tries to recover |¥) from the noisy system.

Recovery
error:

Assumption: Bob knows U,



QEC in “Quam‘um Chaos seﬁmg S

* 0 & 1 means ’rha’r
1. the state |¥) is proTecTed from The noise JV.

Z Thls should be due to the internal scrambling dynamics U,,-.

" in quantum chaotic system.

Recovery
g error:

Assumption: Bob knows U,




QEC in "Quantum Chaos” 1

E qubits
R
<$é§% Noise NV
@ﬁ : ' ‘ ubi
& '\ﬂﬁq Q qubits | W)
o e
E ebit 7%

Q qubits  Many-body system of

QEC in “Chaos”

Recovery
: I Scrambling _
B (() + m + E) qubn's

Special case of

the capacity theorem
(C=0 & F=identity)

Encoding used in the capacity theorem

Cbits:j € {1,..,2°} > a())
S— :
PETGERLVWNEES  Scrambling Additional
Ua () ma
o —— ) .
ol (( + m + E) qubits o)

Recovery
error
_E




QEC in "Quantum Chaos” 1
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& Noise V' ; = Recovery
' ‘ Scramblm er‘ror
\ﬂ)\{? hh |l1}> 2 nz
— ]
r‘;-
/Qp)? l:‘ebi‘rsg (Q+ 1+E)qub!1's
e

Q qubits  Many-body system of

Special case of

QEC in "Chaos” the capacity theorem
' (C=0 & F=identity)

* From the theorem, we obtain

) SJ Q(Q_E+HmaX(S|B)9N)/4 where on = (id @ V) (D)

Maximally entangled state

Conditional entropy



QEC in "Quantum Chaos” 2
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E qubits

Y _
%g?ﬁ Noise N = Recovery
3% Fot N = Q ~ ¢ tubite |\1}> o .Scramblm Nmse e,r‘r'or'
S
/Qp) ? Fobits ,ﬁg_ (Q +m+E) qubn's

T

Q qubits  Many-body system of

= Special case of
QEC in "Chaos” | the capacity theorem

) < Q(Q_E+Hmax(S|B)QN)/4 where

= This formula is useful tfo study QEC property of quantum chaos.
= For typical * " hoises, encoding by scrambling seems close to optimal (prellmmary).

(Prospec‘r) spontaneous QEC is intrinsic in quan’rum chaos.
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5. Hayden-Preskill pro’rocol’
| with symmetry

Fundamental Physics



qu'hal Decouplmg g

e —

Hayden-Preskill protocol §

with symmetry .
[YN, Wakakuwa & Koashi (‘'20)]

Fundamental Physics

Partial decoupling is useful to investigate

“scrambling with symmetry”.



Hayden-Preskill toy model: setting 1

— = = = S L B S e

= A tfoy model of the information paradox.
~ Proposed by Hayden & Preskill ('07).
— A special case of the thought-experiment of "QEC in quantum chaos”.



Hayden-Preskill toy model: setting 2
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N qubits  Past Hawking radiation

| (entangled with the BH)
2. Scrambling g& g@ﬁ
N+k) qubit \ |
| on (N+k) q |s o %§$

P D Ty s
- <A 4

original k-qubits info.

\Ij>$ - k qubits " {Q

@ "BH" of

DD | :
G C?Q \w % 4. Try to recovery the
1. Throw k qubits | 3. £ qubits of Recovery
info the BH new radiation error:




Hayden-Preskill toy model: result
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= A foy model of the information paradox.
~ Proposed by Hayden & Preskill ('07).
— A special case of the thought-experiment of "QEC in quanfum chaos”.

* Quick leakage of the information: § < 2k=¢ ( ).
— k-qubit information can be recovered from € >= k of new radiation!
- BHs-C hide any information due tfo scrambling. '

N qubits Past Hawking radiation
o J (entangled with the BH)

2. Scrambling on (N+k) qubits 0 (@ S

What if the BH has symmetry?

i “b%\) e _ 58&)9; \)
DD 5 DX |p)?
&6’; 9* C& B~ ’ 4. '-Tr'.y Tlo recgyer‘y }he
I\Ij>$ %/« qubits . {9 ( original k-qubits info.

"BH" of

1.Throw k qubits into the BH 3. ¢ qubits of new radiation




Why symmetry?

— e

has NO global symmetry [Harlow & Oguri ('19)].
— The violation should be weak to be consistent with classical case?
- Energy conservation should be there?
~- Studying exact symmetry may help better understanding.

= HP protocol with symmetry is interesting as a toy model.

- By infroducing symmetry, a non-trivial r*ela’non b/t information leakage problem and
thermodynamics shows up.

N qubits Past Hawking radiation

‘ : ' o J (entangled with the BH)
, | ALH -
What if the BH has symmetry? g%ﬁ A @@»\M

original k-qubits info.

' N 29 D “ g& )2
/\Cj 9 @ 4. Try to recovery the
e o

@>$§§/ qubits o

1.Throw k qubits into the BH 3. ¢ qubits of new radiation




Hayden-Preskill with symmetry 1

e —

— e

= Consequences of the symmetry
- dconserved quantity that should

Scrambling with a

direct-sum structure!

= Scrambling with symmetry: User = @m US(?;)
— For simplicity, abelian symmetry is assumed.
— m labels the conserved quantity.

N qubits Past Hawking radiation
o (entangled with the BH)

- 5 e :
What if the BH has symmetry? o ¥, & g V)

; ~ ,\’ U g
. 7% ST T | gs% l)?

AN D
&:65 Lo :" ‘r:“@\
I\Ij> b -2 % original k-qubits info.
? g B of ©o

1.Throw k qubits into the BH 3. ¢ qubits of new radiation




Hayden-Preskill with symmetry 2.
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N qubits  Past Hawking radiation

2. Partial scrambling , » &%ﬁ (entangled with the BH)
on (N+k) qubits

4. Try to recovery ’rh
original k-qubits info.

|\Ij>$ ' k qubits | e
@ “BH" of

Recovery
error:

3. £ qubits of
new radiation

1. Throw k qubits
into the BH



Hayden-Preskill with symmetry 3
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Using - , a general formula for the error & is obtained!!

Recovery errors for various initial conditions Al A lIa){e]a1sle) (le]a M [Xe] (e ]o[-
- Charac’remzed by The value L of The angular momer, pid its fluctuation OL.

1 Non-symmetric case
| (HP original model)

=
[
=
b
=]
-
<
z
e’
S
T
a1

Red: 8L = 0.1V/N,

Blue: 8L = 0.3 VN,

Green: 8L = 0.9+/N, !fsinfo.
Brown: 6L = 0.3 N.

100 200 300 400 5000 100 200 200 300 400 500

£: Numi
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= Using - = , a general formula for the error & is obtained!! |

1. _Delay: informq’rion leaks out more slowly than non-symmetric case.
= Delay = information-theoretically trivial delay « |

Fully determined by thermodynamics of the BH.

e.g.) thermal sensitivity of the conserved quantity,
conjugate state function to the conserved quantity.

- Indicates a relation between information leakage & thermodynamics.
— "Information is physical: if you know physics, you know information”.

2. Information remnant: some info. remains un-evapolated until the last
. moment. ' | -

— Closely related to symmetry-breaking of the BH.
See also arXiv:2103.01876 by Tajima & Saito.
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Future problems
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» Does scrambling in a weaker sense reproduce the same results?

— All are based on “

- Worth checking *

" (>~ OTOC, operator entanglement)
" in various many-body systems.

= More about scrambling with symmetry? eg.) U(1) symmetry, hard & soft modes?

Ising
Integrable

Operator entanglement? OTOC? Unitary 2-designs

Heisenberg SYK Quantum
Non-integrable Chaos Black Hole

LQSS “Complexn —

@ Good QEC

Very bad QEC




- Thank you for your attention!!

Any question?

All will be ,ex‘rehsively
updated soon!

arXiv:1903.05796 by E. Wakakuwa and YN
arXiv:i2011.00668 by YN, E. Wakakuwa, and H. Yamasaki,
arXiv:2007.00895 by YN, E. Wakakuwa, and M. Koashi.



