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● Entanglement partner in de Sitter space

● Entanglement harvesting in de Sitter space

● Summary

● Introduction

In this talk: 

I discuss on entanglement in cosmological situation

entanglement structure of de Sitter inflation



Scenario of structure formation
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energy density
curvature fluctuationduration of inflation

within 10-36-10-34s, scale increases       =1024e60
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One important purpose in cosmology is to explain origin of structures of the Universe.
In modern cosmology, the origin of the large scale structure in our universe is explained by 
inflation
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Quantum Effect in Expanding Universe
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r→∞ EPR state

● Quantum field (scalar field, EM field, GW)
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vacuum state evolves to 2 mode

squeezed state by accelerated 

expansion of the universe
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scale factor: a

The quantum fluctuation of the inflaton field is calculated by using quantum field theory in curved 
spacetime.
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Correlation Function in de Sitter Space massless minimal scalar
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Cosmic inflation generate large scale quantum fluctuations beyond

horizon scale of deSitter space rp > H

�1 (origin of primordial fluctuation) 
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Classical property of primordial fluctuations

as statistical average

c-number random Gaussian variable
quantum mechanical variable

assumption of classicality
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● Usually, quantum expectation value is adopted as initial condition for classical evolution

existence of classical probability distribution reproducing quantum expectation values
● condition of classicality

Bell’s inequality is satisfied

Assumption: existence of local probability distribution reproducing  
                     quantum correlations

correlations can be represented as local hidden variable (LHV) theory

For bipartite system, the condition is equivalent to the state is separable
（no bipartite entanglement）

Although we want to prepare classical initial condition for structure formation,  
seed fluctuation is quantum! We must check validity of assumption of classicality.

● If we adopt quantum fluctuation as initial seed for structure formation, 
   some conceptual difficulty appears.



Entanglement Harvesting in de Sitter space



Detection of entanglement of quantum field
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This method measures entanglement of quantum field using entanglement between UD detectors

Local operation cannot generate entanglement
a pair of detectors measures entanglement of quantum field

two level atom (qubit)
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Entanglement harvesting in de Sitter space:
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harvesting protocol

One theoretical setup to check entanglement of quantum field is the protocol of entanglement 
harvesting.



Large Scale Entanglement in Cosmic Inflation
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comoving detectors
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● theoretical justification of origin of “classical” primordial fluctuations
● experimental verification of “quantumness” of  primordial fluctuations

Based on this thought experiment, we can investigate quantum correlation in deSitter 
universe.

and entanglement harvesting: thought experiment

detectors interact with

scalar field

harvesting protocol

We apply this protocol in de Sitter universe
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Entanglement between 2 quit detectors

A pair of qubit detectors cannot access entanglement  of super horizon scale
typical scale of entanglement ⇠ H

�1
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At first glance, this imply there is no quantum correlation in super horizon scale

(quantum to classical transition occurs)  No. This is only one aspect of entanglement

We must check multi-partite entanglement effect

negativity

scale (separation)
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Detection of super horizon scale entanglement is possible 
with multiple detectors
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Effect of multipartite entanglement: 
enhances non-local correlation and reduces local noise

S. Kukita & YN, Entropy 19 (2017), 449

To check multi-partite effect of entanglement, 

we consider harvesting with multiple detectors
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Entanglement of Long Wavelength Modes
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For later usage, we consider different setup of entanglement harvesting based 

on coarse-graining of field variable.
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Scale dependence of Entanglement
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AB is separable

❌

With this setup, we can evaluate entanglement negativity between A and B

The mode AB becomes separable for distance larger than the Hubble horizon  and this 
behavior is the same as qubit-detector case.



Why the state is separable on large scale?
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● What is the role of “partner” mode E?

● Effect of multi-partite entanglement

A B
environment

A B

E environment

X?
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● Thermal noise with Gibbons-Hawking temperature                  destroys  
   quantum correlations

We consider this behavior from the viewpoint  of multi-partite entanglement

● This separability can be understood based on entanglement monogamy 

we expect as correlation between AE (BE) increases, 

correlation between AB is reduced

● Is it possible to understand emergence of classicality deSitter space?
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(sharing structure of entanglement)

From these observation, we pose the question why the mode AB

becomes separable for super-horizon scales.

● Both are related

We will try to find out explicit form of partner for two modes AB.



Entanglement Partner in de Sitter Space

in collaboration with Koji Yamaguchi
(Tohoku Univ, Japan)
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Partner modes and entanglement structure

● purification
For arbitrary mixed state
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First, we shortly review concept of purification and entanglement partner

 ( basic concept in QM)
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Entanglement structure of Hawking radiation

● Standard scenario (gravitational collapse)

in-vacuum state
2 mode Bogoliubov transformation

infalling matter
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<latexit sha1_base64="z84I0FcBbc0DjVKeCelI7fXXpZo="></latexit>

v

<latexit sha1_base64="mJEFEcjvxyUqyqs6nS5S730IrBs="></latexit>

squeezing gate

origin of       is vacuum fluctuation before horizon formationxu

<latexit sha1_base64="Vwk8DFq2mngl4LCqw/hmtj2ISFw="></latexit>

u

<latexit sha1_base64="vrxVVtlLfRN6/SXYZ6twQX8oCF8="></latexit>

Well known example of concept of partner appears in Hawking radiation.
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What is partner mode of inflaton fluctuation?

● Entanglement between region A and region B is lost on super horizon scale 

● By embedding the target modes AB in 4-mode pure Gaussian state,

   it is possible to understand structure of entanglement sharing between 

   these 4 modes (looking for partner modes of AB)

4-mode pure Gaussian state

purification of AB

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

B

<latexit sha1_base64="vJLd7NBYQ8cBBxvWlmbpI3M3/8A="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

D

<latexit sha1_base64="DPVxi2Wcxd5tzRRZx0ArYn/a9ZI="></latexit>

A B

comoving x

t

A B

H
�1

<latexit sha1_base64="/LBiHDzmUMPytE4f8a6RHnF8w4M="></latexit>

H
�1

<latexit sha1_base64="/LBiHDzmUMPytE4f8a6RHnF8w4M="></latexit>

❌

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

D

<latexit sha1_base64="DPVxi2Wcxd5tzRRZx0ArYn/a9ZI="></latexit>

: de Sitter horizon

In deSitter case, we want to identify partner modes for AB, 

which are defined as two spatially local modes at two points.
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Construction of partner mode and QIC

We adopt the method formulated in these papers

QIC : quantum information capsule (by M.Hotta and K.Yamaguchi)

target modes: localize at A,B

A B
r

r D r.ıc/

<latexit sha1_base64="M2YyacEnPoJZTLudXMQzBkJrxlw="></latexit>

K.Yamaguchi et al. PRD 101(2020)105009

J.Trevision et al. PTEP 2018, 103A03
K.Yamaguchi et al. Phys.Lett.A 383 (2019)1255

Hint D � O�.x/ ˝

X

j

OOj

<latexit sha1_base64="+RmmCAsOFHp+h38dcPcevHbVr50="></latexit>

Information associated with original mode         is completely contained in QIC f OOj g

<latexit sha1_base64="mRrXJ2MwTSMILotZiJYjOaXeSJ8="></latexit>

(purification of target modes)

OOj D

Z
d

3
x

�
w1.x; xj / O'.x/ C w2.x; xj / O⇡.x/

�

<latexit sha1_base64="xBrKXJX87jDi6am18PfipjhpjA0="></latexit>

window functions

● “Information” of the local mode at       can be measured by Unruh-DeWitt type 
    detectors:

xj

<latexit sha1_base64="HMg+64FKjVVFUDX/QmqNrTdjGT8="></latexit>

, it is possible to identify 2k independent modes● For given set of operators f OOj g .j D 1; � � � ; 2k/

<latexit sha1_base64="OKbIkwif58SYht0XIxXdt3+Zivo="></latexit>

O⇠j D . Oqj ; Opj /; j D 1; � � � k

<latexit sha1_base64="Ms6Rkc7vYMtivLeVvPj5SoP8M4A="></latexit>

Œ Oqj ; Opj ç D iıkj

<latexit sha1_base64="meMxRNJVMKNawg0/dTkiLPbKfIE="></latexit>

(2)  Modes          constitute a pure state (provides a method of purification) f O⇠j g

<latexit sha1_base64="AK2on6F4hmAJGlntt0LmUUSY/og="></latexit>

(1)

● As already introduced, we define local mode of the quantum field using window 
   function, which determines spatial profile of the modes.
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● Single mode case

Construction of partner mode

Using coarse-grained field, we assign canonical operator at a spatial point x1

We define the following linear map for operators:
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Thus we introduced two mode system characterized by the following four operators:
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Correlations are D
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O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
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
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�
D aI; J D


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�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
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2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)
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Thus we introduced 2-mode system characterized by the following 4 operators:
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O⇠A D . Oq1; Op1/T

<latexit sha1_base64="vinGUshbjwvNW3+JlrmXRxHRg/4="></latexit>

Œ Oq1; Op1ç D i

<latexit sha1_base64="shnEtRjiBme358u4Bz2MqnxfyRo="></latexit>

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

target mode

partner mode

Partner mode in de Sitter spacetime partner-4mode.tex 2021/2/23 Yasusada Nambu 6

4 Partner formula

We search partner modes for a given system. We following the method by K. Yamaguchi [2]. The key tool to construc
partner modes is the following linear map f for Oak ; Oa

é
k :

f . Oak/ D �i Oak ; f . Oa
é
k/ D i Oa

é
k : (39)

For Oqk D . Oak C Oa
é
k/=

p
2; Opk D . Oak � Oa

é
k/=.i

p
2/,

f . Oqk/ D Opk ; f . Opk/ D � Oqk : (40)

[Meaning of this map]

4.1 Single mode system

We consider a single mode O⇠i D . Oq1; Op1/
T prepared at x D x1:

Oq1 D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikx1 ; (41)

Op1 D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikx1 ; (42)

and apply the map f :

f . Oq1/ WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikx1 ; (43)

f . Op1/ WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikx1 : (44)

Thus we introduced two mode system characterized by the following four operators:

Oq1; Op1; f . Oq1/; f . Op1/: (45)

Correlations are D
f O⇠i ;

O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
m D


a 0

0 a

�
D aI; J D


0 1

�1 0

�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
O⇠j ç D Œf . O⇠i /; f . O⇠j /ç D i.J /ij ; Œ O⇠i ; f . O⇠j /ç D i.m/ij D iaıij : (48)

To extract a mode orthogonal to O⇠i from f . O⇠i /, we define

O⇣i WD f . O⇠i / � .mJ O⇠/i : (49)

Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

As a demonstration, we first consider purification of local mode A in de Sitter space
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O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

commutators
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4 Partner formula

We search partner modes for a given system. We following the method by K. Yamaguchi [2]. The key tool to construc
partner modes is the following linear map f for Oak ; Oa

é
k :

f . Oak/ D �i Oak ; f . Oa
é
k/ D i Oa

é
k : (39)

For Oqk D . Oak C Oa
é
k/=

p
2; Opk D . Oak � Oa

é
k/=.i

p
2/,

f . Oqk/ D Opk ; f . Opk/ D � Oqk : (40)

[Meaning of this map]

4.1 Single mode system

We consider a single mode O⇠i D . Oq1; Op1/
T prepared at x D x1:

Oq1 D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikx1 ; (41)

Op1 D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikx1 ; (42)

and apply the map f :

f . Oq1/ WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikx1 ; (43)

f . Op1/ WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikx1 : (44)

Thus we introduced two mode system characterized by the following four operators:

Oq1; Op1; f . Oq1/; f . Op1/: (45)

Correlations are D
f O⇠i ;

O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
m D


a 0

0 a

�
D aI; J D


0 1

�1 0

�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
O⇠j ç D Œf . O⇠i /; f . O⇠j /ç D i.J /ij ; Œ O⇠i ; f . O⇠j /ç D i.m/ij D iaıij : (48)

To extract a mode orthogonal to O⇠i from f . O⇠i /, we define

O⇣i WD f . O⇠i / � .mJ O⇠/i : (49)

Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

covariance

By re-defining combination of 4 ops., it is possible to idenfity independent two mode
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Thus
O⇠C D

1
p

a2 � 1

X O⇣ D
1

p
a2 � 1

X.f . O⇠/ � mJ O⇠/ D
1

p
q2 � 1


f . Op1/ C a Oq1

f . Oq1/ � a Op1

�
: (53)

The covariance of O⇠A WD O⇠; O⇠C system is
D
f O⇠C ; O⇠C g

E
D �A

�1
.m C mJ mJ m/.A

�1
/
T

D aI; (54)
D
f O⇠C ; O⇠Ag

E
D A

�1
.J � mJ m/ D

p

a2 � 1Z; (55)
D
f O⇠A; O⇠Ag

E
D aI: (56)

In a matrix form,

MAC D

"
aI

p
a2 � 1Z

p
a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M /ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M /ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)
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Thus
O⇠C D

1
p

a2 � 1

X O⇣ D
1

p
a2 � 1

X.f . O⇠/ � mJ O⇠/ D
1

p
q2 � 1


f . Op1/ C a Oq1

f . Oq1/ � a Op1

�
: (53)

The covariance of O⇠A WD O⇠; O⇠C system is
D
f O⇠C ; O⇠C g

E
D �A

�1
.m C mJ mJ m/.A

�1
/
T

D aI; (54)
D
f O⇠C ; O⇠Ag

E
D A

�1
.J � mJ m/ D

p

a2 � 1Z; (55)
D
f O⇠A; O⇠Ag

E
D aI: (56)

In a matrix form,

MAC D

"
aI

p
a2 � 1Z

p
a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M /ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M /ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)

O⇠A D O⇠;

<latexit sha1_base64="oLTKrxUVp3sY6o1mdy6oIraW2qg="></latexit>

Œ O⇠A; O⇠Aç D iJ; Œ O⇠C ; O⇠C ç D iJ; Œ O⇠A; O⇠C ç D 0

<latexit sha1_base64="tOoF+3eoNS89xjRfQfHDHzqrdHA="></latexit>

covariance of total 2 mode system (pure)

X D

0 1
1 0

�

<latexit sha1_base64="9AG7wNBklqlNO4Fi/Kc62dJkn9c="></latexit>
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Thus
O⇠C D

1
p

a2 � 1

X O⇣ D
1

p
a2 � 1

X.f . O⇠/ � mJ O⇠/ D
1

p
q2 � 1


f . Op1/ C a Oq1

f . Oq1/ � a Op1

�
: (53)

The covariance of O⇠A WD O⇠; O⇠C system is
D
f O⇠C ; O⇠C g

E
D �A

�1
.m C mJ mJ m/.A

�1
/
T

D aI; (54)
D
f O⇠C ; O⇠Ag

E
D A

�1
.J � mJ m/ D

p

a2 � 1Z; (55)
D
f O⇠A; O⇠Ag

E
D aI: (56)

In a matrix form,

MAC D

"
aI

p
a2 � 1Z

p
a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M /ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M/ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)

Z D

1 0
0 �1

�

<latexit sha1_base64="eQ/j0GImyEwGjWROTT4d7B4fx4A="></latexit>

This is the standard form of two mode squeezed state (pure)

covariance matrix of target mode

S12

<latexit sha1_base64="vEjgvV7rPN/DBeHegDoMiTDyKoc="></latexit>

1

<latexit sha1_base64="3uby91ljdk907nEa7W4Ou2d+d7k="></latexit>

2

<latexit sha1_base64="cUIotcPj8uq0PugM4vIRUd3i6ww="></latexit>

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>

˝
Oq2
1

˛
D

˝
Op2
1

˛
D a=2

<latexit sha1_base64="Ze5Yix59UqsrLJOpERfeGkI0YDc="></latexit>

Partner of       is represented as A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

O⇠C D . OqC ; OpC /

<latexit sha1_base64="GAlPTSn8KuqrXnO8LrrxDtjFUbg="></latexit>

A

<latexit sha1_base64="OOnZ9PPHKlK8ANZs5b1OLoOepCI="></latexit>

C

<latexit sha1_base64="8XtVnPIJNocjaS8VMDBqBAMhLKU="></latexit>
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partner modetarget mode
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4 Partner formula

We search partner modes for a given system. We following the method by K. Yamaguchi [2]. The key tool to construc
partner modes is the following linear map f for Oak ; Oa

é
k :

f . Oak/ D �i Oak ; f . Oa
é
k/ D i Oa

é
k : (39)

For Oqk D . Oak C Oa
é
k/=

p
2; Opk D . Oak � Oa

é
k/=.i

p
2/,

f . Oqk/ D Opk ; f . Opk/ D � Oqk : (40)

[Meaning of this map]

4.1 Single mode system

We consider a single mode O⇠i D . Oq1; Op1/
T prepared at x D x1:

Oq1 D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikx1 ; (41)

Op1 D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikx1 ; (42)

and apply the map f :

f . Oq1/ WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikx1 ; (43)

f . Op1/ WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikx1 : (44)

Thus we introduced two mode system characterized by the following four operators:

Oq1; Op1; f . Oq1/; f . Op1/: (45)

Correlations are D
f O⇠i ;

O⇠j g

E
D

D
ff . O⇠i /; f . O⇠j /g

E
D .m/ij ;

D
f O⇠i ; f . O⇠j /g

E
D �.J /ij ; (46)

where
m D


a 0

0 a

�
D aI; J D


0 1

�1 0

�
: (47)

We assume the standard form of a single mode covariance matrix m. Commutation relations are

Œ O⇠i ;
O⇠j ç D Œf . O⇠i /; f . O⇠j /ç D i.J /ij ; Œ O⇠i ; f . O⇠j /ç D i.m/ij D iaıij : (48)

To extract a mode orthogonal to O⇠i from f . O⇠i /, we define

O⇣i WD f . O⇠i / � .mJ O⇠/i : (49)

Then this quantity satisfies

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.mJ O⇠/i ;
O⇠j ç

D �.m/ij � .mJ /ik Œ O⇠k ; O⇠j ç

D �im C im D 0: (50)

and

Œ O⇣i ;
O⇣j ç D i.J � mJ m/ D i.1 � a

2
/J: (51)

To renormalize O⇣, we write O⇣i D Aij
O.⇠C /j with Œ O⇠C ; O⇠C ç D iJ . The matrix A should satisfy

AJA
T

D J � mJ m D .1 � a
2
/J ) A D

p

a2 � 1


0 1

1 0

�
D

p

a2 � 1X; A
�1

D
1

p
a2 � 1

X: (52)

target mode: O⇠i ; f . O⇠i /

<latexit sha1_base64="vBGsZ0P11dgcoAhEPLJioygiSq4="></latexit>

The map f preserves commutation relation and covariance:

As we will see, this method provides spatial profile of partner mode
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Thus
O⇠C D

1
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p
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X.f . O⇠/ � mJ O⇠/ D
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p
q2 � 1


f . Op1/ C a Oq1

f . Oq1/ � a Op1

�
: (53)

The covariance of O⇠A WD O⇠; O⇠C system is
D
f O⇠C ; O⇠C g

E
D �A

�1
.m C mJ mJ m/.A

�1
/
T

D aI; (54)
D
f O⇠C ; O⇠Ag

E
D A

�1
.J � mJ m/ D

p

a2 � 1Z; (55)
D
f O⇠A; O⇠Ag

E
D aI: (56)

In a matrix form,

MAC D

"
aI

p
a2 � 1Z

p
a2 � 1Z aI

#
: (57)

This covariance matrix represents the pure two mode squeezed state and characterize the partner system AC.

4.2 two mode system

We look for partner modes for two mode system O⇠ D . Oq1; Op1; Oq2; Op2/
T . These two modes are defined at x1; x2. Following

K. Yamaguchi’s method [2], we introduce the map f :

f . Oqj / WD

Z
dkWk.�i/.fk Oak � f

⇤
k Oa�ké/eikxj ; (58)

f . Opj / WD �

Z
dkWk.gk Oak C g

⇤
k Oa�ké/eikxj ; (59)

Oqj D

Z 1

�1
dkWk.fk Oak C f

⇤
k Oa�ké/eikxj ; (60)

Opj D

Z 1

�1
dkWk.�i/.gk Oak � g

⇤
k Oa�ké/eikxj : (61)

Thus we introduced 4-mode system characterized by the following eight operators

Oq1; Op1; Oq2; Op2; f . Oq1/; f . Op1/; f . Oq2/; f . Op2/: (62)

Commutation relations are

Œ O⇠i ;
O⇠j ç D i�2; Œ O⇠i ; f . O⇠j /ç D i.M/ij ; Œf . O⇠i /;

O⇠j ç D �i.M/ij ; Œf . O⇠i /; f . O⇠j /ç D i.�2/ij ; (63)

�2 D


J 0

0 J

�
; J D


0 1

�1 0

�
; .M /ij WD

D
O⇠i

O⇠j C O⇠j
O⇠i

E
; (64)

and
D
ff . O⇠i /; f . O⇠j /g

E
D .M /ij ;

Dn
O⇠i ; f . O⇠j /

oE
D �.�2/ij : (65)

We define the modes orthogonal to the original mode O⇠AB D O⇠i as

O⇣i WD f . O⇠i / � .M�2⇠/i : (66)

Indeed this operator satisfies Œ O⇣i ;
O⇠j ç D 0 and they are independent:

Œ O⇣i ;
O⇠j ç D Œf . O⇠i /;

O⇠j ç � Œ.M�2
O⇠/i ;

O⇠j ç

D �iMij � .M�2/ik Œ O⇠k ; O⇠j ç

D �iM C iM D 0: (67)

The commutator and the covariance are

Œ O⇣i ;
O⇣j ç D i.�2 � M�2M /ij ;

Dn
O⇣i ;

O⇣j

oE
D � .M C M�2M�2M/ij : (68)

● degrees of squeezing

● spatial profile of partner mode C

entanglement entropy
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● Two mode case

target modes O⇠AB D . OQ1; OP1; OQ2; OP2/T
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We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
Dn

. O⇠CD/i ; . O⇠CD/j

oE
D .A

�1
/ik.A

�1
/j`

Dn
O⇣k ; O⇣`

oE

D �.A
�1

/ik.A
�1

/j`.M C M�2M�2M /k`

D �.A
�1

/ik.M C M�2M�2M /k`.A
�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M /; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M /

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M/ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1

2

p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)

MCD D

2

664

a 0 d2 0

0 a 0 d1

d2 0 a 0

0 d1 0 a

3

775 ; MABWCD D

2

664

g 0 h 0

0 �g 0 �h

h 0 g 0

0 �h 0 �g

3

775 : (82)
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We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
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�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M/; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M/

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M/ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1
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p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)
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2
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a 0 d2 0

0 a 0 d1
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0 d1 0 a

3
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We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
Dn

. O⇠CD/i ; . O⇠CD/j

oE
D .A

�1
/ik.A

�1
/j`

Dn
O⇣k ; O⇣`

oE

D �.A
�1

/ik.A
�1

/j`.M C M�2M�2M /k`

D �.A
�1

/ik.M C M�2M�2M /k`.A
�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M /; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M /

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M /ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1

2

p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)

MCD D

2

664

a 0 d2 0

0 a 0 d1

d2 0 a 0

0 d1 0 a

3

775 ; MABWCD D

2

664

g 0 h 0

0 �g 0 �h

h 0 g 0

0 �h 0 �g

3

775 : (82)

covariance of total 4 mode system (pure)
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The explict form of the covariance matrix MABCD is

MABCD D

2

66666666664

a 0 d1 0 g 0 h 0

0 a 0 d2 0 �g 0 �h

a 0 h 0 g 0

0 a 0 �h 0 �g

a 0 d2 0

0 a 0 d1

a 0

0 a

3

77777777775

: (83)

The covariance matrices for reduced three modes ABC and ACD are

MABC D

2

6666664

a 0 d1 0 g 0

0 a 0 d2 0 �g

a 0 h 0

0 a 0 �h

a 0

0 a

3

7777775
; MACD D

2

6666664

a 0 g 0 h 0

0 a 0 �g 0 �h

a 0 d2 0

0 a 0 d1

a 0

0 a

3

7777775
: (84)

The covariance matrices for reduced two modes are

MAB D

2

664

a 0 d1 0

0 a 0 d2

a 0

0 a

3

775 ; MAC D

2

664

a 0 g 0

0 a 0 �g

a 0

0 a

3

775 ; MAD D

2

664

a 0 h 0

0 a 0 �h

a 0

0 a

3

775 ; (85)

MCD D

2

664

a 0 d2 0

0 a 0 d1

a 0

0 a

3

775 : (86)

⌅ negativity of 4 mode Symplectic eigenvalues of four modes with bipartition ABjCD are

⌫
2

D.a � d1/.a � d2/ � .g � h/
2
; .a C d1/.a C d2/ � .g C h/

2
; (87)

Q⌫
2

D.a � d1/.a � d2/ C .g � h/
2

˙ 2jg � hj
p

.a � d1/.a � d2/;

.a C d1/.a C d2/ C .g C h/
2

˙ 2jg C hj
p

.a C d1/.a C d2/; (88)

Symplectic eigenvalues of four modes with bipartition AC jBD are

Q⌫
2

D a
2

� d1d2 � g
2

C h
2

˙

p
a2.d1 � d2/

2 C 4.ah � d1g/.ah � d2g/: (89)

Symplectic eigenvalues of four modes with bipartition ADjBC are

Q⌫
2

D a
2

� d1d2 C g
2

� h
2

˙

p
a2.d1 � d2/

2 C 4.ag � d1h/.ag � d2h/: (90)

⌅ negativity of reduced three mode

⌅ negativity of reduced two mode Symplectic eigenvalues of reduced two modes are

✏ MAB : ⌫
2
� D a

2 C d1d2 � ajd1 C d2j; Q⌫2� D a
2 � d1d2 � ajd1 � d2j.

✏ MAC : ⌫
2
� D a

2 � g
2
; Q⌫2� D .a � g/

2.

✏ MAD: ⌫
2
� D a

2 � h
2
; Q⌫2� D .a � h/

2.

✏ MCD: same as MAB .

Behavior of negativity:

✏ AC , AD: can be entangled for g; h ¤ 0. As g > h, AC is more entangled than AD.

✏ CD: As the spectrum of negavity is the same as AB , the partner CD shows the same entanglement behavior as
AB .
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We re-define O⇣i to obey the standard commutation relation. We writte O⇣i as

O⇣i D Aik. O⇠CD/k ; Œ. O⇠CD/i ; . O⇠CD/j ç D i.�2/ij : (69)

Then for O⇠CD to obey the standard commutation relation, the 4 ⇥ 4 matrix A should satisfy

A�2A
T

D �2 � M�2M: (70)

The covariance of O⇠CD is
Dn

. O⇠CD/i ; . O⇠CD/j

oE
D .A

�1
/ik.A

�1
/j`

Dn
O⇣k ; O⇣`

oE

D �.A
�1

/ik.A
�1

/j`.M C M�2M�2M/k`

D �.A
�1

/ik.M C M�2M�2M /k`.A
�1

/
T
j̀ ; (71)

and
Dn

. O⇠CD/i ; . O⇠AB/j

oE
D A

�1
.�2 � M�2M/; (72)

Dn
. O⇠AB/i ; . O⇠CD/j

oE
D

⇥
A

�1
.�2 � M�2M/

⇤T
; (73)

Dn
. O⇠AB/i ; . O⇠AB/j

oE
D .M /ij : (74)

These covariance defines the pure 4-mode state ABCD (purity condition is satisfied).

We look for the matrix A satisfying Eq. (70). We assume the following standard form of the covariance matrix

MAB D

2

664

a 0 d1 0

0 a 0 d2

d1 0 a 0

0 d2 0 a

3

775 ; (75)

which is the standard form for the symmetric two mode state. Then the RHS of (70) is

�2 � M�2M D


.1 � a

2 � d1d2/J �a.d1 C d2/J

⇤ .1 � a
2 � d1d2/J

�
: (76)

As the form of the matrix A, we assume

A D


gX hX

hX gX

�
; A�2A D �


.g
2 C h

2
/J 2ghJ

2ghJ .g
2 C h

2
/J

�
: (77)

Thus Eq. (70) yields
g
2

C h
2

D a
2

C d1d2 � 1; 2gh D a.d1 C d2/; (78)

and the solution is

g
2

D
x

2
C

1

2

p
x2 � y2; h

2
D

x

2
�

1

2

p
x2 � y2; x D a

2
C d1d2 � 1; y D a.d1 C d2/: (79)

The inverse of A is
A

�1
D

1

g2 � h2


gX �hX

�hX gX

�
: (80)

Components of the covariance are obtained by (71)-(74):

M D


MAB MABWCD

MABWCD MCD

�
; (81)

MCD D

2

664

a 0 d2 0

0 a 0 d1

d2 0 a 0

0 d1 0 a

3

775 ; MABWCD D

2

664

g 0 h 0

0 �g 0 �h

h 0 g 0

0 �h 0 �g

3

775 : (82)

partner modes
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● CD is partner of AB

● total system ABCD is pure

● ABCD is obtained by applying 6 squeezing gates to vacuum states 1,2,3,4
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The explict form of the covariance matrix MABCD is

MABCD D

2

66666666664

a 0 d1 0 g 0 h 0

0 a 0 d2 0 �g 0 �h

a 0 h 0 g 0

0 a 0 �h 0 �g

a 0 d2 0

0 a 0 d1

a 0

0 a

3

77777777775

: (83)

The covariance matrices for reduced three modes ABC and ACD are

MABC D

2

6666664

a 0 d1 0 g 0

0 a 0 d2 0 �g

a 0 h 0

0 a 0 �h

a 0

0 a

3

7777775
; MACD D

2

6666664

a 0 g 0 h 0

0 a 0 �g 0 �h

a 0 d2 0

0 a 0 d1

a 0

0 a

3

7777775
: (84)

The covariance matrices for reduced two modes are

MAB D
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a 0 d1 0
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0 a

3

775 ; MAC D
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0 a
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775 ; MAD D

2

664

a 0 h 0

0 a 0 �h

a 0

0 a

3

775 ; (85)

MCD D

2

664

a 0 d2 0

0 a 0 d1

a 0

0 a

3

775 : (86)

⌅ negativity of 4 mode Symplectic eigenvalues of four modes with bipartition ABjCD are

⌫
2

D.a � d1/.a � d2/ � .g � h/
2
; .a C d1/.a C d2/ � .g C h/

2
; (87)

Q⌫
2

D.a � d1/.a � d2/ C .g � h/
2

˙ 2jg � hj
p

.a � d1/.a � d2/;

.a C d1/.a C d2/ C .g C h/
2

˙ 2jg C hj
p

.a C d1/.a C d2/; (88)

Symplectic eigenvalues of four modes with bipartition AC jBD are

Q⌫
2

D a
2

� d1d2 � g
2

C h
2

˙

p
a2.d1 � d2/

2 C 4.ah � d1g/.ah � d2g/: (89)

Symplectic eigenvalues of four modes with bipartition ADjBC are

Q⌫
2

D a
2

� d1d2 C g
2

� h
2

˙

p
a2.d1 � d2/

2 C 4.ag � d1h/.ag � d2h/: (90)

⌅ negativity of reduced three mode

⌅ negativity of reduced two mode Symplectic eigenvalues of reduced two modes are

✏ MAB : ⌫
2
� D a

2 C d1d2 � ajd1 C d2j; Q⌫2� D a
2 � d1d2 � ajd1 � d2j.

✏ MAC : ⌫
2
� D a

2 � g
2
; Q⌫2� D .a � g/

2.

✏ MAD: ⌫
2
� D a

2 � h
2
; Q⌫2� D .a � h/

2.

✏ MCD: same as MAB .

Behavior of negativity:

✏ AC , AD: can be entangled for g; h ¤ 0. As g > h, AC is more entangled than AD.

✏ CD: As the spectrum of negavity is the same as AB , the partner CD shows the same entanglement behavior as
AB .
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Structure of 4 mode state ABCD covariance matrix
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Structure of entanglement

A
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partner mode

target mode

● Target modes AB become separable

   on super horizon scale
● Entanglement between AC increases 
   until AB become separable
● Trade off relation between N(A:B) and N(A:C)

   (monogamy property of entanglement)

● on super-horizon scale, reduced 3 mode has 
   genuine tripartite entanglement (GHZ type)


We show scale dependence of negativity of state ABCD
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sub-horizon horizon super-horizon

reduced 3 modes system

jGHZi D 1p
2

.j111i C j000i/

reduced two modes reduced three modes
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Spatial profile of partner mode partner mode

target mode
A
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Profiles of parter CD spread 

over super horizon scale
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negativity

CD

AB

large coarse-graining scale

Large scale entanglement

● Entanglement between AB and CD increases with scalegarded as the continuum limit of our discretized model. We assume that each region includes

l harmonic oscillators and their separation is d. Since the vacuum state is Gaussian, the

quantum bipartite entanglement can be completely characterized by the covariance matrix.

For the bipartite system, it is given by the following real symmetric matrix:

VAB =

2

4 A C

CT B

3

5 , B = A, AT = A, (11)

where the matrices A and B represent the 2l⇥ 2l covariance matrix for each region and the

matrix C denotes the correlation between them (Fig. 1).

FIG. 1: Two spatial symmetric regions A and B in a harmonic chain. d and l correspond to the

comoving distance between the two regions and the comoving size of each region, respectively.

The two point correlation functions of canonical variables on each site for the vacuum state

are

1

2
h0|q̂j q̂l + q̂j q̂l|0i =

1

N

N�1X

k=0

|fk|
2 cos [✓k(j � l)] , (12)

1

2
h0|p̂j p̂l + p̂lp̂j|0i =

1

N

N�1X

k=0

|gk|
2 cos [✓k(j � l)] , (13)

1

2
h0|q̂j p̂l + p̂lq̂j|0i =

1

N

N�1X

k=0

i

2
(fkg

⇤
k � f ⇤

kgk) cos [✓k(j � l)] . (14)

Let us choose the mode functions fk and gk in our model as follows:

fk =
1

p
2!k

✓
1 +

1

i!k⌧

◆
e�i!k⌧ , gk =

r
!k

2
e�i!k⌧ . (15)

These mode functions correspond to choosing the Bunch-Davies vacuum as the vacuum state

|0i. To confirm that our numerical calculation realizes the continuum limit of the lattice

model, we check the convergence of the logarithmic negativity. We define

lp = �l/⌧, dp = �d/⌧, (16)

5

H
�1
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A.Matsumura and Y.Nambu 1707.08414
Numerical calculation of 1+1 harmonic chain 
in de Sitter space

● Existence of large scale entanglement in de Sitter space

(multi-partite effect)and captures large scale entanglement

zero). We observe that the negativities N 2
A⊗1jB and N 2

A⊗2jB
decay faster than the negativity N 2

A⊗3jB for the 3 × 3 mode
Gaussian system. This behavior guarantees the monogamy
inequality (25). The right panel of Fig. 5 shows that the
distance dependence ofN 2

A⊗3jB,N
2
A⊗2jB andN 2

A⊗1jB for τ ¼
−80 (the other casesN A1A2jB,N A1jB, andN A2jB are trivially
zero again). As in the case of the left panel of Fig. 5, the
negativities N 2

A⊗1jB and N 2
A⊗2jB decrease more than N 2

A⊗3jB
with the distance d to keep the monogamy relation (25).
The behaviors observed in Fig. 5 also suggest that the
multipartite entanglement remains in the superhorizon scale
when the number of modes n becomes large.

B. Continuous limit

To investigate the entanglement for the superhorizon
scale, we consider the continuous limit of our lattice model,
where multipartite entanglement plays an important role.
For realization of the continuous limit of our lattice model,
we use the canonical variables with nc ¼ 1 (no coarse-
graining) and choose each parameter as N ¼ 2 × 104 and
α ¼ 1−10−12, again. It is also assumed that each region
contains l harmonic oscillators and their comoving sepa-
ration is d (Fig. 6). In the Appendix, we present the
convergence check and the small violation of the uncertain
relation due to numerical error to confirm that our numeri-
cal calculation really corresponds to the continuous limit
and is stable. We compare the previous works [4,8] with our
numerical results. In Ref. [4], the authors considered a
massless scalar field in the 1þ 1-dimensional Minkowski
space and numerically showed that the logarithmic neg-
ativity of a massless scalar field between two spatially
regions decays exponentially as the ratio d=l increases. The
property that the logarithmic negativity depends only on the
ratio d=l is derived from the scale invariant for the massless
theory. In the following, we investigate the entanglement
for the superhorizon scale and how it depends on the
Hubble scale H . In Ref. [8], the logarithmic negativity of
the coarse-grained field in de Sitter space vanishes when
the two regions are causally disconnected and Fig. 2 also
shows the negativity with the coarse-grained field becomes
zero for sufficiently large scales or late times. On the other
hand, the negativity obtained without coarse-graining
(Fig. 7) does not vanish even when the distance between

two regions is larger than the horizon scale (dp ¼ 1
corresponds to the Hubble horizon scale). This observation
confirms that the multipartite entanglement remains on the
superhorizon scale as expected above. For a vacuum state in
the quantum field theory, the Reeh-Schrieder theorem
characterizes the (multipartite) entanglement of the
quantum field [6]. Our numerical results suggest that the
Reeh-Schrieder theorem also holds for the Bunch-Davies
vacuum in de Sitter space. As the Bunch-Davies vacuum
approaches to the Minkowski vacuum in the remote past,
the behavior of the logarithmic negativity for lp < 1 and
dp < 1 is expected to be same as that for the Minkowski
case. To focus on the entanglement peculiar to de Sitter
space, we consider the behavior of the logarithmic neg-
ativity for lp ≥1 and dp ≥1. Figure 8 shows the loga-
rithmic negativity EN as a function of dp in this case. The
logarithmic negativity for lp ≥1 and dp ≥1 behaves as
almost linear functions in log plot. We use the fitting
function of the exponential factor with the power-law
correction to compare with the logarithmic negativity in
the Minkowski vacuum [4]. The solid lines in Fig. 8
represent the fitting result,

EðfitÞ
N ≈dpe−kdp ; ð28Þ

FIG. 6. Two spatial symmetric regions A and B in the harmonic
chain. l is the comoving size of each region and d is the comoving
distance between the two regions. In this case, we consider the
coarse-graining scale nc ¼ 1 to investigate the continuous limit of
our model.

FIG. 7. The behavior of the logarithmic negativity EN as a
function of dp with fixed lp.

FIG. 8. The behavior of the logarithmic negativity EN as a
function of dp ≥1 with fixed lp ≥1.

AKIRA MATSUMURA and YASUSADA NAMBU PHYS. REV. D 98, 025004 (2018)

025004-6

Reduced ABC system

is GHZ type state

Two spatial regions are entangled even for

super-horizon scale separation
(effect of multi-partite entanglement)
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Structure of entanglement in de Sitter inflation

● entanglement harvesting with two detectors (two modes)

・Spatial profile of partner modes unlocalized over super horizon scale
● 4 mode Gaussian state as total system

・Negativity with 2x2 bipartition and 1x2 bipartition (GHZ type) increases

   with scale. This behavior reflects structure of multi-partite entanglement

   in de Sitter space

・Harvesting with two modes AB is impossible for super horizon scale

・Local noise of de Sitter space kills quantum correlation

　(but this is related to monogamy of entanglement)
・This behavior can be understood from monogamous property by

　introducing partner modes

(two spatial region becomes separable)



Back Up
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Entanglement Monogamy
basic properties

A

B C

EAB
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:entanglement measure

EAjBC � EAB C EAC
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monogamy relation of entanglement

trade off relation between         and        EAB
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● universal relation characterizing multi-partite entanglement 

● sharing of quantum information, no-cloning theorem

qubit system
square of concurrence, negativity

Gaussian system
square of negativity

● may provide upper bound of         and                     EAB
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Entanglement between 3-quit detectors
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GHZ type structure

r

A

B1 B2

r r

residual:=
N .A WB1B2/2 � N .A WB1/2 � N .A WB2/2
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This quantity is positive by monogamy 

relation for qubits system
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pure tripartite entanglement

contribution of purely tripartite entanglement
increases rmax

2  rH  2:2For                        , GHZ type state

appears  
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Structure of Multipartite Entanglement: Monogamy

N 2
AjBC � N 2

AjB C N 2
AjC A

B

C
A

B

C

B
A

C
� C

prohibits cloning of an unknown quantum state 

Residual: N 2
AjBC � N 2

AjB � N 2
AjC measure of multipartite entanglement

Monogamy of entanglement: property of entanglement sharing

A
B

C
A

B

C

B
A

C
C C

B
A

C
D A

B

C

B
A

C
� C

 ∴  Residual =
B

A
C

pure tripartite entanglement

For super horizon mode in de Sitter space,

A
B

C
A

B

C

B
A

C
C C

B
A

C
D

=0

Multipartite effect is responsible

for large scale entanglement

group1 group2

group1 group2
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Monogamy and Separability
• Is it possible to say something about emergence of  

separable state just applying monogamy inequality?

jGHZi D 1p
2
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These inequalities are trivially satisfied and do not

 proved any useful information on relation between

 separability and strength of entanglement
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Standard monogamy relation:

N 2
AjB1B2

� N 2
AjB1

C N 2
AjB2
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A

B1 B2

This inequality does not bound strength of correlation between B1 and B2

as a function of correlation between A and (B1B2)

A new monogamy inequality:

QEmax � QE.B1 WB2/ C E.A WB1B2/
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For maximally entangled system B1B2,      QE.B1 W B2/ D QEmax
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and this inequality says E.A W B1B2/ D 0
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relation usually used to illustrate entanglement monogamy

A

B1 B2

purification parter


