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Acceleration just after “beginning” of Universe
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Cosmic inflation

(almost) established Observationsinflation

Recall Yasusada’s talk



Cosmic inflation as natural laboratory

Natural laboratory to experiment with high energy physics (HEP)

UV modification of gravity

・GR in 4 dim is not UV complete

 BSM physics

・Radiative corrections
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Davies(77) → Starobinsky (80)

e.g., Horava (09), string theory….

・inflaton

・spectator fields
mass   m << H  or m > H 
spin s=0, 1, 2, ….. 

eg. s=1, axionic inflation 

Hinf < 2.7x10-5 Mpl ~ 6.6 x 1013 GeV PLANCK18



Cosmological correlators

Understanding Understanding

at reheating surface 



de Sitter (dS) spacetime
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EAdS

dS

dS and EAdS are both embedded (d+1)-dim hyperboloid 

in (d+1, 1) flat space 

c.f.



In-in formalism and BD vacuum (Euclidean vac.)

cosmological correlators are expectation values  

� in|

� in|
t

tf

Hint
GF (x1, x2), GD (x1, x2), G± (x1, x2)

Enclidean vacuum (Bunch-Davies vac., Adiabatic vac.,….)

free-level: dS invariant + Hadamard 

All the n-point fns. <φ(x1)…..φ(xn-1)φ(xn)>  should become regular 
 in the limit ti → -∞(1±iε) 

B. Allen(85)



4D AdS and dS

de Sitter (dS)Anti de Sitter (AdS)
Vacuum with Λ < 0 Vacuum with Λ > 0

in R2,3 (-,-, +, +, +) in R1,4  (-,+, +, +, +) SO(1,4)SO(2,3)
-X0 2-X1 2+Σ Xa2= - l2

a=2,3,4
-X0 2+X1 2+Σ Xa2= l2

a=2,3,4

z=0

z=-∞ z:const, R3

η=0

η=-∞

η:const, R3

lAdS        ildS 
z        iη
t        -iw

Boundary

ds2 = l2AdS
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dS/CFT conjecture

dS and AdS are mathematically similar, yet physically different.

(⇤�m2)� = 0
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- Relation with area law? 

- Dual CFT is non-unitary. 

- Holographic direction is timelike, CFT lives on spatial boundary.

e.g., 4dim AdS
4dim dS

Principal series in dS ~ Below BF found in AdS Isono, Liu, Noumi( 20)

- Lack of concrete examples. 
… yet, Anninos, Hartman, Strominger(11)

Strominger(01), Witten(01),Maldacena(02),…

(…yet Tetsuya’s talk)



Bulk to Boundary

z=z1

z=z2

4 dim

z

trivial B.C. (BD vacuum for dS)

holographic plane → CFT

using eom for 4-dim bulk theory �S � Ldz
��z=z1

z=z2

- Massless free scalar field on EAdS

�(z, k) = Gk(z, z1)�̂(k)
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- Massless free scalar field on dS
Z ⇠ eiSdS
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(Goal of) Cosmological bootstrap
• Imposing de Sitter symmetry. 

• Imposing correct UV energy singularities.  
(+  Choosing Bunch-Davies vacuum, …..  ) 

Arkani-Hamed, Baumann, Lee, & Pimental(18)

Possible (4pt) exchange diagrams 



Scattering amplitude

- Getting around redundancies in Lagrangian.
- Bootstrapping scattering amplitude from physical principles. 
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is similarly shifted according to

e+αα̇ → e+′
αα̇ = e+αα̇ +

(

b

a⟨ηλ⟩

)

pαα̇, (2.16)

which is literally a gauge transformation. So the polarizations do change
depending on the choice of reference but in a way that leaves the amplitude
invariant by the Ward identity.

Under the little group, the polarization vectors transform as

e+αα̇ → t−2e+αα̇ and e−αα̇ → t2e−αα̇, (2.17)

so the little group covariance of each polarization encodes its associated he-
licity. A scattering amplitude with multiple particles will then be multilinear
in the corresponding polarizations, so

A(1h1 · · ·nhn) = eh1
µ1
. . . ehn

µn
Aµ1···µn , (2.18)

where hi = ±1 labels the helicity of each leg. Hence, the scattering amplitude
is little group covariant with weight

A(1h1 · · ·nhn) →
∏

i

t−2hi

i A(1h1 · · ·nhn). (2.19)

At first glance it may seem peculiar that the scattering amplitude is co-
variant rather than invariant under the little group. After all, all physical
observables are invariant. Nevertheless, there is no contradiction because on
real kinematics the little group parameters ti reduce to pure phases which
trivially cancel in the matrix element squared.

The tensorial object on the right-hand side of Eq. (2.18), Aµ1···µn , is
the travesty computed from Feynman diagrams in the standard approach.
Meanwhile, the object on left-hand side, A(1h1 · · ·nhn), labels “helicity am-
plitudes,” which are a set of distinct functions corresponding to each helicity
configuration. These objects are true scattering amplitudes in the sense that
they are fully gauge invariant functions like the Parke-Taylor formula in
Eq. (2.10). The aim of the amplitudes program is to sidestep Aµ1···µn alto-
gether by bootstrapping A(1h1 · · ·nhn) directly from the physical principles
outlined previously.

Reference spinors can be tremendously useful for explicit calculations.
As a simple example, consider the amplitude for all plus helicity gluons,

Compute

Massless spinning particles

using spin helicity variables  
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for positive and negative energy states, respectively. When the momentum
is complex, there is no relation between λα and λ̃α̇ and they are independent.
However, in this case pαα̇ still satisfies Eq. (2.3) so these spinors still describe
a massless particle. Strictly speaking, since the external momenta in physical
processes are real, we should maintain this reality condition throughout our
calculations. However, as we will soon see, much of our power will flow
from analytic continuation to complex momenta while treating the physical
S-matrix as a restriction of this more general object.

We are now ready to introduce the Lorentz invariant building blocks of
the spinor helicity formalism. Given two particles i and j, we define

⟨ij⟩ = λiαλjβϵ
αβ (2.6)

[ij] = λ̃iα̇λ̃jβ̇ϵ
α̇β̇, (2.7)

which are commonly referred to as “angle” and “square” brackets. Any func-
tion of four-dimensional kinematic data can be written exclusively in terms
of these objects. For example, angle and square brackets come together to
form the familiar Mandelstam invariants,

sij = (pi + pj)
2 = 2pipj = ⟨ij⟩[ij], (2.8)

and likewise for higher-point kinematic invariants.
Because spinors are simple objects, they are subject to relatively few

algebraic manipulations. One important property is antisymmetry, ⟨ij⟩ =
−⟨ji⟩ and [ij] = −[ji], which in turn implies that ⟨ii⟩ = [ii] = 0. Moreover,
since each spinor is two-dimensional, one can always write a spinor as a linear
combination of two linearly independent spinors,

⟨ij⟩λk + ⟨ki⟩λj + ⟨jk⟩λi = 0, (2.9)

which is known as the Schouten identity.
In point of fact, spinor helicity variables are nothing more than an alge-

braic reshuffling of the external kinematic data. Such a manipulation would
not be particularly advantageous were it not for the fact that scattering am-
plitudes enjoy an immense reduction in complexity when translated into these
variables. The avatar of this simplification is the S-matrix for gluon scatter-
ing. Depending on the level of sadism in your introductory QFT course, it is
quite likely that you have computed the four-gluon amplitude and possibly
even the five-gluon amplitude but not higher. The amplitude for six-particle
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scattering was completed in a brute-tour-de-force Feynman diagram calcula-
tion of Parke and Taylor [19]. The latter involves two hundred and twenty
diagrams, spelled out in several pages of nested variables and tables of numer-
ical coefficients. Shortly after, Parke and Taylor brilliantly realized that for
a particular “maximally helicity violating” (MHV) helicity configuration, i.e.
two negative helicity gluons with the rest positive, this mountain of algebra
telescopes into an expression built from simple color structures multiplying
monomial expressions of the form

A(· · · i− · · · j− · · · ) = ⟨ij⟩4

⟨12⟩⟨23⟩ · · · ⟨n1⟩ , (2.10)

which is the celebrated Parke-Taylor formula [20].
So what is the moral of this particular story? First, we see with brutal

clarity that almost all of the terms in the Feynman diagram expansion are
nothing more than a complicated rewriting of zero. Second, new features of
the amplitude become manifest: in particular, the Parke-Taylor formula is
purely a function angle brackets, revealing an underlying holomorphic struc-
ture of MHV amplitudes. As observed long ago by Nair [21], this property
led in part to the twistor-string description of gluon scattering [22] as well as
more recent developments connecting soft gluon radiation to an underlying
conformal field theory [23, 24].

2.2 Little Group

Spinor helicity variables have a certain aesthetic elegance. But why are they
practically useful? As is so often the case, their utility flows from the fact
that they linearly realize the symmetries of the system. These symmetries
are Lorentz invariance and the so-called little group, which we now discuss.

The little group is comprised of the subset of Lorentz transformations
which leave the momentum pµ of a particle invariant. According to the
Wigner classification [1, 2], a particle of momentum pµ is then described by
an irreducible representation of the little group. For example, consider the
momentum vector of a massless particle in four dimensions,

pµ = (p0, 0, 0, p0), (2.11)

shown here in a certain frame. The transformations which leave pµ invariant
form the ISO(2) group of translations and rotations in the plane transverse

(MHV) Gluon scattering amplitude  

Parke & Taylor (86)



How to connect with UV?

Maldacena & Pimental(11)
1) Identify contact diagrams from UV singularity

2) Compute exchange diagrams from seed 1)  

For concreteness, let us assume a three-point vertex of the form g'2�, where � is the massive

particle being exchanged and g is a coupling constant. The corresponding four-point function

can schematically be written as (see §B.2 for a more precise discussion)

F̂ = �g2

s2

Z
d⌘

⌘2
d⌘0

⌘02
eik12⌘eik34⌘

0
Ĝ(s⌘, s⌘0) , (2.38)

where Ĝ(s⌘, s⌘0) ⌘ s3G(s, ⌘, ⌘0) and we have set H ⌘ 1. Instead of trying to compute the integral,

we note that bulk-to-bulk propagator satisfies
�
⌘2@2

⌘ � 2⌘@⌘ + s2⌘2 +m2
�
G(s, ⌘, ⌘0) = �i⌘2⌘02 �(⌘ � ⌘0) . (2.39)

Since Ĝ depends on ⌘, ⌘0 only in the combinations s⌘ and s⌘0, it is easy to trade ⌘-derivatives

with s-derivatives. To have the derivatives act only on the first argument of the Green’s function,

we rescale ⌘0 ! ⌘0/s. The function sF̂ then satisfies the di↵erential equation

1

s

�
s2@2

s � 2s@s � s2@2
k12 +m2

� �
sF̂

�
= ig2s

Z
d⌘ eikt⌘ = g2

s

kt
. (2.40)

Letting F̂ = F̂ (u, v), and using (2.15), we find

(�u +M2)F̂ = g2
uv

u+ v
, (2.41)

where M2 ⌘ m2 � 2. This is precisely our previous result (2.33) for the lowest-order contact

term (2.31). Permutation symmetry implies a second equation with u $ v. We can think of

(2.41) as tracking the evolution in ⌘ purely in boundary terms, while the corresponding equation

in terms of v tracks the evolution in ⌘0. The fact that these two histories are consistent, and

give the same four-point function, is made manifest in the bulk picture, but it is nonetheless a

nontrivial property of the solution.

A particularly interesting limit of the correlator is kt ! 0. Of course, this limit cannot be

reached for physical momenta with positive magnitudes, but requires an analytic continuation

of the momenta. In this limit, we expect the correlator to have a singularity with a coe�cient

that is related to the flat-space scattering amplitude [24, 44]. Rather remarkably, cosmological

correlators therefore contain in them flat-space scattering amplitudes. This provides a strong

consistency condition on the structure of cosmological correlators.

This feature of the correlator has a simple bulk interpretation. The four-point function coming

from a contact term involves an integral of the form

F ⇠
Z 0

�1
d⌘ ⌘p�1eikt⌘A(k1, k2, k3, k4) ! Aflat

kpt
, (2.42)

where Aflat is the flat-space amplitude in the high-energy limit upon a suitable analytic continu-

ation of the energies. The singularity for kt ! 0 arises when all bulk interactions are pushed to

very early times ⌘ ! �1. Since all interactions are then far from the future boundary of the de

Sitter spacetime, we expect to recover flat-space results. For instance, taking the flat-space limit

of the contact terms in (2.32), we find

lim
kt!0

Cn = (2n)!
snflat
k2n+1
t

, (2.43)
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Applying this relation iteratively, the n-th order solution F̂n can be written in terms of the 0-th

order solution F̂0 and a sum of contact terms:

F̂n = M2nF̂0 �
n�1X

m=0

M2(n�1�m)Ĉm . (3.48)

In this way, all solutions to (3.46) can be related to the solutions F̂0 and Ĉm that we obtained

before. The fact that the higher-derivative exchange solutions can be reduced to the lowest-

derivative exchange solution and a series of contact terms also has a close analog in the treatment

of scattering amplitudes. Indeed, a general exchange amplitude will have the form

A =
X

n

ansn

s�M2
=

b�1

s�M2
+
X

n

bns
n , (3.49)

where the coe�cients bn are easily determined from the coe�cients an by matching residues.

This shows that the exchange of a new particle can always be represented as (s � M2)�1, and

higher-derivative interactions can be reinterpreted as contact terms in the EFT expansion.

3.3 Flat-Space Limit

Having the full solution for the correlators allows us to analytically continue them in the complex

plane. A particular interesting limit is

kt ⌘
X

n

|kn| ! 0 or u ! �v , (3.50)

where we expect to recover flat-space results [24, 44]. In the following, we explicitly verify that

our solution indeed has a discontinuity at kt = 0 whose coe�cient is given by the flat-space

scattering amplitude. Moreover, we show that this discontinuity is related to the homogeneous

part of the solution, which, as we have seen, characterizes the e↵ects of particle production. This

provides a fascinating link between scattering in flat space and particle production in curved

space.

To study the kt ! 0 limit, we go back to the di↵erential equation (3.14). For u ! �v, the

most singular piece of the equation is

lim
u!�v

@2F̂

@u2
= � 1

1� v2
1

u+ v
. (3.51)

Integrating this, we get14

lim
u!�v

F ⌘ 1

s
lim

u!�v
F̂ = � 1

s(1� v2)
(u+ v) log(u+ v) =

1

sflat
(�kt log kt) , (3.52)

where we have used the definitions of v and sflat in the second equality. We see that the solution

has a discontinuity at kt = 0 whose coe�cient is given by the high-energy limit of the flat-space

amplitude, Aflat = 1/sflat. Next, we show that analyticity arguments allow us to relate Aflat to

the discontinuity of the homogeneous solution of the di↵erential equation (or more accurately the

discontinuity of its first derivative), which controls the nonperturbative piece of the four-point

function, and is intimately tied to particle production.

14This scaling is true for Ĉ0 as the source term in (3.11). For higher-order contact terms Ĉn as source terms, we

must first subtract the more divergent terms Ĉm, with m < n, that contribute to the four-point function. See

the discussion on “higher-derivative interactions” at the end of the previous section.
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η=0

η=0
η=0

Convergence Figure 6 shows a comparison between the analytic solution (3.36) and the nu-

merical solution obtained by directly integrating (3.11). As we can see, the expression (3.36) is

both exact and practical, since the series is highly convergent around u = 0, and we get a good

approximation by keeping only a few terms. The convergence is particularly fast for small values

of µ because in this limit the nonperturbative part plays a dominant role in determining the

overall shape of the solution. For larger µ, we see that more terms need to be kept to achieve

convergence. In particular, when full convergence has not been reached, a kink appears at u = v.

This is a consequence of the fact that, although the full solution is smooth everywhere in the

physical domain, the individual perturbative and nonperturbative parts are not; for instance, the

first derivatives of ĝ(u, v) and ĝ(v, u) do not agree at u = v. The reason for the slow convergence

near u = v is that this point lies precisely on the boundary of the two disks of convergence. A

better convergence behavior could then be achieved e.g. by gluing (3.36) with the series expan-

sion around u = v. In this case, the di↵erent series expansions would have overlapping disks of

convergence, resulting in a smoother transition.

0 0.5 1

u

0

0.5

F̂
(
u
,0
.5
)

µ = 1

N = 2
N = 5
N = 10

0 0.5 1

u

0

0.1 µ = 2

N = 2
N = 5
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Figure 6: Comparison of the analytic expression for F̂ (u, v) keeping only terms from m,n = 0, . . . , N to
the numerical solution of the di↵erential equation (solid black lines). We have chosen v = 0.5. The left
and right plots are for µ = 1 and µ = 2, respectively.

Higher-derivative interactions So far, we have presented a systematic classification of all

contact terms, as well as derived the explicit solution for the simplest tree-level exchange, corre-

sponding to the vertex '2� in the bulk. It remains to determine the exchange solutions associated

with higher-derivative interactions in the bulk, such as (@µ')2�. As we will now show, these so-

lutions can be expressed in terms of the simplest exchange solution and a sum of contact terms.

Consider the generalized inhomogeneous equation

(�u +M2)F̂n = (�1)n Ĉn , (3.46)

where the source term on the right-hand side is a higher-order contact term, Ĉn ⌘ �n
uĈ0, and

we have defined M2 ⌘ µ2 + 1
4 . We have chosen the alternating signs for the source term so that

the solution to (3.46) can be written in the following recursive form:

F̂n = M2F̂n�1 � Ĉn�1 . (3.47)
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Figure 11: Left panel: Shape of the Z resonance as measured by LEP. Right panel: Example of scalar
exchange, u�1F̂ (u, 0.5), for external particles with � = 2 and an internal particle with µ = 3. Note that
the four-point function has been rescaled by u�1 which visually enhances the e↵ect of the oscillations. In
practice, the particle production e↵ect will be harder to observe than the EFT contribution.

new particles (in the case of the electroweak theory, W bosons) to improve the UV behavior of

the e↵ective theory. Going to higher energies, colliders may start producing these particles as

resonances. Predicting the shape of the resonance is essential for extracting the detailed properties

of the new particles. It also provides the opportunity to identify additional new physics. For

example, any unexplained excess in the cross section may be due to additional particle exchanges.

In cosmology, we first expect to observe signals in the limit of relatively large momenta. This

is where the signals are strongest and the observations are most sensitive. Initially, we would see

the shape of a pure contact interaction. With increased sensitivity we may then be able to observe

a small deviation from the pure contact shape (see Fig. 12 in §7.2).34 Using the hypothesis of

the exchange of a single massive particle to fit the smooth part of the signal would then allow

us to predict the amplitude and frequency of the characteristic oscillations in the soft limit.

Finding consistency between the smooth and oscillating parts of the signal would be essential to

establish the underlying physics. Any discrepancies between the two components may be a signal

of additional new physics.

7.2 Challenges and Opportunities

In this paper, we have worked under the lamppost of weakly broken conformal symmetry. This

has allowed us to derive particularly clean insights into the analytic structure of inflationary

correlators. However, it also restricts the strength of the couplings between the inflaton and

additional massive fields. This makes the observational challenge to detect these e↵ects enor-

mous. To achieve larger levels of non-Gaussianity, fNL > 1, requires interactions that break the

34In practice, it will be hard to reliably extract the precise shape of the smooth part of the signal from large-scale

structure observations because late-time nonlinearities produce non-Gaussianities of a similar form. Although

the oscillatory part of the signal is smaller, it is more distinctive and cannot be mimicked by late-time e↵ects.
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momentum rescaling (~ time evolution) 

Momentum conservation and rotational invariance imply that the four-point function F depends

on six independent variables before imposing conformal symmetry. It is convenient to take these

variables to be the magnitudes kn ⌘ |kn|, and Mandelstam-like variables5 s ⌘ |k1 + k2| and
t ⌘ |k2 + k3|. In the inflationary literature, kI is often used in place of s, and the sum of the

energies kn is written as kt ⌘
P

n kn. Sometimes, we will trade t for ⌧ ⌘ (k1 � k2) · (k3 � k4).

Constraints from dilatation symmetry and SCTs reduce these six independent variables to just

two, which in position space are the conformally-invariant cross-ratios. In momentum space, we

will use

u ⌘ s

k1 + k2
, v ⌘ s

k3 + k4
. (2.23)

Invariance under (2.18) and (2.19) impose the constraints (�3 +
P

Dn)F = 0 and
P

Ki
nF = 0

on the four-point function:
"
9�

4X
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✓
�n � kjn
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@kjn

◆#
F = 0 , (2.24)
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@
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#
F = 0 . (2.25)

Dilatation symmetry is trivially reflected in the overall scaling dimension of the correlator: for

a general N -point function, the correlator must have scaling dimension �t ⌘
P

n�n in position

space, and thus dimension �t�3N in momentum space. Stripping o↵ the momentum-conserving

delta function leaves us with a function of dimension �t � 3(N � 1). To make the dilatation

symmetry of the four-point function manifest, it will be convenient to define F = s�t�9F̂ , where

the form of the dimensionless function F̂ will be dictated by special conformal invariance.

Invariance under SCTs implies three di↵erential equations that must be satisfied by the cor-

relators. A bit of tedious algebra turns (2.25) into

4X

n=1

kinDnF = 0 , (2.26)

where we have defined
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�
F , (2.27)

and the rest are given by the cyclic permutation of the indices (remembering that t ! s under

a cyclic shift). The operator Dn is a combination of the SCT and dilatation operators, whose

derivation can be found in Appendix A. The only nontrivial way to satisfy (2.26) is to demand

that all DnF are equal to each other, so that
P

n k
i
nDnF vanishes as a consequence of momentum

conservation.6 To satisfy the SCT constraint, we can therefore pick any three of the six conditions

(Dn �Dm)F = 0 , (2.28)

5From now on, we will denote the flat space, four-dimensional Mandelstam variables by sflat and tflat.
6If all momenta are collinear, then perhaps other possibilities are allowed. However, in that case the four-point

function would have to vanish in any non-collinear configuration, which we rule out on the basis of continuity.
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Figure 3: The four-point point function arising from tree exchange in the s-channel satisfy a pair of
ordinary di↵erential equations (2.33), that determine the dependence as u / (k1 + k2)�1 is varied, or as
v / (k3 + k4)�1 is varied. These correspond to two di↵erent “holographic” pictures for time evolution,
which are nontrivially mutually consistent.

For general tree exchange, we can write (2.29) as ordinary di↵erential equations in u and v

separately:

(�u +M2)F̂ = (�v +M2)F̂ = Ĉ(u, v) , (2.33)

where the function Ĉ(u, v) must satisfy (2.29) and the parameter M2 ⌘ µ2 + 1
4 is fixed in terms

of the mass of the exchange particle. The operator �u determines how the four-point function

changes as we scale k1 + k2, while keeping k3 and k4 fixed. Similarly, �v describes the change

when varying k3 + k4, for fixed k1 and k2 (see Fig. 3). In the limit µ ! 1, the di↵erential

operators �u and �v become irrelevant, and the solution reduces to the contact interactions

obtained previously, F̂c ⌘ µ�2Ĉ. This makes sense, since in this limit the exchange particle can

be integrated out, and the theory should reduce to pure contact terms. The four-point function

for general tree exchanges is then obtained by solving the di↵erential equations (2.33) with source

terms given by the allowed conformally-invariant contact terms.

A formal solution of (2.33) is

F̂ =
X

n

✓
��u

M2

◆n Ĉ

M2
. (2.34)

This is the e↵ective field theory (EFT) expansion of the correlation function. We see that the

solution is a sum over the contact terms �n
uĈ, organized in powers of M�2, i.e. as an expansion

in the inverse mass of the exchange particle is units of the Hubble parameter. Moreover, the

solution is analytic to all orders inM�2. For scattering amplitudes this statement would be exact,

but in a time-dependent background we expect nonperturbative corrections due to spontaneous

particle production. This e↵ect scales as e�⇡µ and is encoded in additional homogeneous solutions

to (2.33).

To identify the e↵ects of particle production, it is useful to write the solution of the inhomo-

geneous equation (2.33) as two separate series expansions around u = 0 and u = 1. Unlike the

EFT expansion, which is formal, these expansions will have a well-defined radius of convergence.

Matching these two series expansions at |u| = |v| will force us to add a specific homogeneous

solution. This extra piece captures the e↵ect of spontaneous particle production, but here arises

simply from the wish to define the solution for all u and v. The freedom to add further homo-

geneous terms to the solution is removed by requiring the solution only to have the physically

expected singularities.
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ext. conformal scalar

Chen & Wang(09), Noumi, Yamaguchi, Yokoyama (12)….., 

time w/o time 

Excitation of massive scalar

for n,m = 1, . . . , 4.

Outline and strategy In this paper, we will give a systematic classification of the solutions

to (2.28). Since the details are rather technical, we will begin with a rough sketch of our general

strategy for solving these equations.

As we have alluded to above (see Fig. 2), an object of particular interest is the four-point

function of conformally coupled scalars, mediated by the tree-level exchange of massive scalars.

In that case, the s-channel contribution7 can be written as F = s�1F̂ (u, v), an ansatz which

automatically satisfies the equations D12F = 0 and D34F = 0, where Dnm ⌘ Dn � Dm. The

remaining conformal invariance equation D13F = 0 becomes

(�u ��v)F̂ = 0 , (2.29)

where we have introduced the di↵erential operator

�u ⌘ u2(1� u2)@2
u � 2u3@u . (2.30)

The simplest solutions to this equation correspond to the four-point functions arising from con-

tact interactions (see §3.1). These solutions, which we will denote by Ĉ(u, v), are characterized

by the simplest singularity structure possible. For four-particle scattering amplitudes, the sim-

plest analytic structure we could possibly have corresponded to polynomials in the Mandelstam

variables. But simply by scaling, this is impossible for our correlators, since even if they are

rational functions, they must have some sort of poles. The simplest choice corresponding to

“contact” terms in the bulk is one where the correlator has poles in the “total energy” variable

kt ⌘
P

kn. As we will review in greater detail below, this pole reflects a universal singularity of

the correlator associated with bulk time integrals where all the times head o↵ to the infinite past,

and the residue of this singularity is related to the flat-space scattering amplitude. The contact

terms can be classified by the order of the pole. For example, the simplest solution corresponding

to the bulk '4 interaction is

Ĉ0 =
s

kt
=

uv

u+ v
. (2.31)

A tower of higher-derivative contact interactions is created by repeated application of �u:8

Ĉn ⌘ �n
uĈ0 =

✓
s

kt

◆2n+1

f̂n(u, v) , (2.32)

where the functional form of f̂n(u, v) is fixed by conformal invariance.

7It su�ces to impose conformal invariance of a single channel to fix the whole four-point function. To see this,

note that the correlator hOOO0O0i with �O = �O0 , which is conformally invariant, coincides with the s-channel

of hOOOOi. The other channels can be included by cyclic permutations, e.g. by replacing u with |k2+k3|/(k2+k3)

and |k2 +k4|/(k2 +k4) for the t- and u-channels, respectively. Finally, for contact interactions, “s-channel” refers

to a specific permutation of the external momenta.
8The basis (2.32) corresponds only to a subset of all possible contact terms, namely those arising from integrating

out scalar particles. To generate contact terms coming from the exchange of massive particles with spin, we

must feed the Ĉn into the spin-exchange ansatz of §4.2— cf. (4.4) and (4.35)—and sum over permutations. The

resulting basis will be over-complete, but will encompass all possible scalar contact interactions. We thank Scott

Melville and the anonymous referee for discussions on this point.
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Mellin transformation

Various advantages to analyze CFT (on Rd). Mack(08)

Mellin transformation

c.f. Fourier trans.     2pt fn. 1/(x2)Δ (p2)Δ-d/2 branch cut at origin

f(x) =

Z i1
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Understanding dS from AdS

Using AdS as a guide to understand dS.

AdS

Sleight & Taronna(19)

Sleight(19)

Sleight & Taronna(20)

1) Well defined notion of Unitarity
2) Non-perturbative understanding of singularities

dS EAdS
analytic continuation

・Bulk-boundary/Bulk-Bulk propagator in 
Mellin-Barnes representation for dS.  

z = �e±i⇡
2 ⌘
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Mellin-Barnes (MB) representation

Figure 1: Analytic continuation from EAdS to dS

To derive the split representation in de Sitter space, it is useful to re-visit the split

representation in Euclidean anti-de Sitter space. In the Poincaré patch the EAdSd+1 metric

reads:

ds2 =
L2

z2
�
dz2 + d~y2

�
. (2.23)

This is related to the flat slicing of the de Sitter metric (1.3) by the analytic continuation

z = �⌘e±
⇡i
2 and changing the sign of the metric [83]. In Euclidean anti-de Sitter space,

the counter-part of the Bunch-Davies Wightman function (2.7) is the Harmonic function,
�
r

2
AdS �m2

�
⌦⌫ (x1, x2) = 0, (2.24)

which admits the split representation (see e.g. [68, 84, 85]):

⌦⌫ (x1, x2) =
⌫2

⇡

Z
dd~y K d

2+i⌫,0 (x1; ~y)K d
2�i⌫,0 (x2; ~y) . (2.25)

This is a product of bulk-to-boundary propagators in EAdSd+1 that are integrated over

their common boundary point ~y, which in Poincaré patch (2.23) read [86]:

K�,0 (z1, ~y1; ~y) = C�,0

 
z1

z21 + (~y1 � ~y)2

!�

, C�,0 =
1

L(d�1)/2
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2⇡d/2�
�
�+ 1� d
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� . (2.26)

That the Harmonic function is related to the Bunch-Davies de Sitter Wightman func-

tion (2.17) becomes manifest upon evaluating the boundary integral in (2.25), which gives

the Gauss Hypergeometric function (see e.g. [87]):
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where, in the Poincaré patch (2.23),

�AdS = 1�
(z1 + z2)

2 + (~y1 � ~y2)
2

4z1z2
. (2.28)
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K�,0 (z1, ~y1; ~y) = C�,0

 
z1

z21 + (~y1 � ~y)2

!�

, C�,0 =
1

L(d�1)/2

� (�)

2⇡d/2�
�
�+ 1� d

2

� . (2.26)

That the Harmonic function is related to the Bunch-Davies de Sitter Wightman func-

tion (2.17) becomes manifest upon evaluating the boundary integral in (2.25), which gives

the Gauss Hypergeometric function (see e.g. [87]):

⌦⌫ (x1, x2) =
1

� (i⌫)� (�i⌫)

�
�
d
2 + i⌫

�
�
�
d
2 � i⌫

�

Ld�1(4⇡)
d+1
2 �

�
d+1
2

� 2F1
�
d
2 + i⌫, d2 � i⌫; d+1

2 ;�AdS

�
, (2.27)

where, in the Poincaré patch (2.23),
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2.3 Mellin representation in Fourier space and the late-time limit

Because of translation invariance, it is convenient to study Cosmological Correlators in

Fourier space. The Fourier transform of the split representation (2.25), being a convolution,

completely factorizes:

⌦⌫,~k(z1; z2) =
⌫2

⇡
K d

2+i⌫(z1,
~k)K d

2�i⌫(z2,�
~k). (2.31)

In Fourier space, the bulk-to-boundary propagator in EAdS is given by a Modified Bessel

function of the second kind [89], which admits the following convenient representation as

a Mellin-Barnes integral:

Kd
2+i⌫

(z,~k) =
z
d
2�i⌫

2L(d�1)/2� (1 + i⌫)

Z i1

�i1

du

2⇡i
�
�
u+ i⌫

2

�
�
�
u�

i⌫
2

�✓zk

2

◆�2u+i⌫

, (2.32)

where k = |~k| and at the level of the Mellin integrand the dependence on the co-ordinate

z is a simple power-law. Combined with (2.30), this gives the following Mellin-Barnes

representation of the Bunch-Davies Wightman function (2.30):9

Mellin-Barnes representation for the Wightman two-point function in Fourier space

G±⌥,~k (⌘1, ⌘2) = (�⌘1)
d
2 (�⌘2)

d
2

1

4⇡Ld�1

Z
[du]2 e�±(u1,u2)⇢⌫,⌫ (u1, u2)

⇥

2Y

j=1

⇣
�

⌘jk
2

⌘�2uj

, (2.34)

where the Wick rotations to de Sitter space introduce a phase:

�± (u1, u2) = ⌥i⇡ (u1 � u2) , (2.35)

and we collected the �-functions from each bulk-to-boundary propagator together in the

function

⇢⌫1,⌫2 (u1, u2) =
2Y

j=1

�
⇣
uj +

i⌫j
2

⌘
�
⇣
uj �

i⌫j
2

⌘
. (2.36)

The boundary (i.e. late-time) limit is straightforward to take using the Mellin-Barnes

representation. Considering the late-time limit of a single leg, say ⌘2 ! 0, the power series

expansion of the Wightman function (2.34) in ⌘2 is given by the residues of the poles in

the corresponding Mellin variable u2, which are at

u2 = �n⌥
i⌫
2 , n = 0, 1, 2, 3, ... . (2.37)

9To simplify the presentation we introduced the compact notation:
Z

[du]2 =

Z i1

�i1

du1

2⇡i
du2

2⇡i
. (2.33)
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Fourier trans. 

z = �e±i⇡
2 ⌘
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Gk(⌘1, ⌘2) / (⌘1⌘2)
d/2

2Y

i=1

Z i1

�i1

dui

2⇡i
(· · · )

2Y

j=1

�(uj + i
⌫

2
)�(uj � i

⌫

2
)(�k⌘j

2
)�2uj
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η=0

・bulk-boundary(bulk) propagator by sending η1 →0
・contact diagram by integrating bulk-boundary propagator



Understanding dS from AdS

Using AdS as a guide to understand dS.

AdS

Sleight & Taronna(19)

Sleight(19)

Sleight & Taronna(20)

1) Well defined notion of Unitarity
2) Non-perturbative understanding of singularities

dS EAdS
analytic continuation

・Propagators in Mellin-Barnes rep. for dS.  

・Contact interaction

η=0

η=0

・Relation between exchange diagrams for dS and AdS

* external scalar field is general. Recall Arkani-Hamed et al. (18)

= (……) + (……)Δ+ Δ-



Detectability of spinning particle

✔



3pt fn. from spinning particle

Arkani-Hamed & Maldacena (15)
M, s(spin)

k1 k2 k3 k4 →0

k3/k1, k3/k2 << 1

M, s

k1 k2 k3 �̇bg
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Particle creation

<δΦδΦδΦ> ∝ (k1・k3)s



Minimum extension from dS

M, s=0, 2, 4

k1 k2 k3 �̇bg
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k3/k1, k3/k2 << 1

P(k1)P(k3)
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s
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:power spectrum

1) Boltzmann suppression  

2) Dilution of massive fields

� =
3

2
± i

r⇣
M

H

⌘2
�

⇣
s� 1

2

⌘2
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3) Weak coupling

Arkani-Hamed & Maldacena (15)

Higuchi bound M > O(H)

Large coupling tends to make 1) more severe.
Wang & Xianyu(19, 20)

dS global rotation 
Bordin et al.(18) Kehagias & Riotto(17)



3pt fn. from spinning particle

Arkani-Hamed & Maldacena (15)
M, s(spin)

k1 k2 k3 k4 →0

k3/k1, k3/k2 << 1

M, s

k1 k2 k3 �̇bg
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Particle creation

<δΦδΦδΦ> ∝ (k1・k3)s

1) Cosmic microwave background <δTδTδT> 

2) Galaxy number count <δn δn δn> 

3) Galaxy shape correlation <(shape) (shape)> 

PLANCK18, Bartolo et al. (17), Franciolini et al. (18), 
Bordin & Cabass (19) 

Moradinezhad et al(181 ,182) 

Schmidt et al(15, 16), Kogai, Matsubara, Nishizawa, Y,U,.(18) 

Kogai, Akitsu, Schmidt, Y,U,.(20) 



LargeScaleStructure surveys in the next decade

Wide and Deep survey missions

launch 2020Euclid

science operation mid2020sLSST

Roman space telescope launch mid2020s

SPHREx launch 2023



Galaxy imaging survey as spin sensitive detector 

Figure 1. Contours of constant intensity I(◊), illustrating the distortions of galaxy images from a
circularly symmetric distribution I(◊) = I(|◊|) corresponding to the di�erent moments; specifically,
we show nonzero C̄n © Cn/(2n≠1

C0) (the upper row) and S̄n © Sn/(2n≠1
C0) (the lower row) with

n = 2, 3, 4, 5, related to the moments via Eq. (2.28). The blue lines correspond to positive values and
the red lines correspond to negative values. The dotted lines denote the unit circle. In Refs. [80, 81],
the n = 3 component generated by the weak lensing is called “flexion.” Ref. [76] refers to a very
similar decomposition as “Fourier decomposition” of the image.

s0(r) = 0. Notice that the presence of a non-zero cn or sn with n Ø 2 indicates a deviation
from the circular symmetric distribution I(◊a) = I(|◊a|).

We now show that the two independent spin-n components of Ĩa1a2···an with n Ø 2,
Ĩÿÿ···ÿÿ and Ĩÿÿ···ÿÂ, correspond to cn(r) and sn(r), respectively. As a simple exercise, let us
start with n = 2, which corresponds to the usual cosmic shear. Inserting Eq. (2.24) into
Ĩa1a2

= Ia1a2
≠ ”a1a2

Ibb/2, we obtain

Ĩa1a2
= 1

2C0

A

C2 S2

S2 ≠C2

B

, (2.26)

where we have introduced

Cn © fi

⁄

drr
n+1

cn(r) , Sn © fi

⁄

drr
n+1

sn(r) . (2.27)

Extending this discussion to n Ø 3, we obtain

Ĩÿÿ···ÿÿ = Cn

2n≠1C0

, Ĩÿÿ···ÿÂ = Sn

2n≠1C0

, (2.28)

where we can avoid a messy computation by virtue of the formulae (the derivation can be
found in App. A.2)

r
n cos(n„) = 2n≠1 [◊a1

◊a2
· · · ◊an ]TL2

-

-

a1=···=an=ÿ
, (2.29)

r
n sin(n„) = 2n≠1 [◊a1

◊a2
· · · ◊an ]TL2

-

-

a1=···=an≠1=ÿ,an=Â
. (2.30)
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Galaxy shape traces tidal force Φ[∂∂Φ]TL, Φ[∂∂∂Φ]TL, Φ[∂∂∂∂Φ]TL, …

Angular dep. PNG of spin-s particle

feature in the PNG is characterized by the non-analytic scaling determined by the particle’s
spin s and mass Ms, a precise measurement of the squeezed limit PNG may allow us to mea-
sure the mass and spin of the particles excited almost around the GUT scale. This program
was dubbed the cosmological collider [39].

When the mass of the exchanged particle, Ms, is much heavier than Hinf , integrating out
the massive particle yields a local contribution to the Lagrangian of the inflaton. Unless we
know the original Lagrangian of the inflaton, we cannot selectively capture the information
on the exchanged massive particle by analyzing the local contribution. On the other hand,
when Ms is of O(Hinf), the contribution of the particle exchange becomes non-local.

The squeezed bispectrum with the soft exchange of the even spin particles in the slow-
roll limit is given by [39]

B�(kS, kL) =
ÿ

s=0,2,4,···
AsPs(k̂L · k̂S)fs

3

kL

kS

4

P�(kL)P�(kS)
C

1 + O

A

k
2

L

k
2

S

BD

, (4.1)

with kL/kS π 1, k̂– © k–/k– (– = L, S) and Ps denotes the Legendre polynomials. For
example, fs for a particle in the principal mass series is given by

fs

3

kL

kS

4

=
3

kL

kS

4

3

2

cos
5

‹s ln
3

kL

kS

4

+ Âs

6

, (4.2)

with

‹s =

Y

_

_

_

_

]

_

_

_

_

[

Û

3

M0

H

42

≠
9
4 (s = 0)

Û

3

Ms

H

42

≠

3

s ≠
1
2

4

2

(s = 2, 4, · · · )
. (4.3)

Reflecting the fact that the contribution of the massive particle is non-local, the bispectrum
acquires the oscillatory contribution as a consequence of the non-analytic scaling. The contri-
bution from the odd spin particles is cancelled in the leading order of kL/kS [39], but appears
in the sub-leading order with (kL/kS)5/2 [40] (see also Ref. [109]).

In what follows, we show that the contribution of the spin-s particles to the PNG,
described by Eq. (4.1), results in the generation of the intrinsic spin-s shape moment, Ĩ

int

i1i2···is
,

keeping the spin-n shape moment with n ”= s intact as far as the non-linear evolution is
negligible. To keep the generality, in the following, we use a generalized ansatz of the squeezed
bispectrum (4.1) with s = 0, 1, 2, · · · , including the odd s and leaving fs as a general function
of kL/kS. As was shown in Ref. [40], the sub-leading contribution from a spin-s particle
includes Pl with l ”= s. Therefore, at the sub-leading orders, the sth galaxy shape moment
does not selectively single out the contribution of the spin-s particle.

When the function fs can be rewritten into the separable form as

fs

3

kL

kS

4

= gs

A

kL

kp

B

hs

3

kp

kS

4

, (4.4)

with a pivot scale kp, the squeezed bispectrum (4.1) modifies the local power spectrum at x
as [95, 96]

P�(kS; x|�L) =

S

U1 +
ÿ

s=0,1,2,3,···
hs

3

kp

kS

4

[k̂i1

S
· · · k̂

is
S

]TL3–L i1···is

T

V P�(kS), (4.5)
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feature in the PNG is characterized by the non-analytic scaling determined by the particle’s
spin s and mass Ms, a precise measurement of the squeezed limit PNG may allow us to mea-
sure the mass and spin of the particles excited almost around the GUT scale. This program
was dubbed the cosmological collider [39].

When the mass of the exchanged particle, Ms, is much heavier than Hinf , integrating out
the massive particle yields a local contribution to the Lagrangian of the inflaton. Unless we
know the original Lagrangian of the inflaton, we cannot selectively capture the information
on the exchanged massive particle by analyzing the local contribution. On the other hand,
when Ms is of O(Hinf), the contribution of the particle exchange becomes non-local.

The squeezed bispectrum with the soft exchange of the even spin particles in the slow-
roll limit is given by [39]
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ÿ

s=0,2,4,···
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with kL/kS π 1, k̂– © k–/k– (– = L, S) and Ps denotes the Legendre polynomials. For
example, fs for a particle in the principal mass series is given by
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2

cos
5

‹s ln
3

kL

kS

4

+ Âs

6

, (4.2)

with

‹s =

Y

_

_

_

_

]

_

_

_

_

[

Û

3

M0

H

42

≠
9
4 (s = 0)

Û

3

Ms

H

42

≠

3

s ≠
1
2

4

2

(s = 2, 4, · · · )
. (4.3)

Reflecting the fact that the contribution of the massive particle is non-local, the bispectrum
acquires the oscillatory contribution as a consequence of the non-analytic scaling. The contri-
bution from the odd spin particles is cancelled in the leading order of kL/kS [39], but appears
in the sub-leading order with (kL/kS)5/2 [40] (see also Ref. [109]).

In what follows, we show that the contribution of the spin-s particles to the PNG,
described by Eq. (4.1), results in the generation of the intrinsic spin-s shape moment, Ĩ

int

i1i2···is
,

keeping the spin-n shape moment with n ”= s intact as far as the non-linear evolution is
negligible. To keep the generality, in the following, we use a generalized ansatz of the squeezed
bispectrum (4.1) with s = 0, 1, 2, · · · , including the odd s and leaving fs as a general function
of kL/kS. As was shown in Ref. [40], the sub-leading contribution from a spin-s particle
includes Pl with l ”= s. Therefore, at the sub-leading orders, the sth galaxy shape moment
does not selectively single out the contribution of the spin-s particle.

When the function fs can be rewritten into the separable form as

fs

3

kL

kS

4

= gs

A

kL

kp

B

hs

3

kp

kS

4

, (4.4)

with a pivot scale kp, the squeezed bispectrum (4.1) modifies the local power spectrum at x
as [95, 96]

P�(kS; x|�L) =

S

U1 +
ÿ

s=0,1,2,3,···
hs

3

kp

kS

4

[k̂i1

S
· · · k̂

is
S

]TL3–L i1···is

T

V P�(kS), (4.5)
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∝
Arkani-Hamed & Maldacena (15)

Kogai, Akitsu, Schmidt, & Y.U. (20)

decomposition

Imprints of PNG from spin s s=2 s=3 s=4 s=5 
x 

LSST like Forecast s=4 “massless” O(10), massive O(105) needs deeper survey  

where –L i1···is is given by

–L i1···is ©
(2s ≠ 1)!!

s!

⁄

d
3kL

(2fi)3
Asgs

A

kL

kp

B

[k̂L,i1
· · · k̂L,is ]TL3�(kL)eikL·x

. (4.6)

Here, we used Eq. (C.5) in App. C.1. These results are straightforwardly generalized to the
case where the squeezed bispectrum is given by a sum of separable contributions. When fs

is given by a linear combination of a power of kL/kS, e.g., Eq. (4.2), which is given by

fs

3

kL

kS

4

= 1
2

C

3

kL

kS

4�s

e
iÂs + c.c.

D

, (4.7)

with �s = 3/2 + i‹s, each term can be rewritten as in Eq. (4.4).
In a simple setup, the squeezed PNG from massive particles is suppressed by the small-

ness of the coupling, the Boltzmann factor, e
≠Ms/TH with TH being the Hawking temperature

TH = Hinf/(2fi), and the dilution factor (kL/kS)3/2 (see Eq. (4.2)). A larger coupling between
the inflaton and the massive particles enhances the radiative corrections, which can lead to
the break down of the EFT description. In Ref. [112], Kumar and Sundrum showed that the
PNG mediated by heavy particles in several scenarios are too small to be detected, when
we require the validity of the EFT description. They also showed that this di�culty can be
circumvented in a curvaton scenario, where two di�erent cuto� scales can be introduced. The
Boltzmann suppression is not significant for a model where Ms is around Hinf as discussed in
Refs. [43, 109] by considering explicit models. In Ref. [113], Wang and Xianyu pointed out
that a coupling between the inflaton and the massive sector is strictly restricted to evade the
Boltzmann suppression without fine-tuning, since a large coupling leads to a large radiative
correction to Ms. This restriction has guided their attention to parity odd dimension 5 opera-
tors, which can relax the Boltzmann suppression [113, 114] (see also Refs. [115, 116]). Finally,
the suppression by the dilution factor (kL/kS)3/2 for Ms Ø O(Hinf) can be evaded by lowering
Ms, while the straightforward attempt conflicts with the Higuchi bound for s Ø 2 [117]. In
Refs. [118, 119], it was argued that the Higuchi bound and subsequently the suppression by
the dilution can be avoided, when the de Sitter symmetry is explicitly broken. The model
proposed by Kehagias and Riotto in Ref. [118] violates the global rotation symmetry.

In this paper, deferring an attempt to build a model that predicts a large angular
dependent PNG to elsewhere, we simply take As as a parameter. For our forecast, we consider
both cases with and without the dilution, i.e. Re[�s] = 3/2 and �s = 0, respectively. The
tightest constraint on the angular dependent PNG parameters has been obtained from the
CMB observation by Planck satellite. The Planck result put the limit on A2 for �2 = 0
as ‡(A2) ≥ 77 [50]. In Ref. [52], this analysis was extended to a more general angular
dependence with even numbers of s, including the PNG generated by higher spin particles.
However, the CMB constraint almost reaches the cosmic variance limit [120]. In Ref. [59], it
was argued that from the bispectrum of the galaxy number density, As can be constrained
as ‡(A2) ≥ 15 for �2 = 0 and ‡(A4) ≥ 21 for �4 = 0. Ref. [60] discussed the constraint
on As for Re[�s] = 3/2 by combining the galaxy power spectrum and bispectrum. These
analyses require the bispectrum information, which is more complex than the power spectrum
analysis, especially in galaxy surveys (e.g. the decomposition of anisotropic signals in the
galaxy bispectrum [96, 121, 122]), and the angular dependent PNG signals are mixed up in
the bispectrum. Here, one can find an advantage to use galaxy shape [54, 56, 70], whose
observation enables us to pick up the imprints of particles with di�erent spins separately as
shown in this paper.
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What about w/o de Sitter symmetry?

w/dS, studies of dS are still useful??



gδN formalism
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Large scale evolution

dS, global rotation, etc…, often become significant at large scales.  

Large scale evolution for scalar field system
Gradient expansion (GE) → delta N formalism 

Salopek&Bond(90)
Sasaki & Stewart (95),  
Sasaki & Tanaka (98),

Shibata & Sasaki(90), 
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Separate Universe approach ~ Mosaic art
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Basic assumption in gradient expansion
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(⭐) Her history in detailed view  =  Her history in coarse-grained view

Fine-grained view



Separate universe

Scale of interest λ >>  Smoothing scale λs > Size of casual patch
~ cs/H

(⭐) Evolution of inhomogeneous Universe 
=  Evolution of glued numerous homogeneous universes
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gδN formalism

physical fields {φphys}fields in L
solving constraints (C) 

a local theory w/gravity, spatial Diff
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Tanaka & Y.U,(21)

late

early

t

IC by {φphys, φauxi}
@/@t ⇠ H ⇠ @/@x

i
phys

<latexit sha1_base64="fZ1XAWocdG8oME9A1+RxQ0xTusc=">AAACLHicbZBNS8MwGMdTX+d8q3r0EhyCp9lOQY/DXXac4F5grSXN0i0saUuSiqXsA3nxqwjiwSFe/Rym2xy6+UDIj//zkjx/P2ZUKssaGyura+sbm4Wt4vbO7t6+eXDYklEiMGniiEWi4yNJGA1JU1HFSCcWBHGfkbY/rOX59gMRkkbhnUpj4nLUD2lAMVJa8syaEyOhKGLnP+Ap6EjKYR1ObzivmBN8vKde5ggO40EqR55ZssrWJOAy2DMogVk0PPPV6UU44SRUmCEpu7YVKzfLh2NGRkUnkSRGeIj6pKsxRJxIN5ssO4KnWunBIBL6hApO1N8dGeJSptzXlRypgVzM5eJ/uW6igms3o2GcKBLi6UNBwqCKYO4c7FFBsGKpBoQF1X+FeIAEwkr7W9Qm2IsrL0OrUrYvypXby1L1ZmZHARyDE3AGbHAFqqAOGqAJMHgCL+AdjI1n4834MD6npSvGrOcI/Anj6xu3s6fp</latexit>

at 

a local theory w/gravity, spatial Diff

density pert.

GW
incl. spinning particles

�ij(tfinal) = �ij hom(tfinal; {'phys,'auxi})
<latexit sha1_base64="F3kiznCaF49scYktrKXxA6jM1vI="></latexit>

⇣(tfinal) = ⇣hom(tfinal; {'phys,'auxi})
<latexit sha1_base64="fLu9gz7xumPp6k6tt2nUT9CaQQo="></latexit>

* Initial correlators should satisfy nonlocal C.



Infrared universality
N.B. non-local terms from MC decay with 1/Vphys for scalar field system

Sugiyama, Komatsu, & Futamase(12) Garriga, Y.U., & Vernizzi(16)

Noether charge for spatial Diff. invariance. Tanaka & Y.U.(21)
1 Introduction

1.1 The Infrared Triangle

These lectures concern a triangular equivalence relation that governs the infrared (IR)
dynamics of all physical theories with massless particles. Each of the three corners of the
triangle, illustrated in figure 1, represents an old and central subject in physics on which
hundreds or even thousands (in the case of soft theorems) of papers have been written.
Over the past few years we have learned that these three seemingly unrelated subjects are
actually the same subject, arrived at from very di↵erent starting points and expressed in
very di↵erent notations.

Soft
Theorem

Ward
Identity Asymptotic

Symmetry

Vacuum
Transition

Memory
Effect

Fourier
Transform

1

Figure 1: The infrared triangle.

The first corner is the topic of soft theorems. These originated in quantum electrodynam-
ics (QED) in 1937 with the work of Bloch and Nordsieck [1], were significantly developed in
1958 by Low and others [2–6], and were generalized to gravity in 1965 by Weinberg [7]. Soft
theorems characterize universal properties of Feynman diagrams and scattering amplitudes
when a massless external particle becomes soft (i.e., its energy is taken to zero). These
theorems tell us that a surprisingly large — in fact, infinite — number of soft particles are
produced in any physical process, but in a highly controlled manner that is central to the
consistency of quantum field theory.

The second corner is the subject of asymptotic symmetries. This is the study of the
nontrivial exact symmetries or conserved charges of any system with an asymptotic region

1

Strominger+ (13,14, …)

Bloch & Nordsieck(1937)
Weinberg(1965)

Christodoulou(1991)

Bondi, Metzner, Sachs(1962)

Cancellation of 
IR divergence

Faddeev-Kulish (1970)

Similar structure for cosmological correlators yet w/nontrivial cond.

if there is no other non-local C, approximate locality for {φphys} 

Tanaka & Y.U.(17, in prep)

* Condition for ∃WAM
Weinberg(02)

Recall Hotta-san’s talk



Summary: Comprehensive studies of inflation

symmetric 
dS
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general

??

??

- Bootstrap

- Mellin sp.

-  gδN, IR universality

Arkani-Hamed et al.(18), Baumann (19, 20)

Sleight(19), Sleight & Taronna( 20)

Tanaka & Y.U. (21)

Pajer(20)

??

e.g. slow-roll approx.
global rotation sym. 

- Boostless bootstrap

connection w/UV physics 
relation w/AdS 


