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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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Entanglement Dynamics and Thermalization 
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Ā

L

⇢A(t ! 1) ! e�H/Teff

Highly (volume law) entangled at long times.  

Cardy & Calabrese ‘05 
Kim & Huse ‘13

SA(t) ⇠ t

2

spin in the bulk, from the applied longitudinal field and
its interactions with its neighbors, is 2h or 4J ± 2h. To
keep the end sites similar in this respect to the bulk, we
reduce the strength of the longitudinal field on the end
spins by J . This is to avoid having some slow low-energy
modes near the ends that introduced small additional
finite-size e↵ects when we applied the same magnitude of
longitudinal field also to the end spins.

This Hamiltonian has one symmetry, namely inverting
the chain about its center. We always work with even
L, so the center of the chain is on the bond between
sites L/2 and (L/2) + 1. This symmetry allows us to
separate the system’s state space into sectors that are
even and odd under this parity symmetry, and diagonal-
ize within each sector separately. Any mixed parity state
can be obtained from a linear combination of even and
odd parity states. The statistics of energy level spacings
within each parity sector of this nonintegrable Hamilto-
nian should follow Gaussian orthogonal ensemble (GOE)
statistics [19]. There are 32896 energy levels in the even
sector for L = 16, the largest system we have diagonal-
ized. Their level spacing statistics is in excellent agree-
ment with the “r test” introduced in Ref. [20] and the
Wigner-like surmise described in Ref. [21], as expected,
indicating that this is indeed a robustly nonintegrable
model with no extra symmetries (see Supplement).

First, we consider the time evolution of the bipar-
tite entanglement across the central bond between the
two halves of the chain. We quantify the entangle-
ment entropy in bits using the von Neumann entropy
S(t) = �tr [⇢A(t) log2 ⇢A(t)] = �tr [⇢B(t) log2 ⇢B(t)] of
the probability operators (as known as reduced density
matrices) at time t of either the left half (A) or the right
half (B) of the chain. As initial states, we consider ran-
dom product states (with thus zero initial entanglement),
| (0)i = |s1i|s2i...|sLi, where each spin at site i initially
points in a random direction on its Bloch sphere,

|sii = cos

✓
✓i

2

◆
| "ii+ e

i�i sin

✓
✓i

2

◆
| #ii , (2)

where ✓i 2 [0,⇡) and �i 2 [0, 2⇡). Such an initial state
is in general neither even nor odd, and thus explores the
entire Hilbert space of the pure states as it evolves with
unitary Hamiltonian dynamics. This ensemble of initial
states maximizes the thermodynamic entropy and thus
corresponds to infinite temperature. For each time t,
we generate 200 random initial product states, let them
evolve to time t, compute S(t) for each initial state, and
then average. By doing so, the standard error at each
time is uncorrelated. The results are shown in Fig. 1.
Ballistic linear growth of S(t) at early time is clearly seen,
and the growth rate before the saturation is independent
of L. [Note, there is an even earlier time regime at t ⌧ 1
where the entanglement initially grows as ⇠ t

2
| log t|; this

regime is just the initial development of some entangle-
ment between the two spins immediately adjacent to the
central bond.]

In the long time limit, the time evolved state, on aver-

FIG. 1: (color online) (a) Spreading of entanglement entropy
S(t) for chains of length L. Initially the entanglement grows
linearly with time for all cases, with the same speed v ⇠=
0.70. Then the entanglement saturates at long time. This
saturation begins earlier for smaller L, as expected. The linear
fit function is f(t) = 0.70t. Standard error is less than 0.04
for all points and thus the error bars are only visible at early
times. (b) Same data scaled by the infinite-time entropy for
each L. Note that we use logarithmic scales both here and in
Fig. 2.

age, should behave like a random pure state (a random
linear combination of product states) [22]. In Ref. [23],
it is shown that the average of the entanglement entropy
of random pure states is

S
R = log2 m�

m

2n ln 2
�O

✓
1

mn

◆
. (3)

where m and n are the dimension of the Hilbert space in
each subsystem, with m  n. Since m = n = 2L/2 in our
case, SR

'
L
2 in the large L limit. This limiting value

indicates that the entanglement spreads over the entire
subsystem of length L/2. Therefore, before saturation
begins, we can interpret S(t) (in bits) as a measure of
the distance over which entanglement has spread, and
its growth rate thus as the speed of the ballistic entan-
glement spreading. It is clear from figure 1(a) that at
long time (t > 20 ⇠ 100 depending on the system size)

Linear growth vs time
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Measurement-induced transition 
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FIG. 3. Circuit representation for evolution of the quantum
system. Bricks indicate unitary operators (specified in the
text). Dots indicate spacetime locations where measurements
may take place. Note that the full dynamics is nonlinear,
since the state must be re-normalized after each projective
measurement event.

[9, 13, 18, 22, 28–39]. Here we extend the model to dy-
namics with measurement.

(ii) ‘Floquet’ dynamics, in which the unitary circuit
is deterministic and periodic in time (in the absence of
measurements). We study this case in order to check
that our results are not dependent on the randomness
of the unitaries in case (i). The fixed unitary we use
(the elementary brick for Fig. 3) is a product of two non-
commuting unitaries. For spins at positions x and x + 1
the unitary is (Ŝi = �̂i/2):

Ux,x+1 = e�i[�xx�̂x(x)�̂x(x+1)+✓x�̂x(x)+✓x�̂x(x+1)]

⇥ e�i[�zz�̂z(x)�̂z(x+1)+✓z�̂z(x)+✓z�̂z(x+1)] . (1)

where �xx = 0.3, �zz = 0.6, ✓x = 0.2 and ✓z = 0.4. This
unitary operation defines a version of the Floquet Ising
model with longitudinal and transverse fields.

Our main tools for characterizing the dynamics are the
Rényi entanglement entropies for subsystems A of the
spin system,

Sn(A) =
1

1 � n
log2 TrA ⇢n

A, (2)

where ⇢A = TrA | i h | is the reduced density matrix of
A. At n ! 1, this definition reproduces the von Neu-
mann entropy

S1(A) = � TrA ⇢A log2 ⇢A. (3)

We measure all entropies in bits.
It is worthwhile to note that the entanglement entropy

Sn for n > 1 is constrained by the inequalities [40]

S1  Sn 
n

n � 1
S1, (4)

where S1 = limn!1 Sn = log2(1/�max), and �max is
the largest eigenvalue of ⇢A. These inequalities imply
that any entanglement entropy Sn with n > 1 can di↵er
from S1 by at most a constant factor n/(n�1), and con-
sequently all Sn with n > 1 must have the same scaling
with system size. As we show below, this is born out in
our numerical results, which indicate a single transition
for all Sn with n � 1.

We also study the Rényi mutual information In(a,b)
between two separated spins (labelled here a and b):

In(a,b) ⌘ Sn(a) + Sn(b) � Sn(a [ b).

In a random system the In are useful measures of the
strength of quantum correlations between spins a and b,
because they are independent of the choice of local bases
for these spins.5 We show below that in the present
case they reveal a remarkable scale-invariant entangle-
ment structure at the transition.

Let us briefly clarify what the dynamical transition
does and does not imply. For simplicity, assume for
a moment that the dynamics is deterministic except
for the intrinsic randomness in the measurement out-
comes. As noted above, the evolving quantum state
remains pure. This pure state, which we temporarily
denote

�� (o1,...,oN )
↵
, depends on the previous measure-

ment outcomes o1, . . . , oN , and it determines the prob-
abilities for measurement outcomes at a particular time
given these previous outcomes. This pure state must be
contrasted with the mixed state that is obtained if we
average over measurement outcomes. Let us denote the
average over measurement outcomes by Eo1,..., and let
h· · ·io1,... be the expectation value of an observable in the

state
�� (o1,...,oN )

↵
. The averaged density matrix is

⇢av = Eo1,...,oN

�� (o1,...,oN )
↵⌦
 (o1,...,oN )

��. (5)

This mixed state ⇢av evolves linearly, in a standard way.
Generically we expect it simply to evolve to a trivial in-
finite temperature Gibbs state, for any nonzero rate of
measurement. The dynamical phase transition we discuss
is therefore not apparent in this object, and therefore it
is not apparent in correlation functions such as

Eo1,... h�̂
z(a)�̂z(b)io1,... ⌘ Tr ⇢av�̂

z(a)�̂z(b) (6)

that are straightforwardly averaged over previous mea-
surement outcomes. As noted above, the transition is
detected by more complex local correlation functions, for
example

Eo1,...

h
h�̂z(a)�̂z(b)i2o1,... � h�̂z(a)i2o1,... h�̂

z(b)i2o1,...

i
.

(7)

5 I2 is simply related to the natural correlation function
C =

P
ij

⇥
h | �̂i(a)�̂j(b) | i2 � h | �̂i(a) | i2 h | �̂j(b) | i2

⇤
.

If C0 ⌘
�
1 +

P
i h | �̂i(a) | i2

��
1 +

P
i h | �̂i(b) | i2

�
then

I2 = log(1 + C/C0). C0 is of order 1, so if C tends to zero at
large separation of the spins, then I2 tends to zero in the same
manner.

• Chaotic dynamics: Random unitary 
circuits (Haar or Clifford) 

• Local projective measurements with 
probability “p”

Skinner, Ruhman & Nahum ’19 
Li, Chen, Fisher ’19 
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FIG. 4. (a) Entanglement entropy SA(p; |A|, L) with fixed
|A|/L = 1/2, as functions of L, for di↵erent values of p. (b)
SA(p; |A|, L) with fixed L = 512, as functions of |A|, for dif-
ferent values of p. Both plots are on a log-log scale. Notice
that curves in (a) and (b) corresponding to the same value of
p < pc has the same slope, s(p) (see main text).

diagram is shown schematically in Fig. 3, which shows
a volume law phase and an area law phase separated by
some critical rate of measurement, pc. Whether pc is 0
or finite was not agreed upon in earlier work.

Here our numerics for the random Cli↵ord circuit sup-
ports a finite pc, consistent with [13, 14]. In Fig. 4(a),
we plot the entanglement entropy SA(p; |A| = aL,L)
for di↵erent values of p as functions of L, with a fixed
a = 1/2. We find qualitatively distinct behavior of SA

below and above pc ⇡ 0.16. For p < pc, the curves
asymptote to straight lines of slope 1 on a log-log scale,

suggesting volume law scaling of the entanglement en-
tropy, SA(p; |A| = aL,L) = s(p)L. For p > pc, the
curves are saturating to zero slope, suggesting an area
law scaling, SA(p; |A| = aL,L) = c(p)L0.
In Fig. 4(b), we plot SA(p; |A|, L) as a function of |A|

while fixing L = 512. Similar scaling behavior is ob-
served.

C. Entanglement entropy from stabilizer
distribution

For Cli↵ord circuits further information about the na-
ture of the two phases can be revealed by examining
the stabilizer distributions, as we now discuss. We start
by listing several results regarding the stabilizer formal-
ism [17–20, 23]. These results are also reviewed in Ap-
pendix A.

1. A wavefunction | i in the Cli↵ord circuit of L
qubits is uniquely characterized by L mutually
commuting and independent Pauli string operators
G = {g1, . . . , gL} such that each one “stabilizes”
the wavefunction, gi | i = | i.

Elements of G are called stabilizers. Such a wave-
function is called a stabilizer state or codeword.
Only stabilizer states appear in the Cli↵ord circuit.

Being Pauli string operators, the stabilizers have
endpoints where they terminate. Specifically, we
define the left and right endpoints of a stabilizer to
be

l(g) = min{x : g acts non-trivially on site x}, (7)

r(g) = max{x : g acts non-trivially on site x}, (8)

where x is the coordinate of the site, which takes
values in {1, 2, . . . , L}. For systems with periodic
spatial boundary conditions, there is an arbitrari-
ness in choosing the origin of the coordinate sys-
tem, and there is no absolute distinction between
left and right. However, we note that the functions
l(g) and r(g) are well-defined once the origin is
chosen and fixed, which we will always assume to
be the case in the rest of the paper.

2. The choice of G is not unique. For any stabilizer
state, one can choose G such that there are exactly
two stabilizer endpoints on each site,

⇢l(x) + ⇢r(x) = 2, for all sites x. (9)

We say G is in the clipped gauge [23].

Notice that G is not uniquely fixed by this gauge
condition.

3. Within the clipped gauge, the entanglement en-
tropy of a contiguous subregion A is given by half
the number of stabilizers that cross either its left
or right boundary,

Competition between scrambling/chaotic 
dynamics and disentangling measurements

Related to quantum error correction problem: 
Gullans and Huse, Bao, Choi, Altman, …
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FIG. 1. Schematic of the l-bit circuit with projective measure-
ments. This circuit has n = 3: CZ gates are allowed between
qubits i, j with |i�j| < 3, i.e. nearest and next-nearest neigh-
bors. All allowed gates happen with probability 1/2 in each
layer.

Surprisingly, we find that the above model (which, to
reiterate, has area-law entanglement at both px = 0 and
px = 1) admits a volume-law phase. Fig. 2(a) shows the
phase boundary in the px, pz plane for the model with
range n = 4 (CZ gates between nearest, next-nearest and
third-nearest neighbors). For 0 < px . 0.7 the model
is in a volume-law phase which is robust to su�ciently
infrequent Z measurements. A similar picture holds for
all n > 3, with an increasingly robust volume-law phase,
see Fig. 2(b). The data include fractional values of n =
n? + ✏ (with n? 2 N, 0 < ✏ < 1). These are defined as
having a CZ gate between qubits i, j in each unitary layer
with probability 1/2 if |i� j| < n? and ✏/2 if |i� j| = n?,
so that for ✏ ! 1 one recovers the definition in Eq. (2)
with n = n? + 1. Considering now measurements in the
X basis only (pz = 0) we find that the model with n = 3
is area-law for any px. A volume-law phase is present
for n > 3.1 – though precise determination of the critical
n requires taking px ! 0+ which is problematic. We
shall return to this point form a di↵erent perspective in
Sec. IVB.

A few comments are in order. First, this result shows
that an interpretation of entanglement transitions in
unitary-projective circuits based on the competition be-
tween the rates of measurement and unitary scrambling
is incomplete: entanglement transitions are possible even
with a scrambling rate of zero. Second, the result does
not follow trivially from the fact that the X measure-
ments break the conservation laws in the unitary part of
the circuit ([Ul-bit, Zi] = 0). While clearly necessary, this
condition is insu�cient – e.g., the models discussed above
with n  3 remain area-law despite the integrals of mo-
tion being broken by measurements. Finally, it is remark-
able that the interplay of two ingredients that are sep-
arately incapable of creating much or any entanglement
(the finite-range l-bit gates and the single-site measure-
ments) can nonetheless yield a volume-law phase. This
phenomenon, which can be called “measurement-enabled
entanglement”, necessitates a new framework. In the rest
of the article we advance the proposal that such a frame-

FIG. 2. Entanglement phase diagram of the l-bit unitary-
projective dynamics as a function of range n and probabilities
px, pz of projective measurements in the X and Z basis. (a)
Fixed range n = 4. For 0 < px . 0.7 there is a volume-law
phase robust to the introduction of su�ciently infrequent Z
measurements. (b) Measurements in the X basis only (pz =
0). A volume-law phase exists for n > 3.03. The px = 0 line
is always area-law, regardless of n.

work relies on measurements alone.

B. Removing unitary gates: measurement-only

models

Let us take a Pauli string O and denote the projective
measurement of O by µO:

µO | i = (I+ sO) | i
k(I+ sO) | i k ,

where s 2 {+1,�1} is picked randomly according to the
usual Born probability, Prob(s) = 1

2 (1 + s h |O | i). It
is clear from the above definition that the following holds
for any unitary U :

µOU = UµU†OU . (3)

A consequence of this fact, unique to non-scrambling cir-
cuits, is that the l-bit unitary-projective circuit discussed
above can be entirely separated into a unitary part and
a projective part that are both local: taking a layer of
l-bit gates Eq. (2) past an X measurement according to
Eq. (3) yields an operator with finite support. Specif-
ically, since CZ†

ij
XiCZij = XiZj and P†

i
XiPi = Yi (as

Measurement-only dynamics 
Ippoliti, …, Khemani ‘20
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FIG. 1. Random unitary circuit with weak measurements.
After each layer of unitary gates (blue boxes), a weak mea-
surement (orange box) is performed on every system qudit.
The red box indicates a strong projective measurement of an
ancilla qudit performed after an entangling unitary R̂↵.

In order to address these challenges, we find that it
is conceptually simpler to consider quantum circuits in
which every qudit is subject to weak measurement at ev-
ery time step, instead of ones with a set of randomly
distributed strong projective measurements. The weak
measurements are implemented by coupling the system
qudits to a set of ancilla qudits that are subsequently
measured by strong projective measurements as illus-
trated in Fig. 1. The strength of measurement is tuned
by the strength of the coupling between the system and
the ancilla qudits. Later, we show that the case of ran-
dom projective measurements can be implemented as a
special case of this circuit. Hence, our results pertain to
random projective measurements studied in Refs. [7–11],
while they also generalize to the case of constant weak
measurement. Our main results are insensitive to this
detail.

II. OVERVIEW

Before proceeding, we provide a brief overview of the
main ideas and results of this paper. First, we present a
simple expression of the subsystem entanglement entropy
averaged over di↵erent measurement outcomes, which is
the quantity considered in previous works [7–11]. We
show how this quantity can be mapped to the excess free
energy originating from a domain wall in a classical spin
model, generalizing the analytic approaches introduced
in Refs. [4, 14–18], and explain the new insights and re-
sults obtained from this mapping.

Next, we identify another signature, or an “order pa-
rameter,” of the same transition, that is more relevant
for experiments. The new quantity o↵ers an alternative
interpretation of the phase transition: a sharp change in
the amount of information that can be extracted by the
measurements about the initial state of the system (see
Fig. 2).

FIG. 2. Signatures of the phase transition. (a) Growth and
saturation of entanglement entropy SA of a subsystem A (of
size NA). (b) Phase transition in the saturation value of SA

from volume- to area-law scaling. (c) Probability distribu-
tions P0 and P✓ of measurement outcomes arising from two
distinct initial states. (d) The phase transition is also seen in
the Fisher information, quantifying the amount of informa-
tion that the measurements carry about the initial state of
the system.

A. Replica method: conditional entropy

One of the main quantities considered in previous
works is the entanglement entropy of a subsystem A, av-
eraged over measurement outcomes and realizations of
the RUC:

hhSA(U)ii ⌘
X

iM

piM (U)S [⇢A(U , iM )]. (1)

Here, the index iM runs over all possible measurement
outcomes, piM (U) is the probability for the measurement
outcome iM , S [⇢A(U , iM )] is von Neumann entangle-
ment entropy of A for a given measurement outcome iM
in a particular realization U of RUCs, and the overline
denotes averaging over the RUC U . By using weak mea-
surement formalism, we can rewrite this quantity in a
simpler form by extending the Hilbert space to include
the subspace M for ancilla qudits. That is, it exactly
equals the conditional entropy:

hhSA(U)ii = S̃(A|M) ⌘ S[⇢̃AM ] � S[⇢̃M ], (2)

where ⇢̃X denotes the reduced density matrix of subsys-
tem X after ancilla qudits are projected onto their diago-
nal elements, i.e., measured in their computational basis
|iM i: ⇢̃ =

P
i |iM i hiM | ⇢ |iM i hiM |.

We employ a replica method in order to map the con-
ditional entropy in Eq. (2) to a classical spin model. Let
us define a series of objects enumerated by an integer n,

S̃
(n)(A|M) ⌘

log
�
tr ⇢̃

n
AM

�
� log

�
tr ⇢̃

n
M

�

1 � n
, (3)
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in Ref. [41], where arbitrary measurement rate exhibits
an area law entanglement. They also showed that by ex-
tending the Bell pair with only two-body entanglement
to mutually entangled clusters, a volume-to-area law en-
tanglement transition can exist.

Taken the above facts, another question immediately
arises: What is the nature of this measurement-induced
entanglement phase transition? In Ref. [36], by map-
ping the calculation of zeroth Rényi entropy to a classical
percolation problem, a toy model describing the disentan-
glement process for unitary dynamics with measurements
was provided. The scale invariance in critical percolation
system exhibits a logarithmic growth of entanglement,
and also leads to power-law decay correlations. These
behaviors are observed in the circuit models by numer-
ics [36, 38]. Under the symmetry between time-like and
space-like directions, the von Neumann entropy (the first
Rényi entropy) is found to grow logarithmically in both
space and time. The mutual information is investigated
as a measure of quantum correlations between two sepa-
rated sites, and exhibits power-law decay in space. Based
on these critical entanglement structures, an underlying
conformal field theory (CFT) description was proposed.
Moreover, it was shown that the peak of mutual informa-
tion [38] and the variance of entanglement entropy [40]
can be the indicator of the volume-to-area law phase tran-
sition, which gives more insights on the possible statis-
tic description of this transition. Please note that, the
above discussions are mainly based on the circuits model
[36, 38], and non-interacting models [38]. Besides, much
less is known about the universality (if any) of the entan-
glement entropy of more generic models, e.g., quantum
many-body lattice systems, or of models mappable to
them.

In this paper, we study the quantum dynamics of
one-dimensional Bose-Hubbard model in the presence of
random projective measurements by using matrix prod-
uct state (MPS) and time-evolving block decimation
(TEBD) [42–46]. The Bose-Hubbard model has been a
paradigmatic non-integrable lattice model to understand
the quantum dynamics and non-equilibrium properties.
We map out a global phase diagram controlled by the
measurement rate in time domain Nt and spatial space
Px (see Fig. 1 for definition). A volume-to-area law
phase transition is observed, and the region of volume
law phase becomes wider with decreasing Nt. The be-
havior provides strong evidence of the existence of a sta-
ble volume law phase, and also shows the importance of
the information scrambling in this dynamical transition.
We find that the single-site entanglement entropy can
indicate the transition, similar to the case of disorder-
induced MBL [47]. At the critical point, we obtain a log-
arithmic growth of entanglement and power-law decay of
correlations. The scaling behavior of entropy around the
critical point appears to belong to a single universality
class. Our work provides a wealth of evidences that non-
unitary factors, such as projective measurements, can in-
duce a dynamical phase transition, adding more pieces

Space

Ti
m
e

(b)(a)

A

B

FIG. 1. (a) A diagrammatic representation of the quench dy-
namics with local projective measurements. The quench dy-
namics is from a trivial product state described by MPS (gray
rectangles), and the unitary time evolution background is
build with several unitary layers described by MPO (blue rect-
angles). The local projective measurements (green rounded
squares) are applied only after several unitary layers, which
are chosen randomly with measurement rate in time Nt. For
each measured layers, the local projective measurements are
posited randomly with measurement rate in space Px. (b)
Two-dimensional phase diagram of the entanglement phase
transition as a function of the measurement rate in time Nt

and in space Px, where A and B represent the disentangling
and entangling phases respectively. The background colors
represent the value of the von Neumann entropy for long-
time steady states with sub-system size L = 8 averaged over
di↵erent (up to 900) random realizations.

of message to the recently proposed theoretical scenario
[36, 38, 39], from the microscopic view on non-integrable
quantum lattice model.

II. MODEL AND METHOD

In the present work, we consider a quench dynamics of
the von Neumann entropy on an one-dimensional Bose-
Hubbard model [48] as the post-quench Hamiltonian

H = �J0

X

i

(b†i bi+1 + b
†
i+1bi) +

U

2

X

i

ni(ni � 1) (1)

where b
†
i , bi, and ni = b

†
i bi are the boson creation, an-

nihilation, and particle number operators on site i re-
spectively. The model has a critical point Uc/J0 ⇠ 3.3
[49–58], which separates a superfluid phase in U < Uc

from a Mott insulator phase in U > Uc. Our setup for
the unitary time evolution background is a quench dy-
namics from the Mott phase into the superfluid phase.
Without losing the generality, in our simulation we set
J0 = 1 and U = 0.14, and the initial state is chosen to be
a trivial product state with occupation number on each
site ni = 1. The maximum number of bosons per site is
set to be 5.
The quench dynamics is simulated using MPS and

TEBD performing in TeNPy package [59], and a net-
work diagrammatic representation is shown in Fig. 1(a).
The unitary time evolution background is built by several
layers of the matrix product operator (MPO), describ-
ing the time evolution operator. By performing TEBD,
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of n-point functions in finite-size systems depends sensi-
tively on the underlying topology [26, 27]. We illustrate
how to use this property to extract a “surface” order
parameter exponent �s. To measure the “bulk” order
parameter exponent � [28], finite size e↵ects are reduced
by measuring the two-point function, which we identify
with the mutual information between two initially locally
entangled reference qubits. All the bulk and surface criti-
cal exponents we have extracted for the stabilizer circuit
models are close to those of 2D percolation within our
achievable precision.

Order parameter measurement.—Combined unitary-
projective measurement dynamics in its simplest form
refers to the open system dynamics described by the fam-
ily of quantum channels

Nt(⇢) =
X

~m

K~m⇢K
†
~m ⌦ |~mih~m|, (1)

K~m = UtP
mt
t · · · U1P

m1
1 , (2)

where ⇢ is the density matrix of the system, Un are uni-
tary operators, Pmn

n is a sequences of projectors that
satisfy P 0

n +P 1
n = I, and ~m indexes the measurement out-

comes. Such channels describe a system that is coupled
to the environment only through ancilla qubits, which
also act as a register to record the quantum trajecto-
ries of the system [29]. These models are convenient to
study because the classical entropy production can be
localized in the ancilla qubits, which allows one to un-
ravel the dynamics by making projective measurements
of the ancillae. We note that a more general definition
of MIC has been put forward in our recent work that
applies to arbitrary quantum channels [18]. We con-
sider an equivalent formulation of the model shown in
Fig. 1(a), where the initial density matrix of the system
Q ⇢Q =

P
k �k|kihk| is purified by adding a reference sys-

tem R: | RQi =
P

k

p
�k|kRi ⌦ |ki. In each layer of the

circuit, we apply spatially local unitaries, followed by a
round of single-site measurements of each site with prob-
ability p. For rather generic choices of unitaries, MIC
arises in such models by tuning the measurement rate p
to a critical value pc.

Previously we showed that one could identify the phase
transition by studying the purification dynamics of the
maximally mixed state [18]; however, the entropy of this
mixed state has a similar interpretation to entanglement
as a domain wall free-energy cost [20]. Here, we instead
consider the case where the reference system consists of
only a single qubit. We can extend the channel to a
unitary operation by including an environment Nt(⇢Q) =

TrE [UQME⇢QMEU †
QME ], where M refers to the ancilla

system. The total state of the reference, system, ancillae,
and environment | RQMEi evolves under UQME to

| RQMEi =
X

k~m

r
pk~m

2
|kRi ⌦ | k~mi ⌦ |~mi ⌦ |~mi, (3)
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FIG. 1. (a) Unitary-projective measurement dynamics in 1+1
dimensions with additional reference probes. The reference
qubits are used to measure few-point order parameter corre-
lations. (b) Finite-size scaling of the entanglement transition
in a stabilizer circuit model using the circuit-averaged SQ as
an order parameter (see text). Each two-site unitary is drawn
uniformly from the Cli↵ord group and Z-measurements are
made at each site with probability p. The crossing point
lets us locate pc = 0.1590(5) and (inset) a collapse of the
data occurs for ⌫ = 1.30(5) consistent with previous estimates
[15, 18]. We took 4 · 104 (4 · 103) random circuit realizations
in main panel (inset).

where
p

pk~m| k~mi = K~m|ki, and pk~m is the probability
of measurement record ~m conditioned on Q starting in
state |ki. The reduced density matrix for the reference
qubit and the environment is

⇢RE =
X

~m

⇢R~m|~mih~m|, (4)

⇢R~m =

✓
p̃0~m

p
p̃0~mp̃1~mO~mp

p̃0~mp̃1~mO⇤
~m p̃1~m

◆
, (5)

where p~m =
P

k pk~m, p̃k~m = pk~m/p~m, and O~m =
h 0~m| 1~mi is the overlap between the two possible states
of the system. We introduce “quantum” and “classical”
order parameters based on this reduced density matrix.
We define the quantum order parameter as the coherent
quantum information of this input state [4], which, for
the channels in Eq. (1), reduces to the entropy of the
reference qubit averaged over measurements [17, 18]

SQ = S(⇢R) � I(R : E) =
X

~m

p~mS(⇢R~m), (6)

where S(⇢) = � Tr[⇢ log ⇢] is the von Neumann entropy
and I(R : E) = S(⇢R) + S(⇢E) � S(⇢RE) is the mu-
tual information between the reference system and the
environment. SQ measures the ability of the system to
reliably store one bit of quantum information during the
dynamics [4, 30]. In the ordered phase, the environment
gains little information about the state of the reference
and SQ can stay finite. In contrast, in the disordered
phase, the environment quickly learns about the state of
the reference and SQ decays to zero.

To define the classical order parameter SC , we set the
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From the formula for entanglement entropy Eq. (10),
we see that for a region A with 1 ⌧ |A| ⌧ L,

SA =
1

2

Z

x2A

Z

y2A
[✓(y � x)DG(x, y)⇥ L+ (x $ y)]

=
1

2

Z

x2A

Z

y2A
[✓(y � x)DG(y � x) + (x $ y)] .(18)

Combined with Eq. (16) and (17), we have

SA ⇠

8
><

>:

↵(p) ln |A|+ s(p)|A|, p < pc
↵(p) ln |A|, p = pc
↵(p) ln ⇠. p > pc

(19)

This scaling behavior is consistent with our findings in
Fig. 4. When p < pc, the two parts of the distribution
contribute to the two terms separately: the volume law
entanglement comes from the peak at ` ⇡ L/2, while the
logarithmic correction comes from the power law distri-
bution of the “shorter” stabilizers, which gets exposed at
the critical point.

From the stabilizer length distribution, the existence
of a phase transition is rather obvious. The transition is
accompanied by the vanishing of s(p) as we approach pc
from below, and by the divergence of ⇠ as we approach
pc from above.

IV. CRITICAL BEHAVIOR

A. Finite size scaling of entanglement entropy

As seen from Eq. (19), the inverse-square power law
form of the stabilizer length distribution at p = pc im-
plies that the entanglement entropy right at the critical
point should vary logarithmically with sub-system size.
In Fig. 6(a) we plot SA(p; |A|, L) with fixed values of L
at pc, and see that it indeed has the desired scaling form.
The coe�cient of the logarithmic function matches well
to that of the inverse square power law, ↵(pc), as ex-
pected.

To further probe the entanglement transition, we con-
sider a finite size scaling form for SA(p; |A| = aL,L),

SA(p; |A| = aL,L) = ↵(pc) lnL+ F
⇣
(p� pc)L

1/⌫
⌘
.

(20)
In order to match on to Eq. (19) in the thermodynamic
limit, the function F must be proportional to L when
p < pc, and cancel the lnL term when p > pc. Therefore
F (x) has the following asymptotics,

F (x) ⇡

8
><

>:

|x|⌫ , x ! �1

const, x = 0

�↵(pc)⌫ ln |x|. x ! +1

(21)

Therefore, from Eq. (19) we identify s(p) with (pc � p)⌫

for p < pc, and ⇠ with |p � pc|�⌫ having the meaning of
the correlation length.
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FIG. 6. (a) Entanglement entropy at the critical point
fits well to a purely logarithmic function, SA(pc; |A|, L) ⇡
↵(pc) ln |A|, where ↵(pc) = 1.6, plotted for |A| < L/4. (b)
Collapsing the SA(p; |A| = L/2, L) data to the scaling form
in Eq. (22), where we find pc = 0.16 and ⌫ = 1.3.

This scaling form appeared in Refs. [13, 38]. In
Ref. [38] this formula follows if/when the entanglement
entropy can be mapped to the change of the free energy
caused by the insertion of two boundary condition chang-
ing operators in a 2d classical spin model. These two op-
erators are inserted at the boundaries of the subsystem
A and the free energy cost for them can be represented
as the logarithm of the two point correlation function.
Deep within the two phases, the volume law and area
law scalings of the entropy are consistent with the free
energy of a domain wall connecting the two boundaries
of A in the ordered and disordered phases of the classical
spin model, with finite and zero surface tensions, respec-
tively. The logarithmic correction in the volume phase
would be accounted for by the contributions to the free
energy due to capillary wave fluctuations of the interface
in the ordered phase of the spin model [39, 40]. Right
at the critical point the two point correlation function
of the boundary condition changing operator decays as
a power law. Thus, upon taking logarithms, the coe�-
cient ↵(pc) in the entanglement entropy has the meaning
of twice the scaling dimension of the boundary condition
changing operator.

In order to put Eq. (20) into a conventional finite size
scaling form, we will subtract out the critical entropy
to cancel out the lnL term, and fit our entanglement
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FIG. 9. (a) Data collapse for the mutual information, IA,B ,
at pc as a function of the cross ratio ⌘, on a log-log scale.
The red line corresponds to ⌘2.1. (b) Fitting IA,B at pc to
Eq. (29), where we vary |A| = |B| but keep rA,B = L/2 fixed.
The red line shows the function (|A|/L)4.

We emphasize that the average squared correlation
function is only obtained by examining the quantum tra-
jectories one by one, and cannot be written as the expec-
tation value of any operator,

hOAOBi
2
c 6= Tr (⇢OA[B) . (26)

Indeed, since ⇢ is the infinite temperature density matrix
for arbitrary p > 0, it does not contain any information
about the entanglement phase transition [13, 14].

C. Emergent conformal symmetry at criticality

In 1d equilibrium quantum critical systems, the entan-
glement entropy and mutual information of the ground
state show universal scaling behaviors, as predicted by
conformal field theories (CFT) [42]. The logarithmic
scaling of the entanglement entropy and the diverging
correlation length suggest that our non-unitary entan-
glement transition might likewise be described by some
appropriate conformal field theory [13, 38].

To check for such possible underlying conformal sym-
metry, we compute the mutual information between two
disjoint intervals, whose size and locations can be var-
ied. Let A = [x1, x2], B = [x3, x4], C = [x2, x3],

D = [x4, x1] be a partition of the system. In a con-
ventional conformal field theory the mutual informa-
tion between A and B is related to a 4-point correla-
tion function of boundary condition changing operators,
IA,B = F (h�(x1)�(x2)�(x3)�(x4)i). As a direct conse-
quence of the conformal symmetry, it is a function only
of the cross ratio [43], i.e.,

IA,B = f(⌘), where ⌘ ⌘
x12x34

x13x24
, (27)

where xij is taken as the chord distance, xij =
L
⇡ sin

�
⇡
L |xi � xj |

�
because of the periodic boundary con-

dition.
We numerically compute the mutual information for a

sequence of choices for the partition such that the cross
ratio takes value across several orders of magnitude. In
Fig. 9(a), we plot the mutual information versus the cross
ratio at the critical point. We find that the data points
lie on a single curve, confirming the prediction of CFT.
In the limit ⌘ ⌧ 1, we find IA,B / ⌘�, where � ⇡ 2.
One interesting regime is when A and B are distant

sites, |A| = |B| = 1 ⌧ rA,B ⌧ L. Here ⌘ / r�2
A,B , so

that,

IA,B / r�2�
A,B . (28)

Since the left and right boundaries of A (or B) are close,
one can apply the operator product expansion (OPE) to
simplify the 4-point correlation function, and the mutual
information can now be viewed as the sum of 2-point cor-
relation functions between operators that appear in the
OPE. The dominant term comes from the operator with
lowest scaling dimension, which can now be identified
with � in the putative underlying CFT.
We can also consider another regime where ⌘ ⌧ 1. Let

|A| = |B| = aL, with a ⌧ 1 and rA,B = L/2, so that
⌘ / a2. We thus have,

IA,B / ⌘� / a2� =

✓
|A|

L

◆2�

, (29)

as verified in Fig. 9(b) with � = 2, and confirming the
result in Fig. 7 where the height of the peak saturates
to a constant with increasing L. This setup will prove
useful in extracting � in other models.
To summarize, the numerical results strongly support

an emergent conformal symmetry at the critical point,
and open up the possibility of an underlying CFT de-
scription.

V. CIRCUITS WITH SYMMETRY

In previous sections we have been focusing on stochas-
tic circuit models which have three types of randomness
present: (i) spatial and temporal randomness in the uni-
tary gates, (ii) spatial and temporal randomness in the
positions of the measurements, and (iii) stochasticity in
the measurement outcomes. Due to (i) and (ii) these

• Second order transition in all 
Renyi entropies
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• Critical exponents (universality!) 
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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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where Sn,A depends on the choice of entanglement region
A and is defined as
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on the replicated on-site Hilbert space, i.e. on its n-fold
tensor product [63]. Here, as indicated in the equation

above, gx is the cyclic (identity) permutation when x is
in the region A (when x is in the region Ā). We are in-
terested in the averaged nth Rényi entropy S̄n,A of the
final state after the random quantum circuit evolution:
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where we have introduced a second replica index m
to resolve the ensemble average of the logarithm using
log x = limm!0(xm

� 1)/m and Tr(X⌦m) = (TrX)m.
This replica trick was introduced in Ref. 1 in the context
of random tensor networks, and in Ref. 38 for random
unitary circuits. In this double replica scheme, the to-
tal number of replica is Q = nm + 1, and the replica
limit m ! 0 corresponds to Q ! 1. As can be seen
from Eq. (6), the additional replica apart from nm origi-
nated from the probability Tr(C| ih |C†) of obtaining
a measurement outcome. As a side comment, if we
re-weight this probability by a power q, i.e. replacing
Tr(C| ih |C†) ! Tr(C| ih |C†)q, we could also real-
ize other replica limits Q = mn+ q ! q as m ! 0.

To evaluate Eq. (6), we will need to calculate the en-
semble average EC C⌦Q

⌦C†⌦Q of the tensor product of
Q copies of the random quantum circuit C and Q copies
of its conjugate C†. In the next section, we will show
that the calculation of the average EC C⌦Q

⌦ C†⌦Q can
be mapped onto a statistical mechanics model in 2+0
dimensions. By imposing di↵erent boundary conditions
corresponding to fixing permutations at the boundary
[following Eq. (4)] to S

⌦m
n,A or 1, the statistical mechan-

ics model results in di↵erent partition functions
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,
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from which the averaged nth Rényi entropy S̄n,A can be
obtained in the replica limit via

S̄n,A =
n

1� n
lim
Q!1

ZA � Z;

Q� 1
. (8)

Using the fact that ZA = Z; = 1 in the replica limit

m ! 0 (Q ! 1), this can be rewritten in a more in-
tuitive form as the free energy cost of the domain-wall
associated with changing the boundary condition in the
entanglement region:

S̄n,A = lim
m!0

FA � F;

m(n� 1)
= lim

m!0

log(ZA/Z;)

m(1� n)
, (9)

with FA = � logZA and F; = � logZ;. Also, from the
statistical-mechanics-model perspective, we will see that
the choice of the initial state | i is not essential when
the depth, namely the number of discrete time steps, of
the random quantum circuit becomes large.

III. STATISTICAL MECHANICS MODEL

Let us derive the statistical mechanics model for
generic replica number Q first, before taking the replica
limit Q ! 1. The evaluation of the expectation value
EC C⌦Q

⌦ C†⌦Q boils down to the ensemble average of
the unitary gates and the generalized measurements in
the circuit. Let U be a two-site Haar-random unitary
gate. The average of the tensor product of Q identical
copies of U and U† under the Haar measure is given by
(using standard graphical notations [52]):
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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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zero. Note that although we first focus on random tensor
networks with uniform bond dimension for simplicity, we
will ultimately consider random bond dimensions since
Dc will generically be non-integer, and disorder will be
needed to access generic values of the mean bond dimen-
sion and tune the system to the critical point.

A. General features of the critical point

For simplicity, we will focus on the properties a random
PEPS defined on a 2d square lattice G — we will consider
the case of random lattices below in Section V. To sum-
marize the results of the sections above, we can compute

the disorder-averaged Renyi entropies Sn = 1
1�n

log
tr⇢n

A
(tr⇢)n

for random tensor networks with bond dimension D using
the usual replica trick as a di↵erence of free energies

S(n)
A

= lim
m!0

1

m(n � 1)
(FA � F0) . (18)

Here, we have introduced the free energies F = � log Z
with Z0 = (tr⇢n)m and ZA = (tr⇢n

A
)m, and we have used

the fact that Z0 = ZA = 1 in the replica limit m ! 0 to
introduce the extra logarithms required to convert powers
of Z to free energies. As we have argued above, these
traces can be interpreted as actual partition functions
of a statistical mechanics model defined on the graph
G with spins gv 2 SQ=nm. The partition function Z0

has a boundary field that favors the trivial permutation,
while ZA has a boundary field favoring gSWAP on the
entanglement interval A. In the high temperature (low
bond dimension) limit, the energy cost FA � F0 of this
domain wall vanishes so that the Renyi entropies satisfy
an area law Sn ⇠ cst, while a high temperature expansion

simply gives ZA ⇠ Z0D
m(1�n)LA
p where LA is the size

of the interval A, implying a volume law scaling Sn =
(log Dp)LA deep in the ordered (De ! 1) phase. (Recall
that Dp is the dimension of the physical Hilbert space.)
We expect a critical point separating these two phases
for a critical coupling Jc(nm) (with J = log De), and our
goal is to keep track of the universal properties of this
transition as m ! 0.

A simple point of our model is given by Q = nm = 2
which corresponds to the two-dimension Ising model. In
general, assuming that the transition is of second order, it
should be described a by Conformal Field Theory (CFT).
Since in the replica limit m ! 0, the partition functions
become unity Z0 = ZA = 1, we know that the central
charge of the CFT in that limit is c = 0. (This is because
c measures the way the free energy changes when a finite
scale is introduced: since here the partition function is
trivial on any finite size system, this immediately implies
that c = 0.) Since the only unitary CFT with c = 0 is
the trivial theory with a single identify operator, we know
that the CFT we are after is in a class of non-unitary Log-
arithmic CFTs (LCFT), where the non-unitarity leads to
the appearance of the logarithmic correlations even at the

critical point – we will come back to this point below. Im-
portantly, since the bulk properties of the transition only
depend on the product Q = nm ! 0, the bulk critical
exponents are the same for all Renyi entropies (includ-
ing the correlation length exponent ⌫Q ! ⌫ as Q ! 0).
This is in sharp contrast with the construction of Hayden
et al. deep in the ordered phase, where di↵erent Renyi
entropies correspond to distinct classical spin models.

To analyze the scaling of the entanglement entropy
at the critical point, we note that the ratio of partition
functions ZA/Z0 that appears in the free energy di↵er-
ence FA � F0 = � log ZA

Z0
, corresponds in the CFT lan-

guage as the two-point function of boundary condition
changing (BCC) operators. Note that strictly speaking,
the boundary fields break conformal invariance but on
large distances we expect these fields to flow to infin-
ity, corresponding to conformally invariant fixed bound-
ary conditions where the spins are pinned to the iden-
tity perturbation or to gSWAP. Introducing the operator
�BCC that implement this change of boundary condition,
ZA/Z0 = h�BCC(LA)�BCC(0)i where the operators are
inserted a the boundary of the entanglement interval A.
In general, there are non-universal extensive terms cor-
responding to the di↵erence of boundary free energies
associated with the di↵erent boundary conditions, but
this di↵erence vanishes by symmetry in our case since
our tow boundary conditions where the spins are fixed
to di↵erent values are related by symmetry. As an in-
structive example, let us briefly discuss the Ising model
case Q = nm = 2 (say, m = 1 and n = 2): then ZA/Z0

can be mapped by duality to the spin-spin correlation
function in the dual model. In the ordered phase, the
spin-spin correlation function in the dual model is disor-
dered and decays exponentially, leading to a volume-law
contribution to the entanglement, whereas in the disor-
dered phase, the dual model has long-range order so the
spin-spin correlation function remains constant leading
to area law entanglement. This can of course be inter-
preted in terms of domain wall free energy cost. The
corresponding BCC operator that implements a change
between boundary conditions where the spins are pinned
down to opposite directions has scaling dimension � = 1

2 .
Going back to the replica limit, we find that the Renyi
entropies scale as

S(n)
A

=
2

n � 1

@�

@m

����
m=0

log LA + cst, (19)

where �(n, m) is the dimension of the boundary con-
dition changing operator (BCC) associated with the
boundary field in the entanglement interval A in the
CFT describing the critical point. Note that because
the change in boundary conditions becomes trivial for
m = 0 and/or n = 1, we expect �(n, m) to vanish in
these limits, making (19) well defined.

Away from the critical point, the two point
function of the BCC operators should scale as

Cn,m/L2�(n,m)
A

fn,m(LA/⇠nm), leading to the following
scaling form for the Renyi entropies by using the replica

Entanglement ~ Free energy cost of domain wall

FA � F0 ⇠ LA FA � F0 ⇠ cst
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The vanishing D̄
(2)
Q implies that the density matrix of

system qudits evolves to an identical steady state regard-
less of its initial state. The steady state is indeed maxi-
mally mixed, which can be shown by considering one of
the initial states being the maximally mixed state: the
bottom boundary condition is modified in a nonperturba-
tive way, but our argument above still holds. Therefore,

D̄
(n)
Q (n � 2) and D̄Q decay to zero as T ! 1. From the

information theoretical perspective, the system loses the
quantum information of its initial state. Since the sys-
tem and ancilla qudits combined undergo a closed unitary
time evolution, one can conclude that the full quantum
information about the initial state is recoverable from the
ancilla qudits [46]. Finally, we note that the spin model
descriptions of DQ and D̄Q are identical up to the ex-
change of C(n) and I(n) in boundary conditions. As a
result, the saturation of DQ and the decay of D̄Q occur
exactly on the same timescale T

⇤.

VII. DISCUSSION AND OUTLOOK

A. Relation to purification phase transition

Recently, Ref. [13] has pointed out that the entan-
glement phase transition occurs concurrently with the
change in the purification dynamics of an initially mixed
state. More specifically, Ref. [13] considers the entropy
of an initially maximally mixed state undergoing a RUC
with projective measurements: when p > pc the quan-
tum trajectories of the system density matrix rapidly
approach pure states, while for p < pc the system re-
mains in a mixed state with a finite entropy density for
an exponentially long time in its system size. Based on
numerical simulations of 1D qubit chains evolved under
Cli↵ord gates and projective measurements, it has been
observed that the critical measurement probability of the
purification phase transition equals that of the entangle-
ment phase transition with high accuracy [13].

Using our mapping to a series of spin models, we can
show that the purification phase transition is indeed iden-
tical to the entanglement phase transition for Haar ran-
dom unitary circuits with projective or weak measure-
ments. As a measure of the purity, we consider the von
Neuman entropy of the full system. To this end, we
consider the series of generalized conditional entropies

S̃
(n)
mix(A|M), with A now identified with the entire sys-

tem and the subscript ‘mix’ indicates that the initial
state is maximally mixed. As before, the special fea-

tures of S̃
(n)
mix(A|M) are enacted through bottom and

top boundary conditions. For the spins in the bottom
layer, contraction with the maximally mixed initial state
⇢

⌦n
max = ( 1

qn I(n))⌦N can be accounted by introducing ad-

ditional spins at t = 0 with fixed value �x,0 = I(n) (iden-
tity permutation). In this case, since the subsystem A

covers the entire system (we are calculating the entropy
of the whole system), the top boundary conditions are
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<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

�<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit>�<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit> �<latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AW4JjJs=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit> +

<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
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+
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+
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+
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+
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+
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+
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FIG. 11. The di↵erent signatures of the entanglement phase
transition as they manifest in the classical spin model descrip-
tions. For simplicity, we present the descriptions in terms of
the Ising spin model with n = 2. Left and right columns
correspond to the ferromagnetic (volume-law) and paramag-
netic (area-law) phases. (a) and (b) Average entanglement
entropy of a subsystem A is related to the excess free energy
of a domain wall (red solid line) terminating at the edges of
A on the top boundary. (c) and (d) Fisher information is re-
lated to the average magnetization density at the bottom (red
dotted box), via Eq. (57), when the top boundary is fixed at
�x,T+1 = +1. (e) and (f) Purification of a mixed state evo-
lution (or equivalently the average entropy of the system in
steady states) is related to the excess free energy of a domain
wall running across the entire system (red solid line).

also homogenous. Similar to the discussion in Sec. IV C,
the conditional entropy now corresponds to the di↵erence
between a configuration with all top spins fixed to C(n)

(cyclic permutation) and one with all of them in the I(n)

(identity permutation), while the bottom boundary con-
dition is uniformly I(n). In the paramagnetic (area-law)
phase, such free energy cost is of order unity independent
of the system size. This implies a purified phase. In the
ferromagnetic (volume-law) phase, the excess free energy
of a domain wall traversing the the entire system scales
as ⇠ N . This corresponds to the mixed phase with total
entropy proportional to volume. The spin model descrip-
tions of the subsystem entanglement entropy, the Fisher
information, and the steady state entropy for a mixed
initial state are summarized in Fig. 11 for n = 2.
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Consequences for scaling 

• Entanglement transition —> simple ordering transition in 2D 

• Naturally explains scaling properties near criticality: 

two-point function of a “boundary condition changing operator”

Sn =
2

n� 1

@�

@m
logLA + fn

✓
LA

⇠

◆
+ . . .

logarithmic critical behavior

FA � F0 = � logh�BCC(LA)�BCC(0)i

• Mutual-information = 4-point function. Explains conformal invariance at 
criticality



Large on-site Hilbert space: Percolation 

Figure 1.2: Two-dimensional percolation configuration on the square lattice. Bonds are
occupied with probability p, and at the critical point p = pc =

1
2 , the scaling properties

of percolation clusters are described by a c = 0 (L)CFT.

Giving a weight n = 2 cos � to a loop on the honeycomb lattice can for example
be done by orienting the loops, and giving an elementary complex weight e±i�/6 to
each left/right turn. Summing over both loop orientations thus give loop a fugacity
2 cos (6 ⇥ �/6) = n as requested, since the number of left and right turns in a closed
loop can only di↵er by 6. One therefore recovers locality at the price of giving up the
natural probabilistic interpretation of the models. From the 2D CFT perspective, the
scaling properties of percolation and SAWs can be described by correlation functions
and critical exponents given by a CFT with central charge c = 0. As we shall see
later on, such c = 0 must be non-unitary, and actually logarithmic, in order to be non-
trivial. The only unitary CFT with c = 0 indeed has a unique observable, the identity
operator with scaling dimension � = 0 [6]. It is also worth mentioning that even the
Ising model can be considered as a LCFT, provided that one includes (apparently)
non-local observables in the theory, such as fields measuring the probability that two
spins belong to the same spin cluster for example. In that sense, logarithmic CFTs can
actually be thought of as extensions of the minimal models outside the minimal Kac
table, thus including more operators in the theory.

A few important remarks should be emphasized at this point.
• In the case of percolation or SAWs, the logarithmic nature of the LCFTs did not
refrain physicists from using conformal invariance to compute interesting phys-
ical quantities such as critical exponents [23, 24] and crossing probabilities [25].
However, the full CFT description of such geometrical problems remains sadly
unknown [26], as are almost all bulk correlation functions.

• Although we have insisted on the fact that one of the main aspects of a LCFT
is non-unitarity, there exist some very simple non-unitary CFTs which can be
tackled quite easily. Minimal models can indeed be extended to non-unitary
theories, a well-known example being the Yang-Lee singularity CFT M(2, 5) with

4

Z0 =
X
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Y
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�
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�
Especially simple for infinite on-site Hilbert space:

-state Potts modelQ!

8

While Ref. 41 thus anticipated, based on these previ-
ous works, a connection of the projective measurement
problem with percolation in the d ! 1 limit, there are
universal quantities that go beyond this minimal cut pic-
ture and which can only be captured using a detailed
analysis that relies on our replica trick formulation, as
well as on detailed properties of the CFT describing the
percolation critical point. In particular, we will show be-
low that the d = 1 limit requires a detailed knowledge
of the CFT of 2D percolation, including very recent re-
sults [58], rather than merely a geometric “optimization
problem” as in Ref. 41 for S0.

To illustrate this point, we now provide an exact cal-
culation of the universal prefactor of the logarithm in
Eq. (26) in the limit d ! 1. To do so, we need to iden-
tify the proper BCC operator in the Q!-state Potts CFT.
This is actually a subtle point: Naively, this would ap-
pear to be the BCC operator which changes the boundary
condition that is fixed to the identity permutation group
element, to the boundary condition that is fixed to the
“SWAP” group element [2nd line of Eq. (18)] of the Q!-
state Potts model in the percolation limit Q ! 1. It
is well known that this BCC operator has finite scaling
dimension = 1/3 in that limit [53, 59, 60]. This would
imply an infinite limit m ! 0 for all Rényi entropies in
Eq. (9) using a powerlaw in Eq. (25) with a finite decay
exponent = 2⇥ 1/3 in that limit.

This issue with this naive approach arises because the
limit d ! 1 was taken implicitly before the replica limit
Q ! 1. To remedy this, the key idea is to “soften” the
Boltzmann weights of the statistical mechanics model
in the vicinity of the boundary in a small “boundary
layer” and replace them by those at a finite value of
1/d. The bulk Boltzmann weights remain at 1/d = 0,
i.e. they are those of the Potts model. Since the Boltz-
mann weights of the boundary layer still favor “ferro-
magnetic” alignment of the SQ-valued ‘spins’, the pres-
ence of the boundary layer does not modify the bias for
boundary ‘spins’ to align to the SWAP and the identity
group elements, respectively, along segments A and Ā of
the boundary. The e↵ect of the boundary layer is that
the ‘sharp’ domain wall where the group element along
the boundary switches directly from identity to SWAP,
splits [65] into a sequence of m(n � 1) consecutive “el-
ementary” domain walls, each characterized by a single
transposition having just one cycle of length two since do-
main walls with a single transposition are energetically
favored by the finite-1/d correction in the energy func-
tion Eq. (24). Using eq. Eq. (24), it is straightforward to
see that the energy cost of an elementary domain wall
is �Eelementary = log p�1

�
1�p
p d�1 + O(d�2), which is

lower than the energy cost of the domain wall separating
the identity permutation from SWAP, which has energy
�ESWAP = log p�1 + O(d�2). Note also that the total
energy cost of an extended segment of the boundary sep-
arating uniform boundary conditions fixed to the identity
on one side from uniform boundary conditions fixed to
SWAP on the other of this segment, which consists of a

sequence of m(n � 1) consecutive domain walls (whose
group theory product must be equal to the SWAP group
element), is also less than the cost of a ‘sharp’ SWAP
domain wall located on a single boundary link, since
m(n � 1)�Eelementary ⌧ �ESWAP in the replica limit
m ! 0. Moreover, since the energy cost �Eelementary of
a single transposition domain wall on a given boundary
link is lower than that of a domain wall on the same link
characterized by any other non-identity permutation [us-
ing Eq. (24)], the sharp SWAP domain wall localized at
a single boundary link will split into m(n � 1) elemen-
tary domains walls, each localized on one of the m(n�1)
boundary links.

While the so-defined (n�1)m elementary domain walls
in the 2D Potts model can branch and touch each other,
they are well-known and well-defined objects in the 2D
Potts model, called ‘thin’ domain walls, whose proper-
ties have recently been studied in great detail [58]. In
our context the corresponding ‘split’ BCC operator in-
serts ` = m(n � 1) ‘thin’ domain walls in the Potts the-
ory. Using the results of Ref. 58, we find that the rel-
evant BCC operator is �BCC = �2`�1,4`�1, using stan-
dard CFT notations [55] [66]. Now, the Q!-state Potts
model is described by a CFT [57, 61] with central charge
c = 1 �

6
x(x+1) and x = ⇡

arccos
p

Q!
2

� 1. The scaling

dimension of the boundary operator �r,s is then hr,s =
((x+1)r�sx)2�1

4x(x+1) . The critical exponent h2`�1,4`�1 vanishes

as ` = m(n � 1) ! 0 in the replica limit m ! 0, as it
should, and yields limm!0 h2`�1,4`�1/(n�1)m = 1/6. In
the replica limit, Eq. (26) therefore yields (for periodic
spatial boundary conditions)

S̄n,A =
1

3
logLA + . . . , (28)

for all nth Rényi entropies n � 1 at criticality in the
limit d ! 1. We remark that our replica statistical me-
chanics model only describes Rényi entropies with index
n � 1, as quantities such as the domain wall free energy
all change sign at n = 1. While, as already mentioned
above, Ref. 41 anticipated, based on previous works, a
connection of the projective measurement problem with
percolation in the d ! 1 limit, we emphasize that the
universal prefactor in eq. (28) goes beyond the geometric
‘minimal cut’ path optimization picture found in Ref. 41
to describe the zeroth Rényi entropy, and indicates a dif-
ferent behavior of the Rényi entropies n � 1. We also
note that the universal prefactor in (28) is not purely
a property of the 2D percolation CFT, as it depends on
how this CFT is approached in the replica limit m ! 0—
see (26).

We end by commenting that the same expression for
the universal coe�cient of the logarithm of subsystem
size can be obtained in the Random Tensor Network
model of Ref. 1, when fine-tuned to the percolation criti-
cal point.

Replica limit:  

bond percolation

Q ! 1

⇠ ⇠ |p� pc|�4/3



Finite d universality class? 

• Field Theory: L =
Q!X

a=1

1

2
(@�a)

2 +
m2

2

X

a

�2
a + g

X

a

�3
a +

X

a,b2SQ

W (a�1b)�a�b

WithQ ! 1

SQ! ! SQ ⇥ SQ

Infinite Hilbert space limit has accidental enlarged symmetry:

CFT = IR fixed point of percolation + relevant perturbation

Percolation
Finite Hilbert space  

transition
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“Mean-field limit”: tree tensor networks 
3

only O(1) energy, but it is easy to show39 that averaging
over all possible entanglement cuts leads to logarithmic
scaling.) This implies that the ordering transition of (3)
at a critical coupling Jc = logDc corresponds to an area-
to logarithmic scaling of the Renyi entropies of the ran-
dom tree tensor networks. In order to analyze the crit-
ical properties of this entanglement transition, we need
to study the critical behavior of (3) in the replica limit
Q = nm ! 0.

Q = 2 replicas and cavity method — In order to gain
some insight into the scaling of the entanglement entropy,
we start by analyzing the simpler case of Q = 2 replicas.
We will discuss the replica limit Q ! 0 below, and as we
will see, the mean-field nature of the statistical mechan-
ics model on the Cayley tree will make critical properties
almost independent from Q. For Q = 2, eq. (3) is simply
an Ising model. If we let gi = ±1 be the two elements of
S2

⇠= Z2, (3) reads H = �
P

hi,ji Jhi,ji(3+ gigj)/2, which
up to an irrelevant additive constant, is an Ising model
with coupling K = J/2 = (logD)/2. To proceed, we use
the so-called Cavity Method/Belief-Propagation Algo-
rithm33,40,41 which is a standard approach for solving sta-
tistical mechanics problems on tree-like graphs. We start
from an Ising model with couplingK, and generic bound-
ary fields hi acting on the boundary sites of the Cay-
ley tree – we have hi = ±(log d)/2 in ZA depending on
whether i 2 A or not, while all fields are positive in Z0. It
is straightforward to show that all boundary spins can be
decimated, at the price of introducing new e↵ective fields
acting on the next layer of the tree, which now forms the
new boundary. This process can then be iterated, and the
resulting recursion (“cavity”) equations are then given

by
⇥P

�i=±1 exp(K�i�j + h
(k+1)

�i)
⇤q�1

= C exp(h(k)
�j),

for some constant C. Here we have assumed that we are
working with Z0 for simplicity so that the boundary fields
are uniform, but this approach can be readily extended
to arbitrary inhomogeneous boundary fields39. Solving
this equation, we find the recursive relation for the cav-
ity fields h(k) = (q�1)arctanh(tanhK tanhh(k+1)) where
h
(k) is the boundary field acting on the k

th layer of the
Cayley tree after the k + 1th has been decimated. The
constant C can also be computed as it is needed for the
calculation of the partition function Z0

39. The critical
behavior of this model is easily deduced from these cavity
equations by computing the expectation value of the last
spin at the root of the tree h�0i = tanhh(0). Approach-
ing the transition from the paramagnetic phase, that is
h�0i ⇠ 0, translates into the cavity fields satisfying h(k) ⇠
h
(k+1)(q�1) tanhK. Solving recursively, we find that the

magnetization at the root of the tree decays exponentially
with the number of layers N , h�0i ⇠ exp(�N/⇠) with a
correlation length ⇠ = �1/ log((q � 1) tanhK) that di-
verges at the critical coupling Kc = arctanh(1/(q � 1)),
which is finite for q > 2. Expanding near the critical
point yields ⇠ ⇠ |K � Kc|�⌫ , with ⌫ = 1. Expand-
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FIG. 2. Entanglement scaling. Collapse of the boundary
domain wall free energy cost for Q = 2 replicas, as a proxy
for the entanglement entropy in the replica limit Q ! 0. For
K = (logD)/2 > Kc the domain wall mostly follows a mini-
mal cut through the bulk, so its energy scales logarithmically
with the interval size LA. For K < Kc, the domain wall
fluctuates through the bulk over a number of layers given by
the correlation length, which diverges as ⇠ ⇠ |K � Kc|�⌫

with ⌫ = 1. Inset: at criticality, the entanglement scales as
S ⇠ log logLA.

ing the cavity field equations on the ferromagnetic side,
we obtain h�0i ⇠ h ⇠ (K � Kc)� , with � = 1/2. (In
the context of random unitary circuits with measure-
ment, a procedure to access this exponent was proposed
in Ref.18.) Thus we see that while correlations on the
Cayley tree have a one-dimensional character, locally the
Cayley tree is infinite-dimensional, governed by mean-
field exponents.

Entanglement Scaling — The cavity method above
can readily be applied to arbitrary configurations of the
boundary fields, and can be used to evaluate eq. (2)
in the case of Q = 2 replicas, averaged over all posi-
tions of entanglement interval A with fixed length LA.
We denote S(LA) = FA � F0 the averaged free energy
cost of a domain wall for Q = 2, which is a proxy for
the true entanglement entropies in the limit Q ! 0
from eq. (2). By evaluating the entanglement numer-
ically for big trees from the cavity equations we find
that at criticality, S(LA) grows very slowly with LA, as
S(LA) ⇠ ↵ log logLA (Fig. 2). This corresponds to the
domain wall free energy cost scaling as the logarithm of
the number of layers over which the domain wall fluctu-
ates into the tree, which itself scales as logLA since the
number of points at the boundary scales exponentially
with the number of layers. On the paramagnetic side of
the transition (small K = (logD)/2), the Ising model
is disordered after ⇠ layers through the bulk, so we ex-
pect the entanglement to saturate to a constant value
S(LA) ⇠ ↵ log ⇠, corresponding to area law scaling. This
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is consistent with our numerical results39, which indicate
a divergence as S(LA) ⇠ �↵ log(Kc � K) as K ! K

�

c .
The saturation to this area law value occurs for LA � ⇠?

with the crossover scale ⇠? = e⇠ = eC/|K�Kc|. Therefore,
while ⌫ = 1 in the bulk, in terms of the entanglement
scaling the relevant diverging length scale diverges expo-
nentially near the transition, due to the tree geometry.
Finally on the ordered side of the transition (K > Kc),
S(LA) is proportional to the energy cost of the domain
wall which scales as the number of layers through the bulk
⇠ logLA. As expected from general scaling arguments,
the prefactor is set by ⇠, and we find S(LA) ⇠ logLA

⇠ with
sub-leading corrections given by the scaling at the critical
point. Note that this scaling is only valid at large enough
LA, as for small LA it is energetically favorable for the do-
main wall to cut through the ⇠ LA boundary links with
cost S(LA) ⇠ (log d)LA. We thus expect volume-law
scaling for small LA such that (log d)LA ⌧ (logD) logLA

⇠ ,
crossing over to logarithmic scaling for large intervals. In
summary, we have

S ⇠

8
><

>:

logLA

⇠ + ↵ log logLA, K ! K
+
c ,

↵ log logLA, K = Kc,

↵ log ⇠, K ! K
�

c .

(4)

We find that our results are consistent with the entan-
glement scaling at entanglement transitions in quantum
chaotic systems subject to projective measurements or
in wavefunctions given by square random tensor net-
works upon replacing logLA ! LA

8,11,22. This is be-
cause geodesics (minimal cut minimizing the domain wall
energy at large bond dimension) in flat 2D Euclidean
space are given by straight lines, whereas they scale with
the logarithm of the size of region A on the Cayley tree.
These di↵erent regimes can be summarized by the uni-
versal scaling form S�Sc = F ((K�Kc)(logLA)1/⌫) with
⌫ = 1 shown in Fig. 2.

Replica limit — So far our results for the bulk critical
exponent and for the entanglement scaling (4) were in-
ferred from the case of Q = 2 replicas for simplicity. We
now discuss how one can obtain the critical properties
in the replica limit Q ! 0 of eq. (2). It is possible39

to apply the cavity method to the model (3), but the
number of cavity fields is then given by the number of ir-
reducible representations of SQ. As a result, the replica
limit Q ! 0 is still out of reach on the Cayley tree. (This
is not surprising, to our knowledge the replica limit of
eq. (3) is not solvable even in one spatial dimension.)
To proceed, we use the following trick: we modify the
Boltzmann weights of the model eq. (3) while preserving
the SQ ⇥ SQ symmetry of the Hamiltonian (3). This is
justified on the grounds of universality: in fact the only
common feature of the various statistical models under-
lying entanglement transitions in various setups is this
SQ ⇥ SQ symmetry group, so it is very natural to ignore
the microscopic details of eq. (3). Therefore, we intro-

FIG. 3. Numerical results. Left panel: von Neumann en-
tropy for random tree tensor network states of size L = 256
as a function of the subsystem size LA for various values of �,
where � 2 [0, 1] is a parameter tuning continuously the bond
dimension between D = 1 and D = 3 (see text). Right panel:
collapse of the data with �c = 0.47 and ⌫ = 1.

duce a di↵erent statistical mechanics model

Hmodified = �
X

hi,ji

log
�
1 +K�̄(g�1

i gj)
�
, (5)

where �̄(g) = Q�1
Q! �(g) with � the character of the stan-

dard representation of the symmetric group SQ. This
model is still invariant under left/right multiplication by
elements of SQ, and since the standard representation is
faithful and well-defined for any Q, we do not expect this
modified model to have an enlarged symmetry. This is
inspired by the O(N) model H = �J

P
hi,ji

~Si.
~Sj in 2D,

whose critical behavior was understood by Nienhuis42 by
introducing a di↵erent modelHmodified = �

P
hi,ji log(1+

K ~Si.
~Sj) with the same symmetry group.

Remarkably, for uniform boundary conditions g@ =
g0 = () (corresponding to Z0), the modified model (5)
is still solvable on the Cayley tree with coordination
number q = 3 using a single cavity equation for any
Q. The cavity equation reads

P
gi
(1 + h

(k)
�̄(gi))2(1 +

K�̄(g�1
i gj)) = C(1 + h

(k�1)
�̄(gj)). Using standard

representation theory results, we have
P

g �(g) = 0,
P

g �(g)
2 = Q! and

P
gi
�(gi)2�(g

�1
i gj) = Q!

Q�1�(gj)

where the last identity is valid for any Q 6= 2. (Note
that the case Q = 2 studied above is somewhat special
as its symmetry group Z2 is Abelian, compared to the
general case SQ ⇥ SQ.) Using these results, we find the
following recursion relation for the boundary cavity fields

h
(k�1) =

K

Q!

2h(k) + (h(k))2Q�1
Q!

1 + (h(k))2
⇣

Q�1
Q!

⌘2 . (6)

We can now analytically continue Q in this equation,
and study the critical behavior as a function of Q. We
analyzed the fixed points of this recursion relation and
their stability as a function of Q. For Q > 1, we find first
order transitions (with Q = 2 being special), while for
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Replica limit analytically tractable 

exact mean-field-like exponents

Though story seems more complicated: Nahum, Roy, Skinner & Ruhman ‘20



Conclusion

�

�

�

�

• New class of “entanglement transitions”  

• Exact mapping onto classical stat mech model 

• Analytic handle on field theory description of such entanglement 
transitions (c=0 LCFTs are nasty…) 

• Classification? Universality class?  Experiments? 
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