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Quantum supremacy

e Constant-depth circuit [Terhal and DiVincenzo 2004]
e Boson Sampling [Aaronson and Arkhipov 2011]
e |QP circuit [Bremner, Jozsa, Shepherd 2011]

e Random quantum circuit [Bouland, Fefferman, Nirkhe,
Vazirani, Nature Physics, 2019] [Movassagh 2019]
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Hardness of sampling of outputs of
random quantum circuits

* Google IC& D 53qubit @ 2 RTDZ > X LEFEIEZ “E1TT
PEFIAVEa—ZPHEREINE

o SVALEFERIROHADOY VTV IHAHHIVE21—&IC
EOoTH#HLVWHEETH S C E 2RISR LTIV,

e JF1=%21) TR LEFOIROHNIERDEEFTE IS #P-hard,
[Bouland, Fefferman, Nirkhe, Vazirani, Nature Physics, 2019]

o f— I‘gﬁ m DS A LEFEEROHIEROINENRE
2-9m) DFHEIF #P-hard, [Movassagh 2019]
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Theorem ([Kondo, Mori, and Movassagh 2021])

HEIT—FEMDT7—FTA4I0Fv ADEEL. 7T—FTa00F ¥
ALDS VA LBBFEBDOSED 1 - 0(1/m) DEIEDHDIZDL
THARIERE 2 Q(mloem) TEHE T BT LIXBPPRBEDDH LT
#P-hard T®H %,

Bk DFER D [Bouland, Fefferman, Landau, and Liu 2021] IC& > T
WILIC/ESN TS,
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| [Stockmeyer 1985]

SYURLEF @E@@tﬂﬁﬁﬁ$|<omo>|2@ﬁfuu+%

[Movassagh 2019] [This work]
ESFROIEROE ISR | (0]C|0) | DELETE

[Fenner, Green, Homer, and Paruim 1998]

#P B DFHE
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#P-BEEX
Definition (#P-BE#X)

B f: {0,11 > NIZDWTfe #P <L &2 2RIt E At
BAEF: {0,1}* x {0,1}* — {0,1} £ ZERX p HEFEEL T

f(x) = [{y € {0, 1}PD : F(x,y) = 1}|.

Theorem ([Fenner, Green, Homer, and Paruim 1998])
BOfc#PIZDOVWT. HEIHETM TZTERAKEAEIELETF
[E]E& C(x) BMFEIEL T

’<0p<\x|>

C(x) ’0p<\x|>>‘2 _ (1 = 2;)]:88_1)2

SERRDBIE.
C(x) = HEPIXDY(x)HEP(X) ¥ BIFIEL L ST
V(X) := 3 yero,1300 (=1)FOY [y) (y. O
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Theorem

O%5ZB5NEFEE CICDOWLWT|O"CloM |? ZINERRE 2™
THETZ A7/ T3L (lFFEEICAESNT=ERH). £ERD
#P-FIREICDWT FPO 7L A LDEFEET 3o

SERA DI,
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TOIZEIFNIE L L, O
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| [Stockmeyer 1985]

SR LBTF @%wmﬁﬁ$umqmﬁwﬁwﬁ%

[Movassagh 2019] [This work]

BERFEROHAEE | (0/C|0) 2 £IANRE 2™ THE

[Fenner, Green, Homer, and Paruim 1998]

#P FADFHE
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S5YHLBFERCR D55 1—1/0(m) DEERDHDIZONT, H
FIRER | (0|Cr|0) |2 ZIEMRE c THEITZA SV EFE>T. &
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cexp{O(mlogm)} THETZIHET7I I ILZHKTTS
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SERR D 75 &
Definition (T8 D/N—<Y %> k)

ForA e Fg*",
Perm(A) := > [ Aio)-
o i

Theorem ([Lipton 1991])

g>n+28RET S, THRDSIE 1L -, DEIGDHDICDWVT,
Perm(R) B T, THETZT 335, FEDITHAICDOWVT
Perm(A) H'EFRE (n + 1)Ty + O(n(logn)?). BEER 1 — (n + 1)en, THE
TE 3,

Proof.
TP R e Fg M ICDWTHIER fr € Fo[0) EUT DK SICEERT B

fr(0) := Perm(A + 6R).

fr(0) = Perm(A) BFHELTVWBDTH D, T VA LITFIRICDOWVT
A+0RH 0 £0DBEICIFTVRALITHE BB, fR(O)ZOA0IZD
WTn+1RZFET 35 & n XRZBEK fR(O) BEX DD T fRr(0) BE
E O
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T4 —BEEICK DR

SEzx6nfcazZ2)Ues0RLHBaA=21) R2%IEL (HLIF
BIEREE) TORIFIWL

f0)=U,f1) =R L 3REEMfr ZEHR LT\,

O fy(0) = exp{idH}U. BIEREH L >4V T4 5—EBEZEFRT
1592 e ZERICKZHD. =2V ICR 5%\ [Bouland,
Fefferman, Nirkhe, Vazirani, 2019].

@ fu(9) = C(ioH)U. BIEEIZLIC7 5 | [Movassagh 2019].
T4 —BE

1—X
€0 = Ty
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Total variation distance

Lemma ([Movassagh 2019])
For the Cayley path interpolation fy, the total variation distance is
drv(fr(1), fu(1 — A)) = O(A).

Total variation distance between random quantum circuits whose
gates are drawn from fy (1) and fy(1 — A) isO(mA).
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RER D ZIRIMET

TR TIFREZ AT B DICPaturi DFEEZFE > TLV .
[Aaronson, Arkhipov 2011] [Bouland, Fefferman, Nirkhe, Vazirani,
2019] [Movassagh 2019]

Lemma ([Paturi 1992])

Let p(x) be a real polynomial of degree at most d. If |p(x)| < e for
allx e [1 — A, 1+ A, then |p(0)| < eexp{2d(1+ A~ 1)}.

COMREIIHRICKETE %o

Lemma ([Kondo, Mori, and Movassagh 2021])

Let p(x) be a real polynomial of degree at most d. If |p(x)| < e for
allx € [1 — A, 1+ Al, then |p(0)| < eexp{dlog(2A~1)}.

THICHEDREZHEDHB LD TE S,

Lemma ([Kondo, Mori, and Movassagh 2021])
Let p(x) be a real polynomial of degree at most d. If |p(x)| < eforall
xe{l-A+27|j=0,1,...,d},then |p(0)| < eexp{dlog(eA 1)}.
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Lagrange interpolation
For given (X0, Yo), - - -5 (X4, Ya), the Lagrange polynomial p is defined
as
X — Xk
ZVJ H X

j=0 o<k<d %]
k#]

Lemma ([Kondo, Mori, and Movassagh 2021])

Let p(x) be a polynomial of degree at most d. Let A € (0,1).
Assume that [p(x;)| < e for all of the d + 1 equally-spaced points

xj:1—A+2jTAforj:0,1,...,d.Then

exp [d(1+ logA™1)]

0
POl < —

In this context,d = O(m), A = Q(m~¢).
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| [Stockmeyer 1985]
(5> 5 LR T BB R AR 2 e T3]
[Movassagh 2019] [This work]
| RERTEROHAREEANEE > ™ THE |

[Fenner, Green, Homer, and Paruim 1998]

#P B DFR
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