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Holographic entanglement entropy
For a static time slice Σ of a holographic spacetime choose a boundary
region A: The holographic entanglement entropy (EE) is given by the
Ryu-Takayanagi (RT) formula (’06):

SA = min
m∼A

area(m) = area(mA).

Split the boundary into two regions A
and its complement O.
mA is the minimal area surface
homologous to A (“RT surface”).
Homologous: Exists homology region rA
which interpolates between A and mA.
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Timelike entanglement entropy
Can we generalize the entanglement entropy to timelike regions?
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Timelike entanglement entropy

The entanglment entropy can be calculated in the boundary CFT using the
replica trick for general points P = (tP , xP) and Q = (tQ, xQ):

SA = S(1)
A = c

3 log


√

(xP − xQ)2 − (tP − tQ)2

ϵ

 .

Thus, if our region is purely in the time direction ∆x = 0

S(T)
A = c

3 log T0
ϵ

+ cπ

6 i .

Similarly for a thermal state with inverse temperature β:

S(T)
A = c

3 log
[

β

πϵ
sinh πT0

β

]
+ iπc

6 .

Can this quantity be understood geometrically using holography?
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Holographic timelike entanglement entropy

Bulk computation proceeds as a generalization of the RT formula:

We consider paths {ΓA}: Collections of spacelike and timelike extremal
surfaces which are homologous to A.

Spacelike surfaces have real area while timelike have imaginary.

The total complex area of the paths is varied w.r.t. to the joining points.

The area of the resulting optimal path Γ∗
A gives the TEE S(T)

A of A.

S(T)
A = c

6 area(Γ∗
A)
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BTZ black hole

2 + 1d spacetime geometry at inverse temperature β with two asymptotic
boundary regions

We work in Kruskal Coordinates:

ds2 = −4 dudv
(1 + uv)2 + (1− uv)2

(1 + uv)2 r2
+dϕ2

For a constant ϕ slice geodesics are
simple and given by

u(v) = c1 + c2v
1 + c1v

and are full determined by specifying two
points.

<latexit sha1_base64="UeAg68NB3N79CRzIhSNspJ/unO4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUnsRCl48VrAf0C4lm2bb0CS7JNlCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UtrZ3dveK+6WDw6Pjk/LpWUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0ZVZpF8snMY+oLPJYsZASbTEpmd96wXHGr7hJok3g5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XRRGiSaxphM8Zj2LZVYUO2ny1sX6MoqIxRGypY0aKn+nkix0HouAtspsJnodS8T//P6iQkbfspknBgqyWpRmHBkIpQ9jkZMUWL43BJMFLO3IjLBChNj4ynZELz1lzdJ56bq1au1x1ql2cjjKMIFXMI1eHALTXiAFrSBwASe4RXeHOG8OO/Ox6q14OQz5/AHzucPrIGN+g==</latexit>

uv = 1

<latexit sha1_base64="XQv0DpsevD66IOBtjQb/qil/i2U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXivYiFLx4rOC2hXYp2TTbhmaTJckWytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0tU0WoTySXqhNiTTkT1DfMcNpJFMVxyGk7HN/P/faEKs2keDLThAYxHgoWMYKNlfx0cnfl9csVt+ougNaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOZ6VeqmmCyRgPaddSgWOqg2xx7AxdWGWAIqlsCYMW6u+JDMdaT+PQdsbYjPSqNxf/87qpiepBxkSSGirIclGUcmQkmn+OBkxRYvjUEkwUs7ciMsIKE2PzKdkQvNWX10nruurdVGuPtUqjnsdRhDM4h0vw4BYa8ABN8IEAg2d4hTdHOC/Ou/OxbC04+cwp/IHz+QMXA44x</latexit>

uv = �1

<latexit sha1_base64="PGps8q11qYnld/4d11YoNmXlWx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6SG9cfvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVS/vLyv1Wh5HEU7gFM7Bg2uowx00oAkMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8A0c2NeQ==</latexit>

u = 0

<latexit sha1_base64="cvf5E5CYL5s6430NxFvAR6booIg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgBePEc0DkiXMTibJkNnZZaY3EJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4KxndzvzXh2ohIPeE05n5Ih0oMBKNopcfJrdsrltyyuwBZJ15GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyWeFbmJ4TNmYDnnHUkVDbvx0ceqMXFilTwaRtqWQLNTfEykNjZmGge0MKY7MqjcX//M6CQ6qfipUnCBXbLlokEiCEZn/TfpCc4ZyagllWthbCRtRTRnadAo2BG/15XXSvCp71+XKQ6VUq2Zx5OEMzuESPLiBGtxDHRrAYAjP8ApvjnRenHfnY9mac7KZU/gD5/MH01ONeg==</latexit>

v = 0

<latexit sha1_base64="UeAg68NB3N79CRzIhSNspJ/unO4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUnsRCl48VrAf0C4lm2bb0CS7JNlCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UtrZ3dveK+6WDw6Pjk/LpWUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqf+d0ZVZpF8snMY+oLPJYsZASbTEpmd96wXHGr7hJok3g5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XRRGiSaxphM8Zj2LZVYUO2ny1sX6MoqIxRGypY0aKn+nkix0HouAtspsJnodS8T//P6iQkbfspknBgqyWpRmHBkIpQ9jkZMUWL43BJMFLO3IjLBChNj4ynZELz1lzdJ56bq1au1x1ql2cjjKMIFXMI1eHALTXiAFrSBwASe4RXeHOG8OO/Ox6q14OQz5/AHzucPrIGN+g==</latexit>

uv = 1

<latexit sha1_base64="XQv0DpsevD66IOBtjQb/qil/i2U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXivYiFLx4rOC2hXYp2TTbhmaTJckWytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0tU0WoTySXqhNiTTkT1DfMcNpJFMVxyGk7HN/P/faEKs2keDLThAYxHgoWMYKNlfx0cnfl9csVt+ougNaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOZ6VeqmmCyRgPaddSgWOqg2xx7AxdWGWAIqlsCYMW6u+JDMdaT+PQdsbYjPSqNxf/87qpiepBxkSSGirIclGUcmQkmn+OBkxRYvjUEkwUs7ciMsIKE2PzKdkQvNWX10nruurdVGuPtUqjnsdRhDM4h0vw4BYa8ABN8IEAg2d4hTdHOC/Ou/OxbC04+cwp/IHz+QMXA44x</latexit>

uv = �1

<latexit sha1_base64="SvRdHanTXSHjeUUxLBmABvljnuM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4kXjxCIo8ENmR2aGBkdnYzM0tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A4m9wu/PUWleSQfzSxGP6QjyYecUWOlxrRfLLlldwmySbyMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwXeonGmLIJHWHXUklD1H66PHROrqwyIMNI2ZKGLNXfEykNtZ6Fge0MqRnrdW8h/ud1EzOs+imXcWJQstWiYSKIicjiazLgCpkRM0soU9zeStiYKsqMzaZgQ/DWX94krZuyd1uuNCqlWjWLIw8XcAnX4MEd1OAB6tAEBgjP8ApvzpPz4rw7H6vWnJPNnMMfOJ8/4x2M+Q==</latexit>v<latexit sha1_base64="R7AjUnbQnKQ8N+aBQ2O3YJe2rqg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD4ZmM+A==</latexit>u

Jonathan Harper (YITP) arXiv:2302.11695 April 4th, 2023 6 / 13



BTZ black hole

We consider two points on the right
boundary u = a1, a2 where

ai = er+Ti .

The two points are only connected by
spacelike geodesics which end on
opposite singularities.
Construct a family of paths which consist
of two spacelike and one timelike
geodesic.
Paths are determined by the location of
the joining points s, q on the future past
singularity.
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a2,�

1

a2

◆

Jonathan Harper (YITP) arXiv:2302.11695 April 4th, 2023 7 / 13



BTZ black hole

Varying with respect to s, q
determines the optimal path Γ∗

A with
s2 = q2 = a1a2 and area

log
(

1
ϵ2

(a2 − a1)2

a1a2

)
+ iπ.

<latexit sha1_base64="2t+sb/HcGNJeVBAckY/voZrQgPU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW79C56pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrrt5HAU4hTOogAc3UId7aIAPDAQ8wyu8Ocp5cd6dj0XrmpPPnMAfOJ8/FU+Ngg==</latexit>

(1, 1)

<latexit sha1_base64="SUDtkIyA6AIm9mTgw99fV1pTuHw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAimLArQT0GvHiMYB6QLGF20psMmZ1dZmaFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSK4Nq777aytb2xubed28rt7+weHhaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOlVqnsXZa9i16h6FbcOcgq8TJShAz1XuGr249ZGqE0TFCtO56bGH9CleFM4DTfTTUmlI3oADuWShqh9ifzc6fk3Cp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGtP+EySQ1KtlgUpoKYmMx+J32ukBkxtoQyxe2thA2poszYhPI2BG/55VXSvKp415XqQ7VYc7M4cnAKZ1ACD26gBvdQhwYwGMEzvMKbkzgvzrvzsWhdc7KZE/gD5/MH6XmN8A==</latexit>

(�1,�1)

<latexit sha1_base64="+YkAJSe+FL765c8YFDRutOp4O18=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpbdUtRjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqVX2Li69836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGNnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8q0rtvlaqu1kceTiBUyiDB9dQhztoQBMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwBf06NuQ==</latexit>

(1,�1)

<latexit sha1_base64="C+I5sZLjZ6mUumk/zPnQyR4Y8hA=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhIq2zJSiLgtuXFboDdpxyKRpG5q5kGSEMhQ3voobF4q49Snc+Tam7Sy09YfAl/+cQ3J+L+JMKsv6NjIrq2vrG9nN3Nb2zu6euX/QlGEsCG2QkIei7WFJOQtoQzHFaTsSFPsepy1vdDOttx6okCwM6mocUcfHg4D1GcFKW655VKD3iXDP6255clHUXEwvZ66Zt0rWTGgZ7BTykKrmml/dXkhinwaKcCxlx7Yi5SRYKEY4neS6saQRJiM8oB2NAfapdJLZChN0qp0e6odCn0Chmft7IsG+lGPf050+VkO5WJua/9U6sepfOwkLoljRgMwf6sccqRBN80A9JihRfKwBE8H0XxEZYoGJ0qnldAj24srL0CyX7MtS5a6Sr1ppHFk4hhMogA1XUIVbqEEDCDzCM7zCm/FkvBjvxse8NWOkM4fwR8bnD7jQlas=</latexit>

(er+T2 ,�e�r+T2)

<latexit sha1_base64="erikgkwA77ZAkvfsISQa3hP0L9Q=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhIpaZqSoy4IblxV6g3YcMmmmDc1cSDJCGYobX8WNC0Xc+hTufBvTdhba+kPgy3/OITm/F3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vJnUWw9USBaFdTWKqRPgfsh8RrDSlmselOh9KtzTumuPz841n2eXE9csWmVrKrQIdgZFyFRzza9uLyJJQENFOJayY1uxclIsFCOcjgvdRNIYkyHu047GEAdUOul0hTE61k4P+ZHQJ1Ro6v6eSHEg5SjwdGeA1UDO1ybmf7VOovxrJ2VhnCgaktlDfsKRitAkD9RjghLFRxowEUz/FZEBFpgonVpBh2DPr7wIzYuyfVmu3FWKVSuLIw+HcAQlsOEKqnALNWgAgUd4hld4M56MF+Pd+Ji15oxsZh/+yPj8AbW3lak=</latexit>

(er+T1 ,�e�r+T1)

<latexit sha1_base64="tm7TK+khmBlWGR611GU2S6BN9vM=">AAACI3icdVDLSsNAFJ3UV62vqEs3g0VoqZakFBVXBTcuK/QFbQ2T6aQdOpmEmYlQQv7Fjb/ixoVS3LjwX5y2WWirBy4czrmXe+9xQ0alsqxPI7O2vrG5ld3O7ezu7R+Yh0ctGUQCkyYOWCA6LpKEUU6aiipGOqEgyHcZabvj25nffiRC0oA31CQkfR8NOfUoRkpLjnlTIA9xzxMIx3YSVxLhlAoNxy41nEoxOdfexX9m0THzVtmaA64SOyV5kKLumNPeIMCRT7jCDEnZta1Q9WMkFMWMJLleJEmI8BgNSVdTjnwi+/H8xwSeaWUAvUDo4grO1Z8TMfKlnPiu7vSRGsllbyb+5XUj5V33Y8rDSBGOF4u8iEEVwFlgcEAFwYpNNEFYUH0rxCOkM1E61pwOwV5+eZW0KmX7sly9r+ZrVhpHFpyAU1AANrgCNXAH6qAJMHgCL+ANvBvPxqsxNT4WrRkjnTkGv2B8fQNKUaIe</latexit>

(e
1
2 r+(T1+T2), e�

1
2 r+(T1+T2))

<latexit sha1_base64="suF2OFRuFXWPeAtDX+Zw+jZKds8=">AAACJXicdVDLSsNAFJ34rPUVdelmsAgttSUpRV24KLhxWaEvaGOYTCft0MmDmYlQQn7Gjb/ixoVFBFf+ipM2C231wIXDOfdy7z1OyKiQhvGpra1vbG5t53byu3v7B4f60XFHBBHHpI0DFvCegwRh1CdtSSUjvZAT5DmMdJ3Jbep3HwkXNPBbchoSy0Mjn7oUI6kkW78pVshDPHA5wrGZxLWE2+ViyzbLLbtWSi5Ss/KfW7L1glE15oCrxMxIAWRo2vpsMAxw5BFfYoaE6JtGKK0YcUkxI0l+EAkSIjxBI9JX1EceEVY8/zKB50oZQjfgqnwJ5+rPiRh5Qkw9R3V6SI7FspeKf3n9SLrXVkz9MJLEx4tFbsSgDGAaGRxSTrBkU0UQ5lTdCvEYqUykCjavQjCXX14lnVrVvKzW7+uFhpHFkQOn4AwUgQmuQAPcgSZoAwyewAt4AzPtWXvV3rWPReuals2cgF/Qvr4BNsKijA==</latexit>

(�e
1
2 r+(T1+T2),�e�

1
2 r+(T1+T2))

<latexit sha1_base64="Z3ofNYD9/SPxLI/kUEJ2tZ5N8Z4=">AAACGnicbZBNS8NAEIY3flu/qh69BIsQUUpSinoUvHis0NpCE8NmO2kXNx/sToQS8ju8+Fe8eFDEm3jx37itFbT1hYWHd2aYnTdIBVdo25/G3PzC4tLyymppbX1jc6u8vXOtkkwyaLFEJLITUAWCx9BCjgI6qQQaBQLawe3FqN6+A6l4EjdxmIIX0X7MQ84oassvO66AEC03lJTlTpHXCgtucukfNX2nOPrBWnF4bLuS9wd46JcrdtUey5wFZwIVMlHDL7+7vYRlEcTIBFWq69gpejmVyJmAouRmClLKbmkfuhpjGoHy8vFphXmgnZ4ZJlK/GM2x+3sip5FSwyjQnRHFgZqujcz/at0MwzMv53GaIcTse1GYCRMTc5ST2eMSGIqhBsok13812YDqlFCnWdIhONMnz8J1reqcVOtX9cq5NYljheyRfWIRh5ySc3JJGqRFGLknj+SZvBgPxpPxarx9t84Zk5ld8kfGxxdM2p+w</latexit>✓
1

2
(er+T1 + er+T2), 0

◆

<latexit sha1_base64="5WghojkWJXCpaR5JcFzzF/jKnJY=">AAACHXicbZBNS8NAEIY39avWr6hHL8EitNSWpBT1KHjxqGBVaGrYbCft0s0HuxOhhPwRL/4VLx4U8eBF/DduaxGtvrDw8M4Ms/P6ieAKbfvDKMzNLywuFZdLK6tr6xvm5talilPJoM1iEctrnyoQPII2chRwnUigoS/gyh+ejOtXtyAVj6MLHCXQDWk/4gFnFLXlmS1XQIAVe7/uBpKyzMmzZl6Bm6wuvdqF5+S1b27mVVfy/gCrnlm2G/ZE1l9wplAmU5155pvbi1kaQoRMUKU6jp1gN6MSOROQl9xUQULZkPahozGiIahuNrkut/a007OCWOoXoTVxf05kNFRqFPq6M6Q4ULO1sflfrZNicNTNeJSkCBH7WhSkwsLYGkdl9bgEhmKkgTLJ9V8tNqA6JdSBlnQIzuzJf+Gy2XAOGq3zVvm4Mo2jSHbILqkQhxySY3JKzkibMHJHHsgTeTbujUfjxXj9ai0Y05lt8kvG+yejrqBV</latexit>✓
0,�1

2
(e�r+T1 + e�r+T2)

◆

The timelike entanglement entropy is

S(T)
A = c

3 log
(

β

πϵ
sinh

(
π

β
(T2 − T1)

))
+ c

6 iπ
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Shockwave

Consider a slightly more complicated geometry: A low energy shockwave
along u = 0 causes a shift ṽ = α + v

ds2 = −4 dudv
(1 + u(v + αθ(u)))2 + (1− u(v + αθ(u)))2

(1 + u(v + αθ(u)))2 r2
+dϕ2

The spacelike entanglement of a
region A is unaffected by the
shockwave

SA = c
3 log

(
β

πϵ
sinh

(
π

β
(ϕ2 − ϕ1)

)) <latexit sha1_base64="bONnuuwto18uwXYAIK1hAArQ7pQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJ+6rqXVdr97VKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIttjxc=</latexit>↵

<latexit sha1_base64="U6pSn2eS03Zw5hCQ56DLrMNSD70=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrRXssePFYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2djc2t7Z7ewV9w/ODw6Lp2ctnScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8f3cb0+o0iyWT2aa0EDgoWQRI9hYya9MrtOrfqnsVt0F0DrxclKGHM1+6as3iEkqqDSEY627npuYIMPKMMLprNhLNU0wGeMh7VoqsaA6yBbHztClVQYoipUtadBC/T2RYaH1VIS2U2Az0qveXPzP66YmqgcZk0lqqCTLRVHKkYnR/HM0YIoSw6eWYKKYvRWREVaYGJtP0Ybgrb68Tlo3Ve+2WnuslRv1PI4CnMMFVMCDO2jAAzTBBwIMnuEV3hzpvDjvzseydcPJZ87gD5zPH+hujhM=</latexit>

(v, u)

<latexit sha1_base64="81pQZNMeJJ2GIpTl17CoBXJ3Yus=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiRXssePFYwX5AG8pms22XbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82PBNTrOt5Xb2Nza3snvFvb2Dw6PiscnLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++G7utydMaR7JR5zGzAvJUPIBpwSN5JV7yEXA0snsKrnsF0tOxVnAXiduRkqQodEvfvWCiCYhk0gF0brrOjF6KVHIqWCzQi/RLCZ0TIasa6gkIdNeujh6Zl8YJbAHkTIl0V6ovydSEmo9DX3TGRIc6VVvLv7ndRMc1LyUyzhBJuly0SARNkb2PAE74IpRFFNDCFXc3GrTEVGEosmpYEJwV19eJ63rintTqT5US/VaFkcezuAcyuDCLdThHhrQBApP8Ayv8GZNrBfr3fpYtuasbOYU/sD6/AFRQpHJ</latexit>

(ṽ, u)

What about the timelike entanglment entropy?
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Shockwave

We consider the same procedure for determining the TEE:

The geodesics must be joined
across the horizon at the location
of the shockwave.
Construct a family of paths which
consist of four spacelike and two
timelike geodesic.
Paths are determined by the
location of the joining points s, q
on the future past singularity and
the joining points on the horizon
hs , ht

<latexit sha1_base64="pstOONEUd/JgjCAQ/17RvtNjAZQ=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSJUsCUpRT0WvHisYD+gDWWz3bRLN5t0d6OUmJ/ixYMiXv0l3vw3btsctPXBwOO9GWbmeRGjUtn2t7G2vrG5tZ3bye/u7R8cmoWjlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS98c3Mbz8QIWnI79U0Im6Ahpz6FCOlpb5ZKJUnF+WeLxBOnDSZpOd9s2hX7DmsVeJkpAgZGn3zqzcIcRwQrjBDUnYdO1JugoSimJE034sliRAeoyHpaspRQKSbzE9PrTOtDCw/FLq4subq74kEBVJOA093BkiN5LI3E//zurHyr92E8ihWhOPFIj9mlgqtWQ7WgAqCFZtqgrCg+lYLj5COQem08joEZ/nlVdKqVpzLSu2uVqxXszhycAKnUAIHrqAOt9CAJmB4hGd4hTfjyXgx3o2PReuakc0cwx8Ynz/yepMg</latexit>

(�q,�1

q
)

<latexit sha1_base64="f5ZYgjXKlD/aQhNbSTO59NeOAPo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iECloS8bUsuHFZwT6gDWEynbSDk0mYmQg1BH/FjQtF3Pof7vwbp4+Fth64cOace5l7T5BwprTjfFuFhcWl5ZXiamltfWNzy97eaao4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkruL8e+a0HKhWLxZ0eJtSLcF+wkBGsjeTbexXsu8cn3VBikrl5Zl75kW+XnaozBpon7pSUYYq6b391ezFJIyo04Vipjusk2suw1Ixwmpe6qaIJJve4TzuGChxR5WXj7XN0aJQeCmNpSmg0Vn9PZDhSahgFpjPCeqBmvZH4n9dJdXjlZUwkqaaCTD4KU450jEZRoB6TlGg+NAQTycyuiAywCUKbwEomBHf25HnSPK26F9Xz27NyzZnGUYR9OIAKuHAJNbiBOjSAwCM8wyu8WU/Wi/VufUxaC9Z0Zhf+wPr8AbNulBA=</latexit>

(a1,�
1

a1
)

<latexit sha1_base64="k1svniZ92UpQLHwJjOWqc4RAxho=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBS1J8bUsuHFZwT6gDWEynbRDJ5MwMxFqCP6KGxeKuPU/3Pk3TtsstPXAhTPn3Mvce/yYUals+9soLC2vrK4V10sbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/uhm4rcfiJA04vdqHBM3RANOA4qR0pJnHlSQVzs96wUC4dTJUv3KTjyzbFftKaxF4uSkDDkanvnV60c4CQlXmCEpu44dKzdFQlHMSFbqJZLECI/QgHQ15Sgk0k2n22fWsVb6VhAJXVxZU/X3RIpCKcehrztDpIZy3puI/3ndRAXXbkp5nCjC8eyjIGGWiqxJFFafCoIVG2uCsKB6VwsPkQ5C6cBKOgRn/uRF0qpVncvqxd15uW7ncRThEI6gAg5cQR1uoQFNwPAIz/AKb8aT8WK8Gx+z1oKRz+zDHxifP7aIlBI=</latexit>

(a2,�
1

a2
)

<latexit sha1_base64="HruFEDXPF3HIJMTMp0UrLahUxOQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClKS4mtZcOOygn1AG8pkOmmHTiZhZiLUkC9x40IRt36KO//GaZuFth64cDjnXu69x485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmHohHgkWMIK1kQZ2uarO+4HEJHWzVGVnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVuonisaYTPCI9gwVOKTKS+eHZ+jUKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17M/E/r5fo4MZLmYgTTQVZLAoSjnSEZimgIZOUaD41BBPJzK2IjLGJQZusSiYEd/nlVdKu19yr2uX9RaXh5HEU4RhOoAouXEMD7qAJLSCQwDO8wpv1ZL1Y79bHorVg5TNH8AfW5w8gDJK1</latexit>

(s,
1

s
)

<latexit sha1_base64="ofxyEDfyE18Uih31Ime/DIbwWFY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF48RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qZ+64lrI2L1iOOE+xEdKBEKRtFKrcqwZ87ds16p7FbdGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezcyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGN76mVBJilyx+aIwlQRjMv2d9IXmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6R5UfWuq1cPl+Wam8dRgGM4gQp4cAM1uIc6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz/0Q46f</latexit>

(hs, 0)

<latexit sha1_base64="cufYqoIEoJ+Z1wXl2ATYBX7nGNU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF48RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qZ+64lrI2L1iOOE+xEdKBEKRtFKrcqwh+fuWa9UdqvuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZuRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDG/9TKgkRa7YfFGYSoIxmf5O+kJzhnJsCWVa2FsJG1JNGdqEijYEb/HlZdK8qHrX1auHy3LNzeMowDGcQAU8uIEa3EMdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx/1yo6g</latexit>

(ht, 0)
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Shockwave

Varying with respect to s, q, hs , ht determines the optimal path and TEE:

S(T)
A = c

3 log
(

β

πδ

(
sinh(π

β
(T2 − T1)) + α

2 e− π
β

(T2+T1)
))

+ c
6 iπ.

Result explicitly depends on shift
α. TEE is sensitive to the
shockwave unlike spacelike
entanglement entropy.
Can be confirmed by careful
treamtment of CFT under local
quench.

<latexit sha1_base64="f5ZYgjXKlD/aQhNbSTO59NeOAPo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iECloS8bUsuHFZwT6gDWEynbSDk0mYmQg1BH/FjQtF3Pof7vwbp4+Fth64cOace5l7T5BwprTjfFuFhcWl5ZXiamltfWNzy97eaao4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkruL8e+a0HKhWLxZ0eJtSLcF+wkBGsjeTbexXsu8cn3VBikrl5Zl75kW+XnaozBpon7pSUYYq6b391ezFJIyo04Vipjusk2suw1Ixwmpe6qaIJJve4TzuGChxR5WXj7XN0aJQeCmNpSmg0Vn9PZDhSahgFpjPCeqBmvZH4n9dJdXjlZUwkqaaCTD4KU450jEZRoB6TlGg+NAQTycyuiAywCUKbwEomBHf25HnSPK26F9Xz27NyzZnGUYR9OIAKuHAJNbiBOjSAwCM8wyu8WU/Wi/VufUxaC9Z0Zhf+wPr8AbNulBA=</latexit>

(a1,�
1

a1
)

<latexit sha1_base64="k1svniZ92UpQLHwJjOWqc4RAxho=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBS1J8bUsuHFZwT6gDWEynbRDJ5MwMxFqCP6KGxeKuPU/3Pk3TtsstPXAhTPn3Mvce/yYUals+9soLC2vrK4V10sbm1vbO+buXktGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/uhm4rcfiJA04vdqHBM3RANOA4qR0pJnHlSQVzs96wUC4dTJUv3KTjyzbFftKaxF4uSkDDkanvnV60c4CQlXmCEpu44dKzdFQlHMSFbqJZLECI/QgHQ15Sgk0k2n22fWsVb6VhAJXVxZU/X3RIpCKcehrztDpIZy3puI/3ndRAXXbkp5nCjC8eyjIGGWiqxJFFafCoIVG2uCsKB6VwsPkQ5C6cBKOgRn/uRF0qpVncvqxd15uW7ncRThEI6gAg5cQR1uoQFNwPAIz/AKb8aT8WK8Gx+z1oKRz+zDHxifP7aIlBI=</latexit>

(a2,�
1

a2
)

<latexit sha1_base64="Px8DA+TrzoXo8vO77a/TZbpQiRU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClqS4mtZcOOygn1AE8rNdNIOTiZhZiKUEPBX3LhQxK3f4c6/cfpYaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXkvFqSS0SWIey04AinImaFMzzWknkRSigNN28HAz9tuPVCoWi3s9SqgfwUCwkBHQRurZB5UzL5RAMg94MoQ8q+WnzknPLjtVZwK8SNwZKaMZGj37y+vHJI2o0ISDUl3XSbSfgdSMcJqXvFTRBMgDDGjXUAERVX42OT/Hx0bp4zCWpoTGE/X3RAaRUqMoMJ0R6KGa98bif1431eG1nzGRpJoKMl0UphzrGI+zwH0mKdF8ZAgQycytmAzBpKFNYiUTgjv/8iJp1aruZfXi7rxcr83iKKJDdIQqyEVXqI5uUQM1EUEZekav6M16sl6sd+tj2lqwZjP76A+szx/0gZTN</latexit>

(�↵

2
, 0)

<latexit sha1_base64="W6Nev7yWTojaliiQFzJxVwQhxAY=">AAACL3icbVDLSsNAFJ3Ud31VXboJFqFFW5Lia1kQxGUFa4WmhJvppB2cPJy5EUrIH7nxV7oRUcStf+H0sdDaAwOHc87lzj1eLLhCy3ozcguLS8srq2v59Y3Nre3Czu6dihJJWZNGIpL3HigmeMiayFGw+1gyCDzBWt7D5chvPTGpeBTe4iBmnQB6Ifc5BdSSW7hyBPOxVHHUo8QUXLsEbu3IARH3oZwdVxxfAk3tLJ0fyBzJe30su4WiVbXGMP8Te0qKZIqGWxg63YgmAQuRClCqbVsxdlKQyKlgWd5JFIuBPkCPtTUNIWCqk47vzcxDrXRNP5L6hWiO1d8TKQRKDQJPJwPAvpr1RuI8r52gf9FJeRgnyEI6WeQnwsTIHJVndrlkFMVAE6CS67+atA+6IdQV53UJ9uzJ/8ldrWqfVU9vTor12rSOVbJPDkiJ2OSc1Mk1aZAmoeSZDMk7+TBejFfj0/iaRHPGdGaP/IHx/QM8UqiQ</latexit> 
�
p

a1(a2 + ↵),� 1p
a1(a2 + ↵)

!
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Shockwave

Times on the left and right boundary are related by tR = tL + i β
2

In the shockwave geometry geodesics between the left and right
boundary have length (Shenker, Stanford ’13)

c
3 log

[
β

πδ

(
cosh π

β
(tR − tL) + α

2 e− π
β

(tR+tL)
)]

.

Under this substitution our result is exactly reproduced.

t0+Δt

t0
tR

tL
tRtL

-tw -tw
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Conclusions

We defined a new quantity the timelike entanglement entropy S(T)
A for a

boundary time interval A.

Holographically determined by the complex area of a stationary
combination of space and timelike surfaces.

These surfaces must form a closed path homologous to the boundary
region.

Future directions:

Multiple regions −→ multiple saddles, phase transitions.

General boundary regions ←→ More exotic paths?

Examples of geometries with other values for imaginary component?
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