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Entanglement in QFT

In QM entanglement entropy between A and B

is defined by

<latexit sha1_base64="KOXeIfPSxusyAHNO7aSgfrqNk5w="></latexit>
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For a QFT in its ground state and
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A = {x > 0}
things look simpler.
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hf |⇢A|ii =

<latexit sha1_base64="0HlN13u//Pgt9LcgX4QzVaRtSzI="></latexit>

⇢A = exp
�
�2⇡HR

� thermal w.r.t. rotation generator

(Rindler Hamiltonian)



In terms of 
<latexit sha1_base64="mWKhEsQ4hVuAZT6/GwNvY2eML2Q="></latexit>

⇢R = exp
�
�2⇡HR

�
we can do

replica trick

cone trick
<latexit sha1_base64="nD6C6+ZG4ErJ3B6PkOl8OYuATB8="></latexit>

Z(�) = Tr e��HR

S = (�@� � 1)|
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S = � d

dn

����
n=1

Tr
�
⇢nR

�

However the Hilbert space of a QFT isn't a

tensor product and      isn't well-defined.
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From Witten, 1803.04993:
<latexit sha1_base64="Grs1JPju74Ze8fMbME7SiY4wuXI="></latexit>

HL andHR have well-defined matrix elements h |HL|�i and
h |HR|�i between suitable Hilbert space states � and  , but

if one tries to compute the norm of the stateHL|�i orHR|�i,
one will find a universal ultraviolet divergence, near x = 0,

independent of the choice of �.

Curiously the combination                   is<latexit sha1_base64="5OXZMitGfMiGUnGodHfH80wrXCU=">AAAB83icdZDNSgMxFIUz1Wqtf1Vx5SZYRDcOM1I6dSEURCjooor9gXYomTRtQzOZMckIZSiCWx/AhRstbn0Yl76NaStFRS8kHL5zL7k5XsioVJb1YSTm5pMLi6ml9PLK6tp6ZmOzKoNIYFLBAQtE3UOSMMpJRVHFSD0UBPkeIzWvfzr2a7dESBrwazUIieujLqcdipHSyD2HJ7DUuoKH+r5oZbKWeezkc44NbdOaFNQkbzmF3Ixki/vJ7Yf7u1G5lXlvtgMc+YQrzJCUDdsKlRsjoShmZJhuRpKECPdRlzS05Mgn0o0nSw/hniZt2AmEPlzBCf0+ESNfyoHv6U4fqZ787Y3hX14jUp2CG1MeRopwPH2oEzGoAjhOALapIFixgRYIC6p3hbiHBMJK56QzmH39f1E9Mu28mbu0s8UzMK0U2AG74ADYwAFFUAJlUAEY3IBH8AxejMh4MkbG67Q1YXzNbIEfZbx9AjOtkwo=</latexit>

K = HR �HL

well-defined.  It's the modular Hamiltonian or 
boost operator.



The modular Hamiltonian isn't directly useful for 
evaluating entanglement, but it motivates us to 
consider

<latexit sha1_base64="Gg/qBXLIdlyBwG2o1tXnpoRrBfY="></latexit>

V = HR +HL

exp
�
� 2⇡V

�
= ⇢L ⌦ ⇢R

define S = 1
2 · (von Neumann entropy of ⇢L ⌦ ⇢R)

This is only heuristic since V isn't well-defined 
(it puts a crease in the Cauchy surface).



To fix this we introduce a regulator

and define

<latexit sha1_base64="Kqku+79RSv1oZvz+A3iG3XDOEYg=">AAAB/nicdZDLSgMxFIYzXmu9jRfcuAkWwdUwI6WtC6EggssK9gJtKZk0bUMzSUgyShkLPouCGxW3voar4tuYtlJU9IfA4fvP4Zz8oWRUG9//cObmFxaXllMr6dW19Y1Nd2u7okWsMCljwYSqhUgTRjkpG2oYqUlFUBQyUg37Z2O/ek2UpoJfmYEkzQh1Oe1QjIxFLXevQaSmTHDYULTbM0gpcQP9lpvxvZN8LpsPYOD5E0FLcn6+kJ2RTHF3lD6VD6NSy31vtAWOI8INZkjreuBL00yQMhQzMkw3Yk0kwn3UJXVbchQR3Uwm9w/hoSVt2BHKPm7ghH6fSFCk9SAKbWeETE//9sbwL68em06hmVAuY0M4ni7qxAwaAcdhwDZVBBs2sAXCitpbIe4hhbCxkdkMZl//v6gce0HOy14GmeI5mCoF9sEBOAIByIMiuAAlUAYY3IJ78ASenTvn0XlxXqetc87XzA74IeftEyr0mYw=</latexit>

✏ ! 0
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+



We define regulated entanglement entropy
<latexit sha1_base64="rToF5AxO+zOdmSjp5msBG8xiK5A="></latexit>

S✏ =
1

2
(�@� � 1)|�=2⇡ (� logZ✏)

Features

A state-counting interpretation, with a density 
matrix                  that is well-defined in 
the full Hilbert space.


Corresponds to a smooth Euclidean geometry, 
with a freely-acting Killing vector like a 
standard thermal system.


Manifestly gauge invariant (no need for b.c.'s 
or edge d.o.f. on entangling surface).

<latexit sha1_base64="vxYs/XGU82RshqDGXmLV1fIAPGc=">AAAB/3icdZBNS0JBFIbn2pfZl9WiRZshCWyR3RuithMiaGmQH+AVmTsedXDu3MvM3EhEon5J0aJNRdt+RbTs3zRqSEW9MHB43nM4c14v5Exp2/6wYjOzc/ML8cXE0vLK6lpyfaOigkhSKNOAB7LmEQWcCShrpjnUQgnE9zhUvd7xyK9egFQsEOe6H0LDJx3B2owSbVAzueXCZZjedz3QBFeaLoSK8UDsNZMpO3OUz2XzDnYy9ljYkJydL2SnJFU86N1c3d2+lZrJd7cV0MgHoSknStUdO9SNAZGaUQ7DhBspCAntkQ7UTSmID6oxGB8wxLuGtHA7kOYJjcf0+8SA+Er1fc90+kR31W9vBP/y6pFuFxoDJsJIg6CTRe2IYx3gURq4xSRQzfumIFQy81dMu0QSqk1mJoPp6f8XlcOMk8tkz0wYJ2iiONpGOyiNHJRHRXSKSqiMKBqie/SInqxr68F6tl4mrTHra2YT/ZD1+gnbnZoD</latexit>

exp(��V✏)



Is it equivalent to the replica trick?

In some cases yes. 
   2-D CFT 
   minimally-coupled scalar in 2-D


In some cases no. 
   non-minimal scalar in 2-D 
   Maxwell field

It appears to be a prescription for evaluating 
"extractable entropy" - counting the effective 
number of Bell pairs split by the entangling 
surface - while suppressing other contributions.



Outline
1. 2D CFT on a circle


2. Free scalar in 2D 
(massive, with a non-minimal coupling)


3. Maxwell in 2D


4. Extension to spherical entangling surfaces in CFT


5. Log divergent terms for 4D Maxwell


6. Towards a bulk dual



2D CFT
We start with the modular Hamiltonian for a 
CFT on a circle, then flip time on one side 
and regulate.

<latexit sha1_base64="5lBKldu1x+d5DxDqiF3BtTr4bgQ="></latexit>
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The partition function

corresponds to a Euclidean geometry

<latexit sha1_base64="ENhK9JTKZtgWH9EU/JN3SxJ8lTM="></latexit>

Z✏(�) = Tr e��V✏

<latexit sha1_base64="8uzTGrUc6oPu6ri5Pc1VBlA+AoE="></latexit>

ds2 = d�2 + (sin2 �+ ✏2)d✓2

� ⇡ �+ 2⇡ ✓ ⇡ ✓ + �

Two copies of off-shell de Sitter   , that touch at 
their common horizon   , smoothed to a torus   .
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S2
<latexit sha1_base64="Eaq4JDuDKjUrbWb48+6rcOXJCHk=">AAAB6XicdZDLSsNAFIZP6q3WW73s3AwWwVVIJDR1VxDBZaX2Am0sk+mkHTq5MDMRSugjuHCj4tYncunbOE2lqOgPA4fvP4c55/cTzqSyrA+jsLK6tr5R3Cxtbe/s7pX3D9oyTgWhLRLzWHR9LClnEW0ppjjtJoLi0Oe0408u537nngrJ4uhWTRPqhXgUsYARrDRqNu+sQblimRdu1XFtZJtWLqRJ1XJrzpJU6keQqzEov/eHMUlDGinCsZQ920qUl2GhGOF0VuqnkiaYTPCI9nQZ4ZBKL8tXnaFTTYYoiIV+kUI5/T6R4VDKaejrzhCrsfztzeFfXi9VQc3LWJSkikZk8VGQcqRiNL8bDZmgRPGpLjARTO+KyBgLTJROR2ewPP3/on1u2lXTuXEq9atFGFCEYziBM7DBhTpcQwNaQGAED/AEz8bEeDRejNdFa8H4mjmEHzLePgEmXI4O</latexit>

S0
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T 2
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A change of variables makes the metric on 
conformally flat but changes the periodicity 
from      to                            .<latexit sha1_base64="4TL7KQiqn3Y1+yOT7Z0G683Th0Y=">AAAB63icdZDLSsNAFIZP6q3WW73s3AwWwVVISmjqriCCywqmLbShTKaTdujkwsxEKKHP4MKNilsfyKVv4zSVoqI/DBy+/xzmnD9IOZPKsj6M0tr6xuZWebuys7u3f1A9POrIJBOEeiThiegFWFLOYuoppjjtpYLiKOC0G0yvFn73ngrJkvhOzVLqR3gcs5ARrDTy6miQsmG1ZpmXbsNxbWSbViGkScNym86K1FonUKg9rL4PRgnJIhorwrGUfdtKlZ9joRjhdF4ZZJKmmEzxmPZ1GeOISj8vlp2jc01GKEyEfrFCBf0+keNIylkU6M4Iq4n87S3gX14/U2HTz1mcZorGZPlRmHGkErS4HI2YoETxmS4wEUzvisgEC0yUzkdnsDr9/6JTN+2G6dw6tdb1MgwowymcwQXY4EILbqANHhBg8ABP8GxExqPxYrwuW0vG18wx/JDx9glseY7I</latexit>

2⇡
<latexit sha1_base64="XRIFaGVpxBtg3TIhnuUQxMdKcio="></latexit>

L✏ = 4 log(1/✏) + finite

From the partition function on a cylinder 

we recover the standard result

<latexit sha1_base64="plQ1Al/UpNC+nx/9hyXxtxMY0Xo="></latexit>
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T 2



Free scalar in 2D

Let's take a scalar in 2D with
<latexit sha1_base64="/NeCSS28IZhK9+KwYgVqB/mS1pg="></latexit>
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Z
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◆

The mass provides an IR cutoff so we can work 
in infinite volume.  The non-minimal coupling 
doesn't affect the ground state wavefunction so 
it shouldn't affect the entropy.

A puzzle: the non-minimal coupling affects the 
partition function on a cone at leading order.



In conformally flat coordinates        the

Klein-Gordon equation is

<latexit sha1_base64="HsLn/ZzFGlHUWl5ZRAIHvuzj2aU=">AAAB8HicdZBdSwJBFIZn7cvsy+qymyEJDMJ2Q9TuhAi6NMgP0kVmx1EHZ2eXmbOBLBL0G7ropg9v+zPRZf+mUUMq6oWBl+c9hznneKHgGmz7w0osLC4tryRXU2vrG5tb6e2dmg4iRVmVBiJQDY9oJrhkVeAgWCNUjPieYHVvcDbJ6zdMaR7IKxiGzPVJT/IupwQMus62oM+AHA0P2+mMnTstFvJFBzs5eypsSMEulvJzkikfD+5uxy9vlXb6vdUJaOQzCVQQrZuOHYIbEwWcCjZKtSLNQkIHpMeaxkriM+3G04lH+MCQDu4GyjwJeEq/d8TE13roe6bSJ9DXv7MJ/CtrRtAtuTGXYQRM0tlH3UhgCPBkfdzhilEQQ2MIVdzMimmfKELBHMncYL76/6Z2knMKufylkymfo5mSaA/toyxyUBGV0QWqoCqiSKJ79IieLGU9WM/WeFaasL56dtEPWa+f1cyUbw==</latexit>

(✓, y)

There's an effective single-particle potential

<latexit sha1_base64="pYkHrwny3FnsUGhPckPPyjM2gLU="></latexit>�
�@2

✓ � @2
y + V(y)

�
� = 0

<latexit sha1_base64="SHBMyJFE2kzBUXLAD8pTakvZSIY="></latexit>

V(y) = m2✏2 cosh2 y � 2⇠

cosh2 y

Ideal Bose gas in a potential.
As          the size of the

box grows logarithmically.

This growth is independent

of   .

<latexit sha1_base64="B97kWarO7ZqOn/pHqL8CVQXIoKM=">AAAB/nicdZDLSgMxFIYzXmu9jRfcuAkWwdUwI6VTF0JBBJcV7AXaoWTSTBuaSYYko5Ra8FkU3Ki49TVcFd/GtJWioj8EDt9/DufkDxNGlXbdD2tufmFxaTmzkl1dW9/YtLe2q0qkEpMKFkzIeogUYZSTiqaakXoiCYpDRmph72zs166JVFTwK91PSBCjDqcRxUgb1LL3miRRlAkOm5J2uhpJKW6g27JzrnPiF/K+Bz3HnQgaUnD9Yn5GcqXdUfY0eRiVW/Z7sy1wGhOuMUNKNTw30cEASU0xI8NsM1UkQbiHOqRhSo5iooLB5P4hPDSkDSMhzeMaTuj3iQGKlerHoemMke6q394Y/uU1Uh0VgwHlSaoJx9NFUcqgFnAcBmxTSbBmfVMgLKm5FeIukghrE5nJYPb1/4vqseMVnPylCeMcTJUB++AAHAEP+KAELkAZVAAGt+AePIFn6856tF6s12nrnPU1swN+yHr7BCqkmYs=</latexit>

✏ ! 0

<latexit sha1_base64="5ZbD2E31y+59KsfXVUWG19wdvt4=">AAAB6XicdZDLSgMxFIbPeK31VnXZTbAI4mKYkdKpu4IKLivaC7RDyaSZNjRzIcmIZegjuHCj4tbHcOMruBF8EPemrRQV/SFw+P5zyDm/F3MmlWW9G3PzC4tLy5mV7Ora+sZmbmu7LqNEEFojEY9E08OSchbSmmKK02YsKA48Thve4HjsN66okCwKL9Uwpm6AeyHzGcFKo4v2NevkCpZ55JSKjo1s05oIaVKynHJxRgqVg5e3j5PnfLWTe213I5IENFSEYylbthUrN8VCMcLpKNtOJI0xGeAebekyxAGVbjpZdYT2NOkiPxL6hQpN6PeJFAdSDgNPdwZY9eVvbwz/8lqJ8stuysI4UTQk04/8hCMVofHdqMsEJYoPdYGJYHpXRPpYYKJ0OjqD2en/F/VD0y6ZxXMdxilMlYE87MI+2OBABc6gCjUg0IMbuIN7Y2DcGg/G47R1zvia2YEfMp4+AbDBkiE=</latexit>

⇠



So the hourglass prescription gives the expected
<latexit sha1_base64="g+EJHeBI5MOfF5nGylZNY5ojvpg="></latexit>

S✏ =
1

6
log

1

m✏
+ finite

<latexit sha1_base64="f8WncNEWSCVxBatFFDEzqeBkwn4="></latexit>

S✏ =

✓
1

6
� ⇠

◆
log

1

m✏
+ finite

in contrast to the cone trick which gives

I think this can be traced to the fact that the 
hourglass has a freely-acting Killing vector.



2D Maxwell

Take a Maxwell field in 1+1, on an interval 
-L < x < L, with charges at the ends of the 
interval.

No local d.o.f. so there shouldn't be any entropy.

A puzzle: the partition function of Maxwell on a 
cone is non-trivial.



On the hourglass it becomes trivial.  There's a 
background electric field

<latexit sha1_base64="KcKbwoHbr+NE1agbyltEkQMuScc=">AAAB7XicdZDLSgMxFIYzXmu9VV12EyyCuBhmpHTqQihowWUFe4F2KJk0bUMzyZhkxDL0IVy4UXHrQ7jxFdwIPoh701aKiv4QOHz/OeScP4gYVdpx3q25+YXFpeXUSnp1bX1jM7O1XVMilphUsWBCNgKkCKOcVDXVjDQiSVAYMFIPBidjv35FpKKCX+hhRPwQ9TjtUoy0QfVy+xoew8t2JufYR14h77nQtZ2JoCEFxyvmZyRXOnh5+zh9zlbamddWR+A4JFxjhpRquk6k/QRJTTEjo3QrViRCeIB6pGlKjkKi/GSy7gjuGdKBXSHN4xpO6PeJBIVKDcPAdIZI99Vvbwz/8pqx7hb9hPIo1oTj6UfdmEEt4Ph22KGSYM2GpkBYUrMrxH0kEdYmIZPB7PT/i9qh7Rbs/LkJowymSoEs2AX7wAUeKIEzUAFVgMEA3IA7cG8J69Z6sB6nrXPW18wO+CHr6RN/kZMW</latexit>

Ex = q

which means
<latexit sha1_base64="q1MCG7NAX7oI6+tv66dr8y3ke04="></latexit>

V =

Z L

�L
dx |x|T 00 =

1

2
L2q2

There's nothing to quantize and no need 
for a UV regulator.

<latexit sha1_base64="VOIwevNi7SryvRmxRlbfJhi38a8="></latexit>

Z = e��V = e��L2q2/2

S = 0



Spherical entangling surfaces in CFT

Recall that in 2D, for a CFT on a circle, we 
had two de Sitter static patches that touched 
at their common horizon.

It helps to think 
about a time slice of 
the singular geometry.

identify identify



In higher dimensions, gluing 
the t = 0 slice of two static 
patches together gives a 
sphere       .  Their common 
horizon        is the equator 
of the sphere.

<latexit sha1_base64="IVXdcXWXd8JMBkXV5VFJoYh4m0k=">AAAB7XicdZDLSsNAFIZP6q3WW73s3AwWwY0hkdDUXUEElxXtBdpYJpNpO3RyYWYilNCHcOFGxa3P49K3cZpKUdEfBg7ffw5zzu8nnEllWR9GYWl5ZXWtuF7a2Nza3inv7rVknApCmyTmsej4WFLOItpUTHHaSQTFoc9p2x9fzPz2PRWSxdGtmiTUC/EwYgNGsNKofXOXBaf2tF+uWOa5W3VcG9mmlQtpUrXcmrMglfoB5Gr0y++9ICZpSCNFOJaya1uJ8jIsFCOcTku9VNIEkzEe0q4uIxxS6WX5ulN0rEmABrHQL1Iop98nMhxKOQl93RliNZK/vRn8y+umalDzMhYlqaIRmX80SDlSMZrdjgImKFF8ogtMBNO7IjLCAhOlE9IZLE7/v2idmXbVdK6dSv1yHgYU4RCO4ARscKEOV9CAJhAYwwM8wbMRG4/Gi/E6by0YXzP78EPG2ycUNo/A</latexit>

Sd�1

The proper temperature varies over the sphere.

Lowest at the poles, diverges at the equator.

<latexit sha1_base64="LY4j8fRMO+/v904xxZWd71R+mbQ=">AAAB7nicdVDLSgMxFM3UVx1f9bFzEyyCG4dpFW0XQkEElxXtA9qxZDKZNjSTCUlGKEM/wo0LRVy48XvcFP/GtFXweeDC4Zx7ufceXzCqtOu+WZmZ2bn5heyivbS8srqWW9+oqziRmNRwzGLZ9JEijHJS01Qz0hSSoMhnpOH3T8d+44ZIRWN+pQeCeBHqchpSjLSRGpfXabBfHHZyedcpl9yDchH+JgXHnSBf2RrZJ+J5VO3kXttBjJOIcI0ZUqpVcIX2UiQ1xYwM7XaiiEC4j7qkZShHEVFeOjl3CHeNEsAwlqa4hhP160SKIqUGkW86I6R76qc3Fv/yWokOS15KuUg04Xi6KEwY1DEc/w4DKgnWbGAIwpKaWyHuIYmwNgnZJoTPT+H/pF50CkfO4YVJ4wxMkQXbYAfsgQI4BhVwDqqgBjDog1twDx4sYd1Zj9bTtDVjfcxsgm+wXt4BzSSS7Q==</latexit>

Sd�2

<latexit sha1_base64="pTwsMOvTgaV8zWRkjQoZx6H+ZkI="></latexit>

ds2 = R2 sin2 � d✓2 +R2d⌦2
d�1

✓ ⇡ ✓ + �



We regulate by introducing a limiting temperature.
<latexit sha1_base64="uMQjz807bSpYGSikoiN1NS8lds0="></latexit>

ds2 = (R2 sin2 �+ ✏2)d✓2 +R2d⌦2
d�1

It's convenient to make a conformal transformation 
so the proper temperature is constant.  The spatial 
geometry becomes two copies of hyperbolic space, 
cut off at large radius and glued together.

<latexit sha1_base64="Jkg8GtSBizp2lPCj6TXBkT5Pu/Y="></latexit>

ds2optical = d✓2 + d⇢2 + sinh2 ⇢d⌦2
d�2

✓ ⇡ ✓ + �

cut o↵ and glue at ⇢ ⇠ logR/✏



Log terms in 4D Maxwell

A thermal partition function on hyperbolic 
space gives the regulated entanglement 
entropy.  Divergences arise from the infinite 
volume as        .<latexit sha1_base64="Kqku+79RSv1oZvz+A3iG3XDOEYg=">AAAB/nicdZDLSgMxFIYzXmu9jRfcuAkWwdUwI6WtC6EggssK9gJtKZk0bUMzSUgyShkLPouCGxW3voar4tuYtlJU9IfA4fvP4Zz8oWRUG9//cObmFxaXllMr6dW19Y1Nd2u7okWsMCljwYSqhUgTRjkpG2oYqUlFUBQyUg37Z2O/ek2UpoJfmYEkzQh1Oe1QjIxFLXevQaSmTHDYULTbM0gpcQP9lpvxvZN8LpsPYOD5E0FLcn6+kJ2RTHF3lD6VD6NSy31vtAWOI8INZkjreuBL00yQMhQzMkw3Yk0kwn3UJXVbchQR3Uwm9w/hoSVt2BHKPm7ghH6fSFCk9SAKbWeETE//9sbwL68em06hmVAuY0M4ni7qxAwaAcdhwDZVBBs2sAXCitpbIe4hhbCxkdkMZl//v6gce0HOy14GmeI5mCoF9sEBOAIByIMiuAAlUAYY3IJ78ASenTvn0XlxXqetc87XzA74IeftEyr0mYw=</latexit>

✏ ! 0 Dowker
David & Mukherjee

How does this go for 4D Maxwell?
We're particularly interested in the (universal) 
log divergence, which comes from

<latexit sha1_base64="3dvyjeHSdHjBVl+Y9Gfb64RhpeQ="></latexit>

vol(H3) = #
✏2 � 2⇡ log R

✏ + finite



The spin-1 heat kernel on            is known.
<latexit sha1_base64="tKKzmqrlpwsFWy4chDNwRyrh6e8=">AAAB/XicdZDLSsNAFIYnXmu9RUU3bkaL4CokWpq6q4jQZUV7gSYtk+m0HTqZhJmJUEIRH8WFGxW3PodL38ZpK0VFfxg4fP85nDN/EDMqlW1/GHPzC4tLy5mV7Ora+samubVdk1EiMKniiEWiESBJGOWkqqhipBELgsKAkXowuBj79VsiJI34jRrGxA9Rj9MuxUhp1DZ3r1sO9BQNiYSphxGD5VHrtG3mbOvMLeRdBzqWPRHUpGC7xfyM5EoHg3t7r3xeaZvvXifCSUi4wgxJ2XTsWPkpEopiRkZZL5EkRniAeqSpS470Pj+dnD+CR5p0YDcS+nEFJ/T7RIpCKYdhoDtDpPrytzeGf3nNRHWLfkp5nCjC8XRRN2FQRXCcBexQQbBiQ10gLKi+FeI+EggrnZjOYPb1/4vaieUUrPyVkytdgqkyYB8cgmPgABeUQBlUQBVgkIIH8ASejTvj0XgxXqetc8bXzA74IePtE02MlvQ=</latexit>

S1
⇥H

3

Giombi, Maloney, Yin

David, Gaberdiel, Gopakumar

It leads to
<latexit sha1_base64="FzYFwK25nXvb44e6YDDAZH48M9c="></latexit>

S = #R2

✏2 � 16
45 log

R
✏ + finite

Dowker

Casini et al.


Soni & Trivedi

David & Mukherjee

The coefficient of the log divergence agrees 
with Soni & Trivedi, who subtracted the classical 
correlations required by the Gauss constraint 
from the replica result to obtain "extractable 
entropy".



Towards a bulk dual

Suppose we apply the hourglass prescription to 
a boundary CFT.  What does it correspond to in 
the bulk?

<latexit sha1_base64="8uzTGrUc6oPu6ri5Pc1VBlA+AoE="></latexit>

ds2 = d�2 + (sin2 �+ ✏2)d✓2

� ⇡ �+ 2⇡ ✓ ⇡ ✓ + �

Start in D = 2, with boundary metric

identify identify



A change of coordinates makes the boundary 
metric conformally flat.

<latexit sha1_base64="K2q3a0mq4X+vDZ4hi/KMvr/2liE="></latexit>

ds2 =
�
sin2 �+ ✏2

��
dy2 + d✓2

�

y ⇡ y + L ✓ ⇡ ✓ + �

The boundary is conformal to a torus with

modulus

<latexit sha1_base64="pCAWzIGV9CO/QOCkUptpCTUZpjk="></latexit>

Im ⌧ =
L

�
=

4

�
log

1

✏
+ finite

As          the torus becomes long and thin.<latexit sha1_base64="FwkEFTSb2/nGvOfbbbr5AbM6jao=">AAAB/3icdVDJSgNBEK2JW4xbXPDipTEInsJMMMbcAiJ4jGAWyITQ0+kkTXq6h+4eJcQc/BUvHhTx6m9482/sTBRcHxQ83quiql4QcaaN6745qbn5hcWl9HJmZXVtfSO7uVXXMlaE1ojkUjUDrClngtYMM5w2I0VxGHDaCIanU79xRZVmUlyaUUTbIe4L1mMEGyt1srs+jTTjUiBfsf7AYKXkNXI72ZybL5cLXrGEfhMv7ybIVXYgQbWTffW7ksQhFYZwrHXLcyPTHmNlGOF0kvFjTSNMhrhPW5YKHFLdHif3T9CBVbqoJ5UtYVCifp0Y41DrURjYzhCbgf7pTcW/vFZseiftMRNRbKggs0W9mCMj0TQM1GWKEsNHlmCimL0VkQFWmBgbWcaG8Pkp+p/UC3nvOF+8OMpVzmZpQBr2YB8OwYMSVOAcqlADAjdwBw/w6Nw6986T8zxrTTkfM9vwDc7LO9XJlrY=</latexit>

✏ ! 0



Bulk geometry?

Can fill in the torus with a Euclidean BTZ 
black hole, also known as .      .

Euclidean time

(contractible) non-contractibleradial

<latexit sha1_base64="eRhH6v6hQWK4ZVg2Lu/XU0is3D4="></latexit>

ds2 = d⇢2 + sinh2 ⇢ d✓2 + cosh2 ⇢ dy2

0  ⇢ < 1 ✓ ⇡ ✓ + 2⇡ y ⇡ y + 2⇡Im ⌧

<latexit sha1_base64="ihH7ofvRel+UDy+z9TWUegkOzCk=">AAAB73icbVDJSgNBEK2JW4xbXG5eGoPgKcyI20UYEMFjBLNAMoSeTk/SpKd77O4RwpCf8OJBEa/+jjf/xs4kB018UPB4r4qqemHCmTau++0UlpZXVteK66WNza3tnfLuXkPLVBFaJ5JL1QqxppwJWjfMcNpKFMVxyGkzHN5M/OYTVZpJ8WBGCQ1i3BcsYgQbK7U6aiDRNXK75YpbdXOgReLNSMU/gBy1bvmr05MkjakwhGOt256bmCDDyjDC6bjUSTVNMBniPm1bKnBMdZDl947RsVV6KJLKljAoV39PZDjWehSHtjPGZqDnvYn4n9dOTXQVZEwkqaGCTBdFKUdGosnzqMcUJYaPLMFEMXsrIgOsMDE2opINwZt/eZE0TqveRfX8/qzi307TgCIcwhGcgAeX4MMd1KAOBDg8wyu8OY/Oi/PufExbC85sZh/+wPn8ATeDj30=</latexit>

⇢ = 0

<latexit sha1_base64="lmHzecnykWDIhPQcb5z08e3FVn0=">AAAB9XicdVDJSgNBEK1xjXGLy81LYxA8yNAjbrkFRPAiRDALJGPo6fQkTXoWunuUMMx/ePGgiFf/xZt/Y2ei4Pqg4PFeFVX1vFhwpTF+s6amZ2bn5gsLxcWl5ZXV0tp6Q0WJpKxOIxHJlkcUEzxkdc21YK1YMhJ4gjW94enYb94wqXgUXulRzNyA9EPuc0q0ka7TDiUCXWTdFO85WbdUxnalgh2M0W/i2DhHuboJOWrd0munF9EkYKGmgijVdnCs3ZRIzalgWbGTKBYTOiR91jY0JAFTbppfnaEdo/SQH0lToUa5+nUiJYFSo8AznQHRA/XTG4t/ee1E+yduysM40Sykk0V+IpCO0DgC1OOSUS1GhhAqubkV0QGRhGoTVNGE8Pkp+p809m3nyD68PChXzyZpQAG2YBt2wYFjqMI51KAOFCTcwQM8WrfWvfVkPU9ap6yPmQ34BuvlHU5uknU=</latexit>

M0,1



Other choices are possible, corresponding to 
different choices for the contractible cycle.

But        dominates as        , with action 
<latexit sha1_base64="lmHzecnykWDIhPQcb5z08e3FVn0=">AAAB9XicdVDJSgNBEK1xjXGLy81LYxA8yNAjbrkFRPAiRDALJGPo6fQkTXoWunuUMMx/ePGgiFf/xZt/Y2ei4Pqg4PFeFVX1vFhwpTF+s6amZ2bn5gsLxcWl5ZXV0tp6Q0WJpKxOIxHJlkcUEzxkdc21YK1YMhJ4gjW94enYb94wqXgUXulRzNyA9EPuc0q0ka7TDiUCXWTdFO85WbdUxnalgh2M0W/i2DhHuboJOWrd0munF9EkYKGmgijVdnCs3ZRIzalgWbGTKBYTOiR91jY0JAFTbppfnaEdo/SQH0lToUa5+nUiJYFSo8AznQHRA/XTG4t/ee1E+yduysM40Sykk0V+IpCO0DgC1OOSUS1GhhAqubkV0QGRhGoTVNGE8Pkp+p809m3nyD68PChXzyZpQAG2YBt2wYFjqMI51KAOFCTcwQM8WrfWvfVkPU9ap6yPmQ34BuvlHU5uknU=</latexit>

M0,1
<latexit sha1_base64="b6oDrmtX/z1YJgnsqESeiYeeJTg=">AAAB/3icdVDJSgNBEK1xjXGLC168NAbBU+gRt9wCIniMYBbIDKGn00ma9HQP3T1KiDn4K148KOLV3/Dm39hJFFwfFDzeq6KqXpQIbizGb97U9Mzs3HxmIbu4tLyymltbrxqVasoqVAml6xExTHDJKpZbweqJZiSOBKtFvdORX7ti2nAlL20/YWFMOpK3OSXWSc3cVsASw4WSKNC807VEa3WNcDOXx4ViEfsYo9/EL+Ax8qVNGKPczL0GLUXTmElLBTGm4ePEhgOiLaeCDbNBalhCaI90WMNRSWJmwsH4/iHadUoLtZV2JS0aq18nBiQ2ph9HrjMmtmt+eiPxL6+R2vZJOOAySS2TdLKonQpkFRqFgVpcM2pF3xFCNXe3ItolmlDrIsu6ED4/Rf+T6n7BPyocXhzkS2eTNCAD27ADe+DDMZTgHMpQAQo3cAcP8Ojdevfek/c8aZ3yPmY24Bu8l3eZSJaM</latexit>

✏ ! 0

<latexit sha1_base64="orKkILeB5M8faIQ0DOT9nxcnOVc="></latexit>

I(⌧) = �4⇡kIm ⌧ k = c/24

Then                  leads to the expected<latexit sha1_base64="FE/mcdCNECNaFFQPy6Wagfmtcc8=">AAACA3icdVDJSgNBEK2JW4xbXE56aQyCp2FG3HIQAkHxGCEbJmHo6XSSJj09Q3ePEIaAF3/FiwdFvPoT3vwbO4vg+qDg9XtVdNXzI86Udpx3KzUzOze/kF7MLC2vrK5l1zeqKowloRUS8lDWfawoZ4JWNNOc1iNJceBzWvP7xZFfu6FSsVCU9SCirQB3BeswgrWRvOz2tZc0ZYD8mPeH6AxNn8WL8tDL5hw7n3dcx0G/iWs7Y+QKWzBGycu+NdshiQMqNOFYqYbrRLqVYKkZ4XSYacaKRpj0cZc2DBU4oKqVjG8Yoj2jtFEnlKaERmP160SCA6UGgW86A6x76qc3Ev/yGrHunLYSJqJYU0EmH3VijnSIRoGgNpOUaD4wBBPJzK6I9LDERJvYMiaEz0vR/6R6YLvH9tHVYa5wPkkD0rADu7APLpxAAS6hBBUgcAv38AhP1p31YD1bL5PWlDWd2YRvsF4/AFo6l2k=</latexit>

Zbulk = ZCFT

<latexit sha1_base64="ol2EjEA33hz811VZHqJvFAnwgUw=">AAACEHicdVDLSgMxFL1TX7W+6mPnJlhEV2XGdxdCQQSXFe0DOqVk0rQNzSRDkhHK0E9w46+4caGIW5fu/BvTh+DzQOBwzrnc3BNEnGnjuu9Oamp6ZnYuPZ9ZWFxaXsmurlW0jBWhZSK5VLUAa8qZoGXDDKe1SFEcBpxWg97Z0K/eUKWZFNemH9FGiDuCtRnBxkrN7M4VOkUJQb60KbQ/QD6XHZR4E8GnkWZcikEzm3PzhYLruS76Tby8O0KuuAEjlJrZN78lSRxSYQjHWtc9NzKNBCvDCKeDjB9rGmHSwx1at1TgkOpGMjpogLat0kJtqewTBo3UrxMJDrXuh4FNhth09U9vKP7l1WPTPmkkTESxoYKMF7VjjoxEw3ZQiylKDO9bgoli9q+IdLHCxNgOM7aEz0vR/6Syl/eO8oeXB7ni+bgNSMMmbMEueHAMRbiAEpSBwC3cwyM8OXfOg/PsvIyjKWcysw7f4Lx+ADb0nDY=</latexit>

S =
c

3
log

1

✏



What about higher dimensions?  We know the 
boundary geometry.

Harder to find the right bulk.  As         the 
leading divergence comes from the regulated 
area of an AdS-Rindler horizon.

<latexit sha1_base64="b6oDrmtX/z1YJgnsqESeiYeeJTg=">AAAB/3icdVDJSgNBEK1xjXGLC168NAbBU+gRt9wCIniMYBbIDKGn00ma9HQP3T1KiDn4K148KOLV3/Dm39hJFFwfFDzeq6KqXpQIbizGb97U9Mzs3HxmIbu4tLyymltbrxqVasoqVAml6xExTHDJKpZbweqJZiSOBKtFvdORX7ti2nAlL20/YWFMOpK3OSXWSc3cVsASw4WSKNC807VEa3WNcDOXx4ViEfsYo9/EL+Ax8qVNGKPczL0GLUXTmElLBTGm4ePEhgOiLaeCDbNBalhCaI90WMNRSWJmwsH4/iHadUoLtZV2JS0aq18nBiQ2ph9HrjMmtmt+eiPxL6+R2vZJOOAySS2TdLKonQpkFRqFgVpcM2pF3xFCNXe3ItolmlDrIsu6ED4/Rf+T6n7BPyocXhzkS2eTNCAD27ADe+DDMZTgHMpQAQo3cAcP8Ojdevfek/c8aZ3yPmY24Bu8l3eZSJaM</latexit>

✏ ! 0

<latexit sha1_base64="BGc1TQWuOZbTeV5Pxvp66FqzciQ="></latexit>

ds2 = d�2 +
�
sin2 �+ ✏2

�
d✓2 + cos2 � d⌦2

d�2

� ⇡/2 < � < ⇡/2 ✓ ⇡ ✓ + �



What about higher dimensions?  We know the 
boundary geometry.

Harder to find the right bulk.  As         the 
leading divergence comes from the regulated 
area of an AdS-Rindler horizon.

<latexit sha1_base64="b6oDrmtX/z1YJgnsqESeiYeeJTg=">AAAB/3icdVDJSgNBEK1xjXGLC168NAbBU+gRt9wCIniMYBbIDKGn00ma9HQP3T1KiDn4K148KOLV3/Dm39hJFFwfFDzeq6KqXpQIbizGb97U9Mzs3HxmIbu4tLyymltbrxqVasoqVAml6xExTHDJKpZbweqJZiSOBKtFvdORX7ti2nAlL20/YWFMOpK3OSXWSc3cVsASw4WSKNC807VEa3WNcDOXx4ViEfsYo9/EL+Ax8qVNGKPczL0GLUXTmElLBTGm4ePEhgOiLaeCDbNBalhCaI90WMNRSWJmwsH4/iHadUoLtZV2JS0aq18nBiQ2ph9HrjMmtmt+eiPxL6+R2vZJOOAySS2TdLKonQpkFRqFgVpcM2pF3xFCNXe3ItolmlDrIsu6ED4/Rf+T6n7BPyocXhzkS2eTNCAD27ADe+DDMZTgHMpQAQo3cAcP8Ojdevfek/c8aZ3yPmY24Bu8l3eZSJaM</latexit>

✏ ! 0

What about

subleading logs?

<latexit sha1_base64="BGc1TQWuOZbTeV5Pxvp66FqzciQ="></latexit>

ds2 = d�2 +
�
sin2 �+ ✏2

�
d✓2 + cos2 � d⌦2

d�2

� ⇡/2 < � < ⇡/2 ✓ ⇡ ✓ + �



Conclusions
The hourglass prescription provides a direct 
Euclidean technique for calculating extractable 
entropy - counting the number of Bell pairs 
split by an entangling surface.

Extensions to other theories, other dimensions?

What about non-conformal theories or non-
spherical entangling surfaces?
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