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Black holes in GR
As is known from the 1970’s, due to work by Bekenstein, Hawking 
and others, black holes in GR behave like thermodynamic objects. 
In particular, they have an entropy 

𝑆!" =
𝐴
4𝐺#

where 

𝐴 = area of the horizon;

𝐺# = Newton constant, related to Planck length 𝑙$ via 𝐺# ∼ 𝑙$%&'

(in 𝑑 + 1 dimensions).



For large BH’s of size 𝑟( ≫ 𝑙$ , the entropy is large,

𝑆!" ∼ -.
𝑟(
𝑙$

%&'

≫ 1

This is presumably the first term in an expansion in powers of 
𝑙$/𝑟( .

A natural question is what does the BH entropy 𝑆!" mean.



It is believed that the answer is that in any theory of quantum 
gravity (that satisfies some, in general unspecified, conditions), a 
generic high energy state looks from afar like a black hole, and
𝑆!" is the statistical entropy of such states. 

In some cases, the details of this statement are understood. This 
is the case, in particular, in the context of AdS/CFT.  



For example, in 𝐴𝑑𝑆)/𝐶𝐹𝑇* , the Brown-Henneaux central charge 
of the boundary CFT  

𝑐!" =
3𝑅+%,
2𝑙$

together with the assumption that this CFT is unitary and modular 
invariant (and the SL(2,R) invariant vacuum is a normalizable state 
in the theory) leads to the Cardy formula

𝑆- = 2𝜋
𝑐
6
𝐸𝑅

where E is the energy and R the radius of the spatial circle.



The Cardy formula with 𝑐 = 𝑐!" is the same as the entropy of a 
(BTZ) balck hole with mass  M=E,  Strominger (1997). 

• The situation is similar in other AdS spacetimes. 

• There is also a partial understanding in asymptotically linear 
dilaton backgrounds, but I will not discuss it here. 

• In flat spacetime the situation is less clear. This will be the 
topic of interest in the rest of this talk. 



Consider a 𝑑 + 1 dimensional Schwarzschild BH of size 𝑟(:

Its mass is:

Hawking temperature:  𝑇 = 1/𝛽,   with    
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1 Introduction and summary

In this note we continue our study [7] of the Horowitz-Polchinski (HP) string/black hole

transition in flat spacetime [8].1 This transition is often discussed in Lorentzian signature, but

we will focus on the Euclidean case, which is simpler, since one does not need to understand

the physics beyond the horizon of the black hole, or the singularity. The Euclidean and

Lorentzian problems are related, as discussed e.g. in [1].

The problem we will address can be posed as follows. A Euclidean Schwarzschild black

hole is a solution of Einstein gravity in an asymptotically flat spacetime Rd
⇥ S

1. It is

described by the metric

ds
2 = �f(r)dt2 +

dr
2

f(r)
+ r

2
d⌦2

d�1 . (1.1)

where (r,⌦d�1) are spherical coordinates on Rd,

f(r) = 1�
⇣
r0

r

⌘d�2

, (1.2)

1We use many of the technical results of [7], but the overall picture we arrive at is di↵erent.
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r0 is the Schwarzschild radius, which is related to the mass of the black hole via the relation

M =
(d� 1)!d�1

16⇡GN

r
d�2
0 , (1.3)

!d�1 is the area of the unit (d�1)-sphere, GN is the d+1 dimensional Newton constant, and

⌧ is Euclidean time, that lives on a circle of circumference �, equal to the inverse Hawking

temperature, � = 1/T . It is related to the Schwarzschild radius via the relation

� =
4⇡r0
d� 2

. (1.4)

Since the background (1.1), (1.2) is obtained by solving the classical Einstein equations, it is

only valid for r0 � lp (the Planck scale). In weakly coupled string theory, there is a stronger

constraint, since classical string theory reduces to Einstein gravity only at distances much

larger than ls, the string scale. Thus, the regime of validity of (1.1), (1.2) is r0 � ls � lp,

where the second inequality is due to small string coupling, gs ⌧ 1.

For r0 of order ls, the background (1.1), (1.2) is replaced by a worldsheet conformal field

theory (CFT) which asymptotes to free field theory on Rd
⇥ S

1 at large r, but is non-trival

at finite r. From the point of view of this CFT, r0 (or �, (1.4)) parametrizes a conformal

manifold. The question is how does the CFT change when r0 decreases from the classical

GR regime r0 � ls to r0 ⇠ ls. Of particular interest for the discussion of [1, 8] is the nature

of this CFT in the limit where � approaches the inverse Hagedorn temperature of string

theory in flat spacetime, �H .

In this limit, the string mode that winds once around the Euclidean time circle becomes

massless [9–12]. Thus, if there is an e↵ective field theory (EFT) description of the contin-

uation of the solution (1.1), (1.2) to this regime, the winding tachyon must be included in

it. Moreover, the winding tachyon is known to be non-zero in the solution. This is the case

already for large black holes [5, 13], and is expected for small ones as well.

A natural approach to the study of small Euclidean black holes is to write an e↵ective

action for the winding tachyon �, the radion ', that describes the variation of the radius of

the Euclidean time circle with the radial direction in Rd, and other light fields, like the dilaton

and the metric on Rd, and look for solutions of this action that have the same symmetries and

other properties as the Euclidean Black Hole (EBH). Horowitz and Polchinski (HP) wrote

the leading terms in this action in [1], and showed that for d < 6 it has suitable solutions.

It is natural to interpret the HP solution as the continuation of the EBH (1.1), (1.2) to

� ⇠ �H (but, see [2] for a recent discussion of possible obstructions to this). Indeed, the

two solutions have some features in common. In particular, both involve a condensate of the

winding tachyon and break the U(1) winding symmetry. Furthermore, both solutions have

a finite classical entropy [1, 2, 7].
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For large 𝑀, the entropy grows like

𝑆!" ∼ 𝑀
%&'
%&*

It is not understood from the statistical point of view.

One idea for gaining insight into this issue is to embed the problem
in string theory, which we turn to next.



Black holes in string theory

In string theory, in addition to the Planck length 𝑙$ , there is
another scale, 𝑙. , which is much larger, 𝑙. ≫ 𝑙$ at weak coupling.
The description of the BH in terms of a metric is expected to be 
valid for 𝑟( ≫ 𝑙. . It should receive large corrections for 𝑟( ∼ 𝑙. . 
In that regime it should be thought of as a worldsheet CFT.

Physically, this has to do with the fact that as the size of the BH
decreases, its Hawking temperature increases, and for 𝑟( ∼ 𝑙. it
approaches the Hagedorn temperature 𝑇" = 1/𝛽" .



The density of states of strings at high energies 𝐸 ≫ 𝑚. , is

𝑆./ ∼ 𝛽"𝐸

Thus, it is natural to ask what happens when the BH shrinks,
and we approach the regime where its Hawking temperature

approaches the Hagedorn temperature.

One may expect that in this regime, the system crosses over from

the BH behavior, 𝑆!" ∼ 𝐸
!"#
!"$, to 𝑆./ ∼ 𝛽"𝐸.



Horowitz and Polchinski (1996) showed that formally continuing
the string and black hole results,

𝑆!" ∼ 𝑆./

at the energy for which the Hawking temperature 𝛽 ∼ 𝛽" . A 
nice feature of this result is that the l.h.s. is thermodynamic in 
nature, while the r.h.s. has a statistical interpretation, in terms of
counting states. In particular, one can hope to address questions 
like how the microstates differ from the BH background that 
describes them, i.e. what are stringy BH’s made out of. 



However, there are difficulties. One is that the BH background
receives large corrections for 𝑟( ∼ 𝑙. , so one needs to 
understand the corresponding worldsheet theory. This will be 
our focus in the rest of this talk. 

Another difficulty is that the correspondence energy , (the 
energy at  which 𝑆!" ∼ 𝑆./) is very large, 𝐸012 ∼ 𝑚./𝑔.*, so 
extrapolating perturbative string results to it is unwarranted. 

If we nevertheless formally continue, it seems that there is some 
tension: the BH is small, while the string is large. We will return 
to this issue later in the talk.



Thus, we are led to the question what happens to the Schwarzschild 
geometry for 𝑟( ∼ 𝑙. . In general, the answer is not known, but it 
turns out that as 𝑑 → ∞ there are some simplifications. In particular, 
the geometry develops a region in which it looks like the two 
dimensional BH (Soda; Emparan et al; Chen, Maldacena)

𝑑𝑠* = 𝑘 𝑑𝜌* − tanh* 𝜌 𝑑𝜙*

𝑒&3 = cosh* 𝜌

with 

cosh* 𝜌 = -M
𝑟
𝑟(

%&*

, 𝜙 =
2𝜋𝑡
𝛽
, 𝑘 =

2𝑟(
𝑑

*



A few things about this: 

• The gravity analysis is only valid at large k, or 2%% , but it can be 
continued to 𝑘 ∼ 1, by using the fact that this geometry 
corresponds to a solvable worldsheet theory, the coset 
SL(2,R)/U(1), CM (2021). 

• The Hagedorn temperature corresponds to 𝑘 = 4 (bosonic 
string), 𝑘 = 2 (superstring).

• The SL(2,R)/U(1) BH is obtained after reducing on the sphere 
𝑆%&', or equivalently integrating out the angular d.o.f. in the 
worldsheet theory. 



Of course, large 𝑑 is not really physical in string theory, so it
would be nice to generalize this understanding to finite 𝑑. The 
Lorentzian problem has so far proven to be too hard, but 
progress has been made on the Euclidean version, to which we 
turn next. 

One reason the Euclidean problem is simpler is that there is no 
singularity, so one can expect it to be more amenable to analysis. 



Small Euclidean BH’s in string theory

We are interested in describing Euclidean Schwarzschild BH’s 
with Hawking temperature 𝛽 ∼ 𝛽" in classical string theory. This 
is a well defined worldsheet CFT problem. We have a line of 
worldsheet CFT’s labeled by 𝛽. We want to understand these 
CFT’s for 𝛽 ∼ 𝛽".

It is natural to ask whether there is an effective field theory  that 
can be used for this purpose. For large BH’s that EFT is of course 
Einstein gravity, but that fails for small BH’s. 

What can we do?



The Euclidean Schwarzschild geometry

with Euclidean time identified as 𝜏 ∼ 𝜏 + 𝛽, asymptotes  at large 𝑟
to 𝑅%×𝑆' . Since we will be interested in 𝛽 ∼ 𝑙., a low energy EFT 
that describes this background must be 𝑑 dimensional. 
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The fields that should be included in the EFT are:

Ø The radion 𝜑(𝑥) that parametrizes the local size of the 𝑆',

𝑅 is the asymptotic radius of the 𝜏 circle, so 𝜑 → 0 at infinity.

Ø The string tachyon winding once around the Euclidean time
circle at infinity, 𝜒 𝑥 . This field becomes light near the
Hagedorn temperature, and thus needs to be included in the low
energy effective Lagrangian. Moreover, it is known to have a
non-zero profile in the Euclidean BH CFT (even for large BH’s).

2 E↵ective field theory description of a small black hole

In this section, we review the structure of the Horowitz-Polchinski e↵ective field theory

(EFT), which is expected to describe small Euclidean black holes. We also discuss higher

order corrections to this EFT, that are useful in some regions of parameter space.

As in section 1, we start in the Euclidean spacetime Rd
⇥ S

1, where the circumference

of the Euclidean time circle, � = 2⇡R, is equal to the inverse temperature. We take the

temperature to be close to the Hagedorn temperature, i.e. � ' �H = 2⇡RH , where

R
bosonic
H

= 2ls , R
type II
H

=
p
2ls . (2.1)

The Horowitz-Polchinski EFT is a d-dimensional theory obtained by reducing the classical

string theory on the Euclidean time circle S1, and keeping only modes that are slowly varying

on Rd. These modes include the metric gµ⌫(x), dilaton �d(x), radion '(x), and other massless

fields that will not play a role in our discussion.

As mentioned in section 1, near the Hagedorn temperature, we also need to include in the

EFT the tachyon winding once around the Euclidean time circle. Viewed as a d dimensional

field, �(x), its mass is given by

m
2
1 =

R
2
�R

2
H

↵02 . (2.2)

For temperatures slightly below the Hagedorn temperature, 0  R � RH ⌧ ls, this mass

is small, m1 ⌧ ms = 1/ls. � is a complex field, whose complex conjugate corresponds to

a string with the opposite orientation. The phase of � will not play a role in our problem;

thus, we will restrict to � 2 R+.

In the leading approximation, the EFT only contains the fields ', �. The other fields

mentioned above describe the back-reaction of the geometry to the non-zero ', �, which as

we argue below can be neglected in our calculations to the order that we perform them.

The radion ' parametrizes the local radius of the S
1, via the equation

R(x) = Re
'(x)

. (2.3)

Here R is the radius of the circle at infinity, so ' ! 0 at large |x|. Expanding (2.3) to leading

order in ' gives rise to the action [1, 2]

Id =
�

16⇡GN

Z
d
d
x

h
(r')2 + |r�|

2 +
⇣
m

2
1 +



↵0'
⌘
|�|

2
i
, (2.4)

where


bosonic = 8 , 

type II = 4 . (2.5)
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In principle, we should also include other light fields, like the
dilaton and the metric on 𝑅%, but their effects will turn out to be
subleading.

Thus, we will start with an EFT for 𝜑, 𝜒, and will add additional
fields as necessary.

Our first try for an effective action is:

We will refer to it below as the Horowitz – Polchinski (HP) effective
action.
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𝜅 is a numerical constant, and 𝑚4 is the mass of the winding
tachyon at infinity, where the radius of the circle it winds around

is 𝑅 , which is related to the inverse temperature, 𝛽 = 2𝜋𝑅.

We will use 𝑚4 to parametrize 𝛽, and take it to be small,  
𝑚4 ≪ 𝑚. to study the region 𝛽 ∼ 𝛽". 
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EFT the tachyon winding once around the Euclidean time circle. Viewed as a d dimensional

field, �(x), its mass is given by

m
2
1 =

R
2
�R

2
H

↵02 . (2.2)

For temperatures slightly below the Hagedorn temperature, 0  R � RH ⌧ ls, this mass

is small, m1 ⌧ ms = 1/ls. � is a complex field, whose complex conjugate corresponds to

a string with the opposite orientation. The phase of � will not play a role in our problem;

thus, we will restrict to � 2 R+.

In the leading approximation, the EFT only contains the fields ', �. The other fields

mentioned above describe the back-reaction of the geometry to the non-zero ', �, which as

we argue below can be neglected in our calculations to the order that we perform them.

The radion ' parametrizes the local radius of the S
1, via the equation

R(x) = Re
'(x)

. (2.3)

Here R is the radius of the circle at infinity, so ' ! 0 at large |x|. Expanding (2.3) to leading

order in ' gives rise to the action [1, 2]

Id =
�

16⇡GN

Z
d
d
x

h
(r')2 + |r�|

2 +
⇣
m

2
1 +



↵0'
⌘
|�|

2
i
, (2.4)

where


bosonic = 8 , 

type II = 4 . (2.5)
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The simplest deformation of the structure in d = 6 is one where the EBH and HP

solutions are connected at some finite R�RH and M (see figure 7). This seems to disagree

with the results of [8], that find that such a continuous transition is impossible in classical

type II string theory. If this is the case, one needs to understand the behavior of the HP

solution as the temperature decreases.2

We also briefly discuss the case d > 6. We point out that a natural scenario is that the

structure is the same as that of the d = 6 case, but it is also possible that the T = TH

solution ceases to exist for d > 6. This would imply a discontinuity in going from d = 6 to

d = 6 + ✏ for arbitrarily small ✏.

We include an appendix that contains some technical results used in the text.

2 The Horowitz-Polchinski solution

We start with a Euclidean spacetime of the form Rd
⇥ S1. The S1 is Euclidean time; its

circumference is

� = 2⇡R = 1/T , (2.1)

the inverse temperature. We will study the theory for temperatures in the vicinity of the

Hagedorn temperature TH . The inverse Hagedorn temperature, �H = 1/TH , can be written

as [9]

�H = 2⇡RH , Rbosonic

H
= 2ls , Rtype II

H
=

p
2ls . (2.2)

When the temperature is slightly below TH , i.e. R is slightly above RH , the tachyon with

winding one, viewed as a complex field �(x) on Rd, becomes light. Its mass is given by

m2

1 =
R2

�R2

H

↵02 , (2.3)

and it goes to zero as R ! RH . We will be interested in the regime m1 ⌧ ms ⌘ 1/
p
↵0.

The EFT obtained by reducing on the Euclidean time circle is described by the action

Id =
�

16⇡GN

Z
ddx

p
ge�2�d

⇥
�R� 4(r�d)

2 + (r')2 + |r�|2 +m2

1|�|2 + · · ·
⇤
. (2.4)

2
The authors of [8] suggest that the transition could be via a singular CFT, but this seems unnatural

since at the transition the mass M and temperature T are in the regime that should be well described by

worldsheet CFT.
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The HP action includes the leading terms in a certain expansion. To 
see what that expansion is, we write the e.o.m. of 𝐼%:

These equations have a scaling symmetry, under which:

𝜒 = 𝜑 = 2; ∇ = 𝑚4 = 1

Here g is the metric on Rd, �d is the d-dimensional dilaton, GN is the d + 1 dimensional

Newton’s constant, and R is the scalar curvature of g. The scalar field ' controls the radius

of the Euclidean time circle. The ellipsis in (2.4) stands for other fields, that will not be

important for the analysis, and for higher order terms in the fields and in derivatives.

As mentioned above, we are interested in solutions of the equations of motion that have

a non-zero expectation value of the field �, and thus break the winding symmetry. For small

� one can neglect the back-reaction on the metric g and dilaton �d. Thus, we will set them

to the standard flat space values.

The field � satisfies the Klein-Gordon equation

r
2� = m2

1� . (2.5)

We will focus on spherically symmetric solutions of (2.5), which behave at large r like

�(r) ⇠ r�
d�1
2 exp(�m1r).

To study the HP solution, as well as near-Hagedorn black holes, we need to include an

additional term in the e↵ective Lagrangian (2.4) – the coupling of the radion field ' to the

winding tachyon �. This coupling owes its existence to the fact that the mass of � depends

on the radius of the thermal circle, which depends on '. We will use conventions where

positive ' corresponds to a larger circle. The leading coupling is proportional to '|�|2.

Putting all these elements together, we arrive at the action

Id =
�

16⇡GN

Z
ddx

h
(r')2 + |r�|2 + (m2

1 +


↵0')|�|
2

i
. (2.6)

Here we used the conventions of [8]. In particular, the constant  is given by

bosonic = 8 , type II = 4 . (2.7)

We note for future reference that the fields ' and � are dimensionless, and their relative

normalization is fixed by the requirement that their kinetic terms are equal.

The equations of motion of (2.6) are

r
2� = (m2

1 +


↵0')� ,

r
2' =



2↵0 |�|
2 .

(2.8)

For m1 = 0, these equations have a dilatation symmetry, that we will use extensively below.

Under this symmetry, ' and � have scaling dimension two and x has scaling dimension �1.

The mass m1 can be thought of as a coupling of scaling dimension one. In other words, it
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Under this symmetry, all terms in the effective Lagrangian have 
dimension six. All the terms we have neglected have higher 
dimensions. Thus, one would expect them to not be important for 
small 𝑚4. We will see later to what extent this expectation is 

realized. 



The action 𝐼% was written by Horowitz and Polchinski (1997) to 
describe gravitating strings. Our goal is to describe small Euclidean 

black holes, but it is not clear that the two are distinct objects. In 
any case, we are looking for spherically symmetric, normalizable

solutions of the e.o.m. that behave at large 𝑟 like:

We next describe these solutions.

The term linear in ' in (2.4) is due to the dependence of the mass of the winding tachyon

on the radius (2.3). Of course, there are higher order (in ') contributions to this mass; they

will play an important role in our analysis.

From (2.4), we find the equations of motion

r
2
� = (m2

1 +


↵0')� ,

r
2
' =



2↵0 |�|
2
.

(2.6)

For m1 = 0, these equations have a scaling symmetry under which the fields �,' have

dimension 2, and the coordinate x has dimension�1. This symmetry can be extended to non-

zero m1 by assigning to it scaling dimension 1. This means that the mass in (2.4) behaves

like a relevant coupling. Hence, its e↵ects are unimportant at short distances (|x| ⌧ m
�1
1 ).

For studying small black holes, we are interested in normalizable, spherically symmetric

solutions of (2.6) that behave at large r like5

�(r) ⇠ r
� d�1

2 e
�m1r

,

'(r) ⇠ r
�d+2

.
(2.7)

Such solutions exist for d < 6, and are known as Horowitz-Polchinski solutions [1,2,7]. They

are finite at r = 0 and monotonically approach zero at infinity, with the large r behaviour

given by (2.7). They scale at small m1 like �,' ⇠ m
2
1, and go to zero for all r as m1 ! 0.

As mentioned above, the action (2.4) receives contributions of higher order in ', �,

as well as contributions from other massless fields. The justification for omitting these

other contributions is that they have higher scaling dimensions w.r.t. the scaling symmetry

mentioned below (2.6).

Indeed, all the terms in the Lagrangian (2.4) have scaling dimension six. Terms with

more powers of the fields ', � or more derivatives have dimensions larger than six, and thus

generically can be neglected at small m1.

To see that the gravity fields on Rd can be neglected as well, consider the back-reaction

of the HP solution on the dilaton field �d(x) (the analysis of the back-reaction on the metric

is similar). Including the dilaton in the HP action (2.4) leads to an action of the form

�

16⇡GN

Z
d
d
xe

�2�d
⇥
�4(r�d)

2 + (r')2 + |r�|
2 +m

2
1|�|

2 + · · ·
⇤
. (2.8)

The leading equation of motion for �d takes the schematic form

r
2
�d ⇠ (r')2 + |r�|

2 +m
2
1|�|

2 + · · · . (2.9)

5Later, we will discuss solutions of the problem with m1 = 0, for which the boundary conditions at large
r are �(r),'(r) ⇠ 1/rd�2.
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Horowitz - Polchinski solutions
We can use the scaling symmetry mentioned above to define

In terms of these scaled parameters, the e.o.m take the form

where !d�1 is the area of the unit (d� 1)-sphere.

To solve equations (2.8), we use the scaling symmetry to define

x = x̂/m1 ,

�(x) =

p
2↵0


m2

1�̂(x̂) ,

'(x) =
↵0


m2

1'̂(x̂) .

(2.10)

In terms of the hatted variables, these equations take the form (for spherically symmetric

configurations �̂ = �̂(r̂), '̂ = '̂(r̂))

r̂
2�̂ = �̂00 +

d� 1

r̂
�̂0 = (1 + '̂)�̂ ,

r̂
2'̂ = '̂00 +

d� 1

r̂
'̂0 = �̂2 .

(2.11)

Equations (2.11) have a unique normalizable solution with the properties listed above for

fixed d (see figure 1). It is instructive to plot �̂(0), '̂(0) as a function of d, viewed as a

continuous variable. We exhibit the result in figure 2. It has an interesting behavior near

d = 6, which we will discuss later.

Figure 2: �̂(0) and �'̂(0) as a function of d.

Equation (2.10) implies that �(0), '(0) scale like m2

1. Therefore, for smallm1 the higher

order corrections to the e↵ective action (2.6) mentioned above can be neglected. When m1

grows, such terms need to be included, and this EFT breaks down. This happens when

m1 ⇠ ms; thus the HP analysis is only valid for temperatures TH � T ⌧ ms.

A useful way of parametrizing the solution of (2.8) is in terms of the behavior of '(r) at

large r. Since �(r) goes exponentially to zero at large r, the second equation in (2.8) implies
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1. Therefore, for smallm1 the higher

order corrections to the e↵ective action (2.6) mentioned above can be neglected. When m1

grows, such terms need to be included, and this EFT breaks down. This happens when

m1 ⇠ ms; thus the HP analysis is only valid for temperatures TH � T ⌧ ms.

A useful way of parametrizing the solution of (2.8) is in terms of the behavior of '(r) at

large r. Since �(r) goes exponentially to zero at large r, the second equation in (2.8) implies
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Thus, in the scaled parameters there is a unique solution for 
given 𝑑. There is no known analytic solution, but solving the 

equations numerically, one finds solutions that look like this:

is a relevant coupling, whose e↵ects become important at large x, and go to zero at small x

(relative to 1/m1).

On the other hand, higher order contributions to the action (2.6), such as |�|4, '2
|�|2,

etc, give rise to irrelevant couplings, that are unimportant at large x. Conversely, such terms

play an important role at small x, and the action (2.6) is in general expected to break down

there.

Note that the above dilatation symmetry is in general distinct from the usual symmetry

of free massless Klein-Gordon theory, under which scalar fields such as � and ' have scaling

dimension (d� 2)/2. This is related to the fact that the action (2.6) is not invariant under

it, but rather is rescaled by a d-dependent overall factor. For d = 6 this rescaling factor

disappears, and the two symmetries coincide. This is probably related to the special role

that d = 6 plays in the HP analysis, as well as in our discussion below, though the precise

relation is unclear to us.

The Horowitz-Polchinski solution [11] is a spherically symmetric solution of (2.8), for

which '(r), �(r) go to zero at infinity and approach constant values at the origin. The

phase of the complex field � is fixed in this solution, and we can take �(r) to be real and

positive, without loss of generality.

d=3

d=4

d=5

2 4 6 8 10 r⋀

2

4

6

8

10

12

14

χ⋀

d=3

d=4

d=5

2 4 6 8 10 r⋀

5

10

15

-φ⋀

Figure 1: The profiles of �̂ and �'̂ (defined in (2.10)) for d = 3, 4, 5.

The solution �(r) is then a monotonically decreasing function of r. The radion '(r)

is negative and monotonically increasing – the radius of the thermal circle decreases as �

increases, due to the e↵ect of the condensate of the winding string. It can be expressed in

terms of � as

'(x) = �


2(d� 2)!d�1↵0

Z
ddy

�2(y)

|x� y|d�2
, (2.9)
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Note that:

Ø 𝜑 is negative in these solutions. This just means that the Euclidean 
time circle shrinks as 𝑟 decreases, as expected.

Ø The scaling symmetry implies that  𝜒 0 , 𝜑 0 ∼ 𝑚4
* . Thus, 

𝜒 𝑟 , 𝜑 𝑟 → 0 as 𝑚4 → 0 , i.e. as the Hawking temperature 
approaches the Hagedorn temperature. 

Ø We only have graphs for 𝑑 = 3, 4, 5. This is because for 𝑑 ≥ 6
there are no solutions with the required boundary conditions. This 
is a curious feature; we will get back to it.



The absence of solutions for 𝑑 ≥ 6 seems problematic. The question 
what happens to Euclidean BH’s as 𝛽 → 𝛽" clearly exists for all 𝑑 ≥ 3, 

so if the effective action 𝐼% does not have suitable solutions, we 
presumably must conclude that such EBH’s cannot be described by an 

effective action. 

We will next see that the actual situation is more interesting. 



The limit 𝑑 → 6

To see the origin of the problem for 𝑑 ≥ 6, it is convenient to 
treat  𝑑 as a continuous variable, and examine the limit 𝑑 → 6. 
The numerics gives the following result for the scaled height of 
the solutions �̂� 0 , a𝜑(0):

where !d�1 is the area of the unit (d� 1)-sphere.

To solve equations (2.8), we use the scaling symmetry to define

x = x̂/m1 ,

�(x) =

p
2↵0


m2

1�̂(x̂) ,

'(x) =
↵0


m2

1'̂(x̂) .

(2.10)

In terms of the hatted variables, these equations take the form (for spherically symmetric

configurations �̂ = �̂(r̂), '̂ = '̂(r̂))

r̂
2�̂ = �̂00 +

d� 1

r̂
�̂0 = (1 + '̂)�̂ ,

r̂
2'̂ = '̂00 +

d� 1

r̂
'̂0 = �̂2 .

(2.11)

Equations (2.11) have a unique normalizable solution with the properties listed above for

fixed d (see figure 1). It is instructive to plot �̂(0), '̂(0) as a function of d, viewed as a

continuous variable. We exhibit the result in figure 2. It has an interesting behavior near

d = 6, which we will discuss later.
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Figure 2: �̂(0) and �'̂(0) as a function of d.

Equation (2.10) implies that �(0), '(0) scale like m2

1. Therefore, for smallm1 the higher

order corrections to the e↵ective action (2.6) mentioned above can be neglected. When m1

grows, such terms need to be included, and this EFT breaks down. This happens when

m1 ⇠ ms; thus the HP analysis is only valid for temperatures TH � T ⌧ ms.

A useful way of parametrizing the solution of (2.8) is in terms of the behavior of '(r) at

large r. Since �(r) goes exponentially to zero at large r, the second equation in (2.8) implies
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It looks like these quantities grow without bound as 𝑑 → 6. One 
can actually  show analytically that 

𝜒 0 ,−𝜑 0 ∼
𝑚4
*

6 − 𝑑

Thus, at fixed 𝑑 < 6, as 𝑚4 → 0,  𝜒, 𝜑 ∼ 𝑚4
* , but at fixed 𝑚4, as

𝑑 → 6 they grow without bound. This seems to suggest that the small 
field approximation breaks down, and the EFT becomes unreliable. 

We will next show that the actual situation is better.



To see what happens as 𝑑 → 6, we add the first subleading terms to 
𝐼%. These terms have dimension eight, and can be obtained by 

studying string scattering amplitudes. One finds:

The e.o.m. of 𝜑, 𝜒 are now:

Thus we find that �d has scaling dimension four. Its leading contribution to the action (2.8)

is through dimension ten operators, like (r�d)2, �d(r')2, etc. Hence, we can neglect them

for small m1.

As mentioned above, the Horowitz-Polchinski solutions described above only exist for

d < 6. To see why that is, it is instructive to treat d as a continuous parameter, and examine

these solutions in the limit d ! 6. This was done in [7], where it was shown that the maximal

value of �, ', which is attained at r = 0, grows without bound as d ! 6. In particular, it

was shown in [7] that

�(0) ⇠
40
p
2↵0

(6� d)
m

2
1 . (2.10)

Superficially, this seems to suggest that when d ! 6 with fixed m1, the small field approx-

imation breaks down, and the EFT (2.4) becomes unreliable. We will next argue that the

actual situation is better. We can describe the region near d = 6 in a Taylor series in 6� d

and m1, by including higher dimension terms in the e↵ective Lagrangian.

2.1 Beyond HP I: d = 6� ✏

In this and the next subsection, we study the e↵ect of including the first subleading, dimen-

sion eight, terms in the e↵ective Lagrangian decribed above. These terms can be obtained

by studying string scattering amplitudes. One finds (see e.g. [27])

Id =
�

16⇡GN

Z
d
d
x

h
(r')2 + |r�|

2 +
⇣
m

2
1 +



↵0'+


↵0'
2
⌘
|�|

2 +


4↵0 |�|
4
i
. (2.11)

The '2
|�|

2 term follows from the expansion of the mass of the winding tachyon, (2.2), (2.3).6

Importantly, since the gravitational backreaction gives rise to dimension ten terms, as we

discussed around eq. (2.8), we can still neglect it at this order.

The equations of motion of the action (2.11) are

r
2
� = m

2
1�+



↵0'�+


2↵0�
2
�
⇤ +



↵0'
2
� ,

r
2
' =



2↵0 |�|
2 +



↵0 |�|
2
' .

(2.12)

We look for solutions satisfying the boundary conditions (2.7).

Form1 = 0, eq. (2.12) have the property that setting7 � = �
p
2' is consistent with both

equations, and collapses them to a single equation for � or '. As explained in [7], this is due

6This expansion also gives rise to a dimension eight term proportional to m2
1'|�|2. This term can be

neglected relative to the '|�|2 term in (2.11) for m1 ⌧ 1.
7As mentioned above, we take �(r) to be positive, for all r. Thus '(r) is negative.
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We are looking for solutions of these equations for 𝜖 = 6 − 𝑑 ≪ 1,
𝑚4 ≪ 1. One can study this problem numerically (and we did), but 

there are a few analytic statements one can make as well. 

v For 𝑚4 = 0, the e.o.m. are consistent with setting 𝜒 = − 2𝜑 . It 
turns out that the normalizable solutions satisfy this constraint. 
From the point  of the EFT this looks accidental, but as we we will 
see next, it is a consequence of a symmetry.



As we discussed before, the effective Lagrangians we are studying 
should be thought of as an approximation to a worldsheet CFT, that 

describes the small EBH. That CFT has in general a 𝑈 1 5×𝑈 1 6

symmetry, with the conserved charges being the left and right-moving 

momenta on the  Euclidean time circle (or, equivalently, the conserved 
momentum and string winding on 𝑆'). 

In the EBH geometry, the circle is contractible, which means that the 
winding symmetry is spontaneously broken (a string winding around 
the circle can slip off the tip). This symmetry is also broken by the 
condensate of  the winding tachyon 𝜒. The two are closely related. 



Thus, the EBH spacetime realizes the spontaneous symmetry breaking 
pattern

𝑈 1 5×𝑈 1 6 → 𝑈 1 %789

At the Hagedorn temperature, i.e. for 𝑚4 = 0, the asymptotic 

symmetry on 𝑅%×𝑆' is enhanced to S𝑈 2 5×𝑆𝑈 2 6. This is directly 

related to the fact that  the winding tachyon 𝜒 is exactly massless 
there. The charged 𝑆𝑈(2) currents are modes of 𝜒, while the CSA 
generator is the zero mode of 𝜑.
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Here, '⇤(x) and �⇤(x) are solutions to the equations of motion (2.12), satisfying the boundary
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We see that there are two different regions in parameter space, in 
which the behavior is different:

• For 𝑚4 ≪ 𝜖 we have 

𝜒 0 ∼
𝑚4
*

𝜖

• For 𝜖 ≪ 𝑚4 we have 

𝜒 0 ∼ 𝑚4



Thus, if we fix 𝑚4 and send 𝜖 → 0 , we do not find that the EFT 
description breaks down, as indicated by the leading order effective 

action.  Rather, we need to include the first subleading corrections to 
this action (but, importantly,  not any higher order ones). 

In particular, for 𝑑 = 6 the modified effective action has a solution, 
while the HP one does not. To study this solution for small 𝑚4 , one 

can neglect the higher order corrections to the effective action. 



𝑑 > 6
Now that we found the solution for d=6, we can ask what 
happens for 𝑑 > 6. As mentioned above, the HP action does not 
have solutions in this range, but our analysis suggests that the 
modified action does have such solutions for 𝑑 = 6 + 𝜖 .

Consider e.g. the case 𝑚4 = 0. The relation on p. 38 implies that 
there is a solution, with 

This is different from the case 𝑑 ≤ 6 , where at 𝑇 = 𝑇" the 
solution vanishes.

Figure 1: �(0) as a function of m1, with 

↵0 = 4. The dashed lines are given by (2.17).

2.2 Beyond HP II: d = 6 + ✏

In the previous subsection we saw that as d approaches six from below, the region of temper-

atures close to the Hagedorn temperature for which the original HP analysis is valid becomes

smaller and smaller. For fixed temperature, in this limit the solution of the EFT becomes

more and more sensitive to the higher order terms in the e↵ective action.

This makes it interesting to ask what happens for d � 6. Recall that in the absence of

the quartic terms in eq. (2.12), there are no normalizable solutions for d � 6, but as we

discuss next, this changes when we add these terms.

The case d = 6 can be viewed as the limit ✏ ! 0 of the analysis in the previous subsection.

The solution behaves like �(0) ⇠ m1 + O (m2
1), as in (2.22). Its existence relies on the

presence of the quartic terms in (2.11). Adding higher dimension terms to the e↵ective

Lagrangian gives contributions to �(0) of higher order in m1.

To see what happens for d = 6 + ✏, we look back at eq. (2.17). One interesting feature

is that there is now a solution to this equation for m1 = 0. It is

�(0) =
7
p
2

12
✏+O

�
✏
2
�
. (2.23)

This is di↵erent from the situation for d < 6, where the HP solutions vanish at m1 = 0, even

after including the higher dimension terms to the e↵ective Lagrangian. To verify that such

solutions indeed exist, we solved eq. (2.12) numerically. The results are exhibited in figure 2.

In this figure we also plot the solutions for m1 > 0. The qualitative form of these solutions

is similar to that of the HP solutions in d < 6: they are finite at r = 0, and monotonically

approach zero at infinity, with the large r behaviour (2.7).

In figure 3, we plot the value of �(0) as a function of m1 and compare it with (2.17).

We see that for small ✏(= d� 6) and m1, (2.17) is consistent with the numerical results, as
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We checked the predictions of the above perturbative analysis by 
solving the modified HP e.o.m. numerically. An example of the results 
for 𝑑 = 6 + 𝜖 is exhibited below:
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Figure 2: The profiles of � and �' for d = 6.01.

Figure 3: �(0) as a function of m1 for d > 6, with 

↵0 = 4. The dashed lines are given by

(2.17).

expected.

Comments:

1. For m1 = 0, we find numerically that the solution of (2.12) satisfies the constraint

�(r) = �
p
2'(r) (see figure 4). As explained in [7], the constraint �(r) = �

p
2'(r) is a

consequence of an SU(2) symmetry of the underlying worldsheet CFT. This is compat-

ible with the expectations expressed in that paper that at the Hagedorn temperature,

the small EBH should exhibit such an enhanced symmetry.

2. For d slightly above six and small m1, the EFT analysis based on the action (2.11)

is reliable. Eq. (2.23) gives the order ✏ contribution to �(0) at m1 = 0. To compute

higher order contributions, one needs to add higher order terms to the e↵ective action

(and include the gravitational back-reaction discussed around eq. (2.8)). The coe�cient

of a particular power of ✏ in (2.23) is only sensitive to terms up to a particular dimension

11
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For 𝑚4 = 0, we showed numerically that the solutions satisfy the 

constraint 𝜒 𝑟 = − 2𝜑 𝑟 :

As discussed above, this is strong evidence for an enhanced SU(2) 
symmetry of the underlying worldsheet CFT. 

m∞=0
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m∞=0.009
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r

0.997

0.998

0.999

1.000

-
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2 φ

Figure 4: Plots of � �(r)p
2'(r)

for di↵erent values of m1, at d = 6.01.

in the e↵ective action.

3. As mentioned above, for m1 = 0 the worldsheet CFT describing the small EBH has

an enhanced SU(2) symmetry (for all d > 6). As discussed in [7], it corresponds to

a deformation of the flat space sigma model on Rd
⇥ S

1 by the non-abelian Thirring

deformation

�(r)Ja
J̄
a
, (2.24)

where Ja and J̄
a are SU(2)L and SU(2)R currents that exist when the S1 is at the Hage-

dorn radius. The radial profile �(r) is fixed by the requirement that the corresponding

worldsheet theory is conformal.

4. While the relative sign of the two quartic terms in (2.11) is fixed by the SU(2) symmetry

discussed above, to compute their overall sign one needs to appeal to a string theory

calculation.8 As a check on that calculation, it is interesting to ask what would happen

if the sign was opposite. Looking back at (2.17), one finds that in that case there would

be no solution to the equations for d � 6, while for d < 6 there would be no solution

above some maximal value of m1, and two solutions below this value. All this would

be hard to interpret from the point of view of this note, which strongly supports the

sign in (2.11).

The authors of [3–5] showed that the EBH geometry (1.1), (1.2) has the interesting

property that as d ! 1 its reduction to the two dimensional space labeled by (r, ⌧) describes

the same background as the SL(2,R)/U(1) coset [14]. The level of SL(2,R), k, is related to

the temperature via the relation � = 2⇡
p
kls. The original papers [3, 4] considered the case

where the black hole is large, i.e. the inverse Hawking temperature � � ls, or k � 1. Their

8Of course, another check on that sign comes from the expansion of the radius (2.3) mentioned above.
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Thus, we conclude that the modified HP effective action describes the 
small EBH for 𝑑 = 6 + 𝜖 . One can compute higher order corrections 

in 𝜖 by including higher order terms in the effective action. 

As 𝜖 increases, we expect 𝜒(0) to increase as well. When it becomes 
of order one, which happens for integer 𝑑 > 6 , 𝜒(0) presumably 
becomes of order one, and one needs to solve the full worldsheet

CFT. E.g. for 𝑚4 = 0, i.e. at the Hagedorn temperature, one needs to 
solve the non-abelian Thirring model with an 𝑟 – dependent coupling 
described on p. 34. 



We arrive at the following qualitative picture:



One interesting check of this picture is the overlap of the green and 
orange lines at large 𝑑 . Our picture predicts that at 𝑇 = 𝑇" the EBH 

background is described by a worldsheet theory with an enhanced 
𝑆𝑈 2 symmetry for all 𝑑. Thus, the large 𝑑 theory must have such a 

symmetry as well. The 𝑆𝐿(2, 𝑅)/𝑈 1 CFT at level k=2 (bosonic) or 4 
(supersymmetric) is indeed known to have such a symmetry. 

In fact, the 𝑆𝐿(2, 𝑅)/𝑈 1 at level k=2 (4) has a description as a non-
abelian Thirring with a coupling that depends on the radial direction, 
so it’s natural that the two are related as indicated in the figure on the 
previous page. 



Open string analog
CMW pointed out that there is an interesting analog of the EBH 
problem in D-brane physics. It involves two D-branes extended 
in 𝑅% and separated by a distance 𝐿 in a transverse direction. 
Callan and Maldacena found a solution of the DBI e.o.m. for this 
system, that describes the branes connected by a throat. Their 
analysis is valid for 𝐿 ≫ 𝑙.. In this limit, the width of the throat is
∼ 𝐿.

One can think of the CM solution as an analog of the large EBH, 
with 𝐿 playing the role of 𝛽.



Just like the EBH gives at large 𝑑 the SL(2,R)/U(1) two dimensional BH, 
the CM solution gives at large 𝑑 the hairpin brane of Zamolodchikov et 

al. 
Similarly to the BH analysis, one can ask what happens when we 

decrease 𝐿, and in particular approach the point where a tachyon 
stretched between the branes becomes massless, 𝐿 → 𝐿0 .

It turns out that in  this regime the system is descrbed by the same 
effective action that we studied, with  

Thus, the solutions have the same properties!

The same logic as in section 2 leads us to consider an EFT containing the tachyon �op,

and the field parametrizing the local variation of the distance between the D-branes from

L, 'op. In Appendix B we study this action, to the same order as in the closed string case

(2.11). We do the calculation for the bosonic string; we expect the qualitative structure to

be the same for the superstring, but have not checked this.

The resulting action is given by

Iop =
⌧dL

2

2

Z
d
d
x

h
(r'op)

2 + |r�op|
2 +

⇣
m

2
1 +



2↵0'op +


2↵0'
2
op

⌘
|�op|

2 +


8↵0 |�op|
4
i
,

(3.5)

where  is given by (2.5). As before, m1 is the asymptotic mass of the stretched tachyon.

It is given by

m
2
1 =

L
2
� L

2
c

(2⇡↵0)2
. (3.6)

where

L
bosonic
c

= 2⇡ls , L
type II
c

=
p
2⇡ls . (3.7)

As in section 2, we expect (3.5) to be valid for m1 ⌧ ms, i.e. for L close to the critical

value (3.7).

We are again interested in normalizable, spherically symmetric solutions of the e.o.m. of

(3.5). Since the action is the same as in the closed string case, (2.11), so are the solutions.

In particular, for d > 6, m1 = 0, the solutions satisfy

�op(r) = �
p
2'op(r) . (3.8)

In the closed string case, this relation had a natural worldsheet interpretation, stemming

from an enhanced SU(2) symmetry of the non-abelian Thirring model (2.24). It is natural

to expect that something similar happens in the open string case.

To see that this is indeed the case, we consider the worldsheet action for the system of

two D-branes in the presence of the perturbations corresponding to �op and 'op. Keeping

track of normalizations, the free worldsheet Lagrangian for the two branes contains in this

case the boundary interaction

�L = �'op(r)J
3
�
3 +

1
p
2
�op(r)J

+
�
� +

1
p
2
�
⇤
op(r)J

�
�
+
. (3.9)

J
i are given by (B.1), (B.2), and �

i are Pauli matrices (with �
±
⌘ (�1

± i�
2)/2), whose role

is to keep track of the Chan-Paton structure associated with the two branes.
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For 𝐿 ≫ 𝐿0 the brane configuration looks like

For 𝐿 ≃ 𝐿0:

Varying 𝐿, or 𝑚4 , continuously interpolates between the two, 
despite the fact that they look topologically distinct!

one for a Reissner-Nordström black hole with non-zero entropy at extremality.

6 An open string analog of the two solutions

In this section we discuss an open string analog of the two solutions, namely the Horowitz-

Polchinski and black hole solutions.

Figure 12: We consider a brane and an anti-brane separated by a distance L. (a) When
L � Lc ⌧ ls, we have an analogue of the Horowitz-Polchinski solution, where we have a
condensate of open string mode and the two branes are deformed and get a bit closer in the
middle. (b) When L � ls we have a solution with the two branes are connected.

We start from a D-brane anti-D-Brane pair separated by some distance L. This system

has an open string mode with mass

m2 =
L2

(2⇡↵0)2
� 1

2↵0
(6.1)

which becomes tachyonic at a small enough L, L < Lc = ⇡
p
2ls. This critical value of L is

somewhat analogous to the Hagedorn inverse temperature for the closed string case. When

0 < L� Lc ⌧ ls this mode is light and has a positive mass squared. So we can consider an

open string e↵ective action of the form

I =
TL2

c

2

Z
ddx

h
(r')2 + |r�|2 +

⇣
m2

1 +


↵0
'
⌘
|�|2

i
(6.2)

where � is the open string mode and ' is related to the distance between the brane and

the anti-brane, L = Lc(1 + '). We have truncated the action to include only the light fields

that are excited in the solution. Since the action has the same form as (2.4) (2.5) we will

have the same solutions, but with a new interpretation. These solutions exist in the same
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For 𝑑 > 6, 𝑚4 = 0 , the solutions again have the property that 𝜒

= − 2𝜑. In the closed string case, this was a consequence of an 

enhanced SU(2) symmetry. Is this the case here as well?

Answer: yes!

The worldsheet theory describing the branes is defined on the upper 
half plane, with the boundary interaction 

The analog of the localized Thirring model is a localized Kondo system.

When (3.8) is satisfied, we can write (3.9) as

�L = �op(r)J
i
�
i
. (3.10)

This boundary interaction is reminiscent of the boundary CFT description of the Kondo

e↵ect [22]. In that case, the Rd is absent, and the coupling (3.10) generates an RG flow.

The infrared fixed point of that flow describes a system where the SU(2) global symmetries

corresponding to J
i, �i are broken, but the total SU(2) corresponding to J

i + �
i remains a

symmetry.

In our case, the interaction (3.10) preserves conformal symmetry, and the fact that it does

determines �op(r). For d = 6 + ✏, one can use the EFT described in section 2 to calculate

�op(r). Like there, as ✏ increases, the corrections to the EFT analysis grow, and eventually

one must analyze the full boundary theory (3.10). The resulting CFT has an enhanced

SU(2) symmetry for all d, like in the corresponding closed string analysis in section 2.

The analogy to the closed string case suggests considering the large d limit of the D-

brane system described in this section. In the closed string case, the EBH solution (1.1),

(1.2) approaches in this limit the SL(2,R)/U(1) two dimensional EBH (after reduction on

the sphere) [3–5]. It is interesting to do the same here, starting from the solution of [21],

(3.3).

For large d, the solution (3.3) has the property that X(r) ' ±
L

2 , except in a small region

around r = rmin. To zoom in on this region, it is convenient to define a new radial coordinate

⇢,

e
⇢ =

✓
r

rmin

◆d�1

. (3.11)

The shape of the brane, (3.3), approaches at large d (and fixed ⇢)

X = ±

✓
L

2
�

rmin

d

Z 1

⇢

d⇢
0 1
p
e2⇢

0
� 1

◆

= ±
rmin

d
arctan

p
e2⇢ � 1 .

(3.12)

Using the fact that as d ! 1, rmin (3.4) approaches d

⇡
L, we can rewrite (3.12) as

e
�⇢ = cos

QX

2
, (3.13)

with

Q =
2⇡

L
. (3.14)

Further rescaling ⇢, ⇢ = Q�/2, (3.13) describes a hairpin brane in a flat space labeled by

(X,�), and linear dilaton in the � direction with slope Q/2 [6]. In our application, the linear

dilaton arises from the integration over the d�1 dimensional sphere e��
⇠ r

d�1
⇠ e

⇢ = e
Q�/2.
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Discussion
The main qualitative conclusion of this work is that the hypothesis
that continuing EBH’s to 𝑇 ≃ 𝑇" gives worldsheet theories that are 
well described by a HP-type effective Lagrangian is consistent with 
all the test we subjected it to. 

It leads to a picture according to which small EBH’s are not really 
small. They have a long range condensate of the winding tachyon 𝜒, 
whose range goes to infinity as 𝑇 → 𝑇".

We have identified the worldsheet theory that governs the EBH at 
𝑇 = 𝑇".



There are many things left to do. 

In the Euclidean case, it would be nice to solve the localized non-
abelian Thirring and Kondo CFT’s that we were led to for describing 

the critical closed and open string systems (with 𝑚4 = 0). 

A particularly interesting question concerns the Lorentzian analogs of 

the systems we described. It has been proposed that the winding 
tachyon condensate corresponds in this case to a kind of stringy 
corona surrounding the horizon of the BH, but this has not yet been 
made precise. It might be easier to understand it first in the open case 

(as in cigar vs hairpin). 



Other questions include:

Ø Why is 𝑑 = 6 special?

Ø CMW? 

…


