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Emergence of spacetime in quantum gravity

causal structure, local regions, different notions of times  …… 

It has long been speculated  that such geometric notions are
low energy phenomena, emergent in the                  limit. GN ! 0
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How? 

What are the physical and mathematical structures 
underlying such emergence?

We should be able to answer these questions in the context of 
the AdS/CFT duality.

GN ! 0
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limit: Spacetime geometry + QFT in curved spacetime 



AdS/CFT duality 

Semi-classical 
gravity 

Classical geometry 

Quantum state Quantum state 

GN ! 0
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horizons and associated causal structure ? 

Kruskal-like time? 

Maldacena, 2001

Time-like Killing vector outside the horizon

F and P regions? Many mysteries:



Emergence of space and time  in holography

Consider a bulk spacetime, and 
some causally complete 
spacetime region in it. 

How do we describe such a 
region in the boundary
theory?

“interior” time?

“global”  time ? (which can take one outside the region)

causal structure?

t?
?



Goal of the talk:

Outline a formalism for addressing 
these questions.



Emergent type III1
von Neumann subalgebra 

bulk spacetime region

Properties of such 
emergent type III1
subalgebras

Geometric notions 
such as horizons, times,
causal structure, ….. 

Bulk spacetime locality is a geometrization of emergent 
boundary type III1 von Neumann subalgebras 

Subalgebra-subregion duality

subcase: subregion-subregion duality (entanglement wedge reconstruction) 

Van Raamsdonk (2009) Czech, Karczmarek, Nogueira, 
and Van Raamsdonk (2012)

…….



γR

RER

Subregion-subregion
duality

t

Subalgebra-Subregion
duality

ER ⇠ R
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Equivalently:
more general 
language MER = XR

<latexit sha1_base64="OJtfk80LV4SEQoSMb60FN8hDQiw=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUlE0YVCQQQ3Qi32AW0Ik+mkHTp5MDMRSsjCjb/ixoUibv0Id/6N0zYLbT1w4XDOvdx7jxdzJpVlfRuFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qa+O0HKiSLwns1jqkT4EHIfEaw0pJrltMewRzdZm567TYydIlmQidzG65ZsarWFGiR2DmpQI66a371+hFJAhoqwrGUXduKlZNioRjhNCv1EkljTEZ4QLuahjig0kmnT2ToUCt95EdCV6jQVP09keJAynHg6c4Aq6Gc9ybif143Uf65k7IwThQNyWyRn3CkIjRJBPWZoETxsSaYCKZvRWSIBSZK51bSIdjzLy+S1nHVPqme3p1Uahd5HEUowwEcgQ1nUIMbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnDyuAlyM=</latexit>



Plan

2. Formulation of a duality for a general bulk subregion 

1. Some key elements used

(RT surface without entropy, additivity anomaly, explanation of 
quantum error corrections)

4.  New insights into subregion-subregion duality

3.  More general examples

5. Some future perspectives

• Von Neunmann algebras

• Large N limit of the AdS/CFT duality

Example: boundary emergence of Kruskal-like time and event horizon
of an eternal black hole 



Von Neumann (vN) algebras
Soon after the development of quantum mechanics and its 
mathematical foundation using Hilbert space, Von Neumann and 
Murray initiated the task of classifying operator algebras for all 
quantum systems.

Classification of  entanglement  
patterns of quantum systems

The von Neumann algebras are classified into: Type I, II, III

Operator subalgebras we normally encounter in QM classes  are  
all type I. 

Type II and III are more exotic.

Modern perspective:



1

2

H = H1 ⌦H2
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⇢1 = Tr2| ih |
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can be equivalently characterized in terms 
of operator algebra of subsystem 1: type I 

Systems with an infinite number of degrees of d.o.f: 

H = H1 ⌦H2
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may not exist: Infinite amount of 
entanglement 

Type II: A renormalized reduced density operator and entropy 
may still be defined

Type III: Even  renormalized density operator or entropy 
does not exist 

entanglement is instead characterized by  modular flows 



L R

operator algebra in R is III1:

Relativistic QFTs: local operator algebra in any local region R 
is type III1

For example:

Type II and III algebras have since found applications 
in quantum statistical physics and quantum field theories. 

• infinite entanglement between R and L (in any state)

• Entanglement structure needed to have sharp 
causal structure (in any state).



Holography in the large N limit



AdS/CFT duality 

Semi-classical 
gravity 

Classical geometry 

Quantum state Quantum state 

GN ! 0
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Emergent physical and mathematical structures of  the                    limitN ! 1
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Large N limit of the duality

the structures of Hilbert space and operator algebras 
undergo dramatic changes in the large N limit  

Consider, e.g. N  =4 super-Yang-Mills with gauge group SU(N)

Many states and operators do not have a well-defined large N limit

a ! 0
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H = HR ⌦HL
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AR

<latexit sha1_base64="ooqorc2Gp2uZU81GIe7yt6lHQ1o=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFxMYyivnA5Ah7m0myZG/v2N0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6THtMCrI9aR73y2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP51dPCEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPR90uMKmRFjSyhT3N5K2JAqyowNqWBD8BZfXiaNs7JXKZ/fVUrVqyyOPBzBMZyCBxdQhVuoQR0YSHiGV3hztPPivDsf89ack80cwh84nz/+B5B2</latexit>

: type I

AR

<latexit sha1_base64="ooqorc2Gp2uZU81GIe7yt6lHQ1o=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFxMYyivnA5Ah7m0myZG/v2N0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6THtMCrI9aR73y2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP51dPCEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPR90uMKmRFjSyhT3N5K2JAqyowNqWBD8BZfXiaNs7JXKZ/fVUrVqyyOPBzBMZyCBxdQhVuoQR0YSHiGV3hztPPivDsf89ack80cwh84nz/+B5B2</latexit>

: type III1
not 

factorizable 
H

<latexit sha1_base64="AVGJWOWyDxULBHyL6tgmDWMG844=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYJMygvmA5Ah7m7lkyd7eubsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqZP1GBWkPu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/N752SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMyeJwOukBkxsYQyxe2thI2ooszYiEo2BG/55VXSuqh6l9Wr+8tK7TaPowgncArn4ME11KAODWgCAwHP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/rEiPuA==</latexit>

No sharp light-cone

Sharp light-cone



Large N limit of operator algebras 

An operator has a sensible large N limit if its vacuum 
correlation functions have a well-defined                 limit.N ! 1

<latexit sha1_base64="e6zlybsYpwn7W/fqVyuxYVOPruM=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZKIpgPyB1hb7OXLNnbO3bnhBDyN2wsFLH1z9j5b9wkV2jig4HHezPMzAtTKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4eh25refuDYiUY84TnkQ04ESkWAUreTfEx8T4gsV4bhXrrhVdw6ySrycVCBHo1f+8vsJy2KukElqTNdzUwwmVKNgkk9LfmZ4StmIDnjXUkVjboLJ/OYpObNKn0SJtqWQzNXfExMaGzOOQ9sZUxyaZW8m/ud1M4yug4lQaYZcscWiKJPE/jkLgPSF5gzl2BLKtLC3EjakmjK0MZVsCN7yy6ukdVH1atXLh1qlfpPHUYQTOIVz8OAK6nAHDWgCgxSe4RXenMx5cd6dj0VrwclnjuEPnM8fatqRRw==</latexit>

finite products of single-trace 
operators.

• Single-trace operators at different times are 
independent

form an algebra in the large N limit: single-trace operator algebra  

Key features:

• state-dependent



�1

�2

A1 = A2

<latexit sha1_base64="pZTkAAA7wcCay20Tj7hyDONxEqo=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCK5KUiq6UKi4cVnBXqANYTKdtkMnkzAzEUrswldx40IRt76GO9/GaRtEW38Y+PjPOZwzfxBzprTjfFm5peWV1bX8emFjc2t7x97da6gokYTWScQj2QqwopwJWtdMc9qKJcVhwGkzGF5P6s17KhWLxJ0exdQLcV+wHiNYG8u3D9IOwRxdjX0XXf5w2beLTsmZCi2Cm0ERMtV8+7PTjUgSUqEJx0q1XSfWXoqlZoTTcaGTKBpjMsR92jYocEiVl07vH6Nj43RRL5LmCY2m7u+JFIdKjcLAdIZYD9R8bWL+V2snunfupUzEiaaCzBb1Eo50hCZhoC6TlGg+MoCJZOZWRAZYYqJNZAUTgjv/5UVolEtupXR6WylWL7I48nAIR3ACLpxBFW6gBnUg8ABP8AKv1qP1bL1Z77PWnJXN7MMfWR/fCxSU0Q==</latexit>

Finite N,

A1 6= A2

<latexit sha1_base64="xExNkq//tC2ijVB39PXzkddHVng=">AAACA3icbVDLSgMxFL1TX7W+qu50EyyCqzJTKrpwUXHjsoJ9QGcYMmmmDc1kxiQjlKHgxl9x40IRt/6EO//G9IFo64ELJ+fcS+49QcKZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB4Grst+6pVCwWt3qYUC/CPcFCRrA2kl88yFyCOboc+Q5yBb1DP++KXyzZZXsCtEicGSnBDHW/+Ol2Y5JGVGjCsVIdx060l2GpGeF0VHBTRRNMBrhHO4YKHFHlZZMbRujYKF0UxtKU0Gii/p7IcKTUMApMZ4R1X817Y/E/r5Pq8NzLmEhSTQWZfhSmHOkYjQNBXSYp0XxoCCaSmV0R6WOJiTaxFUwIzvzJi6RZKTvV8ulNtVS7mMWRh0M4ghNw4AxqcA11aACBB3iCF3i1Hq1n6816n7bmrNnMPvyB9fENC/SWfA==</latexit>

For algebras of single-trace operators,

(or in an ordinary QFT)



AdS/CFT duality at large N

(operator algebra
of                 )H

Fock

<latexit sha1_base64="jg2KaCZKaEsy0QS/BCA0KzOynvI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRSscuCIF1WsA9oYplMJ+3QmUyYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J4gZVdpxvq3SxubW9k55t7K3f3B4ZB+f9JRIJCZdLJiQgwApwmhEuppqRgaxJIgHjPSD2c3c7z8SqaiI7nUaE5+jSURDipE20siuZh5GDLbzh8yTHN4KPMtHds2pOwvAdeIWpAYKdEb2lzcWOOEk0pghpYauE2s/Q1JTzEhe8RJFYoRnaEKGhkaIE+Vni+NzeG6UMQyFNBVpuFB/T2SIK5XywHRypKdq1ZuL/3nDRIdNP6NRnGgS4eWiMGFQCzhPAo6pJFiz1BCEJTW3QjxFEmFt8qqYENzVl9dJ77LuNupXd41aq1nEUQan4AxcABdcgxZogw7oAgxS8AxewZv1ZL1Y79bHsrVkFTNV8AfW5w9OVZSH</latexit>

H
GNS
 

<latexit sha1_base64="SCjf4pVDjL+LxQ2XQrK5Y6/yPEw=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSscuCC7uSivYBTQyT6aQdOjMJMxOhhODGX3HjQhG3foU7/8bpY6GtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbBR3Nza3tm19/ZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYfDy7HffiBS0Vjc6VFCfI76gkYUI22kwD7MPIwYrOdB5jUUze8zT3J4dX2bB3bJKTsTwEXizkgJzNAI7C+vF+OUE6ExQ0p1XSfRfoakppiRvOiliiQID1GfdA0ViBPlZ5MXcnhilB6MYmlKaDhRf09kiCs14qHp5EgP1Lw3Fv/zuqmOqn5GRZJqIvB0UZQyqGM4zgP2qCRYs5EhCEtqboV4gCTC2qRWNCG48y8vktZZ2a2Uz28qpVp1FkcBHIFjcApccAFqoA4aoAkweATP4BW8WU/Wi/VufUxbl6zZzAH4A+vzB88xlwc=</latexit>

(operator algebra
of                 )

| i

<latexit sha1_base64="tX4PgWeOd24xxH9WUxU/ZmYMABQ=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygvmA3BH2NpNkyd7esbsnhDN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvDARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNSjYJLbBpuBHYShTQKBbbD8e3Mbz+i0jyWD2aSYBDRoeQDzqixkv/kNzT3FZVDgb1yxa26c5BV4uWkAjkavfKX349ZGqE0TFCtu56bmCCjynAmcFryU40JZWM6xK6lkkaog2x+85ScWaVPBrGyJQ2Zq78nMhppPYlC2xlRM9LL3kz8z+umZnAdZFwmqUHJFosGqSAmJrMASJ8rZEZMLKFMcXsrYSOqKDM2ppINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDO2WRzQ==</latexit>

geometry

H
Fock

<latexit sha1_base64="rApNY7xmJUAjUsw8lSVNlyW68j0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS0YWLgiBdVrAPaGKZTCft0MlMmJkIIcRfceNCEbd+iDv/xmmbhbYeuHA4517uvSeIGVXacb6t0tr6xuZWebuys7u3f2AfHnWVSCQmHSyYkP0AKcIoJx1NNSP9WBIUBYz0gunNzO89Eqmo4Pc6jYkfoTGnIcVIG2loVzMPIwZb+UPmyQjeCjzNh3bNqTtzwFXiFqQGCrSH9pc3EjiJCNeYIaUGrhNrP0NSU8xIXvESRWKEp2hMBoZyFBHlZ/Pjc3hqlBEMhTTFNZyrvycyFCmVRoHpjJCeqGVvJv7nDRIdXvkZ5XGiCceLRWHCoBZwlgQcUUmwZqkhCEtqboV4giTC2uRVMSG4yy+vku553W3UL+4ateZ1EUcZHIMTcAZccAmaoAXaoAMwSMEzeAVv1pP1Yr1bH4vWklXMVMEfWJ8/T4mUiw==</latexit>

fM

<latexit sha1_base64="Xmxnr6jAsc6J4dszJjzfjh/12T8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIogcPBS9ehAr2A5pQNptpu3SzCbsbJYT6V7x4UMSrP8Sb/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Siura+sb5c3K1vbO7p69f9BWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfh66nceQCoWi3udJeBHZCjYgFGijdS3q94jC0EzHgLOPUo4vp307ZpTd2bAy8QtSA0VaPbtLy+MaRqB0JQTpXquk2g/J1IzymFS8VIFCaFjMoSeoYJEoPx8dvwEHxslxINYmhIaz9TfEzmJlMqiwHRGRI/UojcV//N6qR5c+jkTSapB0PmiQcqxjvE0CRwyCVTzzBBCJTO3YjoiklBt8qqYENzFl5dJ+7TuntXP785qjasijjI6REfoBLnoAjXQDWqiFqIoQ8/oFb1ZT9aL9W59zFtLVjFTRX9gff4AXwOUkw==</latexit>

free bulk fields generalized free fields 
(single-trace operators)

H
GNS

<latexit sha1_base64="huOa5TZq3pxa4zSjV4nv3OGiTss=">AAAB/HicbVDLSsNAFJ3UV42vaJduBovgqiRS0YWLggu7kor2AU0sk+mkHTqThJmJEEL8FTcuFHHrh7jzb5y2WWjrgQuHc+7l3nv8mFGpbPvbKK2srq1vlDfNre2d3T1r/6Ajo0Rg0sYRi0TPR5IwGpK2ooqRXiwI4j4jXX9yNfW7j0RIGoX3Ko2Jx9EopAHFSGlpYFXMzMWIwWb+kLmCw+ubu3xgVe2aPQNcJk5BqqBAa2B9ucMIJ5yECjMkZd+xY+VlSCiKGclNN5EkRniCRqSvaYg4kV42Oz6Hx1oZwiASukIFZ+rviQxxKVPu606O1FguelPxP6+fqODCy2gYJ4qEeL4oSBhUEZwmAYdUEKxYqgnCgupbIR4jgbDSeZk6BGfx5WXSOa059drZbb3auCziKINDcAROgAPOQQM0QQu0AQYpeAav4M14Ml6Md+Nj3loyipkK+APj8wdteJP6</latexit>

=

<latexit sha1_base64="SZgJxRVd4VJPkiK/XLWHmROxQoA=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0YNCwYvHKvYD2lA22027dLMJuxOhlP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ylMOh5305hZXVtfaO46W5t7+zulfYPGibJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4e3Ubz5xbUSiHnGU8iCmfSUiwSha6cG96ZbKXsWbgSwTPydlyFHrlr46vYRlMVfIJDWm7XspBmOqUTDJJ24nMzylbEj7vG2pojE3wXh26YScWKVHokTbUkhm6u+JMY2NGcWh7YwpDsyiNxX/89oZRlfBWKg0Q67YfFGUSYIJmb5NekJzhnJkCWVa2FsJG1BNGdpwXBuCv/jyMmmcVfzzysX9ebl6ncdRhCM4hlPw4RKqcAc1qAODCJ7hFd6cofPivDsf89aCk88cwh84nz/BrYzX</latexit>

=

<latexit sha1_base64="SZgJxRVd4VJPkiK/XLWHmROxQoA=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0YNCwYvHKvYD2lA22027dLMJuxOhlP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ylMOh5305hZXVtfaO46W5t7+zulfYPGibJNON1lshEt0JquBSK11Gg5K1UcxqHkjfD4e3Ubz5xbUSiHnGU8iCmfSUiwSha6cG96ZbKXsWbgSwTPydlyFHrlr46vYRlMVfIJDWm7XspBmOqUTDJJ24nMzylbEj7vG2pojE3wXh26YScWKVHokTbUkhm6u+JMY2NGcWh7YwpDsyiNxX/89oZRlfBWKg0Q67YfFGUSYIJmb5NekJzhnJkCWVa2FsJG1BNGdpwXBuCv/jyMmmcVfzzysX9ebl6ncdRhCM4hlPw4RKqcAc1qAODCJ7hFd6cofPivDsf89aCk88cwh84nz/BrYzX</latexit>

M 

<latexit sha1_base64="rnX95NaGfxPYC4KQDDHpvjKuxt0=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LBbBU0mkogcPBS9ehAj2A5pYNttNu3SzCbsbpYT+Dy8eFPHqf/Hmv3Hb5qCtDwYe780wMy9MOVPacb6t0srq2vpGedPe2t7Z3avsH7RUkklCmyThieyEWFHOBG1qpjntpJLiOOS0HY6up377kUrFEnGvxykNYjwQLGIEayM92LlPMEe3k57vKdarVJ2aMwNaJm5BqlDA61W+/H5CspgKTThWqus6qQ5yLDUjnE5sP1M0xWSEB7RrqMAxVUE+u3qCTozSR1EiTQmNZurviRzHSo3j0HTGWA/VojcV//O6mY4ug5yJNNNUkPmiKONIJ2gaAeozSYnmY0MwkczcisgQS0y0Cco2IbiLLy+T1lnNrdfO7+rVxlURRxmO4BhOwYULaMANeNAEAhKe4RXerCfrxXq3PuatJauYOYQ/sD5/AJYFkeo=</latexit>



Formulation of duality of a general 
bulk subregion



Duality for a bulk subregion
Now consider a causally complete bulk spacetime region b 

So there must be an emergent type III1 subalgebra

Conversely,  we would like to conjecture any type III1
subalgebra                        there exists some bulk region b

Bulk field operator algebra         in b is type III1Ỹb

<latexit sha1_base64="a3//paeh26O6mdzXfbAkk72GDO8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtGFi4IblxXsQ5oQJpNJO3TyYOZGKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufcePxVcgWV9G5WV1bX1jepmbWt7Z3fP3D/oqiSTlHVoIhLZ94ligsesAxwE66eSkcgXrOePb6Z+75FJxZP4HiYpcyMyjHnIKQEteeaRA1wEDOcOJQI/FF7u+CH2C8+sWw1rBrxM7JLUUYm2Z345QUKziMVABVFqYFspuDmRwKlgRc3JFEsJHZMhG2gak4gpN589UOBTrQQ4TKSuGPBM/T2Rk0ipSeTrzojASC16U/E/b5BBeOXmPE4zYDGdLwozgSHB0zRwwCWjICaaECq5vhXTEZGEgs6spkOwF19eJt3zht1sXNw1663rMo4qOkYn6AzZ6BK10C1qow6iqEDP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8ASUWlhs=</latexit>

Ỹb ⇢ fM 

<latexit sha1_base64="pr5TfRe+oO5tWIBQa47kNocN6RE=">AAACI3icbVC7SgNBFJ31bXxFLW0Gg2AVdiWiiIVgYyNEMImSDcvs7N04ZPbBzF0lLPsvNv6KjYUSbCz8FyePQhMPDBzOOZe59/ipFBpt+8uam19YXFpeWS2trW9sbpW3d5o6yRSHBk9kou58pkGKGBooUMJdqoBFvoSW37sc+q1HUFok8S32U+hErBuLUHCGRvLKZy4KGQDNXc4kvS+83PVD6hfU1ZmvAan7JAIYZfJx5rooPLeuBfXKFbtqj0BniTMhFTJB3SsP3CDhWQQxcsm0bjt2ip2cKRRcQlFyMw0p4z3WhbahMYtAd/LRjQU9MEpAw0SZFyMdqb8nchZp3Y/M5gcRwwc97Q3F/7x2huFpJxdxmiHEfPxRmEmKCR0WRgOhgKPsG8K4EmZXyh+YYhxNrSVTgjN98ixpHlWdWvX4pla5OJ/UsUL2yD45JA45IRfkitRJg3DyTF7JO/mwXqw3a2B9jqNz1mRml/yB9f0DWFSksg==</latexit>

Y ⇢ M 

<latexit sha1_base64="x/zaks0XaaABXxJlB7uchsvf6qM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRS0YWLghs3QgX7kCaEyXTSDp08mLkRSsjOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7j58IrsCyvo3S0vLK6lp5vbKxubW9Y+7utVWcSspaNBax7PpEMcEj1gIOgnUTyUjoC9bxR1cTv/PApOJxdAfjhLkhGUQ84JSAljzzMHMoEfg+x45KfcUAz4Sb3HOaintm1apZU+BFYhekigo0PfPL6cc0DVkEVBCleraVgJsRCZwKllecVLGE0BEZsJ6mEQmZcrPpHzk+1kofB7HUFQGeqr8nMhIqNQ593RkSGKp5byL+5/VSCC7cjEdJCiyis0VBKjDEeBIK7nPJKIixJoRKrm/FdEgkoaCjq+gQ7PmXF0n7tGbXa2e39WrjsoijjA7QETpBNjpHDXSNmqiFKHpEz+gVvRlPxovxbnzMWktGMbOP/sD4/AEza5jg</latexit>

Y = Ỹb

<latexit sha1_base64="htxWg+AdRioeMfF5kFGPkqZAB3w=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5JIRQ8KBS8eK9hWaULYbDbt0s0HuxOhhN69+Fe8eFDEq3/Am//GbRtBWx8MPN6bYWaenwquwLK+jNLS8srqWnm9srG5tb1j7u51VJJJyto0EYm89YligsesDRwEu00lI5EvWNcfXk787j2TiifxDYxS5kakH/OQUwJa8sxq7lAi8N0YX2AHuAgY/lG83PFD7I89s2bVrSnwIrELUkMFWp756QQJzSIWAxVEqZ5tpeDmRAKngo0rTqZYSuiQ9FlP05hETLn59JcxPtRKgMNE6ooBT9XfEzmJlBpFvu6MCAzUvDcR//N6GYRnbs7jNAMW09miMBMYEjwJBgdcMgpipAmhkutbMR0QSSjo+Co6BHv+5UXSOa7bjfrJdaPWPC/iKKMDVEVHyEanqImuUAu1EUUP6Am9oFfj0Xg23oz3WWvJKGb20R8YH99oGZoD</latexit>

Y ⇢ M 

<latexit sha1_base64="x/zaks0XaaABXxJlB7uchsvf6qM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRS0YWLghs3QgX7kCaEyXTSDp08mLkRSsjOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7j58IrsCyvo3S0vLK6lp5vbKxubW9Y+7utVWcSspaNBax7PpEMcEj1gIOgnUTyUjoC9bxR1cTv/PApOJxdAfjhLkhGUQ84JSAljzzMHMoEfg+x45KfcUAz4Sb3HOaintm1apZU+BFYhekigo0PfPL6cc0DVkEVBCleraVgJsRCZwKllecVLGE0BEZsJ6mEQmZcrPpHzk+1kofB7HUFQGeqr8nMhIqNQ593RkSGKp5byL+5/VSCC7cjEdJCiyis0VBKjDEeBIK7nPJKIixJoRKrm/FdEgkoaCjq+gQ7PmXF0n7tGbXa2e39WrjsoijjA7QETpBNjpHDXSNmqiFKHpEz+gVvRlPxovxbnzMWktGMbOP/sD4/AEza5jg</latexit>

Y = Ỹb

<latexit sha1_base64="htxWg+AdRioeMfF5kFGPkqZAB3w=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5JIRQ8KBS8eK9hWaULYbDbt0s0HuxOhhN69+Fe8eFDEq3/Am//GbRtBWx8MPN6bYWaenwquwLK+jNLS8srqWnm9srG5tb1j7u51VJJJyto0EYm89YligsesDRwEu00lI5EvWNcfXk787j2TiifxDYxS5kakH/OQUwJa8sxq7lAi8N0YX2AHuAgY/lG83PFD7I89s2bVrSnwIrELUkMFWp756QQJzSIWAxVEqZ5tpeDmRAKngo0rTqZYSuiQ9FlP05hETLn59JcxPtRKgMNE6ooBT9XfEzmJlBpFvu6MCAzUvDcR//N6GYRnbs7jNAMW09miMBMYEjwJBgdcMgpipAmhkutbMR0QSSjo+Co6BHv+5UXSOa7bjfrJdaPWPC/iKKMDVEVHyEanqImuUAu1EUUP6Am9oFfj0Xg23oz3WWvJKGb20R8YH99oGZoD</latexit>



Example: Emergent times and horizons
of an eternal BH



Eternal black hole in AdS

L R

F

P

t

t =
+ ∞

t = - ∞

*
CFTL CFTR

TFD�

=

Maldacena, 2001

Boundary description of horizons and associated causal structure ? 

Boundary description of F and P regions? Kruskal-like time? 



Emergent type III1 vN algebras
At finite N, the (bounded) operator algebra of CFTR or CFTL is a  
type I von Neumann (vN) algebra (not relevant for large N)

In the large N limit, 

T < THawking-Page : MR

<latexit sha1_base64="NmklLSFiYcDYU/nnCbFhnTfW8iM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZGiGI+MDnC3maSLNnbO3b3hHDkX9hYKGLrv7Hz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqe+s0nVJpH8sGMY/RDOpC8zxk1VnpMO4wKcjvp3neLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9nF0/IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjJ9n/S4QmbE2BLKFLe3EjakijJjQyrYELzFl5dJ46zsVcrnd5VS9SqLIw9HcAyn4MEFVOEGalAHBhKe4RXeHO28OO/Ox7w152Qzh/AHzucPEGqQgg==</latexit>

is type I vN algebra

T > THawking-Page : MR

<latexit sha1_base64="NmklLSFiYcDYU/nnCbFhnTfW8iM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZGiGI+MDnC3maSLNnbO3b3hHDkX9hYKGLrv7Hz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqe+s0nVJpH8sGMY/RDOpC8zxk1VnpMO4wKcjvp3neLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9nF0/IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjJ9n/S4QmbE2BLKFLe3EjakijJjQyrYELzFl5dJ46zsVcrnd5VS9SqLIw9HcAyn4MEFVOEGalAHBhKe4RXeHO28OO/Ox7w152Qzh/AHzucPEGqQgg==</latexit>

becomes type III1 vN algebra

: algebra generated by single-trace operators of CFTRMR

<latexit sha1_base64="NmklLSFiYcDYU/nnCbFhnTfW8iM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZGiGI+MDnC3maSLNnbO3b3hHDkX9hYKGLrv7Hz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqe+s0nVJpH8sGMY/RDOpC8zxk1VnpMO4wKcjvp3neLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9nF0/IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjJ9n/S4QmbE2BLKFLe3EjakijJjQyrYELzFl5dJ46zsVcrnd5VS9SqLIw9HcAyn4MEFVOEGalAHBhKe4RXeHO28OO/Ox7w152Qzh/AHzucPEGqQgg==</latexit>

Same statements apply to ML

<latexit sha1_base64="WUC489XpX2WOiI7Q/NjMsKttTT4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZCIYL5wOQIe5tNsmRv79idE8KRf2FjoYit/8bOf+MmuUITHww83pthZl4QS2HQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEbXU7/5xLURkXrAccz9kA6U6AtG0UqPaYdRSe4m3dtuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns4sn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp+6QnNGcox5ZQpoW9lbAh1ZShDalgQ/AWX14mjbOyVymf31dK1assjjwcwTGcggcXUIUbqEEdGCh4hld4c4zz4rw7H/PWnJPNHMIfOJ8/B1KQfA==</latexit>

Claim:



MR

<latexit sha1_base64="NmklLSFiYcDYU/nnCbFhnTfW8iM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZGiGI+MDnC3maSLNnbO3b3hHDkX9hYKGLrv7Hz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqe+s0nVJpH8sGMY/RDOpC8zxk1VnpMO4wKcjvp3neLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9nF0/IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjJ9n/S4QmbE2BLKFLe3EjakijJjQyrYELzFl5dJ46zsVcrnd5VS9SqLIw9HcAyn4MEFVOEGalAHBhKe4RXeHO28OO/Ox7w152Qzh/AHzucPEGqQgg==</latexit>

ML

<latexit sha1_base64="WUC489XpX2WOiI7Q/NjMsKttTT4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZCIYL5wOQIe5tNsmRv79idE8KRf2FjoYit/8bOf+MmuUITHww83pthZl4QS2HQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEbXU7/5xLURkXrAccz9kA6U6AtG0UqPaYdRSe4m3dtuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns4sn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp+6QnNGcox5ZQpoW9lbAh1ZShDalgQ/AWX14mjbOyVymf31dK1assjjwcwTGcggcXUIUbqEEdGCh4hld4c4zz4rw7H/PWnJPNHMIfOJ8/B1KQfA==</latexit>

L R

F

P

fMR

<latexit sha1_base64="NmjISSB01Vlz8iXESTG1ltNNYnI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIRRcuCm7cCFXsA5oQJpObdujkwcxEKbELf8WNC0Xc+hvu/BunbRbaeuDC4Zx7ufceP+VMKsv6NhYWl5ZXVktr5fWNza1tc2e3JZNMUGjShCei4xMJnMXQVExx6KQCSORzaPuDy7HfvgchWRLfqWEKbkR6MQsZJUpLnrnvPLAAFOMB4NyhhOPrkXeLPbNiVa0J8DyxC1JBBRqe+eUECc0iiBXlRMqubaXKzYlQjHIYlZ1MQkrogPSgq2lMIpBuPrl/hI+0EuAwEbpihSfq74mcRFIOI193RkT15aw3Fv/zupkKz92cxWmmIKbTRWHGsUrwOAwcMAFU8aEmhAqmb8W0TwShSkdW1iHYsy/Pk9ZJ1a5VT29qlfpFEUcJHaBDdIxsdIbq6Ao1UBNR9Iie0St6M56MF+Pd+Ji2LhjFzB76A+PzByHolYI=</latexit>

fML

<latexit sha1_base64="j+XSQOG8v1Yz8twoLzdKiXMonl4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWRii5cFNy4UKhgH9CEMJnctEMnD2YmSgkFf8WNC0Xc+h3u/BunbRbaeuDC4Zx7ufceP+VMKsv6NkpLyyura+X1ysbm1vaOubvXlkkmKLRowhPR9YkEzmJoKaY4dFMBJPI5dPzh1cTvPICQLInv1SgFNyL9mIWMEqUlzzxwHlkAivEAcO5QwvHt2LvxzKpVs6bAi8QuSBUVaHrmlxMkNIsgVpQTKXu2lSo3J0IxymFccTIJKaFD0oeepjGJQLr59PwxPtZKgMNE6IoVnqq/J3ISSTmKfN0ZETWQ895E/M/rZSq8cHMWp5mCmM4WhRnHKsGTLHDABFDFR5oQKpi+FdMBEYQqnVhFh2DPv7xI2qc1u147u6tXG5dFHGV0iI7QCbLROWqga9RELURRjp7RK3oznowX4934mLWWjGJmH/2B8fkDuz2VUg==</latexit>

Identification of algebras

X

�(X) 2 MR

<latexit sha1_base64="qtfNnkiVy3153NrJRcQhXOWNqkg=">AAACAHicbVA9SwNBEJ3zM8avqIWFzWIQYhPuJKKFRcDGRohiPiB3HHubTbJkb+/Y3RPCcY1/xcZCEVt/hp3/xk1yhSY+GHi8N8PMvCDmTGnb/raWlldW19YLG8XNre2d3dLefktFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bweh64rcfqVQsEg96HFMvxAPB+oxgbSS/dOjGQ4YqnVPkMoFSl2CObjP/3i+V7ao9BVokTk7KkKPhl77cXkSSkApNOFaq69ix9lIsNSOcZkU3UTTGZIQHtGuowCFVXjp9IEMnRumhfiRNCY2m6u+JFIdKjcPAdIZYD9W8NxH/87qJ7l96KRNxoqkgs0X9hCMdoUkaqMckJZqPDcFEMnMrIkMsMdEms6IJwZl/eZG0zqpOrXp+VyvXr/I4CnAEx1ABBy6gDjfQgCYQyOAZXuHNerJerHfrY9a6ZOUzB/AH1ucPfrGVDg==</latexit>

fMR, fML

<latexit sha1_base64="nzt6QeCLi/oLpqttHNlbycgtz5s=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0EQkbArES0sAjYWClHMA7IhzM7eTYbMPpiZVcKSf7DxV2wsFLG1sfNvnCRbaJIDFw7n3Mu997gxZ1JZ1o+RW1hcWl7JrxbW1jc2t8ztnbqMEkGhRiMeiaZLJHAWQk0xxaEZCyCBy6Hh9i9HfuMBhGRReK8GMbQD0g2ZzyhRWuqYR84j80Ax7kHqUMLxzbBzd4znqNcds2iVrDHwLLEzUkQZqh3z2/EimgQQKsqJlC3bilU7JUIxymFYcBIJMaF90oWWpiEJQLbT8U9DfKAVD/uR0BUqPFb/TqQkkHIQuLozIKonp72ROM9rJco/b6csjBMFIZ0s8hOOVYRHAWGPCaCKDzQhVDB9K6Y9IghVOsaCDsGefnmW1E9Kdrl0elsuVi6yOPJoD+2jQ2SjM1RBV6iKaoiiJ/SC3tC78Wy8Gh/G56Q1Z2Qzu+gfjK9fuHKeCQ==</latexit>

: bulk operator algebras in the R and L regions

Duality: MR = fMR, ML = fML

<latexit sha1_base64="yim32vBJoo6+2hgbcQUyMZ605vU=">AAACNnicdVDLSgMxFM3UV62vUZdugkVwIWVGKrpQKLhx0UIV+4BOKZnMbRuaeZhklDL0q9z4He66caGIWz/B9AFqqwcCh3PO5eYeN+JMKssaGqmFxaXllfRqZm19Y3PL3N6pyjAWFCo05KGou0QCZwFUFFMc6pEA4rscam7vcuTX7kFIFga3qh9B0yedgLUZJUpLLbOUOJRwXBq0bvAFdh6YB4pxD/C3foSdu5h430rxn2QRt8yslbPGwPPEnpIsmqLcMp8dL6SxD4GinEjZsK1INRMiFKMcBhknlhAR2iMdaGgaEB9kMxmfPcAHWvFwOxT6BQqP1Z8TCfGl7PuuTvpEdeWsNxL/8hqxap81ExZEsYKATha1Y45ViEcdYo8JoIr3NSFUMP1XTLtEEKp00xldgj178jypHufsfO7kOp8tnE/rSKM9tI8OkY1OUQFdoTKqIIoe0RC9ojfjyXgx3o2PSTRlTGd20S8Yn1/O/aom</latexit>



ℳ
�
Rℳ

�
L ? ℳRℳL

MR = fMR, ML = fML

<latexit sha1_base64="yim32vBJoo6+2hgbcQUyMZ605vU=">AAACNnicdVDLSgMxFM3UV62vUZdugkVwIWVGKrpQKLhx0UIV+4BOKZnMbRuaeZhklDL0q9z4He66caGIWz/B9AFqqwcCh3PO5eYeN+JMKssaGqmFxaXllfRqZm19Y3PL3N6pyjAWFCo05KGou0QCZwFUFFMc6pEA4rscam7vcuTX7kFIFga3qh9B0yedgLUZJUpLLbOUOJRwXBq0bvAFdh6YB4pxD/C3foSdu5h430rxn2QRt8yslbPGwPPEnpIsmqLcMp8dL6SxD4GinEjZsK1INRMiFKMcBhknlhAR2iMdaGgaEB9kMxmfPcAHWvFwOxT6BQqP1Z8TCfGl7PuuTvpEdeWsNxL/8hqxap81ExZEsYKATha1Y45ViEcdYo8JoIr3NSFUMP1XTLtEEKp00xldgj178jypHufsfO7kOp8tnE/rSKM9tI8OkY1OUQFdoTKqIIoe0RC9ojfjyXgx3o2PSTRlTGd20S8Yn1/O/aom</latexit>



Times in the bulk gravity ?

L R

F

P

Bulk time evolutions 

Boundary automorphisms of 

MR _ML

<latexit sha1_base64="HpijP9ASS3nusI5tg1KeH5bCjHQ=">AAACA3icbVC7SgNBFL0bXzG+Vu20GQyCVdiViBYWARsLhSjmAdllmZ3MJkNmH8zMCmEJ2PgrNhaK2PoTdv6Nk2QRTTzVmXPOZe49fsKZVJb1ZRQWFpeWV4qrpbX1jc0tc3unKeNUENogMY9F28eSchbRhmKK03YiKA59Tlv+4GLst+6pkCyO7tQwoW6IexELGMFKS565lzkEc3Q98m6Ro8Po533lmWWrYk2A5omdkzLkqHvmp9ONSRrSSBGOpezYVqLcDAvFCKejkpNKmmAywD3a0TTCIZVuNrlhhA610kWB3iCII4Um6u+JDIdSDkNfJ0Os+nLWG4v/eZ1UBWduxqIkVTQi04+ClCMVo3EhqMsEJYoPNcFEML0rIn0sMFG6tpIuwZ49eZ40jyt2tXJyUy3XzvM6irAPB3AENpxCDS6hDg0g8ABP8AKvxqPxbLwZ79NowchnduEPjI9vmuWW2A==</latexit>

What kind of automorphism
corresponds to bulk time 
evolution?



Times in the bulk gravity ?

L R

F

P

Bulk time evolutions 
Boundary automorphisms of 

MR _ML

<latexit sha1_base64="HpijP9ASS3nusI5tg1KeH5bCjHQ=">AAACA3icbVC7SgNBFL0bXzG+Vu20GQyCVdiViBYWARsLhSjmAdllmZ3MJkNmH8zMCmEJ2PgrNhaK2PoTdv6Nk2QRTTzVmXPOZe49fsKZVJb1ZRQWFpeWV4qrpbX1jc0tc3unKeNUENogMY9F28eSchbRhmKK03YiKA59Tlv+4GLst+6pkCyO7tQwoW6IexELGMFKS565lzkEc3Q98m6Ro8Po533lmWWrYk2A5omdkzLkqHvmp9ONSRrSSBGOpezYVqLcDAvFCKejkpNKmmAywD3a0TTCIZVuNrlhhA610kWB3iCII4Um6u+JDIdSDkNfJ0Os+nLWG4v/eZ1UBWduxqIkVTQi04+ClCMVo3EhqMsEJYoPNcFEML0rIn0sMFG6tpIuwZ49eZ40jyt2tXJyUy3XzvM6irAPB3AENpxCDS6hDg0g8ABP8AKvxqPxbLwZ79NowchnduEPjI9vmuWW2A==</latexit>

MR = fMR,

<latexit sha1_base64="BJ9q6WlPBJkPfRsSdL2rvovsF00=">AAACDXicbVDJSgNBEO2JW4xb1KOXxih4kDAjcbkIAS9ehChmgWQYenpqkiY9C909ShjyA178FS8eFPHq3Zt/YycZUBMfFDzeq6KqnhtzJpVpfhm5ufmFxaX8cmFldW19o7i51ZBRIijUacQj0XKJBM5CqCumOLRiASRwOTTd/sXIb96BkCwKb9UgBjsg3ZD5jBKlJae4l3Yo4fhq6Nzgc9y5Zx4oxj3AP/ohdools2yOgWeJlZESylBzip8dL6JJAKGinEjZtsxY2SkRilEOw0InkRAT2iddaGsakgCknY6/GeJ9rXjYj4SuUOGx+nsiJYGUg8DVnQFRPTntjcT/vHai/DM7ZWGcKAjpZJGfcKwiPIoGe0wAVXygCaGC6Vsx7RFBqNIBFnQI1vTLs6RxVLYq5ePrSql6ksWRRztoFx0gC52iKrpENVRHFD2gJ/SCXo1H49l4M94nrTkjm9lGf2B8fAMutJpT</latexit>

ML = fML,

<latexit sha1_base64="JSqEQlONrz0cUZSxtqDuaD6p8uU=">AAACDXicbVDJSgNBEO2JW4xb1KOXxih4kDAjcbkIAS8eFCKYBZJh6OmpSZr0LHT3KGHID3jxV7x4UMSrd2/+jZ1kQE18UPB4r4qqem7MmVSm+WXk5uYXFpfyy4WV1bX1jeLmVkNGiaBQpxGPRMslEjgLoa6Y4tCKBZDA5dB0+xcjv3kHQrIovFWDGOyAdEPmM0qUlpziXtqhhOProXOFz3HnnnmgGPcA/+iH2CmWzLI5Bp4lVkZKKEPNKX52vIgmAYSKciJl2zJjZadEKEY5DAudREJMaJ90oa1pSAKQdjr+Zoj3teJhPxK6QoXH6u+JlARSDgJXdwZE9eS0NxL/89qJ8s/slIVxoiCkk0V+wrGK8Cga7DEBVPGBJoQKpm/FtEcEoUoHWNAhWNMvz5LGUdmqlI9vKqXqSRZHHu2gXXSALHSKqugS1VAdUfSAntALejUejWfjzXiftOaMbGYb/YHx8Q0b3JpH</latexit>

generate F and regions. Sharp 
boundary signature of horizon:
non-analytic behavior 
under the flow.

Internal time generated by HR-HL

half-sided modular 
flows (specific to type III1)

(modular flow)
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T > THP

Type III1

T < T
HP

Type I

(Causal)  connectedness
from emergent type III1

(more precise than ER= EPR)



Emergence of Kruskal-like time

U(s) = e�iGs, G � 0

<latexit sha1_base64="Q7ZuvKQ5+R4FFu5xkkfisFzGFyk=">AAACC3icbVDLSgMxFM3UV62vUZduQotQQcuMVHShUHChywr2AW0tmfS2Dc1kpklGKEP3bvwVNy4UcesPuPNvTNtZaPXAhZNz7iX3Hi/kTGnH+bJSC4tLyyvp1cza+sbmlr29U1VBJClUaMADWfeIAs4EVDTTHOqhBOJ7HGre4HLi1+5BKhaIWz0KoeWTnmBdRok2UtvOVvLqAF9guIuPGL7CanyIm8NhRDrm0ezBEDttO+cUnCnwX+ImJIcSlNv2Z7MT0MgHoSknSjVcJ9StmEjNKIdxphkpCAkdkB40DBXEB9WKp7eM8b5ROrgbSFNC46n6cyImvlIj3zOdPtF9Ne9NxP+8RqS7Z62YiTDSIOjso27EsQ7wJBjcYRKo5iNDCJXM7Ippn0hCtYkvY0Jw50/+S6rHBbdYOLkp5krnSRxptIeyKI9cdIpK6BqVUQVR9ICe0At6tR6tZ+vNep+1pqxkZhf9gvXxDVtcmBY=</latexit>

Can construct a unitary group U(s) (for example for 2d CFT):

�(X; s) ⌘ U(�s)�(X)U(s), X 2 R

<latexit sha1_base64="KsRFQYU01AfPnGIyyMLtaiWAD1A="></latexit>

s < s0, �(X; s) 2 CFTR

<latexit sha1_base64="r5BlIHNzE6WE0fmc3BMeBA6IMvw=">AAACE3icbVDLSgNBEJyNrxhfUY9eGoOgImFXIgrmEAiIxyiJCWTDMjuZJENmZ9eZWSEs+Qcv/ooXD4p49eLNv3HyOGhiQUNR1U13lx9xprRtf1uphcWl5ZX0amZtfWNzK7u9c6fCWBJaIyEPZcPHinImaE0zzWkjkhQHPqd1v18e+fUHKhULRVUPItoKcFewDiNYG8nLHisogvLsE3DvY9wGt9JjcNi4BHUELhOQuDKA8lV16N162Zydt8eAeeJMSQ5NUfGyX247JHFAhSYcK9V07Ei3Eiw1I5wOM26saIRJH3dp01CBA6payfinIRwYpQ2dUJoSGsbq74kEB0oNAt90Blj31Kw3Ev/zmrHuXLQSJqJYU0EmizoxBx3CKCBoM0mJ5gNDMJHM3AqkhyUm2sSYMSE4sy/Pk7vTvFPIn90UcqXiNI402kP76BA56ByV0DWqoBoi6BE9o1f0Zj1ZL9a79TFpTVnTmV30B9bnD/6smx0=</latexit>

s > s0, �(X; s) 2 CFTR ⌦ CFTL

<latexit sha1_base64="9dqUVyuBk5M26gGdb9pSyt1jrbo=">AAACJ3icbVDLSgNBEJz1GeMr6tFLYxAUJOxKREEJgYB48BAlL8iGZXYyMUNmZ9eZWSEs+Rsv/ooXQUX06J84eRyisaChqOqmu8uPOFPatr+sufmFxaXl1Ep6dW19YzOztV1TYSwJrZKQh7LhY0U5E7Sqmea0EUmKA5/Tut8rDf36A5WKhaKi+xFtBfhOsA4jWBvJyxQUFEB59hG49zFug1vuMjhonIM6BJcJSFwZQOmyMvBuwQ 01C6ia0q69TNbO2SPALHEmJIsmKHuZV7cdkjigQhOOlWo6dqRbCZaaEU4HaTdWNMKkh+9o01CBzcJWMvpzAPtGaUMnlKaEhpE6PZHgQKl+4JvOAOuu+usNxf+8Zqw7Z62EiSjWVJDxok7MQYcwDA3aTFKied8QTCQztwLpYomJNtGmTQjO35dnSe045+RzJzf5bPFiEkcK7aI9dIAcdIqK6AqVURUR9Iie0Rt6t56sF+vD+hy3zlmTmR30C9b3D9rFou8=</latexit>

signature of a sharp horizon.

s0 > 0

<latexit sha1_base64="VyGyyi6Y+k1SWZqjfehJ4sxyZj8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YNIwYvHCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeA44X5EB0qEglG0Utv0XHJDXNIrV9yqOwNZJl5OKpCj3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsdu+EnFilT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKbPk77QnKEcW0KZFvZWwoZUU4Y2opINwVt8eZk0z6reefXi/rxSu87jKMIRHMMpeHAJNbiDOjSAgYRneIU359F5cd6dj3lrwclnDuEPnM8f+u+OnA==</latexit>

There exists an

L R

F

P

t

t =
+ ∞

t = - ∞

*

Not possible for a type I vN algebra. 



s0 = �U0

<latexit sha1_base64="rvwlA+MjVq5gVZV/xGBoVuKtIaU=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0YNCwYvHCqYtpCFstpt26WY37G6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDjjTBvX/XZWVtfWNzZLW+Xtnd29/crBYUvLXBHqE8ml6sRYU84E9Q0znHYyRXEac9qOh3dTv/1ElWZSPJpRRsMU9wVLGMHGSoGOXHSLzpEfuVGl6tbcGdAy8QpShQLNqPLV7UmSp1QYwrHWgedmJhxjZRjhdFLu5ppmmAxxnwaWCpxSHY5nJ0/QqVV6KJHKljBopv6eGONU61Ea284Um4Fe9Kbif16Qm+Q6HDOR5YYKMl+U5BwZiab/ox5TlBg+sgQTxeytiAywwsTYlMo2BG/x5WXSuqh59drlQ73auCniKMExnMAZeHAFDbiHJvhAQMIzvMKbY5wX5935mLeuOMXMEfyB8/kDw9CPmg==</latexit>

U, V: Kruskal null 
coordinates

VU

X

s

<latexit sha1_base64="XDStgm/JsT6KERi+aVbBU0x9bo4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3dL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrVy2atUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD99vjPk=</latexit>

X: (U0, V0) 

General X: transformation is nonlocal, but 
respects the casual structure

�(X; s) ⌘ U(�s)�(X)U(s), X 2 R

<latexit sha1_base64="KsRFQYU01AfPnGIyyMLtaiWAD1A="></latexit>

X near the horizon, local transformation: Kruskal null translation

s0

<latexit sha1_base64="hnKsgRQK8DxCGlR68gdB4+sL9/w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH33X654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq17e1yr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AA1iNnA==</latexit>



Causal structure

ϕL(X2)
ϕR(X1)U2

U1

U V

[U †(s)�R(X1)U(s),�L(X2)] =

(
0 s < |U1|+ U2

6= 0 s > |U1|+ U2

<latexit sha1_base64="0Y1T/IAuadVEataBjWM1pvmDfFE="></latexit>



Emergent geometric properties
1 “interior” time of b

2. “Global” time flows taking one 
outside b

described by half-sided modular flow 

3. Causal structure from non-analytic
behavior under half-sided modular flows

described by modular flow of   Y

<latexit sha1_base64="4K2iPZr2c/E/nL1cyGG0IyTnyC0=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS8eK9gv2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHTROnmrIGjUWs2yExTHDFGpZbwdqJZkSGgrXC8d3Mbz0xbXisHu0kYYEkQ8UjTol1UifrUSJwZ4r75YpX9ebAq8TPSQVy1Pvlr94gpqlkylJBjOn6XmKDjGjLqWDTUi81LCF0TIas66gikpkgmx88xWdOGeAo1q6UxXP190RGpDETGbpOSezILHsz8T+vm9roJsi4SlLLFF0silKBbYxn3+MB14xaMXGEUM3drZiOiCbUuoxKLgR/+eVV0ryo+pfVq4fLSu02j6MIJ3AK5+DDNdTgHurQAAoSnuEV3pBGL+gdfSxaCyifOYY/QJ8/HpuP8w==</latexit>

Y = Ỹb

<latexit sha1_base64="htxWg+AdRioeMfF5kFGPkqZAB3w=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2Cp5JIRQ8KBS8eK9hWaULYbDbt0s0HuxOhhN69+Fe8eFDEq3/Am//GbRtBWx8MPN6bYWaenwquwLK+jNLS8srqWnm9srG5tb1j7u51VJJJyto0EYm89YligsesDRwEu00lI5EvWNcfXk787j2TiifxDYxS5kakH/OQUwJa8sxq7lAi8N0YX2AHuAgY/lG83PFD7I89s2bVrSnwIrELUkMFWp756QQJzSIWAxVEqZ5tpeDmRAKngo0rTqZYSuiQ9FlP05hETLn59JcxPtRKgMNE6ooBT9XfEzmJlBpFvu6MCAzUvDcR//N6GYRnbs7jNAMW09miMBMYEjwJBgdcMgpipAmhkutbMR0QSSjo+Co6BHv+5UXSOa7bjfrJdaPWPC/iKKMDVEVHyEanqImuUAu1EUUP6Am9oFfj0Xg23oz3WWvJKGb20R8YH99oGZoD</latexit>

4. Given     ,  region b, including its light-cone boundary
can in principle be determined.

Y

<latexit sha1_base64="thAmYsTt/5nHbRJK4lxKromu5NU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZwXxIcoS9zVyyZG/v3N0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LezNO0I/oQPKQM2qs1M66jAryMOmVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/N7p2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEyfJ32ukBkxtoQyxe2thA2poszYiEo2BG/x5WXSPKt659WLu/NK7TqPowhHcAyn4MEl1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AMYdj8k=</latexit>

t
? ?
b



More general examples



Examples

��
�

�



r

t t1

t2t2

t1

t1< t < t2

CFT2 in the vacuum

x

t

t2 � t1 < ⇡R

<latexit sha1_base64="hKci3Z8DI9dOB5Uk7NwI+CUg5v4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCF0tSKnrooeDFYxX7AW0Im+2mXbrZhN2JUmp/ihcPinj1l3jz37htc9DWBwOP92aYmRckgmtwnG8rt7a+sbmV3y7s7O7tH9jFw5aOU0VZk8YiVp2AaCa4ZE3gIFgnUYxEgWDtYHQ989sPTGkey3sYJ8yLyEDykFMCRvLtIvgVfI7Bd3EN9xKO73y75JSdOfAqcTNSQhkavv3V68c0jZgEKojWXddJwJsQBZwKNi30Us0SQkdkwLqGShIx7U3mp0/xqVH6OIyVKQl4rv6emJBI63EUmM6IwFAvezPxP6+bQnjlTbhMUmCSLhaFqcAQ41kOuM8VoyDGhhCquLkV0yFRhIJJq2BCcJdfXiWtStmtli9uq6V6LYsjj47RCTpDLrpEdXSDGqiJKHpEz+gVvVlP1ov1bn0sWnNWNnOE/sD6/AEVapHw</latexit>



t1< t < t2

CFT2 in the vacuum

x

t

t2 � t1 � ⇡R

<latexit sha1_base64="rRi0TR0RWzXYgsce14LyNZK/zCA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCG0tSKrpwUXDjsop9QBPCZDpph04eztwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/EVyBZX0bhaXlldW14nppY3Nre8fc3WupOJWUNWksYtnxiWKCR6wJHATrJJKR0Bes7Q+vJn77gUnF4+gORglzQ9KPeMApAS155gF4VXyKwbOx02f32Ek4vvXMslWxpsCLxM5JGeVoeOaX04tpGrIIqCBKdW0rATcjEjgVbFxyUsUSQoekz7qaRiRkys2m14/xsVZ6OIilrgjwVP09kZFQqVHo686QwEDNexPxP6+bQnDhZjxKUmARnS0KUoEhxpMocI9LRkGMNCFUcn0rpgMiCQUdWEmHYM+/vEha1Ypdq5zd1Mr1yzyOIjpER+gE2egc1dE1aqAmougRPaNX9GY8GS/Gu/Exay0Y+cw++gPj8weoIpNr</latexit>

Full bulk operator algebra



x

t

t1< t < t2

t2 ! t1

<latexit sha1_base64="k8tQ+1YsJ0PEt1il1rKDw8gK+Ss=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlogsXBTcuK9gHTIchk2ba0EwyJHeEMvQz3LhQxK1f486/MW1noa0HAodz7iX3nCgV3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq05R1qBJK9yNimOCSdYCDYP1UM5JEgvWiyd3c7z0xbbiSjzBNWZCQkeQxpwSs5EPYwANQGEIvrNbcursAXideQWqoQDusfg2GimYJk0AFMcb33BSCnGjgVLBZZZAZlhI6ISPmWypJwkyQL06e4QurDHGstH0S8EL9vZGTxJhpEtnJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kzgeUibHw+5ZhTE1BJCNbe3YjommlCwLVVsCd5q5HXSbdS9Zv3qoVlr3RZ1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/L0ZJT7JyiP3A+fwAPDJBy</latexit>

Y

<latexit sha1_base64="thAmYsTt/5nHbRJK4lxKromu5NU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZwXxIcoS9zVyyZG/v3N0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LezNO0I/oQPKQM2qs1M66jAryMOmVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5if EzqgxnAielbqoxoWxEB9ixVNIItZ/N7p2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEyfJ32ukBkxtoQyxe2thA2poszYiEo2BG/x5WXSPKt659WLu/NK7TqPowhHcAyn4MEl1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AMYdj8k=</latexit>

r

t

t1
t2t2

t1

Y 0

<latexit sha1_base64="DOsBTOQyJHyNU0S/efXWSZHoblg=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNoFe4kooVFwMYygvkiOcLeZi9Zsrt37O4J4civsLFQxNafY+e/cS+5QhMfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7mNxlfvuJKs0i+WimMfUFHkkWMoKNlbppn2COurPzQbniVt050CrxclKBHI1B+as/jEgiqDSEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqsaDaT+cHz9CZVYYojJQtadBc/T2RYqH1VAS2U2Az1steJv7n9RIT3vgpk3FiqCSLRWHCkYlQ9j0aMkWJ4VNLMFHM3orIGCtMjM2oZEPwll9eJa3LqlerXj3UKvXbPI4inMApXIAH11CHe2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPyk3j/o=</latexit>

t

(no obvious boundary geometric 
description)



Insights into subregion-subregion 
duality



Emergent type III1 algebra in a local region

γR

RER

Consider a local region R in the 
boundary theory. 

At finite N, BR

<latexit sha1_base64="1V0rqtKNop5ogtNg30Mh9Pz6a7E=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVF0MYyivnA5Ah7m0myZG/v2N0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6THtMCrI9aR73y2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP51dPCEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPR90uMKmRFjSyhT3N5K2JAqyowNqWBD8BZfXiaNs7JXKZ/fVUrVqyyOPBzBMZyCBxdQhVuoQR0YSHiGV3hztPPivDsf89ack80cwh84nz//jpB3</latexit>

is type III1

We can introduce a short-distance 
cutoff to turn it into type I. 

In the large N limit, there is an emergent type III1 algebra: 

XR = lim
N!1,| i

BR

<latexit sha1_base64="cVdCMF0MC9bkvAGhPndZByv65bo="></latexit>

Entanglement wedge reconstruction: XR = MER

<latexit sha1_base64="GaWoC+psVcRvKCmZMhrh4VtSP4Q=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUlE0YVCQQQ3Qi32AW0Ik+mkHTp5MDMRSsjCjb/ixoUibv0Id/6N0zYLbT1w4cw59zL3Hi/mTCrL+jYKS8srq2vF9dLG5tb2jrm715JRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q18dsPVEgWhfdqHFMnwIOQ+YxgpSXXLKc9gjnqZG4DXaLZ4zZz02u3kblmxapaU6BFYuekAjnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASiedHpGhQ630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPnnTsrCOFE0JLOP/IQjFaFJIqjPBCWKjzXBRDC9KyJDLDBROreSDsGeP3mRtI6r9kn19O6kUrvI4yhCGQ7gCGw4gxrcQB2aQOARnuEV3own48V4Nz5mrQUjn9mHPzA+fwAny5cj</latexit>

MER

<latexit sha1_base64="D6eJiaIBtG2eq8rly9wIAR/h+20=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkogcPBRG8CFXsB7QxbLabdulmE3Y3Sgn5H148KOLV/+LNf+O2zUFbHww83pthZp4fc6a0bX9bhaXlldW14nppY3Nre6e8u9dSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+6nPjtRyoVi8S9HsfUDfFAsIARrI30kPYI5ugm89Ir7y7zyhW7ak+BFomTkwrkaHjlr14/IklIhSYcK9V17Fi7KZaaEU6zUi9RNMZkhAe0a6jAIVVuOr06Q0dG6aMgkqaERlP190SKQ6XGoW86Q6yHat6biP953UQH527KRJxoKshsUZBwpCM0iQD1maRE87EhmEhmbkVkiCUm2gRVMiE48y8vktZJ1alVT29rlfpFHkcRDuAQjsGBM6jDNTSgCQQkPMMrvFlP1ov1bn3MWgtWPrMPf2B9/gAl9pJG</latexit>

: bulk operator algebra in the entanglement wedge



Entanglement wedge without entropy

γR

RER

RT surface without 
using entropy

Given boundary algebra XR

<latexit sha1_base64="zrZudB7FmdQdTSwAbiDNRePSml8=">AAAB9XicbVA9SwNBEJ2NXzF+RS1tFoNgFe4kooVFwMYyivmA5Ax7m71kyd7esbunhOP+h42FIrb+Fzv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w99duPTGkeyXsziZkXkqHkAafEWOkh7VEicCfrp/guw/1yxak6M+Bl4uakAjka/fJXbxDRJGTSUEG07rpObLyUKMOpYFmpl2gWEzomQ9a1VJKQaS+dXZ3hE6sMcBApW9Lgmfp7IiWh1pPQt50hMSO96E3F/7xuYoJLL+UyTgyTdL4oSAQ2EZ5GgAdcMWrExBJCFbe3YjoiilBjgyrZENzFl5dJ66zq1qrnt7VK/SqPowhHcAyn4MIF1OEGGtAECgqe4RXe0BN6Qe/oY95aQPnMIfwB+vwBnvKR7Q==</latexit>

We can try to find the bulk region 
whose operator algebra is 
equivalent to XR

<latexit sha1_base64="zrZudB7FmdQdTSwAbiDNRePSml8=">AAAB9XicbVA9SwNBEJ2NXzF+RS1tFoNgFe4kooVFwMYyivmA5Ax7m71kyd7esbunhOP+h42FIrb+Fzv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w99duPTGkeyXsziZkXkqHkAafEWOkh7VEicCfrp/guw/1yxak6M+Bl4uakAjka/fJXbxDRJGTSUEG07rpObLyUKMOpYFmpl2gWEzomQ9a1VJKQaS+dXZ3hE6sMcBApW9Lgmfp7IiWh1pPQt50hMSO96E3F/7xuYoJLL+UyTgyTdL4oSAQ2EZ5GgAdcMWrExBJCFbe3YjoiilBjgyrZENzFl5dJ66zq1qrnt7VK/SqPowhHcAyn4MIF1OEGGtAECgqe4RXe0BN6Qe/oY95aQPnMIfwB+vwBnvKR7Q==</latexit>

We have worked out some simple examples, but how 
the minimal surface prescription arises  in this language  is still
missing. 



Additivity anomaly (I)
BR

<latexit sha1_base64="HMfQHgTa9Wl6JRCpl+75ioufkGQ=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiaGMZxXxAcoS9zV6yZG/33N0LhON+h42FIrb+GDv/jZvkCk18MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1O/daYKs2keDSTmPoRHggWMoKNlfy0SzBHN1kvfchQr1xxq+4MaJl4OalAjnqv/NXtS5JEVBjCsdYdz42Nn2JlGOE0K3UTTWNMRnhAO5YKHFHtp7OjM3RilT4KpbIlDJqpvydSHGk9iQLbGWEz1IveVPzP6yQmvPJTJuLEUEHmi8KEIyPRNAHUZ4oSwyeWYKKYvRWRIVaYGJtTyYbgLb68TJpnVe+8enF/Xqld53EU4QiO4RQ8uIQa3EEdGkDgCZ7hFd6csfPivDsf89aCk88cwh84nz8jZJGt</latexit>

obeys additivity:

BR1 _ BR2 = BR1[R2

<latexit sha1_base64="IetDm6BCz0ZEYWjn0jZtPB5E5ks=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS0YVK0Y3LKvYBTQmT6aQdOpmEmYlQQv7Gjb/iRlARXfonTtos+vCsDufcw733eBGjUlnWj1FYWV1b3yhulra2d3b3zP2DlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90W3mt5+IkDTkj2ockV6ABpz6FCOlJde8ThyMGLxJ3eTBtVPo6ACc1aopvIJzig0dHEcws0quWbYq1gRwmdg5KYMcDdd8d/ohjgPCFWZIyq5tRaqXIKEoZiQtObEkEcIjNCBdTTkKiOwlkz9TeKKVPvT1hX7IFZyos4kEBVKOA09PBkgN5aKXif953Vj5F72E8ihWhOPpIj9mUIUwKw32qSBYsbEmCAuqb4V4iATCSleblWAvvrxMWtWKXauc3dfK9cu8jiI4AsfgFNjgHNTBHWiAJsDgGbyCD/BpvBhvxpfxPR0tGHnmEMzB+P0Deu6jzg==</latexit>

in general does not:XR

<latexit sha1_base64="zrZudB7FmdQdTSwAbiDNRePSml8=">AAAB9XicbVA9SwNBEJ2NXzF+RS1tFoNgFe4kooVFwMYyivmA5Ax7m71kyd7esbunhOP+h42FIrb+Fzv/jZvkCk18MPB4b4aZeX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w99duPTGkeyXsziZkXkqHkAafEWOkh7VEicCfrp/guw/1yxak6M+Bl4uakAjka/fJXbxDRJGTSUEG07rpObLyUKMOpYFmpl2gWEzomQ9a1VJKQaS+dXZ3hE6sMcBApW9Lgmfp7IiWh1pPQt50hMSO96E3F/7xuYoJLL+UyTgyTdL4oSAQ2EZ5GgAdcMWrExBJCFbe3YjoiilBjgyrZENzFl5dJ66zq1qrnt7VK/SqPowhHcAyn4MIF1OEGGtAECgqe4RXe0BN6Qe/oY95aQPnMIfwB+vwBnvKR7Q==</latexit>

XR1 _ XR2 ✓ XR1[R2

<latexit sha1_base64="2WWRQxcMHgTt8/WtfvRdty9vwwQ=">AAACL3icbVDLSsNAFJ34rPUVdelmsAiuSlIqunBREMRlFfuAJoTJ9KYdOnmYmQgl5I/c+CvdiCji1r9w0mbRh3d1OA/uvceNOBPSMD60tfWNza3t0k55d2//4FA/Om6LMIkptGjIw7jrEgGcBdCSTHLoRjEQ3+XQcUe3ud55gViwMHiS4whsnwwC5jFKpKIc/S61KOG4mznpo2Nm2FIBPM/VFCcSV4CEZ7ygmNiiSYRzS9nRK0bVmA5eBWYBKqiYpqNPrH5IEx8CSTkRomcakbRTEktGOWRlKxEQEToiA+gpGBAfhJ1O/83wuWL62FOXemEg8ZSdT6TEF2Lsu8rpEzkUy1pO/qf1Euld2ykLokRCQGeLvIRjGeK8PNxnMVDJxwoQGjN1K6ZDEhMqVcV5Cebyy6ugXaua9erlQ73SuCnqKKFTdIYukImuUAPdoyZqIYpe0QR9oi/tTXvXvrWfmXVNKzInaGG03z9CH6fr</latexit>

The inequality  arises from taking the large N limit 

BR1 \ BR2 = BR1\R2

<latexit sha1_base64="K5ADGGoMt1JjHIInZywzYYzMkik=">AAACKHicbVDNS8MwHE3n16xfVY9egkPwNNox0YPi0IvHKe4DtlLSLNvC0rQkqTBK/xwv/iteRBTZ1b/EdOthHz4IvLz3fiS/50eMSmXbE6Owtr6xuVXcNnd29/YPrMOjpgxjgUkDhywUbR9JwignDUUVI+1IEBT4jLT80X3mt16IkDTkz2ocETdAA077FCOlJc+6NZMuRgzepV7y5Dkp1LcIzmuV1LxZEJxZJnMg9KySXbangKvEyUkJ5Kh71me3F+I4IFxhhqTsOHak3AQJRTEjqdmNJYkQHqEB6WjKUUCkm0wXTeGZVnqwHwp9uIJTdX4iQYGU48DXyQCpoVz2MvE/rxOr/pWbUB7FinA8e6gfM6hCmLUGe1QQrNhYE4QF1X+FeIgEwkp3a+oSnOWVV0mzUnaq5YvHaql2nddRBCfgFJwDB1yCGngAddAAGLyCd/AFvo0348P4MSazaMHIZ47BAozfP2uMo7U=</latexit>

XR1\R2 ✓ XR1 \ XR2

<latexit sha1_base64="cS0+zw2HT1MU5M4PiRhFzWLQ9co=">AAACL3icbVDLSgMxFM3UVx1foy7dBIvgqsyUii5cFARxWYt9QFuGTHrbhmYeJhmhDPNHbvyVbkQUcetfmLaz6MMDgZNzziW5x4s4k8q2P4zcxubW9k5+19zbPzg8so5PGjKMBYU6DXkoWh6RwFkAdcUUh1YkgPgeh6Y3upv6zRcQkoXBkxpH0PXJIGB9RonSkmvdJx1KOG6lblJzHawvEa65pRSbHRl7EhQ8Y7yUSeehRa2UulbBLtoz4HXiZKSAMlRda9LphTT2IVCUEynbjh2pbkKEYpRDanZiCRGhIzKAtqYB8UF2k9m+Kb7QSg/3Q6FPoPBMXZxIiC/l2Pd00idqKFe9qfif145V/6absCCKFQR0/lA/5liFeFoe7jEBVPGxJoQKpv+K6ZAIQpWu2NQlOKsrr5NGqeiUi1eP5ULlNqsjj87QObpEDrpGFfSAqqiOKHpFE/SJvow34934Nn7m0ZyRzZyiJRi/f9cLp74=</latexit>



Additivity anomaly (II)
Simplest example:

R1

R2

O(x)
O(x) 2 XR1[R2

<latexit sha1_base64="tF+0wfpi+/iIziMG8n43OwsJO9A=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVElVBANDJRY2SkUfUhNFjuu0Vh0nsh1EFWVm4VdYGECIlS9g429w2wzQcqQrHZ1zr+69x48Zlcqyvo2l5ZXVtfXCRnFza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH11N/M49EZJG/E6NY+KGaMBpQDFSWvLMo5vywyl0KIepgxGD3cxLm54NHZzEsOlVM+iZJatiTQEXiZ2TEsjR8Mwvpx/hJCRcYYak7NlWrNwUCUUxI1nRSSSJER6hAelpylFIpJtOX8ngiVb6MIiELq7gVP09kaJQynHo684QqaGc9ybif14vUcGFm1IeJ4pwPFsUJAyqCE5ygX0qCFZsrAnCgupbIR4igbDS6RV1CPb8y4ukXa3YtcrZba1Uv8zjKIBDcAzKwAbnoA6uQQO0AAaP4Bm8gjfjyXgx3o2PWeuSkc8cgD8wPn8AG7qYng==</latexit>

O(x) 62 XR1 _ XR2

<latexit sha1_base64="tYJ8cvpjdnKiVCWPaKycPoPSFFM=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS5VURTAwVGJhoyD6kJooclynteo4ke0gqii/wcKvsDCAECNM/A1um4G2nOnonHt07z1+zKhUlvVjFFZW19Y3ipulre2d3T1z/6Ato0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90NfE7D0RIGvF7NY6JG6IBpwHFSGnJM62byuMpdHikoEM5TB2MGOxmXnrn2Rl0dHxOq2WeWbaq1hRwmdg5KYMcTc/8cvoRTkLCFWZIyp5txcpNkVAUM5KVnESSGOERGpCephyFRLrp9LMMnmilDwN9RRBxBafq30SKQinHoa8nQ6SGctGbiP95vUQFF25KeZwowvFsUZAwqCI4qQn2qSBYsbEmCAuqb4V4iATCSpdZ0iXYiy8vk3ataterZ7f1cuMyr6MIjsAxqAAbnIMGuAZN0AIYPIEX8AbejWfj1fgwPmejBSPPHII5GN+/PTOfOQ==</latexit>

x

t
Õ(x)

<latexit sha1_base64="R9tm2xvRBDHMFQwEG++xnyoQBlU=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR4LXrxZwX7AdinZbLYNzSZLMiuW0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhangBlz321lb39jc2i7sFHf39g8OS0fHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3cz8ziPThiv5AOOUBQkZSB5zSsBKfg+4iBi+qzxd9Etlt+rOgVeJl5MyytHsl756kaJZwiRQQYzxPTeFYEI0cCrYtNjLDEsJHZEB8y2VJGEmmMxPnuJzq0Q4VtqWBDxXf09MSGLMOAltZ0JgaJa9mfif52cQ14MJl2kGTNLFojgTGBSe/Y8jrhkFMbaEUM3trZgOiSYUbEpFG4K3/PIqaV9WvVr16r5WbtTzOAroFJ2hCvLQNWqgW9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz89oJCM</latexit>

Õ(x) 2 XR1 _ XR2

<latexit sha1_base64="2z93J+NcUHhSnUIRz0baR8xnsJI=">AAACG3icbVA5T8MwGHXKVcoVYGSxqJDKUiVVER0rsbBRED2kJoocx2mtOk5kO4gqyv9g4a+wMIAQExID/wb3GGjLm57e+87nJ4xKZVk/RmFtfWNzq7hd2tnd2z8wD486Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHVxO/+0CEpDG/V+OEuBEacBpSjJSWPLPmKMoCAm8qj+fQoRxmDkYM9nIvu/PsHDp6wIJWyz2zbFWtKeAqseekDOZoeeaXE8Q4jQhXmCEp+7aVKDdDQlHMSF5yUkkShEdoQPqachQR6WbT33J4ppUAhvqKMOYKTtW/HRmKpBxHvq6MkBrKZW8i/uf1UxU23IzyJFWE49miMGVQxXASFAyoIFixsSYIC6pvhXiIBMJKx1nSIdjLL6+STq1q16sXt/VyszGPowhOwCmoABtcgia4Bi3QBhg8gRfwBt6NZ+PV+DA+Z6UFY95zDBZgfP8C0x+gCg==</latexit>

XR1 _ XR2 ⇢ XR1[R2

<latexit sha1_base64="ObgCcSf7zM4JUOA9ZU75mYu/8XA=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARXJWkVHThotCNyyr2Ak0Ik+mkHTqZhMyMUEIeyI2vIogLi7j1OZy0WfTiWf18/zmcc34/ZlRIy5oZpa3tnd298n7l4PDo+MQ8PeuKSCWYdHDEoqTvI0EY5aQjqWSkHycEhT4jPX/Syv3eC0kEjfiznMbEDdGI04BiJDXyzFbqYMRgP/PSJ8/OoKMH4DKrayaUL4iEK9yGDlYxzBs8s2rVrHnBTWEXogqKanvmhzOMsAoJl5ghIQa2FUs3RYmkmJGs4ihBYoQnaEQGWnIUEuGm82czeKXJEAb6zCDiEs7p8kSKQiGmoa87QyTHYt3L4X/eQMngzk0pj5UkHC8WBYpBGcE8OTikCcGSTbVAOKH6VojHKEFY6nwrOgR7/eVN0a3X7Ebt5rFRbd4XcZTBBbgE18AGt6AJHkAbdAAGr+AdfIGZ8WZ8Gt/Gz6K1ZBQz52CljN8/MVem7Q==</latexit>



XR1 _ XR2

<latexit sha1_base64="4bEyQ1shQx3bBkurh6WEiULO9KY=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqJqUqqIhgYKrEwFkQfUhNVjuu0Vh0nsh2kKsoHsPArLAwgxMoHsPE3uG0G2nKno/PQvff4MWdK2/aPVVhb39jcKm6Xdnb39g/Kh0dtFSWS0BaJeCS7PlaUM0FbmmlOu7GkOPQ57fjjm6neeaRSsUg86ElMvRAPBQsYwdpQ/XIFpS7BHHWzfnrfdzLkmsQCV8uMy67as0GrwMlBBfJp9svf7iAiSUiFJhwr1XPsWHsplpoRTrOSmygaYzLGQ9ozUOCQKi+dPZOhM8MMUGCuCCKh0Yz9m0hxqNQk9I0zxHqklrUp+Z/WS3Rw5aVMxImmgswXBQlHOkLTZtCASUo0nxiAiWTmVkRGWGKiTX8lU4Kz/PIqaNeqTr16cVevNK7zOopwAqdwDg5cQgNuoQktIPAEL/AG79az9Wp9WJ9za8HKM8ewMNbXL0fMmn8=</latexit>

Araki (1963)

XR1

<latexit sha1_base64="mCft3vHtv/iDKLA2rA0IKBF84yw=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoseiF49V7Ae0MWy2m3bpZhN2N0oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9ziOVisXiXk8S6kV4KFjICNZGesj6BHPUzf3szndz3646NWcGtEzcglShQNO3v/qDmKQRFZpwrFTPdRLtZVhqRjjNK/1U0QSTMR7SnqECR1R52ezqHJ0YZYDCWJoSGs3U3xMZjpSaRIHpjLAeqUVvKv7n9VIdXnoZE0mqqSDzRWHKkY7RNAI0YJISzSeGYCKZuRWREZaYaBNUxYTgLr68TNpnNbdeO7+tVxtXRRxlOIJjOAUXLqABN9CEFhCQ8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QMac5JD</latexit>

XR2

<latexit sha1_base64="Qh9JP7UOAjPeTRppH6ZOcViNYQQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKix6LXjxWsR/QxrDZbtqlm03Y3Sgl5H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsyZ0rb9bRXW1jc2t4rbpZ3dvf2D8uFRR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5Hrmdx+pVCwS93oaUzfEI8ECRrA20kM6IJijXuald14t88oVu2rPgVaJk5MK5Gh55a/BMCJJSIUmHCvVd+xYuymWmhFOs9IgUTTGZIJHtG+owCFVbjq/OkNnRhmiIJKmhEZz9fdEikOlpqFvOkOsx2rZm4n/ef1EB5duykScaCrIYlGQcKQjNIsADZmkRPOpIZhIZm5FZIwlJtoEVTIhOMsvr5JOrerUq43beqV5lcdRhBM4hXNw4AKacAMtaAMBCc/wCm/Wk/VivVsfi9aClc8cwx9Ynz8b+JJE</latexit>



Implications of additivity anomaly (I)

Additivity anomaly underlies many properties we observe on the 
gravity side including :

x

z

R1 R2R1 R2

XR1 _ XR2 ⇢ XR1[R2

<latexit sha1_base64="ObgCcSf7zM4JUOA9ZU75mYu/8XA=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARXJWkVHThotCNyyr2Ak0Ik+mkHTqZhMyMUEIeyI2vIogLi7j1OZy0WfTiWf18/zmcc34/ZlRIy5oZpa3tnd298n7l4PDo+MQ8PeuKSCWYdHDEoqTvI0EY5aQjqWSkHycEhT4jPX/Syv3eC0kEjfiznMbEDdGI04BiJDXyzFbqYMRgP/PSJ8/OoKMH4DKrayaUL4iEK9yGDlYxzBs8s2rVrHnBTWEXogqKanvmhzOMsAoJl5ghIQa2FUs3RYmkmJGs4ihBYoQnaEQGWnIUEuGm82czeKXJEAb6zCDiEs7p8kSKQiGmoa87QyTHYt3L4X/eQMngzk0pj5UkHC8WBYpBGcE8OTikCcGSTbVAOKH6VojHKEFY6nwrOgR7/eVN0a3X7Ebt5rFRbd4XcZTBBbgE18AGt6AJHkAbdAAGr+AdfIGZ8WZ8Gt/Gz6K1ZBQz52CljN8/MVem7Q==</latexit>

This has been 
interpreted in terms 
of quantum error 
corrections 

Almheiri, Dong, 
and Harlow 

Here we give its 
physical origin.



Implications of additivity anomaly (II)

R1 R2

XR1 _ XR2 ⇢ XR1[R2

<latexit sha1_base64="ObgCcSf7zM4JUOA9ZU75mYu/8XA=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARXJWkVHThotCNyyr2Ak0Ik+mkHTqZhMyMUEIeyI2vIogLi7j1OZy0WfTiWf18/zmcc34/ZlRIy5oZpa3tnd298n7l4PDo+MQ8PeuKSCWYdHDEoqTvI0EY5aQjqWSkHycEhT4jPX/Syv3eC0kEjfiznMbEDdGI04BiJDXyzFbqYMRgP/PSJ8/OoKMH4DKrayaUL4iEK9yGDlYxzBs8s2rVrHnBTWEXogqKanvmhzOMsAoJl5ghIQa2FUs3RYmkmJGs4ihBYoQnaEQGWnIUEuGm82czeKXJEAb6zCDiEs7p8kSKQiGmoa87QyTHYt3L4X/eQMngzk0pj5UkHC8WBYpBGcE8OTikCcGSTbVAOKH6VojHKEFY6nwrOgR7/eVN0a3X7Ebt5rFRbd4XcZTBBbgE18AGt6AJHkAbdAAGr+AdfIGZ8WZ8Gt/Gz6K1ZBQz52CljN8/MVem7Q==</latexit>

R1 R2

XR1 _ XR2 = XR1[R2

<latexit sha1_base64="hjkEjiU6DWbRY1QQZl4G+dSLIGg=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0VwVZJS0UWFghuXVewDmhAm00k7dDIJMxOhhPyMG3/FjQuLCK78FSdtFrX1rA7n3MO99/gxo1JZ1rdR2tjc2t4p71b29g8Oj8zjk66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/Mld7veeiZA04k9qGhM3RCNOA4qR0pJnNlMHIwb7mZc+enYGHR2Ay1o9q9z+EWzo4CSGueOZVatmzQHXiV2QKijQ9syZM4xwEhKuMENSDmwrVm6KhKKYkaziJJLECE/QiAw05Sgk0k3nX2bwQitDGOj7gogrOFeXEykKpZyGvp4MkRrLVS8X//MGiQpu3JTyOFGE48WiIGFQRTCvDA6pIFixqSYIC6pvhXiMBMJKF1vRJdirL6+Tbr1mN2pXD41qq1nUUQZn4BxcAhtcgxa4B23QARi8gDfwAWbGq/FufBpfi9GSUWROwR8YP78VcKO8</latexit>



New Insights into subregion-subregion duality

2. Entanglement wedge without entropy. 

RT surface without 
using entropy

3. Additivity anomaly and implications

1. Give a precise mathematical definition 

Underlies many bulk properties, including quantum 
error correction properties



Future perspectives 

• Implications for holography in flat and cosmological spacetimes

• Entropy associated with general bulk surfaces

• New perspectives on single-sided or evaporating BHs, 
Derivation of “island’’

……

• connections with finite N 

Chandrasekaran, Longo, Penington, Witten, 2206.10780

Type I: (finite N)

Type II Witten (arXiv:2112:12828)

• Including 1/N corrections, the role of conserved charges 
(boundary manifestation of Gauss law and bulk nonlocality)

Chandrasekaran, Penington, Witten, 2209.10454

Bahiru, Belin,Papadodimas, Sarosi,Vardian
arXiv: 2209.06845



Thank you!



Large N limit of the Hilbert space
Many states do not have a well-defined large N limit.

A state has a well-defined large N limit, if correlation functions 
of single-trace operators (with expectation value subtracted) in it
have well-defined                    limits.N ! 1

<latexit sha1_base64="e6zlybsYpwn7W/fqVyuxYVOPruM=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZKIpgPyB1hb7OXLNnbO3bnhBDyN2wsFLH1z9j5b9wkV2jig4HHezPMzAtTKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy2TZJrxJktkojshNVwKxZsoUPJOqjmNQ8nb4eh25refuDYiUY84TnkQ04ESkWAUreTfEx8T4gsV4bhXrrhVdw6ySrycVCBHo1f+8vsJy2KukElqTNdzUwwmVKNgkk9LfmZ4StmIDnjXUkVjboLJ/OYpObNKn0SJtqWQzNXfExMaGzOOQ9sZUxyaZW8m/ud1M4yug4lQaYZcscWiKJPE/jkLgPSF5gzl2BLKtLC3EjakmjK0MZVsCN7yy6ukdVH1atXLh1qlfpPHUYQTOIVz8OAK6nAHDWgCgxSe4RXenMx5cd6dj0VrwclnjuEPnM8fatqRRw==</latexit>

We refer to a state with well-defined large N limit and 
factorization property as a semi-classical state.

Examples: vacuum , thermal density operator, thermal field double 
…….



The full state space splits into disconnected GNS Hilbert spaces
around semi-classical states. 

The same structure appears on the gravity side. 

We quantize gravity fields around a geometry to obtain the 
Fock space around that geometry. 

In the large N limit, only semi-classical states and states 
around them survive. 

For a semi-classical state        , we can build a Hilbert space around it 
by acting finite products of single-trace operators on it. (GNS 
Hilbert space )     H

GNS
 

<latexit sha1_base64="oQEvWYB5b1jege7T/Hwbdh2v/LY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRS0YWLggu7kor2AU0Mk+m0HTp5MDMRagj+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1+zJlUlvVtLCwuLa+sFtaK6xubW9vmzm5TRokgtEEiHom2jyXlLKQNxRSn7VhQHPictvzh5dhvPVAhWRTeqVFM3QD3Q9ZjBCsteeY+Sh2COapl9+nV9W3mOXXJPLNkla0J0Dyxc1KCHHXP/HK6EUkCGirCsZQd24qVm2KhGOE0KzqJpDEmQ9ynHU1DHFDpppPrM3SklS7qRUJXqNBE/T2R4kDKUeDrzgCrgZz1xuJ/XidRvXM3ZWGcKBqS6aJewpGK0DgK1GWCEsVHmmAimL4VkQEWmCgdWFGHYM++PE+aJ2W7Uj69qZSqF3kcBTiAQzgGG86gCjWoQwMIPMIzvMKb8WS8GO/Gx7R1wchn9uAPjM8fkHKUpg==</latexit>

| i

<latexit sha1_base64="+e7sYD+K+fBOuDwwIRQK96lgffk=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygvmA5Ax7m7lkyd7esbunhJj/YWOhiK3/xc5/4ya5QhMfDDzem2FmXpAIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8HrqNx9QaR7LOzNK0I9oX/KQM2qsdP/UqWlOOorKvkDSLZbcsjsDWSZeRkqQodYtfnV6MUsjlIYJqnXbcxPjj6kynAmcFDqpxoSyIe1j21JJI9T+eHb1hJxYpUfCWNmShszU3xNjGmk9igLbGVEz0IveVPzPa6cmvPTHXCapQcnmi8JUEBOTaQSkxxUyI0aWUKa4vZWwAVWUGRtUwYbgLb68TBpnZa9SPr+tlKpXWRx5OIJjOAUPLqAKN1CDOjBQ8Ayv8OY8Oi/Ou/Mxb8052cwh/IHz+QPuOJIh</latexit>

Different       lead to different single-trace operator algebra with  
possibly very different mathematical and physical properties

 

<latexit sha1_base64="IcMf5WYMtzN0EY9ud4Ys0bgqOzg=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXpgIbqznfaPS2vrG5lZ5u7Kzu7d/UD08aps41ZS1aCxi3Q2JYYIr1rLcCtZNNCMyFKwTTu5yv/PEtOGxerTThAWSjBSPOCU2l/pNwwfVmlf35sCrxC9IDQo0B9Wv/jCmqWTKUkGM6fleYoOMaMupYLNKPzUsIXRCRqznqCKSmSCb3zrDZ04Z4ijWrpTFc/X3REakMVMZuk5J7Ngse7n4n9dLbXQTZFwlqWWKLhZFqcA2xvnjeMg1o1ZMHSFUc3crpmOiCbUunooLwV9+eZW0L+r+Zf3q4bLWuC3iKMMJnMI5+HANDbiHJrSAwhie4RXekEQv6B19LFpLqJg5hj9Anz/0Oo4s</latexit>



Half-sided modular translation

��it
M N�it

M ⇢ N , t  0

<latexit sha1_base64="HAYRlhSkbsmBM4WnzMLVOHLwee0="></latexit>

M

<latexit sha1_base64="+AXGdokLiPNFWcvNA6LXCzyAoyA=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS9ehAr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsTwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHN1G89MW14rB7sOGGBJAPFI06JddJj1qVE4LsJ7pUrXtWbAS8TPycVyFHvlb+6/ZimkilLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jikhmgmx28ASfOKWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnn6P+1wzasXYEUI1d7diOiSaUOsyKrkQ/MWXl0nzrOqfVy/uzyu16zyOIhzBMZyCD5dQg1uoQwMoSHiGV3hDGr2gd/Qxby2gfOYQ/gB9/gAMU4/n</latexit>

Suppose      is a von Neumann algebra and the vector         
is cyclic and separating for 

|⌦i

<latexit sha1_base64="tClZR+3jJcQKbBG2mCgSiBnb/sA=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkogcPBS/erGA/oAlls52kSzebsLsplNh/4sWDIl79J978N27bHLT1wcDjvRlm5gUpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo7ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJRrczvzMGqVgiHvUkBT8mkWAho0QbqW/b+Mm7jyEi2JNERBz6dtWpOXPgVeIWpIoKNPv2lzdIaBaD0JQTpXquk2o/J1IzymFa8TIFKaEjEkHPUEFiUH4+v3yKz4wywGEiTQmN5+rviZzESk3iwHTGRA/VsjcT//N6mQ6v/ZyJNNMg6GJRmHGsEzyLAQ+YBKr5xBBCJTO3YjokklBtwqqYENzll1dJ+6Lm1muXD/Vq46aIo4xO0Ck6Ry66Qg10h5qohSgao2f0it6s3Hqx3q2PRWvJKmaO0R9Ynz/VvJMj</latexit>

M

<latexit sha1_base64="+AXGdokLiPNFWcvNA6LXCzyAoyA=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS9ehAr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsTwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHN1G89MW14rB7sOGGBJAPFI06JddJj1qVE4LsJ7pUrXtWbAS8TPycVyFHvlb+6/ZimkilLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jikhmgmx28ASfOKWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnn6P+1wzasXYEUI1d7diOiSaUOsyKrkQ/MWXl0nzrOqfVy/uzyu16zyOIhzBMZyCD5dQg1uoQwMoSHiGV3hDGr2gd/Qxby2gfOYQ/gB9/gAMU4/n</latexit>

N

<latexit sha1_base64="Ba00DaZVuoQsS0nlC225z739vAI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS+epIL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz88JEcGM97xsVVlbX1jeKm6Wt7Z3dvfL+QdPEqaasQWMR63ZIDBNcsYblVrB2ohmRoWCtcHQz9VtPTBseqwc7TlggyUDxiFNinfSYdSkR+G6Ce+WKV/VmwMvEz0kFctR75a9uP6apZMpSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoIpKZIJsdPMEnTunjKNaulMUz9fdERqQxYxm6Tkns0Cx6U/E/r5Pa6CrIuEpSyxSdL4pSgW2Mp9/jPteMWjF2hFDN3a2YDokm1LqMSi4Ef/HlZdI8q/rn1Yv780rtOo+jCEdwDKfgwyXU4Bbq0AAKEp7hFd6QRi/oHX3MWwsonzmEP0CfPw3Zj+g=</latexit>

Suppose there exists a von Neumann subalgebra      of 
with the properties:

M

<latexit sha1_base64="+AXGdokLiPNFWcvNA6LXCzyAoyA=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS9ehAr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsTwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHN1G89MW14rB7sOGGBJAPFI06JddJj1qVE4LsJ7pUrXtWbAS8TPycVyFHvlb+6/ZimkilLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jikhmgmx28ASfOKWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnn6P+1wzasXYEUI1d7diOiSaUOsyKrkQ/MWXl0nzrOqfVy/uzyu16zyOIhzBMZyCD5dQg1uoQwMoSHiGV3hDGr2gd/Qxby2gfOYQ/gB9/gAMU4/n</latexit>

|⌦i

<latexit sha1_base64="tClZR+3jJcQKbBG2mCgSiBnb/sA=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkogcPBS/erGA/oAlls52kSzebsLsplNh/4sWDIl79J978N27bHLT1wcDjvRlm5gUpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo7ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJRrczvzMGqVgiHvUkBT8mkWAho0QbqW/b+Mm7jyEi2JNERBz6dtWpOXPgVeIWpIoKNPv2lzdIaBaD0JQTpXquk2o/J1IzymFa8TIFKaEjEkHPUEFiUH4+v3yKz4wywGEiTQmN5+rviZzESk3iwHTGRA/VsjcT//N6mQ6v/ZyJNNMg6GJRmHGsEzyLAQ+YBKr5xBBCJTO3YjokklBtwqqYENzll1dJ+6Lm1muXD/Vq46aIo4xO0Ck6Ry66Qg10h5qohSgao2f0it6s3Hqx3q2PRWvJKmaO0R9Ynz/VvJMj</latexit>

is cyclic for N

<latexit sha1_base64="Ba00DaZVuoQsS0nlC225z739vAI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS+epIL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz88JEcGM97xsVVlbX1jeKm6Wt7Z3dvfL+QdPEqaasQWMR63ZIDBNcsYblVrB2ohmRoWCtcHQz9VtPTBseqwc7TlggyUDxiFNinfSYdSkR+G6Ce+WKV/VmwMvEz0kFctR75a9uP6apZMpSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoIpKZIJsdPMEnTunjKNaulMUz9fdERqQxYxm6Tkns0Cx6U/E/r5Pa6CrIuEpSyxSdL4pSgW2Mp9/jPteMWjF2hFDN3a2YDokm1LqMSi4Ef/HlZdI8q/rn1Yv780rtOo+jCEdwDKfgwyXU4Bbq0AAKEp7hFd6QRi/oHX3MWwsonzmEP0CfPw3Zj+g=</latexit>

There is a very special structure associated with  type 
III1  vN algebra. 



U(s) = e�iGs, G � 0

<latexit sha1_base64="Q7ZuvKQ5+R4FFu5xkkfisFzGFyk=">AAACC3icbVDLSgMxFM3UV62vUZduQotQQcuMVHShUHChywr2AW0tmfS2Dc1kpklGKEP3bvwVNy4UcesPuPNvTNtZaPXAhZNz7iX3Hi/kTGnH+bJSC4tLyyvp1cza+sbmlr29U1VBJClUaMADWfeIAs4EVDTTHOqhBOJ7HGre4HLi1+5BKhaIWz0KoeWTnmBdRok2UtvOVvLqAF9guIuPGL7CanyIm8NhRDrm0ezBEDttO+cUnCnwX+ImJIcSlNv2Z7MT0MgHoSknSjVcJ9StmEjNKIdxphkpCAkdkB40DBXEB9WKp7eM8b5ROrgbSFNC46n6cyImvlIj3zOdPtF9Ne9NxP+8RqS7Z62YiTDSIOjso27EsQ7wJBjcYRKo5iNDCJXM7Ippn0hCtYkvY0Jw50/+S6rHBbdYOLkp5krnSRxptIeyKI9cdIpK6BqVUQVR9ICe0At6tR6tZ+vNep+1pqxkZhf9gvXxDVtcmBY=</latexit>

U(s)⌦ = ⌦, 8s 2 R

<latexit sha1_base64="pVZrMA0MdMmuy5DdvSWddOyyL64=">AAACIHicbVDLSgMxFM34rOOr6tJNsAgVpMxIpS4UCm7cWcU+oFPKnTRtQzOZMckIZeinuPFX3LhQRHf6NabtLLT1QOBwzr3k3ONHnCntOF/WwuLS8spqZs1e39jc2s7u7NZUGEtCqyTkoWz4oChnglY105w2Ikkh8Dmt+4PLsV9/oFKxUNzpYURbAfQE6zIC2kjtbMm2q3l1hL3rgPYAX6TkGHv3MXSw1w0lcI4V9pjAiReA7vs+vh21szmn4EyA54mbkhxKUWlnP71OSOKACk04KNV0nUi3EpCaEU5HthcrGgEZQI82DRUQUNVKJgeO8KFROthkMU9oPFF/byQQKDUMfDM5TqhmvbH4n9eMdfeslTARxZoKMv2oG3OsQzxuC3eYpETzoSFAJDNZMemDBKJNp7YpwZ09eZ7UTgpusXB6U8yVz9M6MmgfHaA8clEJldEVqqAqIugRPaNX9GY9WS/Wu/UxHV2w0p099AfW9w9T3aCw</latexit>

Then there exists a unitary group U(s), with the following 
properties:

Borchers, Wiesbrock

This can be used to generate “new” times!



Flow pattern in the large mass limit

U V

Family of trajectories Constant-s slices

�(X; s) ⌘ U(�s)�(X)U(s) / �(Xs)

<latexit sha1_base64="+QXnmb9as0Ml5Tn0TqGGxLEzJP8=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEKiq6KLhxWcG0haaUyXTaDp1k4sykUEK/xY2/4saFoq4EP8ZJGkFbDwyce8693LnHCxmVyrI+jdzS8srqWn69sLG5tb1j7u41JI8EJg7mjIuWhyRhNCCOooqRVigI8j1Gmt7oOvGbYyIk5cGdmoSk46NBQPsUI6Wlrnnh1ocUllqXsgxdch/RMXRg6TipwtQoQ6eUVoKHiv+oXVnumkWrYqWAi8TOSBFkqHfNd7fHceSTQGGGpGzbVqg6MRKKYkamBTeSJER4hAakrWmAfCI7cXriFB5ppQf7XOgXKJiqvydi5Es58T3d6SM1lPNeIv7ntSPVP+/ENAgjRQI8W9SPGNS3JnnBHhUEKzbRBGFB9V8hHiKBsNKpFnQI9vzJi6RxUrGrldPbarF2lcWRBwfgEJSADc5ADdyAOnAABg/gCbyAV+PReDbejI9Za87IZvbBHxhf3/OooD4=</latexit>

average over 
boundary 
spatial 
directionsUs = U0 + s, Vs =

V0

1� sV0

<latexit sha1_base64="RV9YzTmr32E5U2Ep5dI8kRzqnFc=">AAACHHicbVDLSgMxFM3UVx1fVZduLhZBUMuMVnRhoeDGZQVnWuiUIZOmbWjmYZIRytAPceOvuHGhiBsXgn9j+lho64HA4Zx7uLknSDiTyrK+jdzC4tLySn7VXFvf2NwqbO+4Mk4FoQ6JeSwaAZaUs4g6iilOG4mgOAw4rQf965Fff6BCsji6U4OEtkLcjViHEay05BfOHF9CBRzfOgJ5DN59itvgag3MCmSub4EX6zzYcAJSG9YQwC8UrZI1BswTe0qKaIqaX/j02jFJQxopwrGUTdtKVCvDQjHC6dD0UkkTTPq4S5uaRjikspWNjxvCgVba0ImFfpGCsfo7keFQykEY6MkQq56c9Ubif14zVZ3LVsaiJFU0IpNFnZSDimHUFLSZoETxgSaYCKb/CqSHBSZK92nqEuzZk+eJe1qyy6Xz23KxejWtI4/20D46RDa6QFV0g2rIQQQ9omf0it6MJ+PFeDc+JqM5Y5rZRX9gfP0AqGKcvg==</latexit>

U V

boundary

singularity



U VU V

V-type Flows



We can also consider compositions  of such
Kruskal-like U-type and V-type flows. 

There are an infinite number of such 
emergent times
(by definition diffeomorphism invariant)


