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Nuclear data needed for describing r-process: initial stage

Cal.: N. Nishimura

neutron density 
temperature

astrophysical conditions:

seed nuclei

mass



seed nuclei

neutron-rich nuclei

neutron-capture rate

fission rate
reaching heavy region

β-delayed fission
n-induced fission
fission after β-delayed 
neuron emission

ν-induced fission

fission fragment dis.

Nuclear data needed for describing r-process: early stage

Cal.: N. Nishimura

beta-decay rate



n-rich nuclei

Nuclear data needed for describing r-process: late stage

stability line

β-decay rate
β-delayed n-emission

Cal.: N. Nishimura

ν-scattering



Decisive roles by nuclear theory

in a wide mass region; even close to the drip line
No experimental data available, nor reachable

with high reliability and accuracy

Desirable nuclear data

To disentangle the uncertainties of astro/nuclear physics

solving the time-dependent many-body Sch. equation w/ appropriate B.C.
hyper-ambitious

find a pragmatic way



Microscopic theory for nuclear many-body systems

http://www.unedf.org/

DFT

ISM

in terms of a nucleonic d.o.f.

For medium-heavy and heavy 
nuclei

Interacting Shell Model

Density Functional Theory

talk by Y. Tsunoda



DFT: Quantum many-body theory

Nobelprize.org

1998

W. Kohn

化学賞 variational principle with respect to the density as a variational parameter

δ⟨Ĥ − λQ̂⟩ = 0 E = E(Q)
Q = ⟨Q̂⟩

δ⟨Ĥ − ∑
k

λkQ̂k⟩ = 0 E = E(Qk)

δ⟨Ĥ − ∫ dαλ(α)Q̂(α)⟩ = 0 E = E[Q(α)]

δ⟨Ĥ − ∫ d ⃗x v( ⃗x ) ̂ρ( ⃗x )⟩ = 0 E = E[ρ( ⃗x )]

E0

exact g.s. energy

energy density functional

δQ

̂ρ( ⃗x ) = ψ̂†( ⃗x )ψ̂( ⃗x )



DFT for excitation and dynamics
Ĥ(t) = ̂T + ̂V(t) + Ŵ

最小作用 は時間依存Sch. eqの解

定理１：状態・作用は密度と初期状態の汎関数

定理２：密度変分原理
時間依存Sch. eqの解から作られる密度

通常の量子力学

時間依存密度汎関数理論: Time-dependent DFT E. Runge and E. K. U. Gross, PRL52(1984)997

A(t1, t0) ≡ ∫
t1

t0
dt⟨Ψ(t) | i∂t − Ĥ(t) |Ψ(t)⟩

δA
δ⟨Ψ(t) |

= [i∂t − Ĥ(t)] |Ψ(t)⟩ = 0 |Ψ(t)⟩

|Ψ(t)⟩ = |Ψ[ρ, Ψ0](t)⟩ ρ( ⃗r, t) ⟺ v( ⃗r, t) ⟺ Ψ( ⃗r, t)

δA
δρ( ⃗r, t) = 0 ρ( ⃗r, t)

A = A[ρ, Ψ0]



decay rate dΓ = ∑̄
i, f

2πδ(MA − ϵe − pν − MB*) |⟨ f |HW | i⟩ |2 d ⃗p νd ⃗p e

(2π)6

A
ZA → e − + ν̄e + A

Z+ 1B*beta-decay

⟨ f |HW | i⟩ = ⟨B* |∫ d ⃗x
GFVu d

2
[ψ̄e( ⃗x )γμ(1 − γ5)v( ⃗pν)e − i ⃗p ν⋅ ⃗x ]Jμ( ⃗x ) |A⟩

ft = 2π3ℏ7 ln 2
m5e c4(GFVu d)2 = const .t = ln 2

Γ
half-life

Jμ(x) = ψ̄p(x)[V+
μ − A+

μ ]ψn(x)
hadronic current

nuclear structure information

DFT for weak-interaction processes

DFT



Linear-response TDDFT
response to the weak external field: e − iωt ̂F = e − iωt ∫ drf(r)ψ̂†(r)ψ̂(r)

δρ(r) = ∫ dr′�χ0(r, r′�)[ δ2E[ρ]
δ2ρ

δρ(r′�) + f(r′�)]
equivalent to

(Quasiparticle)-RPA vres = δ2E[ρ]
δ2ρ

⟨Ψλ | ̂F |Ψ0⟩ = ∫ drδρ(r; ωλ)f(r)transition matrix element : 

neutral current: 
̂F = ∑

τ,τ′�
f(r)ψ̂†(rτ)ψ̂(rτ′�)δτ,τ′�

̂F = ∑
τ,τ′ �

f(r)ψ̂†(rτ)ψ̂(rτ′�)⟨τ |τz |τ′�⟩

charged current: 

̂F = ∑
τ,τ′ �

f(r)ψ̂†(rτ)ψ̂(rτ′�)⟨τ |τ± |τ′�⟩

like-particle (Q)RPA proton-neutron (Q)RPA

δρ(r, t) ∼ δρ(r)e − iωt

δρ = χ0
1 − χ0vres

f = χRPA f



Pioneering cal.: spherical nuclei

closed-neutron-shell nuclei along the r-process path. Our re-
sults agree fairly well with those of Ref. @12# for the very
proton-poor nuclei ~with N550 and N582) but less well for
larger Z. The trend is due to the closed proton shells at Z
520, 28, 40, and 50, where the particle-particle force has
little effect. Between these magic numbers, and particularly
just below them ~e.g., in 76Fe), the differences can be large.
To demonstrate again that they are due to T50 pairing, we
plot results once more with that component of the force
switched off (V050), a step that brings our results into
agreement with those of Ref. @12# in nearly all nuclei with
N550 or 82.

As discussed in Sec. III C, there are no experimental data
with which to fix V0 near N5126. The lack of closed shells
in this region suggests that half-lives will depend strongly on
V0. Our results with and without T50 pairing, however,
show that this is not the case. Even if we used a much
smaller value of V0, by extrapolating the drop in that param-
eter between N550 and 82, the lifetimes would not change
appreciably. In these heavy systems our results agree well
with those of Ref. @19#.

C. Consequences for nucleosynthesis

The closed-neutron-shell nuclei are instrumental in setting
abundances produced in the r process; new predictions for
their half-lives will have an effect on the results of r-process
simulations. For N550 and 82 our half-lives are usually
shorter than the commonly employed half-lives of Ref. @12#,
and longer for N5126. Replacing those lifetimes with ours
should therefore produce smaller A'80 and 130 abundance
peaks, and a larger A'195 peak.

Without extending our calculations to other nuclei in the
r-process network, however, we cannot draw quantitative
conclusions from a simulation. Accordingly, we carry out
only one simple r-process simulation here, comparing final
abundance distributions obtained from the b decay rates of
Ref. @12# with those obtained from our calculations, leaving

all other ingredients unchanged ~we also change rates at N
584 and 86, by amounts equal to the change in correspond-
ing nuclei with N582!. By specifying an appropriate tem-
perature and density dependence on time, we mock up con-
ditions in the ‘‘neutrino-driven wind’’ from type II
supernovae, the current best guess for the r-process site.

The results appear in Fig. 10. As expected, the A'130
peak shrinks noticeably. The A'195 peak broadens with the
new half-lives because abundances around N5126 are built
up not just at the longest lived ~most stable! nucleus pro-
duced, but at more neutron-rich N5126 nuclei as well. As a
result, more nuclei are populated and the peak widens. By

FIG. 9. Predictions for the half-lives of closed neutron-shell nuclei along the r-process path. Our results appear with
(HFB1QRPA1SkO8) and without (HFB1QRPA1SkO8, V050) the pn particle-particle interaction. Also plotted are the results of Ref.
@12# ~FRDM1QRPA!, Ref. @19# ~ETFSI1QRPA!, and experimental data where available.

FIG. 10. Predicted abundances in a simulation of the r process.
The solid line corresponds to the rates of Ref. @12#, and the dotted
line to the rates obtained here around N582 and 126. All other
nuclear and astrophysical parameters are the same for the two lines.
The diamonds are observed solar-system abundances.
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̂F = ∑
σ,σ′ �

∫ drψ̂†
π(rσ)⟨σ | ⃗σ |σ′�⟩ψ̂ν(rσ′�)

Gamow-Teller (allowed, axial-vector)

Jμ(x) = ψ̄p(x)[V+
μ − A+

μ ]ψn(x)
Hadronic current

V+
μ = g V(q2)γμ + ig M(q2)

σμν

2mn
qν

A+
μ = g A(q2)γμγ5 + ig P(q2)qμγ5

g V(q2 = 0) = g V = 1
g A(q2 = 0) = g A ≃ 1.27

g eff
A = qg A

quenching

̂F = ∑
σ,σ′ �

∫ drψ̂†
π(rσ)ψ̂ν(rσ′�)δσ,σ′ �

Fermi (allowed, vector)

q ∼ 0.78

E[ρ]

non-nucleonic d.o.f.
two-body currents
short-range correlation
truncation of many-body space



Spin-triplet proton-neutron pairing
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✓ being not included in FRDM
✓ shortens the half-lives
✓ sensitive to the shell structure

has no connection to the g.s. property
how to determine?
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RIBF-experiment stimulating DFT-development
S. Nishimura
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FIG. 1. (Color online) Two-neutron separation energies for the
neutron-rich zirconium isotopes. The drip line is located where the
separation energy becomes zero. The 122Zr isotope is the last stable
nucleus against two-neutron emission.

Calculations performed with the HFB-2D-THO code used 20
transformed harmonic oscillator shells. Figure 1 shows the
calculated two-neutron separation energies for the zirconium
isotope chain. The two-neutron separation energy is defined as

S2n(Z,N ) = Ebind(Z,N ) − Ebind(Z,N − 2). (4)

Note that in using this equation, all binding energies must be
entered with a positive sign. The position of the two-neutron
drip line is defined by the condition S2n(Z,N ) = 0, and nuclei
with negative two-neutron separation energy are unstable
against the emission of two neutrons. As one can see, both
methods (HFB-2D-THO and HFB-2D-LATTICE) are in excellent
agreement for the two-neutron separation energy for the entire
isotope chain. Particularly, the 122Zr isotope is predicted in
both calculations as the drip-line nucleus. In addition, we
also give a comparison with the latest experimental data,
available only up to the isotope 110Zr [17]. As shown on Fig. 1,
the separation energy values obtained from the experiment are
somewhat larger than the theoretical calculations although the
trend remains the same.

In Fig. 2, we compare the intrinsic proton and neutron
quadrupole moments calculated with the LATTICE code and
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FIG. 2. (Color online) Intrinsic quadrupole moments for protons
and neutrons.
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FIG. 3. (Color online) Mass quadrupole parameter β2 comparison
for neutrons. Calculations by Lalazissis et al. [19], HFB-2D-LATTICE,
and Möller et al. [18] (FRDM) (β2 total is shown).

the THO code. Available experimental data [16] are also given.
Generally, we observe a nearly perfect agreement between the
two codes as well as with the experiment. The deformations
(for neutrons ) in terms of the deformation parameter β2 for
those nuclei, namely, for the 102−112Zr isotopes range from
β2 = 0.42 to β2 = 0.47. Both the basis-spline lattice code and
the HFB-2D-THO code predict the 112Zr isotope to have the
largest ground state deformation. For mass numbers larger
than 112, we observe a transition to spherical ground state
shape. This phenomenon had been also found in calculations
performed by Möller et al. [18] [finite range droplet model
calculations (FRDM)] and in relativistic mean-field calcula-
tions by Lalazissis et al. [19]. We depict this comparison in
Fig. 3 . Experimental deformations for protons are available
for two isotopes, 102Zr and 104Zr [16]. Calculations agree
with the experiment reasonably well and give β2 values
of 0.42, 0.43; while the experiment predicts β102

2 = 0.42,
β104

2 = 0.45.
In Fig. 4, we compare the root-mean-square radii of protons

and neutrons predicted by the LATTICE code and the THO
code. Both codes give nearly identical results for the whole
isotope chain. Only one experimental data point is available,
the proton rms radius of 102Zr [12]. The experiment yields a
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FIG. 4. (Color online) Root-mean-square radii for the chain of
zirconium isotopes.
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β-decay half-lives of r-process 
nuclei

predicted to be well deformed
by DFT cal.
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Gamow-Teller strength in deformed nuclei within the self-consistent charge-exchange
quasiparticle random-phase approximation with the Gogny force
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The charge-exchange excitations in nuclei are studied within the fully self-consistent proton-neutron
quasiparticle random-phase approximation using the finite-range Gogny interaction. No additional parameters
beyond those included in the effective nuclear force are included. Axially symmetric deformations are consistently
taken into account, both in the description of the ground-states and spin-isospin excitations. We focus on the
isobaric analog and Gamow-Teller resonances. A comparison of the predicted strength distributions to the existing
experimental data is presented and the role of nuclear deformation analyzed. The Gamow-Teller strength is used
to estimate the β−-decay half-life of nuclei for which experimental data exist. A satisfactory agreement with
experimental half-lives is found and justifies the additional study of the exotic neutron-rich N = 82, 126, and
184 isotonic chains of relevance for the r-process nucleosynthesis.
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I. INTRODUCTION

Spin-isospin nuclear excitations [1], in particular the
Gamow-Teller (GT) resonances, nowadays play a crucial role
in several fields of physics. First, in fundamental nuclear
physics by providing information on the nuclear interaction,
the equation of state of asymmetric nuclear matter, as well as
the nuclear skin thickness [2]. Second, in astrophysics where
they govern β decay, electron and neutrino capture processes,
hence stellar evolution and nucleosynthesis [3,4]. Finally, in
particle physics in connection with the evaluation of the Vud

element and the unitarity of the Cabibbo-Kobayashi-Maskawa
quark-mixing matrix [5], on the one hand, and with neutrino
physics beyond the standard model (neutrinoless double beta
decay [6– 8] and neutrino oscillation [9,10]), on the other hand.

Experimentally, the spin-isospin nuclear excitations are
studied via charge-exchange reactions, such as (p,n), (n,p),
(d,2He), (3He,t) or (t ,3He) and β-decay measurements. In spite
of the great efforts and interest, the whole nuclear chart is still
not experimentally accessible, so that for the exotic nuclei,
one can rely on theoretical models only. In this context one
of the most popular models is the so-called proton-neutron
quasiparticle random-phase approximation (pnQRPA), first
introduced in Ref. [11]. For a reliable prediction of the
spin-isospin nuclear excitations, especially for experimentally
unknown nuclei, two main features of the theoretical model
are in order: the possibility to deal with deformed nuclei and
the use of a unique effective nuclear force. The term unique
has two different meanings here. First of all, it implies that
the interaction is the same for all nuclei, second, that the
nuclear interaction used to describe the ground and excited
states is the same; this latter property is usually referred as the
self-consistency of the calculation. Despite the relatively large
number of pnQRPA calculations (see, e.g., Refs. [12– 25] and
references therein), the number of models, nowadays including
both features, remains small. Furthermore, even in the limited
number of self-consistent calculations performed either with
the zero-range Skyrme-type forces or in the relativistic

mean-field framework, there often remains a coupling con-
stant, typically in the particle-particle channel, which is treated
as a free parameter usually adjusted to β-decay half-lives or to
the position of GT excitation energies. The possibility to take
into account the nuclear deformation is also very important.
The β-decay properties of exotic neutron-rich nuclei (in
particular those of interest to the r-process nucleosynthesis [3])
as well as the nuclear matrix elements for the double β decay
have been shown to depend significantly on the deformation
parameter [24– 27]. Furthermore, deformed nuclei present a
strong fragmentation in the response functions and different
nuclear shapes can be experimentally distinguished.

Here, we present a fully self-consistent axially symmetric-
deformed pnQRPA calculation without any additional pa-
rameters beyond those characterizing the effective nuclear
force, namely the finite-range Gogny force within its two
parametrizations, D1M [28] and D1S [29]. This work repre-
sents a transposition to the charge-exchange sector of the fully
consistent axially symmetric-deformed QRPA calculations
with the Gogny force, first presented in Ref. [30] and devoted
to the study of electromagnetic excitations in deformed
nuclei [31,32]. In Sec. II, the pnQRPA formalism is detailed.
In Sec. III, the resulting GT and isobaric analog resonance
(IAR) strength are analyzed and compared to the experimental
data. Based on the GT strength, the β−-decay half-lives are
predicted and compared to the experimental data and other
models in Sec. IV. Finally, conclusions and perspectives are
given in Sec. V.

II. FORMALISM

Our approach is based on the pnQRPA on top of axially
symmetric-deformed Hartree-Fock-Bogoliubov (HFB) calcu-
lations. The HFB equations are solved in a finite harmonic
oscillator basis. As a consequence, the positive energy contin-
uum is discretized. All HFB quasiparticle states are used to
generate the two-quasiparticle (2-qp) excitations. This means
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We describe and apply a version of the finite amplitude method for obtaining the charge-changing nuclear
response in the quasiparticle random-phase approximation. The method is suitable for calculating strength
functions and beta-decay rates, both allowed and forbidden, in axially-deformed open-shell nuclei. We
demonstrate the speed and versatility of the code through a preliminary examination of the effects of tensor terms
in Skyrme functionals on beta decay in a set of spherical and deformed open-shell nuclei. Like the isoscalar
pairing interaction, the tensor terms systematically increase allowed beta-decay rates. This finding generalizes
previous work in semimagic nuclei and points to the need for a comprehensive study of time-odd terms in
nuclear density functionals.

DOI: 10.1103/PhysRevC.90.024308 PACS number(s): 21.60.Jz, 23.40.Hc

I. INTRODUCTION

Beta decay is an important process at the intersection
of nuclear physics, astrophysics, and particle physics. The
rapid neutron-capture process (r process) proceeds through
neutron-rich nuclei, the beta-decay rates for which determine
final abundance distributions. The significance of the reactor
neutrino anomaly for exotic new neutrino physics depends on
forbidden beta-decay rates in neutron-rich fission products [1].
In both these cases, the important rates are difficult or impos-
sible to measure; we need to be able to calculate them instead.

The random-phase approximation (RPA) and its generaliza-
tion, the quasiparticle random-phase approximation (QRPA),
nowadays typically used in conjunction with Skyrme energy-
density functionals (EDFs), are established tools for treating
nuclear excitations. The matrix version of the charge-changing
(or “pn”) Skyrme QRPA has been applied with some success
in spherical nuclei. When the rotational symmetry of the mean
field is broken, however, the dimension of the mean-field
two-quasiparticle basis increases by orders of magnitude and
the QRPA matrix becomes too large to fit in the main memory
of a typical computer without aggressive truncation. Even then,
supercomputing is needed to solve the equations. We have
constructed a deformed matrix Skyrme pnQRPA program [2]
from the code reported in Ref. [3] but cannot use it in
reasonable amounts of computing time.

The finite amplitude method (FAM) is a much more efficient
scheme for finding the linear response. Reference [4] first
proposed the method and Ref. [5] quickly applied it to obtain
the RPA response in spherical and deformed nuclei. Refer-
ence [6] generalized the approach to the QRPA, and Ref. [7]
applied the generalization to monopole transitions. In this
article, we further extend the FAM to charge-changing QRPA
transitions of arbitrary intrinsic angular momentum projection

*mika.t.mustonen@unc.edu
†tshafer@physics.unc.edu
‡zenginer@live.unc.edu
§ engelj@physics.unc.edu

K in deformed nuclei. We call the resulting approach the
Skyrme proton-neutron finite amplitude method (pnFAM).

To illustrate the method, we examine the effects of Skyrme’s
tensor terms on beta-decay rates. Minato and Bai [8] observed
that a tensor interaction can reduce beta-decay half-lives of
magic and semimagic nuclei considerably, bringing them into
closer accord with experiment. If a similar reduction takes
place in deformed nuclei, it might make it impossible to include
an isoscalar pairing interaction without underpredicting half-
lives. On the other hand, it might instead allow a better-behaved
isoscalar pairing interaction, one that depends less on mass
than those in use today. After a preliminary pnFAM analysis
of the effects of tensor interaction in both semimagic and
deformed nuclei, we assess the situation here. This work will
serve as a stepping stone towards r-process studies in the
rare-earth region, evaluation of neutrino-capture rates, and a
more data-rich determination of the time-reversal (T) odd parts
of energy-density functionals.

The rest of the article is organized as follows: Section II
lays out the form of our Skyrme functionals and discusses
the application of the FAM to beta decay, Sec. III presents
our implementation and consistency checks, and Sec. IV uses
the pnFAM to study the tensor interaction in a small set of
open-shell and deformed nuclei. Section V is a conclusion.

II. THEORETICAL BACKGROUND

A. Skyrme energy-density functional

In the particle-hole channel we use the standard general
Skyrme EDF, the details of which may be found in many
places, e.g., in Refs. [9,10]. In the notation of Ref. [9], the
EDF takes the form

E =
∑

t=0,1

+t∑

t3=−t

∫
dr

(
Heven

t t3
(r) + Hodd

t t3
(r)

)
, (1)

where

Heven
t t3

(r) ≡ C
ρ
t [ρ00]ρ2

t t3
+ C

"ρ
t ρt t3∇2ρt t3

+Cτ
t ρt t3τt t3 + CJ

t J2
t t3

+ C
ρ∇J
t ρt t3∇ · Jt t3 (2)
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Large-scale calculations of the double-β decay of 76Ge, 130Te, 136Xe, and 150Nd in the deformed
self-consistent Skyrme quasiparticle random-phase approximation
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We use the axially deformed Skyrme quasiparticle random-phase approximation (QRPA) together with the
SkM∗ energy-density functional, both as originally presented and with the time-odd part adjusted to reproduce the
Gamow-Teller resonance energy in 208Pb, to calculate the matrix elements that govern the neutrinoless double-β
decay of 76Ge, 130Te, 136Xe, and 150Nd. Our matrix elements in 130Te and 136Xe are significantly smaller than
those of previous QRPA calculations, primarily because of the difference in pairing or deformation between the
initial and the final nuclei. In 76Ge and 150Nd, our results are similar to those of less computationally intensive
QRPA calculations. We suspect the 76Ge result, however, because we are forced to use a spherical ground state,
even though our mean-field theory indicates a deformed minimum.

DOI: 10.1103/PhysRevC.87.064302 PACS number(s): 21.60.Jz, 23.40.Hc

I. INTRODUCTION

Neutrinoless (0νββ) double-β decay can occur if neutrinos
are Majorana particles at a rate that depends on a weighted
average of neutrino masses (see Refs. [1,2] for reviews). The
experimental search for 0νββ is approaching sensitivity to
neutrino masses below 100 meV [3]. To extract a mass from
the results, however, or to set a reliable upper limit, will require
accurate values of the nuclear matrix elements that govern the
decay, matrix elements that cannot be measured and must,
therefore, be calculated. A number of theorists have attempted
the calculations by applying several distinct methods. Among
the most popular is the proton-neutron quasiparticle random
phase approximation (QRPA).

The QRPA can be carried out at various levels of sophistica-
tion. So far, with only a few exceptions [4– 9], the mean fields
on which the QRPA is based have been spherical by fiat; most
of those that allow deformation have restricted themselves
to single-β decay or two-neutrino double-β (2νββ) decay.
And although many employ a kind of self-consistent QRPA
[10– 12], only Ref. [13] has carried out the QRPA without the
use of an artificially inert core, and there, again, the calculation
(which was relativistic) was restricted to 2νββ decay. In none
of the calculations has the residual QRPA interaction ever
been fully consistent with that of an underlying Hartree-
Fock-Bogoliubov (HFB) calculation. Finally, even Ref. [13],
which treats all the nucleons as active, forces them to occupy
harmonic-oscillator levels rather than continuumlike states.
Here, we overcome all these limitations by allowing axially
symmetric deformation, by using a modern and well-tested
Skyrme functional for both the HFB mean-field calculation
and the QRPA that is based on it, by keeping all the nucleons
active, and by placing the nucleus inside a large cylindrical box
so that discretized versions of continuum states are available
up to high energy.

*mika.t.mustonen@unc.edu
†engelj@physics.unc.edu

In recent years, deformed Skyrme-QRPA calculations of
this type have been applied extensively to nuclear vibra-
tions (see, e.g., Refs. [14– 18]) and will soon be applied to
single-β decay [19]. Our implementation, described in detail
below, is via a B-spline-based HFB code with the above-
mentioned cylindrical-box boundary conditions, followed by
the construction and diagonalization of the QRPA Hamiltonian
matrix in the basis of canonical two-quasiparticle states.
The calculations consume enough CPU hours to require a
supercomputer, and so we restrict ourselves to four isotopes—
76Ge, 130Te, 136Xe, and 150Nd—used in the some of the
most promising current or proposed experiments [20– 28].
The deformation and pairing in the initial and final nuclei are
often quite different, and matrix elements can be suppressed
as a result [5]; our numbers depend crucially on the overlap
of intermediate-nucleus states created by exciting the initial
ground state with those created by exciting the final ground
state. The QRPA supplies only transition amplitudes and
so must be extended to obtain the overlap. Here, we will
apply a prescription like that in Ref. [5] while noting that
a well-justified and tractable expression is still lacking.

This article is organized as follows: Sec. II contains a brief
overview of the matrix elements that govern double-β decay
and of the Skyrme QRPA. Section III describes the details of
our computational implementation, and Sec. IV presents our
results. Section V is a conclusion.

II. DOUBLE-β DECAY AND THE QRPA

A. Decay operators

The lifetime for 0νββ decay, if there are no heavy particles
that mediate the decay, is

[
T 0ν

1/2

]− 1 = G′0ν⟨mν⟩2|M ′0ν |2, (1)

where ⟨mν⟩2 is a weighted average of three neutrino masses,
G′0ν is a phase-space factor (recently recomputed in Ref. [29]),

064302-10556-2813/2013/87(6)/064302(9) ©2013 American Physical Society
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We develop a new framework for the self-consistent deformed proton–neutron quasiparticle-
random-phase approximation (pnQRPA), formulated in the Hartree–Fock–Bogoliubov (HFB)
single-quasiparticle basis. The same Skyrme force is used in both the HFB and pnQRPA cal-
culations, except in the proton–neutron particle–particle channel, where an S = 1 contact force
is employed. A numerical application is performed for Gamow–Teller (GT) strength distribu-
tions and β-decay rates in the deformed neutron-rich Zr isotopes located around the path of
rapid-neutron-capture-process nucleosynthesis. It is found that the GT strength distributions are
fragmented due to deformation. Furthermore, we find that the momentum-dependent terms in the
particle–hole residual interaction lead to a stronger collectivity of the GT giant resonance. The
T = 0 pairing enhances the low-lying strengths cooperatively with the T = 1 pairing correla-
tion, which shortens the β-decay half-lives by at most an order of magnitude. The new calculation
scheme reproduces well the observed isotopic dependence of the β-decay half-lives of deformed
100− 110Zr isotopes.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Subject Index D11, D13

1. Introduction

The study of unstable nuclei has been a major subject in nuclear physics for a couple of decades.
The collective mode of excitation emerging in the response of the nucleus to an external field is a
manifestation of the interaction among nucleons. Thus, the spin–isospin channel of the interaction
and the spin–isospin part of the energy-density functional (EDF), which is crucial for understanding
and predicting the properties of unstable nuclei and asymmetric nuclear matter, have been much
studied, especially through Gamow–Teller (GT) strength distributions [1,2].

The GT strength distribution has been extensively investigated experimentally and theoretically not
only because of interest in nuclear structure but also because β-decay half-lives set a time scale for
the rapid-neutron-capture process (r -process), and hence determine the production of heavy elements
in the universe [3]. The r -process path is far away from the stability line, and involves neutron-rich
nuclei. They are weakly bound and many of them are expected to be deformed according to the
systematic Skyrme-EDF calculation [4].

Collective modes of spin–isospin excitation in nuclei are described microscopically by the proton–
neutron random-phase approximation (pnRPA) or the proton–neutron quasiparticle-RPA (pnQRPA)
including the pairing correlations on top of the self-consistent Hartree–Fock (HF) or HF–Bogoliubov
(HFB) mean fields employing the nuclear EDF. There have been many attempts to investigate the

© The Author(s) 2013. Published by Oxford University Press on behalf of the Physical Society of Japan.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0/),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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KTUYþ GT2 model is shown in Fig. 4(b). It is noted that
the results display very little or even no systematic depen-
dence, and generally provide a better description of the
data across this mass region than the FRDMþ QRPA
model does. Below A ¼ 102, the KTUYþ GT2 calcula-
tion overestimates some of the experimental results by a
factor of about 2; however, it should be noted that the
magnitude of the experimental uncertainties of the half-
life for Kr isotopes is rather large. Figure 4(c) shows test
results of the FRDMþ GT2 model, rather than FRDMþ
QRPA, to extract differences in the treatment of the
!-strength functions. Much smaller deviations, predicted
by the FRDMþ GT2 model, suggest that the GT2 suc-
ceeds in capturing the essence of !-strength functions.
Figure 4(d) shows the difference between QFRDM

! and

QKTUY
! as a function of atomic number. A suppressed

odd-even staggering is clearly evident, but the FRDM
model predicts a Q! value of about 1 MeV less than that
of the KTUY model at A # 110. A small enhancement in
the FRDMþ GT2 predictions, by a factor of 2 or so around
A ¼ 110, may be explained by the underestimation of
Q! values in the FRDM calculation. The data suggest
that one of the main problems associated with !-decay
half-life predictions is related to uncertainties involved
with binding-energy calculations and!-strength functions.

As discussed by Möller et al. [1], the sum of the half-
lives of the r-process nuclei up to the midmass region, i.e.,
around A ¼ 130, determines the rate of r-matter flow at

N ¼ 82. Following this prescription, the relatively short
half-lives of the Zr and Nb isotopes deduced in the present
study suggest a further speeding up of the classical
r process, and shed light on the issue concerning the low
production rates of elements beyond the second r-process
peak. The results presented here also make an impact on
the abundances of nuclei at the second peak, since the peak
position and shape in the solar abundances around
A ¼ 110– 140 can be reproduced better by decreasing the
half-life of the r-process nuclei by a factor of 2 to 3 [2].
In summary, the !-decay half-lives of the very neutron-

rich nuclides 97– 100Kr, 97– 102Rb, 100– 105Sr, 103– 108Y,
106– 110Zr, 109– 112Nb, 112– 115Mo, and 115– 117Tc, all of which
lie close to the astrophysical r-process path, have been
measured (for 18 nuclei) or their uncertainties have been
reduced significantly. The results suggest a systematic
enhancement of the !-decay rates of the Zr and Nb iso-
topes by a factor of 2 or more around A ¼ 110with respect
to the predictions of the FRDMþ QRPA model. The
results also indicate a shorter time scale for matter flow
from the r-process seeds to the heavy nuclei. More satis-
factory predictions of the half-lives from the KTUYþ
GT2 model, which employs larger Q! values, highlights

the importance of measuring the half-lives and masses of
very exotic nuclei, since such knowledge ultimately leads
to a decrease in the uncertainty of predicted nuclear abun-
dances around the second r-process peak.
This experiment was carried out at the RIBF operated by

RIKEN Nishina Center, RIKEN and CNS, University of
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need to control the uncertainty w.r.t. 
the EDF



Need to go beyond RPA
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Most of the strengths are gathered in 
the high-energy giant resonance

unp.

tiny low-lying strengths should be described 

and produces a less collective GTR, providing a much
shorter half-life. The parameter sets SAMi, SGII [40],
SkM* [41], and SIII [42] overestimate the half-life, while
the interactions SLy5 and Skx [43] are in agreement with
the experiment at the RPA level.
The inclusion of PVC effects reduces the half-lives for all

interactions systematically. The reduction factor R is larger
for SAMi (R ≈ 42) and SGII (R ≈ 10) while it is equal to
about 4 for the other four interactions. Within RPAþ PVC,
the half-life obtained with the sets SkM* and SIII falls
within the experimental error. It has to be stressed that the

Skyrme force SkM* not only reproduces well β-decay
half-life but also the giant resonance line shape in 208Pb and
56Ni at the PVC level [34,35].
In order to understand the reasons for the systematic

decrease of the half-lives after the inclusion of phonon
coupling, we display in Fig. 2 the GT strength distributions
(with respect to the daughter nucleus), the cumulative sums
of the strengths, and the cumulative sums of 1=T1=2 [that is,
the values obtained from Eq. (4) when Qβ is replaced by a
running E in the upper limit of the integral in the
denominator]. Generally speaking, for all nuclei under
study, the GT peaks are shifted downwards when going
from RPA to RPAþ PVC. In 132Sn, two 1þ states
are observed experimentally below Qβ, at E ¼ 1.325 and
2.268 MeV. The latter has, however, a small decay
branching ratio (I ¼ 0.87%). The lowest RPA state lies
at E ¼ 3.6 MeV, above the Qβ window [Fig. 2(a)], so that
the nucleus is stable. In RPAþ PVC, the strength is about
the same but the lowest state is shifted within the Qβ

window so that we predict a finite value of the half-life.
While this is a qualitative improvement compared to RPA,
the observed lowest 1þ state is not reproduced and the half-
life is overestimated [Fig. 2(c)]. In the case of 68Ni, RPA
predicts a state within the β-decay window, but its energy
is higher than experiment [Fig. 2(d)] and the half-life is
overestimated [the contribution of this state to 1=T1=2 is
very small and is multiplied by a factor 10 in Fig. 2(f)].

FIG. 1 (color online). β-decay half-life of 78Ni, calculated by
RPA and RPAþ PVC approaches with several different Skyrme
interactions, in comparison with the experimental value [44].

FIG. 2 (color online). Experimental data related to β decay from nuclei 132Sn, 68Ni, 34Si, and 78Ni are compared with theoretical results
obtained with the SkM* interaction. In these panels, the excitation energies EM calculated with respect to the mother nucleus are
transformed to E, the excitation energies referred to the ground state of daughter nucleus, using experimental binding energy difference
(see the text); accordingly, the vertical dotted lines show the experimental value of Qβ [45]. Top panels: GT− low-lying strength
associated with the discrete RPA peaks BðGT−Þ (dashed lines) and with the continuous RPAþ PVC strength distributions SðGT−Þ
(solid lines). The arrows indicate the experimental energies of the measured 1þ states [45]. Middle panels: cumulative sum of the RPA
and RPAþ PVC strength shown in the top panels. Bottom panels: cumulative sum of 1=T1=2. The experimental values of 1=T1=2 [45]
for each nucleus are indicated by the stars. The strength of the lowest RPA and RPAþ PVC peaks in panel (g) and the RPA 1=T1=2 in
panel (f) have been multiplied by a factor of 100 and 10, respectively.
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Pairing and deformation for low-lying GT states
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T1/2 = 0.07 s

T1/2 = 0.41 s

SLy4
T1/2 = 0.21 s T1/2 = 0.186(11) s

Exp.

deformation
superfluidity

β-decay rate is quite sensitive to the details 
of nuclear structure

S. Nishimura et al., PRL106(2011)052502
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Summary and perspectives
Energy density functional:

E[ρ]
input for DFT cal.

nuclear mass, neutron-capture rate, fission dynamics
weak-interaction rate: beta-decay rate,…

microscopic 
construction

quantum 
many-body 
method

Systematic and consistent calculation for nuclear data

Uncertainty quantification

for a given EDFCPU-less demanding


