Recent developments in the
minisuperspace

Jean-Luc Lehners
Max-Planck-Institut fur Gravitationsphysik
Albert-Einstein-Institut G | e ot



My collaborators on these projects:

Job Feldbrugge

Michal Heller
- 1.0

Laura Sberna Neil Turok




Plan

» 40 years of the no-boundary proposal
(from 1981 onwards)

* Recent developments (last few years)

» Complex metrics (a la Kontsevich-Segal)



First appearance — September 1981
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Toute hypothése scientifique sur l'origine du monde,
comme celle d'un atome primitif d'oi dériverait l'ensemble

de l'univers physique, laisse ouvert le probléme concernant

AST ROPHYS]I ikl le commencement de l'univers. La science ne peut par elle-

méme résoudre une telle question: il y faut ce savoir de

C O S M O LO GY I'homme qui s'éléve au-dessus de la physique et de Uastro-

physique et que l'on appelle la métaphysique; il v faut sur-
PROCEEDINGS OF THE STUDY WEEK ON tout le savoir qui vient de la révélation de Dieu.
COSMOLOGY AND FUNDAMENTAL PHYSICS

Sepcaber 28 - Ocobe 2, 1981 "Science by itself cannot resolve this
question [of the beginning of the
universe]... it requires the
knowledge that comes from the
revelation of God”

EDITED BY
H. A. BROCK, G. V. COYNE ano M. S. LONGAIR




First appearance — September 1981

THE BOUNDARY CONDITIONS
OF THE UNIVERSE

SW. HAWKING
Usiversity of Comividge, Combridge

This paper considers the guestions of what are the boundary condi-
tions of the universe and where should they be imposed. It is difficult 10
define boundary conditions at the initial singularity and, even if one could,
they would be insufficient to determine the evolution of the universe. In
order to overcome this problem it is suggested that one should adopt the
Euclidean approach and cvaluate the path integral for quantum gravity
over positive definite metrics. If one t00k these metrics 1o be compact, one
would avoid the need to specify any boundary conditions for the universe.
This spproach might cxplain why the apparent cosmological constant is
zero, why the universe is spatially flat, and why it was in thermal equi-
librium at cacly times.

[Pontif.Acad.Sci.Scr.Varia 48 (1982) 563-574]



* Going back in time to an earlier phase, one can
always ask what came before

* This leads to an infinite regression...

N\

What came before?



* |f the geometry is smoothly rounded off, then
— The infinite regression is avoided
— The initial singularity is avoided
— We may not need to specify any boundary conditions

Requires
Fuclidean
geometry

AN

What came before?



Expectations

* |deas spelled out in great
detail by Hartle & Hawking

[Phys.Rev.D 28 (1983) 2960-2975]

* The wave function of the universe should be
calculated via a path integral defined by a sum
over compact, regular, Euclidean metrics

final

U(final) = / e~ SB/h

no—boundary



Expectations

The w.f. should be real (because defined over real
Euclidean metrics)

The w.f. is expected/hoped to be unique
The w.f. represents the ground state of the universe

t = —iT

eiEt — eET lowest E survivesas T —> —OQ

The w.f. gives different probabilities for different initial
conditions

Topology change can be incorporated: ¥(a = 0) #£ 0

— + i +...




|lssues

Conflict with uncertainty principle

Friedmann equation (with k=+1):
1.
a1t (L)
Compactness requires that at origin

Regularity requires a condition on expansion rate,
(6’ +1=0] at a=0 (Le. a,==1)

Hence one is trying to fix both the field and the
momentum




|lssues

» Conformal mode problem

ds® = —N?dt* + a(t)*dx?

2
_ 140

\ T

Opposite signs
* Action unbounded above and below, so how

should the Euclidean path integral /e‘SE/h be
detined?



|lssues

* Unigueness?

 Early studies by Halliwell and Louko showed
that a wide variety of boundary conditions and
integration contours (especially for the lapse N)
seemed possible in minisuperspace models



Early works

» Pragmatic approach:
Focus on saddle points (= possibly complex
solutions of classical equations of motion) of
path integral, since these provide dominant

contribution to path integral

[recent Refs.: De Alwis;
Halliwell, Hartle & Hertog]

« Advantages:
— Can specify both field values and momenta at
nucleation
— Do not need to worry about conformal mode
problem

— Uniqueness is onIIy a problem if there exist
multiple inequivalent saddle points
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Early works — results
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* Appropriate saddle
points exist!

* When a scalar field
with inflationary
potential is included,
the geometry is
complex — fuzzy
instantons

Dark lines

Real field values

b, final value of a
v, final value of ¢

[Lyons]



Early works — results

A sequence of instantons with changing boundary data
shows how the wave function evolves

W(b,y,) W(b,y,) ¥(b,x,) PO b0

—

sy Osp, P
sy

* If the wave function is of WKB form, i.e. slowly varying
amplitude, fast varying phase (as the universe expands),

U~ Ae't’ with 0P > 0A

then one can assign an approximately conserved
probability |[¥[=A? to the associated history

[Hartle, Hawking & Hertog;
Vilenkin]



Early works — results

Does the wave function automatically reach WKB form?
No! need attractor mechanism

Best understood example: inflation
E.g. m?¢? potential

\Ij(afa ¢f, ¢Sp) ~ e%son—shezz

1272 272 2 3
~ ehvwsza)ﬂ R \/gm¢faf

e

Weighting almost constant for slow-roll

Phase grows as volme

[Lyons]



Early works — results

* Only other mechanism known: ekpyrosis

e WKB reached as the
universe contracts

* Weighting

1
U ~ elV(esp)l

L4 il = Connection to

| - present day requires
| - an understanding of
\ B .~ the bounce phase

2‘i0 215 2ﬁ0 2é5 210 2%5 220 225

Scale factor Scalar field [Battarra & JLL]



Early works — results

The no-boundary wave function explains the origin of classical
realms, but only in regions of the potential allowing for inflation
(positive, flat) or ekpyrosis (negative, steep)

Low values of potential come out as preferred, i.e. short inflationary
phases or long ekpyrotic phases

This has led to speculations that one needs to use anthropic
reasoning to argue for a long inflationary phase, and possibly
eternal inflation

In my view this is premature, as a rigorous understanding of
probabilities, and of the possible scalar potentials in fundamental
theory, is still lacking

[Hartle, Hawking & Hertog]



Early works — results

Consider perturbations around saddle geometry, e.g.
tensor perturbations h (for spherical harmonic k)
k(k + 2)

a2

h=20

B+ 320 +
a
2 solutions: one is regular at a=0, the other blows up

Regular solution corresponds to Bunch-Davies vacuum
(for de Sitter case)

Thus the no-boundary proposal explains the initial state of
perturbations

[Halliwell & Hawking]



A subtlety

Real time

A

\ L— [
T ] maginarytime

Complex conjugate/
Tunnelling geometry

Hartle-Hawking

Effectively opposite Wick rotations



A subtlety

Real time

1272 + 3k3 1,2

\IJ ~ € RA 2hA

Unstable

Complex conjugate/
Tunnelling geometry

A

2 33 12

127
U ~ T 7A ~2rA

Stable

Imaginary time

Hartle-Hawking



No-Boundary Proposal — Implementation?

* We will consider the simple system
Can add ghosts and

. choose constant N
U = / ON 5q €ZS(N’q)/h gauge in a integral —
C see e.g. [Teitelboim]
with

S = %/d4$\/jg(R—2A)

Scale factor
/ squared
2

* With the metric 452 = _%dtQ + q(t)dQ2
q
[Halliwell & Louko]

the action becomes quadratic

S:27T2/dt (—%'Z—I-SN—NACJ)



No-Boundary Proposal

* Implementation?

» First impose boundary condition that
universe starts at zero size g(t=0)=0

* This implements the idea that we are
summing over compact metrics



Ordinary integral for lapse

We are left with an ordinary integral over the lapse function

i 3 A2 2
AN 5 [N 45 +N(3—4a1) s ai

V= N1/2

Integrate over real N

There are 4 saddle points

3, A e L

The saddle points are complex

Now we can apply Picard-Lefschetz theory (framework for
systematic saddle point approximation)



Steepest descent of lapse integral

e Arrows: downwards flow

unstable

Real time
contour

stable

[Feldbrugge, JLL & Turok]



Steepest descent of lapse integral

unstable ~——

Real time
contour

stable

[Feldbrugge, JLL & Turok]



Remarks

Euclidean contour diverges,
/ hence sum over Euclidean metrics does not exist

Even if a stable saddle
point is included, the
steepest descent line
flows to the unstable
saddle point, hence
instabilities will be
present

Debate: [Diaz-Dorronsoro, Halliwell, Hartle, Hertog & Janssen; Feldbrugge, JLL & Turok]



New definition

« Can impose regularity, rather than compactness,
as a boundary condition on “initial” g ,
hypersurface !

ON

 This effectively fixes Wick rotation, and
eliminates unstable saddle points

Allows for a | orentzian
contour of integration

At the saddle points
compactness is
nevertheless achieved:

a(0)=0

[Louko;
Di Tucci, JLL & Sberna]




Correspondence with AdS

De Sitter: Anti De Sitter:
Boundary at a Boundary at a
fixed time fixed spatial

location (= o)

/

smooth/regular boundary condition

N

[Di Tucci, Heller & JLL]

* QGravitational path integrals in AdS require the
identical boundary condition in interior

2\ 2/3
* AJS/CFT implies ¥ = Bi (187T ) (1 - écIf)

—hA




Correspondence with AdS

: u A>0 vanishing M
N.

$ = : / & g—

increasing q, : increasing qu'

@

A<O

N. | T——— vanishing
geometry

increasingq, | 4
A\

For AdS: relevant saddle point is N.
1872 2/3 ] A
“hA 34

For dS: relevant saddle is also N.

Analytic continuation: B

[JLL]



Correspondence with AdS

m A>0 vanishing M
N — geometry

A : T
increasing q, i increasing qu'

" @

A<O

N. | T——— vanishing

geometry

increasingq, | 4
A\

Implications:

- no contribution from topology changing (Hawking-Moss type) geometries at
nucleation of the universe

- Stokes phenomenon describes emergence of time m



Simple no-boundary condition

At the nucleation of the universe, wave function satisfies
Wheeler-DeWitt equation in momentum space q— i
9,
O b

Hipy¥ =0— (p* + 367") W + 127*Ai— 5~ =0
p

Regularity requires, p, = —672i so that we find that at the

no-boundary point we have
(0
8 — VU =gV =0 no-boundary ConditionJ
p

Two Interpretations:

— No momentum flow into/out of universe at nucleation

— Zero size condition imposed in momentum, rather than real, space
[JLL]



Some open questions

Rigorous definition of probabilities
Testable predictions?

Going beyond minisuperspace
Effective 4d vs full string theory

— Robust to inclusion of Riemann”n terms

[Jonas & JLL]



Complex Metrics

Complex/Euclidean metrics are useful: used to
derive black hole thermodynamics, used to define
gravitatioal path integrals over thimbles, used for
topology change, tunneling, etc...

Which complex metrics should be allowed?

Early work by Louko-Sorkin (gr-qc/9511023)
Recent work by Kontsevich-Segal (2105.10161)
Discussed by Witten (talk at Damour Fest)



Kontsevich-Segal criterion

Scalars and gauge fields have local covariant stress-
energy tensor [Weinberg-Witten theorem]

More generally require p-form actions to be well
defined on complex background (path integral should
converge), then can define QFT on these backgrounds

‘G%Sl <1 — Re [’L/d4$ /__ggi1j1 . -gip+1jp+1Fil---ip+1Fj1"'jp+1 <0

Locally write metric in diagonal form  Guv = 5,u1/>\1/
This implies

p
Y = Z |Arg(A\,)| <7
\_ H




Lorentzian metrics at boundary of
allowable domain

* For Lorentzian metrics (-+++), we have X = T,
i.e. they are on the boundary of the allowable

d Oma | N I [Kontsevich-Segal]
 Classical boundary conditions:
0T s e e B s s e e e N s "w S e S s B
y | | \\ Iﬂ
2 | | i
/ \ ]
1 / | | \ 1
0 S3 :
1 \ v
: | / ;
I T T I I Y A
6 4 2 0 2 4 6

 Thimbles are cut in half, at the location of the

saddles!
[JLL]



No-boundary

« Constant lapse saddle points (blue) naively violate K-S
criterion

e (Can deform contour ( ), then K-S is satisfied [Witten]

Hq,

T T . T —
Lorentzian time

«  Will treat such metrics as equivalent, hence a metric is
retained if it can be deformed to one satisfying K-S

 For large anisotropies, there may be an obstruction to
deforming the contour [Bramberger, Farnsworth & JLL]



No-boundary A>0

Vast domain ist

not allowable I

Saddles at edge,

eventhoughtheyf

are complex!
Thimbles again

cut off at saddles *
Asymptotic near- .
Lorentzian region
not allowed ok

6 L

0L




Including a scalar

* No-boundary instantons typically involve
complex scalars, except at extrema of the
potential

* If one insists on having a real scalar, then this
might help explain why the evolution of an
inflaton started at a local maximum

* At the same time, other scalars would
preterentially be at local minima, which
might explain why physical constants do not
vary in our universe

[JLL]



AdS, A<O

» Saddles at edge,
even though they
are Euclidean!

N
T T T T

* Thimbles again
cut off at saddles

» Asymptotic (near-):
Euclidean region
not allowed

-4




Outlook

* The K-S criterion implies a tension
between allowable metrics and Lefschetz
thimbles

» But the saddle points seem to remain at
the edge of the allowable domain in

physically interesting settings

* Much remains to explore...



