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1. Introduction

Wheeler-DeWitt (WDW) equation
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* There is a problem of factor ordering.

* It is difficult to define a positive—definite
probability density.

=== Dirac-square-root formulation  P.D.D'Eath, SW.Hawking and
O.Obregon (1993)

* probability density ||J||?

Arbitrariness arises due to the presence of U(a, ¢)

in additionto S .



Our purpose

* We apply the method in Eisenhart-Duval lift to the simple models
and extend the minisuperspace .

It is possible to describe a system by geometric treatment
even in the presence of the potential term.

*We introduce Dirac type WDW equation in term of the
covariance of the extended minisuperspace.

We obtain the fundamental solution to the Dirac type WDW
equation in the extended minisuperspace of specific models.

*We derive a positive-definite probability density.



2. WDW equation

Einstein-Hilbert action + scalar field action
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2. WDW equation

Quantize a and (b using the canonical quantization.

Lagrangian
L = —Ladz + LGL?’QL2 — NU(a, ¢)
2N 2N ’

Canonical conjugate momenta
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2. WDW equation

Replace the momenta with differential operators

e, o,
Ha%_Z% H¢5—>—@a—¢

Hamiltonian constraint condition : H\W/ = ()

/WDW equation
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Arbitrariness arises due to the presence of U(a, (b)

in addition to S when replacing it with the Dirac equation.



3. Eisenhart-Duval lift for minisuperspace L. P. Eisenhart (1928)
C. Duval et al. (1985)
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in @ curved space .

XM = (a,$,x) :The component of the extended minisuperspace

= 1 . 3 —1y The metric of the
Gun = diag.(=a,a”, [2U(a, )| 7) extended minisuperspace



3. Eisenhart-Duval lift for minisuperspace

Hamiltonian
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§éMNPMPN = () — ] = §GMNXMXN
. Conformal
GuN = QU(CL; Qb)GMN == transformation

= diag.(—2U(a, ¢)a, 2U(a, ¢)a>, 1)

Replace the Hamiltonian with differential operators in term of
covariance
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3. Eisenhart-Duval lift for minisuperspace

WDW equation in the extended minisuperspace
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2a%[(V')? = V""V]+ KalV" —4V] :the scalar curvature of the
(2a3V — Ka)? extended minisuperspace
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mmm) \Ne consider two models with R = 0



3. Eisenhart-Duval lift for minisuperspace

V(¢p) =0 ckiefer (1988)
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Constraint condition: ———=W = pZKIf
Ox?

U= /dVA(y)?,/),,peipX

The fundamental solution :

Yup = Kiy o (VE|pla®/2)e @790 (K >0)

Vup = Jtiv2(v K ||p|a?/2)et (¢ %0) (K < 0)



3. Eisenhart-Duval lift for minisuperspace

K = 0 V(Cb) — ‘/{) eXPp )\(b A. A. Andrianov et al.(2018)
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The fundamental solution :

?Pup — Jiiy/g(i\/5|p|63$/3)€i”(y—yo) (C‘ > 0)

Yup = Kiyy3(in/|Cllple?® /3)e w0 (C < 0)



4. Dirac type WDW equation

Dirac type equation in the extended minisuperspace

v Dy =0
N /

dreibein Al = diag.((2U) Y2472 (2U)71/2673/2 1)
gamma matrices  {y",7°} = —2n*P

covariant derivative Dj; = 0Oy + ZwMABEAB
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4. Dirac type WDW equation V(p) =0
vAeM Dy =0

0 %, 0
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By setting the wave functionto ¥ = ( Vet ) e'PX

the equation is in matrix form:

—pV—Ka®  ag+1+ 55 L
a%—l—l—% pv/—Ka?



4. Dirac type WDW equation V(p) =0

K >0
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K <0
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4. Dirac type WDW equation K =0 V(¢) = Vhexp Ao

fyAe%DM\IJ =0
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By setting the wave functionto ¥ = ( Vit ) e'PX

the equation is in matrix form.
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4. Dirac type WDW equation K =0 V(¢) = Vhexp Ao
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4. Dirac type WDW equation

= the conservation law

One (V—GUAM W) =0

the probability density
X /2010 ?||W|[* = \/120]a (1@ ¢ |* + W _|?)

mmm) positive-definite



4. Dirac type WDW equation

The modified Bessel function in the Klein-Gordon type
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The modified Bessel in the function Dirac type
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mmm) These wave functions have a common wave packet solution.



5. Summary and Prospects

Summary

- We have applied the method in Eisenhart-Duval lift to a simple
model and extend the minisuperspace.

We have formulated Dirac type WDW equation in
an extended minisuperspace.

mmm) The probability density is positive definite.

Prospects

 Applying the technique to the general cosmological models.

*Third quantization and global property of extended
minisuperspace.



