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Quantum cosmology

ψ(g,φ) – wave function of the universe

ψ = 0 – Wheeler-DeWitt equation

In ordinary QM the boundary conditions for     are determined by the 
physical setup external to the system.

But there is nothing external to the universe.           The b.c. for     should be 
postulated as an independent physical law.  

The b.c. should determine     uniquely.

ψ

ψ
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Path integral representation:
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What is the class of paths?



Hartle-Hawking wave function

ψHH (g,φ) = e−SE
(g,φ )
∫

Tunneling wave function

ψT (g,φ) = eiS
∅

(g,φ )
∫

A.V. (1984)          

Hartle & Hawking (1983)         

Lorentzian metrics

Euclidean metrics 

I will focus on the tunneling proposal.
Based on work with Masaki Yamada  (2018, 2019)

Creation of the universe 
from “nothing”



Tunneling wave function

• Outgoing wave boundary condition
for the WDW equation

• should give a normalizable
probability distribution
(regularity condition) 

A.V. (1986)          

Are these formulations equivalent?

Critique: The tunneling wave function predicts 
runaway instability of matter fields.

Halliwell & Hartle (1990)
Bousso & Hawking (1996)
Feldbrugge, Lehners & Turok (2017)          
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ψT (g,φ) = eiS
∅

(g,φ )
∫

3-geometries of vanishing 
volume (“Nothing”)Corresponding b.c. in superspace:



Perturbative minisuperspace model
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ds2 = a2(⌘)
�
N2d⌘2 � d⌦2

�

Treat    as a small perturbation.
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, N = const



Perturbative minisuperspace model
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WDW equation  (dropping some numerical factors)
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Treat    as a small perturbation.
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, N = const



TUNNELING BOUNDARY
CONDITIONS



WKB ansatz:  
<latexit sha1_base64="cFkEwPzS7szaTnenRyejoRa8VS4="></latexit>
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<latexit sha1_base64="1eVwz4vHy/RJiqrocgVPCOwc4I8=">AAAB9HicbVBNT8JAEJ36ifiFevSykRjhIGkJUS8mJF48YrRAApVsly1s2G7r7paEEH6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZWVtfWNzYzW9ntnd29/dzBYV1FiSTUJRGPZNPHinImqKuZ5rQZS4pDn9OGP7iZ+o0hlYpF4kGPYuqFuCdYwAjWRvIK92fFx/K5W8DFa7uTy9slewa0TJyU5CFFrZP7ancjkoRUaMKxUi3HjrU3xlIzwukk204UjTEZ4B5tGSpwSJU3nh09QadG6aIgkqaERjP198QYh0qNQt90hlj31aI3Ff/zWokOrrwxE3GiqSDzRUHCkY7QNAHUZZISzUeGYCKZuRWRPpaYaJNT1oTgLL68TOrlknNRqtxV8tVKGkcGjuEECuDAJVThFmrgAoEneIZXeLOG1ov1bn3MW1esdOYI/sD6/AGCTo/z</latexit>

(S0)2 � U(a) = 0
<latexit sha1_base64="vtkPL3txLCYcOGwMxKebaC6xmbE=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFWhHLTCnqRii4cVkvvUA7Dpk0bUMzmSHJCGXoxo2v4saFIm59B3e+jZl2Ftp6IOHj/88hOb8XMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xteJn7zgQhJA36nRiFxfNTntEcxUlpyzf3bwo3LCyf6ui8fdwKf9FGCRXR0Yblm3ipZk4LzYKeQB2nVXPOr0w1w5BOuMENStm0rVE6MhKKYkXGuE0kSIjxEfdLWyJFPpBNPthjDQ610YS8Q+nAFJ+rviRj5Uo58T3f6SA3krJeI/3ntSPXOnZjyMFKE4+lDvYhBFcAkEtilgmDFRhoQFlT/FeIBEggrHVxOh2DPrjwPjXLJPi1Vriv5aiWNIwv2wAEoAhucgSq4AjVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX/K+PwBJXqWZg==</latexit>

S0R0
n �R2

n + !2
n(a) = 0

WDW eq.

(1) Only outgoing wave in          at            .

(2) Regularity:  

a→∞

Boundary conditions:

<latexit sha1_base64="thrHZRmFlK9C7bsH+pbVAkazWpc=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSRS1JMUvHisxX5AGspmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8clo6O2ypOJcUWjXksuwFRyJnAlmaaYzeRSKKAYycY3838zhNKxWLxqCcJ+hEZChYySrSRek30mn1RIRf+rdMvlZ2qM4e9StyclCFHo1/66g1imkYoNOVEKc91Eu1nRGpGOU6LvVRhQuiYDNEzVJAIlZ/Nb57a50YZ2GEsTQltz9XfExmJlJpEgemMiB6pZW8m/ud5qQ5v/IyJJNUo6GJRmHJbx/YsAHvAJFLNJ4YQKpm51aYjIgnVJqaiCcFdfnmVtC+r7lW19lAr12t5HAU4hTOogAvXUId7aEALKCTwDK/wZqXWi/VufSxa16x85gT+wPr8AW+TkJs=</latexit>

Re[Rn(a)] > 0

<latexit sha1_base64="/v9AoFGgol7bKsaRiGYhqNAbfjQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjRfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpIcqvhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBKx+Nog==</latexit>

S(a)



WKB ansatz:  
<latexit sha1_base64="cFkEwPzS7szaTnenRyejoRa8VS4="></latexit>

 (a, fn) = A exp

"
�S(a)� 1

2

X

n

Rn(a)f
2
n

#

<latexit sha1_base64="1eVwz4vHy/RJiqrocgVPCOwc4I8=">AAAB9HicbVBNT8JAEJ36ifiFevSykRjhIGkJUS8mJF48YrRAApVsly1s2G7r7paEEH6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZWVtfWNzYzW9ntnd29/dzBYV1FiSTUJRGPZNPHinImqKuZ5rQZS4pDn9OGP7iZ+o0hlYpF4kGPYuqFuCdYwAjWRvIK92fFx/K5W8DFa7uTy9slewa0TJyU5CFFrZP7ancjkoRUaMKxUi3HjrU3xlIzwukk204UjTEZ4B5tGSpwSJU3nh09QadG6aIgkqaERjP198QYh0qNQt90hlj31aI3Ff/zWokOrrwxE3GiqSDzRUHCkY7QNAHUZZISzUeGYCKZuRWRPpaYaJNT1oTgLL68TOrlknNRqtxV8tVKGkcGjuEECuDAJVThFmrgAoEneIZXeLOG1ov1bn3MW1esdOYI/sD6/AGCTo/z</latexit>

(S0)2 � U(a) = 0
<latexit sha1_base64="vtkPL3txLCYcOGwMxKebaC6xmbE=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFWhHLTCnqRii4cVkvvUA7Dpk0bUMzmSHJCGXoxo2v4saFIm59B3e+jZl2Ftp6IOHj/88hOb8XMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xteJn7zgQhJA36nRiFxfNTntEcxUlpyzf3bwo3LCyf6ui8fdwKf9FGCRXR0Yblm3ipZk4LzYKeQB2nVXPOr0w1w5BOuMENStm0rVE6MhKKYkXGuE0kSIjxEfdLWyJFPpBNPthjDQ610YS8Q+nAFJ+rviRj5Uo58T3f6SA3krJeI/3ntSPXOnZjyMFKE4+lDvYhBFcAkEtilgmDFRhoQFlT/FeIBEggrHVxOh2DPrjwPjXLJPi1Vriv5aiWNIwv2wAEoAhucgSq4AjVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX/K+PwBJXqWZg==</latexit>

S0R0
n �R2

n + !2
n(a) = 0

WDW eq.

(1) Only outgoing wave in          at            .

(2) Regularity:  

a→∞

Boundary conditions:

<latexit sha1_base64="thrHZRmFlK9C7bsH+pbVAkazWpc=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSRS1JMUvHisxX5AGspmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8clo6O2ypOJcUWjXksuwFRyJnAlmaaYzeRSKKAYycY3838zhNKxWLxqCcJ+hEZChYySrSRek30mn1RIRf+rdMvlZ2qM4e9StyclCFHo1/66g1imkYoNOVEKc91Eu1nRGpGOU6LvVRhQuiYDNEzVJAIlZ/Nb57a50YZ2GEsTQltz9XfExmJlJpEgemMiB6pZW8m/ud5qQ5v/IyJJNUo6GJRmHJbx/YsAHvAJFLNJ4YQKpm51aYjIgnVJqaiCcFdfnmVtC+r7lW19lAr12t5HAU4hTOogAvXUId7aEALKCTwDK/wZqXWi/VufSxa16x85gT+wPr8AW+TkJs=</latexit>

Re[Rn(a)] > 0

<latexit sha1_base64="/v9AoFGgol7bKsaRiGYhqNAbfjQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjRfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpIcqvhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBKx+Nog==</latexit>

S(a)

Leading order:
<latexit sha1_base64="3RfDQhSz/3z1L4cdmNrmLaa6ukg=">AAACFnicbVDJSgNBEO2JW4xb1KOXwSDGg2FGgnpQCHjxqGgWyMRQ0+kkTXp6xu4aIQzzFV78FS8eFPEq3vwbO8vB7UHB470qqur5keAaHefTyszMzs0vZBdzS8srq2v59Y2aDmNFWZWGIlQNHzQTXLIqchSsESkGgS9Y3R+cjfz6HVOah/IahxFrBdCTvMspoJHa+f2rIpyc3yT7brp36kWBxyW24SaZSKmnbxUm1SLs7qUd2G3nC07JGcP+S9wpKZApLtr5D68T0jhgEqkArZuuE2ErAYWcCpbmvFizCOgAeqxpqISA6VYyfiu1d4zSsbuhMiXRHqvfJxIItB4GvukMAPv6tzcS//OaMXaPWwmXUYxM0smibixsDO1RRnaHK0ZRDA0Bqri51aZ9UEDRJJkzIbi/X/5Lagcl97BUviwXKuVpHFmyRbZJkbjkiFTIObkgVULJPXkkz+TFerCerFfrbdKasaYzm+QHrPcvEfieDA==</latexit>

S(a < H
�1) = ±

Z
H

�1

a

p
U(a0)da0

<latexit sha1_base64="ytvBvhk7mh3nSFp4hc/P3pBhqlA=">AAACGXicbVDLSgNBEJz1bXxFPXoZDJLkkLArQb0oghePikaFbBJ6JxMdMju7zvQKYdnf8OKvePGgiEc9+TdOHgdfBQ1FVTfdXUEshUHX/XQmJqemZ2bn5nMLi0vLK/nVtQsTJZrxOotkpK8CMFwKxesoUPKrWHMIA8kvg97RwL+849qISJ1jP+bNEK6V6AoGaKV23j0rwcFxK614WXnfj0MqfKGwBe10JGa+udWYVuolKJazDhTb+YJbdYegf4k3JgUyxkk7/+53IpaEXCGTYEzDc2NspqBRMMmznJ8YHgPrwTVvWKog5KaZDj/L6JZVOrQbaVsK6VD9PpFCaEw/DGxnCHhjfnsD8T+vkWB3r5kKFSfIFRst6iaSYkQHMdGO0Jyh7FsCTAt7K2U3oIGhDTNnQ/B+v/yXXGxXvZ1q7bRWOKyN45gjG2STlIhHdskhOSYnpE4YuSeP5Jm8OA/Ok/PqvI1aJ5zxzDr5AefjC8ITnuI=</latexit>

S(a > H
�1) = ±i

Z
a

H�1

p
�U(a0)da0

Select “-”
Corresponds to expanding universe.

0
<latexit sha1_base64="Ko/L2GJAclbHApviFiN477ZWFOs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXFvVY8NJjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFvZkkNIjxULCIEWys1Ko/ZBfetF+uuFV3DrRKvJxUIEejX/7qDSRJYyoM4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWChxTHWTza6fozCoDFEllSxg0V39PZDjWehKHtjPGZqSXvZn4n9dNTXQTZEwkqaGCLBZFKUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt+eZW0LqveVdW/8ys1P4+jCCdwCufgwTXUoA4NaAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz/uko6t</latexit>

H
�1

<latexit sha1_base64="26GYZm9Q8zksRU8lqcbIXCHffU0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvHisYNpCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxyya/jy2G15jbcBdA68QpSgwLtYfVrMIpJKqg0hGOt+56bmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z33Wg+NGutZhFHGc7gHOrgwQ204B7a4AOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uLY2k</latexit>

U(a)
<latexit sha1_base64="xUNo24TPV6jcCtxG8Zmg22rcS5Q=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcFUSKeqy4MZlBXuBJoTJZNIOnZmEmYlQQsGNr+LGhSJufQl3vo3TNIi2/jDw8Z9zOHP+MGVUacf5siorq2vrG9XN2tb2zu6evX/QVUkmMenghCWyHyJFGBWko6lmpJ9KgnjISC8cX8/qvXsiFU3EnZ6kxOdoKGhMMdLGCuwjL1U0iDxFeUHDH5KBXXcaTiG4DG4JdVCqHdifXpTgjBOhMUNKDVwn1X6OpKaYkWnNyxRJER6jIRkYFIgT5efFDVN4apwIxok0T2hYuL8ncsSVmvDQdHKkR2qxNjP/qw0yHV/5ORVpponA80VxxqBO4CwQGFFJsGYTAwhLav4K8QhJhLWJrWZCcBdPXobuecO9aDRvm/VWs4yjCo7BCTgDLrgELXAD2qADMHgAT+AFvFqP1rP1Zr3PWytWOXMI/sj6+AbeMZhG</latexit>

 d ⇠  g ⇠  r

at
<latexit sha1_base64="uH/YPzGR49VMX02ZFX2vcxlwCTE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY8NJjBfsB3bVk02wbmmSXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk7u5332iSrNYPphpQgOBR5JFjGBjJR/7mgnUfMyuvNmgXHGr7gJonXg5qUCO1qD85Q9jkgoqDeFY677nJibIsDKMcDor+ammCSYTPKJ9SyUWVAfZ4uYZurDKEEWxsiUNWqi/JzIstJ6K0HYKbMZ61ZuL/3n91ES3QcZkkhoqyXJRlHJkYjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSyIXirL6+TznXVq1dr97VKo5bHUYQzOIdL8OAGGtCEFrSBQALP8ApvTuq8OO/Ox7K14OQzp/AHzucPIPiRDw==</latexit>

a ⇠ H
�1

<latexit sha1_base64="36t4rX9P3VSMi9/8/sfJWyyAiTU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwhWM4A==</latexit>a



WKB ansatz:  
<latexit sha1_base64="cFkEwPzS7szaTnenRyejoRa8VS4="></latexit>

 (a, fn) = A exp

"
�S(a)� 1

2

X

n

Rn(a)f
2
n

#

<latexit sha1_base64="1eVwz4vHy/RJiqrocgVPCOwc4I8=">AAAB9HicbVBNT8JAEJ36ifiFevSykRjhIGkJUS8mJF48YrRAApVsly1s2G7r7paEEH6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZWVtfWNzYzW9ntnd29/dzBYV1FiSTUJRGPZNPHinImqKuZ5rQZS4pDn9OGP7iZ+o0hlYpF4kGPYuqFuCdYwAjWRvIK92fFx/K5W8DFa7uTy9slewa0TJyU5CFFrZP7ancjkoRUaMKxUi3HjrU3xlIzwukk204UjTEZ4B5tGSpwSJU3nh09QadG6aIgkqaERjP198QYh0qNQt90hlj31aI3Ff/zWokOrrwxE3GiqSDzRUHCkY7QNAHUZZISzUeGYCKZuRWRPpaYaJNT1oTgLL68TOrlknNRqtxV8tVKGkcGjuEECuDAJVThFmrgAoEneIZXeLOG1ov1bn3MW1esdOYI/sD6/AGCTo/z</latexit>

(S0)2 � U(a) = 0
<latexit sha1_base64="vtkPL3txLCYcOGwMxKebaC6xmbE=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFWhHLTCnqRii4cVkvvUA7Dpk0bUMzmSHJCGXoxo2v4saFIm59B3e+jZl2Ftp6IOHj/88hOb8XMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xteJn7zgQhJA36nRiFxfNTntEcxUlpyzf3bwo3LCyf6ui8fdwKf9FGCRXR0Yblm3ipZk4LzYKeQB2nVXPOr0w1w5BOuMENStm0rVE6MhKKYkXGuE0kSIjxEfdLWyJFPpBNPthjDQ610YS8Q+nAFJ+rviRj5Uo58T3f6SA3krJeI/3ntSPXOnZjyMFKE4+lDvYhBFcAkEtilgmDFRhoQFlT/FeIBEggrHVxOh2DPrjwPjXLJPi1Vriv5aiWNIwv2wAEoAhucgSq4AjVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX/K+PwBJXqWZg==</latexit>

S0R0
n �R2

n + !2
n(a) = 0

WDW eq.

(1) Only outgoing wave in          at            .

(2) Regularity:  

a→∞

Boundary conditions:

<latexit sha1_base64="thrHZRmFlK9C7bsH+pbVAkazWpc=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSRS1JMUvHisxX5AGspmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnSjvOt7W2vrG5tV3YKe7u7R8clo6O2ypOJcUWjXksuwFRyJnAlmaaYzeRSKKAYycY3838zhNKxWLxqCcJ+hEZChYySrSRek30mn1RIRf+rdMvlZ2qM4e9StyclCFHo1/66g1imkYoNOVEKc91Eu1nRGpGOU6LvVRhQuiYDNEzVJAIlZ/Nb57a50YZ2GEsTQltz9XfExmJlJpEgemMiB6pZW8m/ud5qQ5v/IyJJNUo6GJRmHJbx/YsAHvAJFLNJ4YQKpm51aYjIgnVJqaiCcFdfnmVtC+r7lW19lAr12t5HAU4hTOogAvXUId7aEALKCTwDK/wZqXWi/VufSxa16x85gT+wPr8AW+TkJs=</latexit>

Re[Rn(a)] > 0

<latexit sha1_base64="/v9AoFGgol7bKsaRiGYhqNAbfjQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjRfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpIcqvhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBKx+Nog==</latexit>

S(a)

<latexit sha1_base64="3RfDQhSz/3z1L4cdmNrmLaa6ukg=">AAACFnicbVDJSgNBEO2JW4xb1KOXwSDGg2FGgnpQCHjxqGgWyMRQ0+kkTXp6xu4aIQzzFV78FS8eFPEq3vwbO8vB7UHB470qqur5keAaHefTyszMzs0vZBdzS8srq2v59Y2aDmNFWZWGIlQNHzQTXLIqchSsESkGgS9Y3R+cjfz6HVOah/IahxFrBdCTvMspoJHa+f2rIpyc3yT7brp36kWBxyW24SaZSKmnbxUm1SLs7qUd2G3nC07JGcP+S9wpKZApLtr5D68T0jhgEqkArZuuE2ErAYWcCpbmvFizCOgAeqxpqISA6VYyfiu1d4zSsbuhMiXRHqvfJxIItB4GvukMAPv6tzcS//OaMXaPWwmXUYxM0smibixsDO1RRnaHK0ZRDA0Bqri51aZ9UEDRJJkzIbi/X/5Lagcl97BUviwXKuVpHFmyRbZJkbjkiFTIObkgVULJPXkkz+TFerCerFfrbdKasaYzm+QHrPcvEfieDA==</latexit>

S(a < H
�1) = ±

Z
H

�1

a

p
U(a0)da0

<latexit sha1_base64="ytvBvhk7mh3nSFp4hc/P3pBhqlA=">AAACGXicbVDLSgNBEJz1bXxFPXoZDJLkkLArQb0oghePikaFbBJ6JxMdMju7zvQKYdnf8OKvePGgiEc9+TdOHgdfBQ1FVTfdXUEshUHX/XQmJqemZ2bn5nMLi0vLK/nVtQsTJZrxOotkpK8CMFwKxesoUPKrWHMIA8kvg97RwL+849qISJ1jP+bNEK6V6AoGaKV23j0rwcFxK614WXnfj0MqfKGwBe10JGa+udWYVuolKJazDhTb+YJbdYegf4k3JgUyxkk7/+53IpaEXCGTYEzDc2NspqBRMMmznJ8YHgPrwTVvWKog5KaZDj/L6JZVOrQbaVsK6VD9PpFCaEw/DGxnCHhjfnsD8T+vkWB3r5kKFSfIFRst6iaSYkQHMdGO0Jyh7FsCTAt7K2U3oIGhDTNnQ/B+v/yXXGxXvZ1q7bRWOKyN45gjG2STlIhHdskhOSYnpE4YuSeP5Jm8OA/Ok/PqvI1aJ5zxzDr5AefjC8ITnuI=</latexit>

S(a > H
�1) = ±i

Z
a

H�1

p
�U(a0)da0

Select “-”
Corresponds to expanding universe.

<latexit sha1_base64="xUNo24TPV6jcCtxG8Zmg22rcS5Q=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcFUSKeqy4MZlBXuBJoTJZNIOnZmEmYlQQsGNr+LGhSJufQl3vo3TNIi2/jDw8Z9zOHP+MGVUacf5siorq2vrG9XN2tb2zu6evX/QVUkmMenghCWyHyJFGBWko6lmpJ9KgnjISC8cX8/qvXsiFU3EnZ6kxOdoKGhMMdLGCuwjL1U0iDxFeUHDH5KBXXcaTiG4DG4JdVCqHdifXpTgjBOhMUNKDVwn1X6OpKaYkWnNyxRJER6jIRkYFIgT5efFDVN4apwIxok0T2hYuL8ncsSVmvDQdHKkR2qxNjP/qw0yHV/5ORVpponA80VxxqBO4CwQGFFJsGYTAwhLav4K8QhJhLWJrWZCcBdPXobuecO9aDRvm/VWs4yjCo7BCTgDLrgELXAD2qADMHgAT+AFvFqP1rP1Zr3PWytWOXMI/sj6+AbeMZhG</latexit>

 d ⇠  g ⇠  r

at
<latexit sha1_base64="uH/YPzGR49VMX02ZFX2vcxlwCTE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY8NJjBfsB3bVk02wbmmSXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk7u5332iSrNYPphpQgOBR5JFjGBjJR/7mgnUfMyuvNmgXHGr7gJonXg5qUCO1qD85Q9jkgoqDeFY677nJibIsDKMcDor+ammCSYTPKJ9SyUWVAfZ4uYZurDKEEWxsiUNWqi/JzIstJ6K0HYKbMZ61ZuL/3n91ES3QcZkkhoqyXJRlHJkYjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSyIXirL6+TznXVq1dr97VKo5bHUYQzOIdL8OAGGtCEFrSBQALP8ApvTuq8OO/Ox7K14OQzp/AHzucPIPiRDw==</latexit>

a ⇠ H
�1

0
<latexit sha1_base64="Ko/L2GJAclbHApviFiN477ZWFOs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXFvVY8NJjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFvZkkNIjxULCIEWys1Ko/ZBfetF+uuFV3DrRKvJxUIEejX/7qDSRJYyoM4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWChxTHWTza6fozCoDFEllSxg0V39PZDjWehKHtjPGZqSXvZn4n9dNTXQTZEwkqaGCLBZFKUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt+eZW0LqveVdW/8ys1P4+jCCdwCufgwTXUoA4NaAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz/uko6t</latexit>

H
�1

<latexit sha1_base64="26GYZm9Q8zksRU8lqcbIXCHffU0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvHisYNpCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxyya/jy2G15jbcBdA68QpSgwLtYfVrMIpJKqg0hGOt+56bmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z33Wg+NGutZhFHGc7gHOrgwQ204B7a4AOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uLY2k</latexit>

U(a)

<latexit sha1_base64="36t4rX9P3VSMi9/8/sfJWyyAiTU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwhWM4A==</latexit>a

Including perturbations

The regularity condition is satisfied in the entire classically
allowed region                      if it is satisfied at any point in 
that region.

Same for       in the classically forbidden region. 

For       the regularity condition is satisfied in the entire 
classically forbidden region if it is satisfied at            .                        

<latexit sha1_base64="/FMAErBf1ajkD9mbY1VyczGN/Jc=">AAAB73icbVA9SwNBEJ2NXzF+RS1tFoOQNOFOglpYBGwsI3gxkBxhb7OXLNnbO3f3hHDkT9hYKGLr37Hz37hJrtDEBwOP92aYmRckgmvjON+osLa+sblV3C7t7O7tH5QPj9o6ThVlHo1FrDoB0UxwyTzDjWCdRDESBYI9BOObmf/wxJTmsbw3k4T5ERlKHnJKjJU6Va9KatdOrV+uOHVnDrxK3JxUIEerX/7qDWKaRkwaKojWXddJjJ8RZTgVbFrqpZolhI7JkHUtlSRi2s/m907xmVUGOIyVLWnwXP09kZFI60kU2M6ImJFe9mbif143NeGVn3GZpIZJulgUpgKbGM+exwOuGDViYgmhittbMR0RRaixEZVsCO7yy6ukfV53L+qNu0al2cjjKMIJnEIVXLiEJtxCCzygIOAZXuENPaIX9I4+Fq0FlM8cwx+gzx/lOY6J</latexit>

(U(a) < 0)

<latexit sha1_base64="PIfzvsPsWs4rZvnrXiExS8ArXMQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMF+wHtUrLZbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDqp3U8NH0SDStWreXPgVeIXpAoFmoPKVz9SNEuYtFQQY3q+l9ogJ9pyKti03M8MSwkdkyHrOSpJwkyQz6+d4nOnRDhW2pW0eK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrcKz13HENaNWTBwhVHN3K6Yjogm1LqCyC8FffnmVtC9r/lWtfl+vNupFHCU4hTO4AB+uoQF30IQWUHiEZ3iFN6TQC3pHH4vWNVTMnMAfoM8fmBePHA==</latexit>

 d
<latexit sha1_base64="gpJFYgx1igqkELruYtayHU/aBTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmNzG8N+yVyn7Fn4OskiAnZchR75W+un3F0hilZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4KmmMJszm107JuVP6ZKC0K2nJXP09kdHYmEkcuc6Y2pFZ9mbif14ntYObMOMySS1Ktlg0SAWxisxeJ32ukVkxcYQyzd2thI2opsy6gIouhGD55VXSvKwEV5XqfbVcq+ZxFOAUzuACAriGGtxBHRrA4BGe4RXePOW9eO/ex6J1zctnTuAPvM8fnKOPHw==</latexit>

 g
<latexit sha1_base64="WRaauV2Bmc9HB2XnWwXa5OS3Rxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6YHeuP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVmv3tUq9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx+yIY1h</latexit>

a = 0

Vachaspati & A.V (1988)
A.V. & Yamada (2018)          
Damour & A.V. (2019)

Leading order



<latexit sha1_base64="vtkPL3txLCYcOGwMxKebaC6xmbE=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFWhHLTCnqRii4cVkvvUA7Dpk0bUMzmSHJCGXoxo2v4saFIm59B3e+jZl2Ftp6IOHj/88hOb8XMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xteJn7zgQhJA36nRiFxfNTntEcxUlpyzf3bwo3LCyf6ui8fdwKf9FGCRXR0Yblm3ipZk4LzYKeQB2nVXPOr0w1w5BOuMENStm0rVE6MhKKYkXGuE0kSIjxEfdLWyJFPpBNPthjDQ610YS8Q+nAFJ+rviRj5Uo58T3f6SA3krJeI/3ntSPXOnZjyMFKE4+lDvYhBFcAkEtilgmDFRhoQFlT/FeIBEggrHVxOh2DPrjwPjXLJPi1Vriv5aiWNIwv2wAEoAhucgSq4AjVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX/K+PwBJXqWZg==</latexit>

S0R0
n �R2

n + !2
n(a) = 0

Boundary condition at 
<latexit sha1_base64="WRaauV2Bmc9HB2XnWwXa5OS3Rxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6YHeuP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVmv3tUq9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx+yIY1h</latexit>

a = 0

For                   introduce (conformal) Euclidean time    :    
<latexit sha1_base64="0+A+LGSQzr0KVTvVg1QVbCF6/7o=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhBsDHcS1MIiYJMygvmA5Ax7m02yZG/v3J0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXhBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6nfvOJayMidY/jmPshHSjRF4yilVr0pvqQnnuTbqHoltwZyDLxMlKEDLVu4avTi1gScoVMUmPanh ujn1KNgkk+yXcSw2PKRnTA25YqGnLjp7N7J+TUKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+2nQsUJcsXmi/qJJBiR6fOkJzRnKMeWUKaFvZWwIdWUoY0ob0PwFl9eJo2LkndZKt+Vi5VyFkcOjuEEzsCDK6hAFWpQBwYSnuEV3pxH58V5dz7mrStONnMEf+B8/gAqkY9e</latexit>

a < H
�1 <latexit sha1_base64="c03Lejpi70ja4EqIDzlzOSS3xgc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUkS8jQIl7yWaUxVI3g2md7nffeLaiDh6xFnCfUXHkQgFo5hLA6TpsFpz6+4CZJ14BalBgdaw+jUYxSxVPEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsjqrjxs8Wtc3JhlREJY20rQrJQf09kVBkzU4HtVBQnZtXLxf+8forhrZ+JKEmRR2y5KEwlwZjkj5OR0JyhnFlCmRb2VsImVFOGNp6KDcFbfXmddK7q3nW98dCoNRtFHGU4g3O4BA9uoAn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AR/ljkM=</latexit>⌧

<latexit sha1_base64="0h/dJwG+dOqU+P0Jq87CrisHJGU=">AAACDnicbVBNS8NAEN34bf2KevQSLGK9lESKeikUvHhUNFVoSplsNu3i5sPdiVBCfoEX/4oXD4p49ezNf+O2zUGtDwbevjfDzjw/FVyhbX8ZM7Nz8wuLS8uVldW19Q1zc6utkkxS5tJEJPLGB8UEj5mLHAW7SSWDyBfs2r89HfnX90wqnsRXOExZN4J+zENOAbXUM/e8UALNAyjywEPIiublfg0Oml4aeepOYu7qV9Ezq3bdHs OaJk5JqqTEec/89IKEZhGLkQpQquPYKXZzkMipYEXFyxRLgd5Cn3U0jSFiqpuPzymsPa0EVphIXTFaY/XnRA6RUsPI150R4ED99Ubif14nw/Ckm/M4zZDFdPJRmAkLE2uUjRVwySiKoSZAJde7WnQAOh/UCVZ0CM7fk6dJ+7DuHNUbF41qq1HGsUR2yC6pEYcckxY5I+fEJZQ8kCfyQl6NR+PZeDPeJ60zRjmzTX7B+PgGrneb0w==</latexit>

da

d⌧
= S0(a) = ±

p
U(a)

<latexit sha1_base64="bWbW4D2AV4Ab+PnOSF//em3j/mY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMSFE3QsFNlxXsAzpjyaSZNjSTDElGKENx46+4caGIW7/CnX9jOp2FVg9cODnnXnLvCWJGlXacL6uwtLyyulZcL21sbm3v2Lt7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfD3zO/dEKir4rZ7ExI/QkNOQYqSN1LcPUMXTKDm5qjQ8LNQoe9ylp+60b5edqpMB/iVuTsogR7Nvf3oDgZOIcI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz1COIqL8NDthCo+NMoChkKa4hpn6cyJFkVKTKDCdEdIjtejNxP+8XqLDSz+lPE404Xj+UZgwqAWc5QEHVBKs2cQQhCU1u0I8QhJhbVIrmRDcxZP/kvZZ1T2v1m5q5Xotj6MIDsERqAAXXIA6aIAmaAEMHsATeAGv1qP1bL1Z7/PWgpXP7INfsD6+AYETljE=</latexit>

a(⌧) = (H cosh ⌧)�1

<latexit sha1_base64="EYVVfUJgAZTj2wxhnG2GNqUa3Yc=">AAACEXicbZDLSsNAFIYn9VbrrerSTbAIFbEkpagboeDGZRV7gaaGk8mkHTqZhJmJUEJfwY2v4saFIm7dufNtnLZZaOsPAx//OYcz5/diRqWyrG8jt7S8srqWXy9sbG5t7xR391oySgQmTRyxSHQ8kIRRTpqKKkY6sSAQeoy0veHVpN5+IELSiN+pUUx6IfQ5DSgGpS23WHYCATj1b10+Tn1HQTI+1XxfPXGikPRhgmU4vrTcYs mqWFOZi2BnUEKZGm7xy/EjnISEK8xAyq5txaqXglAUMzIuOIkkMeAh9ElXI4eQyF46vWhsHmnHN4NI6MeVOXV/T6QQSjkKPd0ZghrI+drE/K/WTVRw0UspjxNFOJ4tChJmqsicxGP6VBCs2EgDYEH1X008AB2R0iEWdAj2/MmL0KpW7LNK7aZWqteyOPLoAB2iMrLROaqja9RATYTRI3pGr+jNeDJejHfjY9aaM7KZffRHxucPQqKckw==</latexit>

dRn

d⌧
�R2

n + !2
n(a) = 0

ωn
2 (a) = n2 +m2a2

<latexit sha1_base64="qK9Lrf+M4Ssmz2sldsT1yt43BT0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUF+4B2KJk0bWMzyZDcEcrQf3DjQhG3/o87/8a0nYW2HggczrmX3HOiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdUculULyBAiVvJ4bTOJK8FY1vZ37riRsrtHrAScLDmA6VGAhG0UlN2kVN/F6p7Ff8OcgqCXJShhz1Xumr29csjblCJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HFY25DbP5tVNy7pQ+GWjjnkIyV39vZDS2dhJHbjKmOLLL3kz8z+ukOLgJM6GSFLlii48GqSQu4iw66QvDGcqJI5QZ4W4lbEQNZegKKroSguXIq6R5WQmuKtX7arlWzesowCmcwQUEcA01uIM6NIDBIzzDK7x52nvx3r2Pxeial++cwB94nz/dNY6h</latexit>

a ! 0 corresponds to                 . 

(+ for      , - for      .)  

<latexit sha1_base64="qXSogoQkV6xA1xocIwmGvxkdXm8=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokU9Vjw4rGC/YAmlM120y7d7IbdSSGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvSgU34Hnfzsbm1vbObmWvun9weHTsnpx2jMo0ZW2qhNK9iBgmuGRt4CBYL9WMJJFg3WhyP/e7U6YNV/IJ8pSFCRlJHnNKwEoD1w2AZAGoIE0CLmPIB27Nq3sL4HXil6SGSrQG7lcwVDRLmAQqiDF930shLIgGTgWbVYPMsJTQCRmxvqWSJMyExeLyGb60yhDHStuSgBfq74mCJMbkSWQ7EwJjs+rNxf+8fgbxXVhwmWbAJF0uijOBQeF5DHjINaMgcksI1dzeiumYaELBhlW1IfirL6+TznXdv6k3Hhu1ZqOMo4LO0QW6Qj66RU30gFqojSiaomf0it6cwnlx3p2PZeuGU86coT9wPn8AE2aT6g==</latexit>

⌧ ! ±1
<latexit sha1_base64="PIfzvsPsWs4rZvnrXiExS8ArXMQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMF+wHtUrLZbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDqp3U8NH0SDStWreXPgVeIXpAoFmoPKVz9SNEuYtFQQY3q+l9ogJ9pyKti03M8MSwkdkyHrOSpJwkyQz6+d4nOnRDhW2pW0eK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrcKz13HENaNWTBwhVHN3K6Yjogm1LqCyC8FffnmVtC9r/lWtfl+vNupFHCU4hTO4AB+uoQF30IQWUHiEZ3iFN6TQC3pHH4vWNVTMnMAfoM8fmBePHA==</latexit>

 d

<latexit sha1_base64="gpJFYgx1igqkELruYtayHU/aBTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmNzG8N+yVyn7Fn4OskiAnZchR75W+un3F0hilZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4KmmMJszm107JuVP6ZKC0K2nJXP09kdHYmEkcuc6Y2pFZ9mbif14ntYObMOMySS1Ktlg0SAWxisxeJ32ukVkxcYQyzd2thI2opsy6gIouhGD55VXSvKwEV5XqfbVcq+ZxFOAUzuACAriGGtxBHRrA4BGe4RXePOW9eO/ex6J1zctnTuAPvM8fnKOPHw==</latexit>

 g

S4



<latexit sha1_base64="vtkPL3txLCYcOGwMxKebaC6xmbE=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFWhHLTCnqRii4cVkvvUA7Dpk0bUMzmSHJCGXoxo2v4saFIm59B3e+jZl2Ftp6IOHj/88hOb8XMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xteJn7zgQhJA36nRiFxfNTntEcxUlpyzf3bwo3LCyf6ui8fdwKf9FGCRXR0Yblm3ipZk4LzYKeQB2nVXPOr0w1w5BOuMENStm0rVE6MhKKYkXGuE0kSIjxEfdLWyJFPpBNPthjDQ610YS8Q+nAFJ+rviRj5Uo58T3f6SA3krJeI/3ntSPXOnZjyMFKE4+lDvYhBFcAkEtilgmDFRhoQFlT/FeIBEggrHVxOh2DPrjwPjXLJPi1Vriv5aiWNIwv2wAEoAhucgSq4AjVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX/K+PwBJXqWZg==</latexit>

S0R0
n �R2

n + !2
n(a) = 0

Boundary condition at 
<latexit sha1_base64="WRaauV2Bmc9HB2XnWwXa5OS3Rxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6YHeuP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVmv3tUq9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx+yIY1h</latexit>

a = 0

For                   introduce (conformal) Euclidean time    :    
<latexit sha1_base64="0+A+LGSQzr0KVTvVg1QVbCF6/7o=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhBsDHcS1MIiYJMygvmA5Ax7m02yZG/v3J0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXhBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6nfvOJayMidY/jmPshHSjRF4yilVr0pvqQnnuTbqHoltwZyDLxMlKEDLVu4avTi1gScoVMUmPanh ujn1KNgkk+yXcSw2PKRnTA25YqGnLjp7N7J+TUKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+2nQsUJcsXmi/qJJBiR6fOkJzRnKMeWUKaFvZWwIdWUoY0ob0PwFl9eJo2LkndZKt+Vi5VyFkcOjuEEzsCDK6hAFWpQBwYSnuEV3pxH58V5dz7mrStONnMEf+B8/gAqkY9e</latexit>

a < H
�1 <latexit sha1_base64="c03Lejpi70ja4EqIDzlzOSS3xgc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUkS8jQIl7yWaUxVI3g2md7nffeLaiDh6xFnCfUXHkQgFo5hLA6TpsFpz6+4CZJ14BalBgdaw+jUYxSxVPEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsjqrjxs8Wtc3JhlREJY20rQrJQf09kVBkzU4HtVBQnZtXLxf+8forhrZ+JKEmRR2y5KEwlwZjkj5OR0JyhnFlCmRb2VsImVFOGNp6KDcFbfXmddK7q3nW98dCoNRtFHGU4g3O4BA9uoAn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AR/ljkM=</latexit>⌧

<latexit sha1_base64="0h/dJwG+dOqU+P0Jq87CrisHJGU=">AAACDnicbVBNS8NAEN34bf2KevQSLGK9lESKeikUvHhUNFVoSplsNu3i5sPdiVBCfoEX/4oXD4p49ezNf+O2zUGtDwbevjfDzjw/FVyhbX8ZM7Nz8wuLS8uVldW19Q1zc6utkkxS5tJEJPLGB8UEj5mLHAW7SSWDyBfs2r89HfnX90wqnsRXOExZN4J+zENOAbXUM/e8UALNAyjywEPIiublfg0Oml4aeepOYu7qV9Ezq3bdHs OaJk5JqqTEec/89IKEZhGLkQpQquPYKXZzkMipYEXFyxRLgd5Cn3U0jSFiqpuPzymsPa0EVphIXTFaY/XnRA6RUsPI150R4ED99Ubif14nw/Ckm/M4zZDFdPJRmAkLE2uUjRVwySiKoSZAJde7WnQAOh/UCVZ0CM7fk6dJ+7DuHNUbF41qq1HGsUR2yC6pEYcckxY5I+fEJZQ8kCfyQl6NR+PZeDPeJ60zRjmzTX7B+PgGrneb0w==</latexit>

da

d⌧
= S0(a) = ±

p
U(a)

<latexit sha1_base64="bWbW4D2AV4Ab+PnOSF//em3j/mY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMSFE3QsFNlxXsAzpjyaSZNjSTDElGKENx46+4caGIW7/CnX9jOp2FVg9cODnnXnLvCWJGlXacL6uwtLyyulZcL21sbm3v2Lt7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfD3zO/dEKir4rZ7ExI/QkNOQYqSN1LcPUMXTKDm5qjQ8LNQoe9ylp+60b5edqpMB/iVuTsogR7Nvf3oDgZOIcI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz1COIqL8NDthCo+NMoChkKa4hpn6cyJFkVKTKDCdEdIjtejNxP+8XqLDSz+lPE404Xj+UZgwqAWc5QEHVBKs2cQQhCU1u0I8QhJhbVIrmRDcxZP/kvZZ1T2v1m5q5Xotj6MIDsERqAAXXIA6aIAmaAEMHsATeAGv1qP1bL1Z7/PWgpXP7INfsD6+AYETljE=</latexit>

a(⌧) = (H cosh ⌧)�1

<latexit sha1_base64="EYVVfUJgAZTj2wxhnG2GNqUa3Yc=">AAACEXicbZDLSsNAFIYn9VbrrerSTbAIFbEkpagboeDGZRV7gaaGk8mkHTqZhJmJUEJfwY2v4saFIm7dufNtnLZZaOsPAx//OYcz5/diRqWyrG8jt7S8srqWXy9sbG5t7xR391oySgQmTRyxSHQ8kIRRTpqKKkY6sSAQeoy0veHVpN5+IELSiN+pUUx6IfQ5DSgGpS23WHYCATj1b10+Tn1HQTI+1XxfPXGikPRhgmU4vrTcYs mqWFOZi2BnUEKZGm7xy/EjnISEK8xAyq5txaqXglAUMzIuOIkkMeAh9ElXI4eQyF46vWhsHmnHN4NI6MeVOXV/T6QQSjkKPd0ZghrI+drE/K/WTVRw0UspjxNFOJ4tChJmqsicxGP6VBCs2EgDYEH1X008AB2R0iEWdAj2/MmL0KpW7LNK7aZWqteyOPLoAB2iMrLROaqja9RATYTRI3pGr+jNeDJejHfjY9aaM7KZffRHxucPQqKckw==</latexit>

dRn

d⌧
�R2

n + !2
n(a) = 0

ωn
2 (a) = n2 +m2a2

This is a Riccati equation.    
<latexit sha1_base64="RTGClFj6Sa57itZqK5I1vAsTt4g=">AAACF3icbVDLSsNAFJ34rPUVdekmWIS6sCRS1I1QcOOyin1AE8JkMmmHTiZhHkIJ+Qs3/oobF4q41Z1/47TJQlsPDHPuuecyc0+QUiKkbX8bS8srq2vrlY3q5tb2zq65t98VieIId1BCE94PoMCUMNyRRFLcTzmGcUBxLxhfT/u9B8wFSdi9nKTYi+GQkYggKLXkm407n9VdCdXJ1akbcYgyJ89cpnyWF2VYFPrWptw3a3bDns FaJE5JaqBE2ze/3DBBKsZMIgqFGDh2Kr0MckkQxXnVVQKnEI3hEA80ZTDGwstme+XWsVZCK0q4PkxaM/X3RAZjISZxoJ0xlCMx35uK//UGSkaXXkZYqiRmqHgoUtSSiTUNyQoJx0jSiSYQcaL/aqER1HFIHWVVh+DMr7xIumcN57zRvG3WWs0yjgo4BEegDhxwAVrgBrRBByDwCJ7BK3gznowX4934KKxLRjlzAP7A+PwBAxageQ==</latexit>

Rn(⌧) = � 1

⌫n

d⌫n
d⌧

<latexit sha1_base64="wdCE4QOirmjyvGc6JBjLfnlWN6g=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQwZKUom6EghuXFewDmjRMJpN26GQSZiZCCfkHN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8RNGpbKsb6O0srq2vlHerGxt7+zumfsHHRmnApM2jlksej6ShFFO2ooqRnqJICjyGen645up330gQtKY36tJQtwIDTkNKUZKS5555oQC4SwY1B2eejzPAkehdFDPz504IkPk8cK5tjyzatWsGeAysQtSBQVanvnlBDFOI8IVZkjKvm0lys2QUBQzklecVJIE4TEakr6mHEVEutnspxyeaCWAYSx0cQVn6u+JDEVSTiJfd0ZIjeSiNxX/8/qpCq/cjPIkVYTj+aIwZVDFcBoQDKggWLGJJggLqm+FeIR0SErHWNEh2IsvL5NOvWZf1Bp3jWqzUcRRBkfgGJwCG1yCJrgFLdAGGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gAJSZ40</latexit>

d2⌫n
d⌧2

� !2
n⌫n = 0

<latexit sha1_base64="qK9Lrf+M4Ssmz2sldsT1yt43BT0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUF+4B2KJk0bWMzyZDcEcrQf3DjQhG3/o87/8a0nYW2HggczrmX3HOiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdUculULyBAiVvJ4bTOJK8FY1vZ37riRsrtHrAScLDmA6VGAhG0UlN2kVN/F6p7Ff8OcgqCXJShhz1Xumr29csjblCJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HFY25DbP5tVNy7pQ+GWjjnkIyV39vZDS2dhJHbjKmOLLL3kz8z+ukOLgJM6GSFLlii48GqSQu4iw66QvDGcqJI5QZ4W4lbEQNZegKKroSguXIq6R5WQmuKtX7arlWzesowCmcwQUEcA01uIM6NIDBIzzDK7x52nvx3r2Pxeial++cwB94nz/dNY6h</latexit>

a ! 0 corresponds to                 . 

(+ for      , - for      .)  

<latexit sha1_base64="qXSogoQkV6xA1xocIwmGvxkdXm8=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokU9Vjw4rGC/YAmlM120y7d7IbdSSGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvSgU34Hnfzsbm1vbObmWvun9weHTsnpx2jMo0ZW2qhNK9iBgmuGRt4CBYL9WMJJFg3WhyP/e7U6YNV/IJ8pSFCRlJHnNKwEoD1w2AZAGoIE0CLmPIB27Nq3sL4HXil6SGSrQG7lcwVDRLmAQqiDF930shLIgGTgWbVYPMsJTQCRmxvqWSJMyExeLyGb60yhDHStuSgBfq74mCJMbkSWQ7EwJjs+rNxf+8fgbxXVhwmWbAJF0uijOBQeF5DHjINaMgcksI1dzeiumYaELBhlW1IfirL6+TznXdv6k3Hhu1ZqOMo4LO0QW6Qj66RU30gFqojSiaomf0it6cwnlx3p2PZeuGU86coT9wPn8AE2aT6g==</latexit>

⌧ ! ±1
<latexit sha1_base64="PIfzvsPsWs4rZvnrXiExS8ArXMQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMF+wHtUrLZbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDqp3U8NH0SDStWreXPgVeIXpAoFmoPKVz9SNEuYtFQQY3q+l9ogJ9pyKti03M8MSwkdkyHrOSpJwkyQz6+d4nOnRDhW2pW0eK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrcKz13HENaNWTBwhVHN3K6Yjogm1LqCyC8FffnmVtC9r/lWtfl+vNupFHCU4hTO4AB+uoQF30IQWUHiEZ3iFN6TQC3pHH4vWNVTMnMAfoM8fmBePHA==</latexit>

 d

<latexit sha1_base64="gpJFYgx1igqkELruYtayHU/aBTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmNzG8N+yVyn7Fn4OskiAnZchR75W+un3F0hilZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4KmmMJszm107JuVP6ZKC0K2nJXP09kdHYmEkcuc6Y2pFZ9mbif14ntYObMOMySS1Ktlg0SAWxisxeJ32ukVkxcYQyzd2thI2opsy6gIouhGD55VXSvKwEV5XqfbVcq+ZxFOAUzuACAriGGtxBHRrA4BGe4RXePOW9eO/ex6J1zctnTuAPvM8fnKOPHw==</latexit>

 g

S4

Same as eq. for       with                .  

This formalism is equivalent to QFT 
in curved spacetime.  

<latexit sha1_base64="UX616j2k7so5Z8jxhVwv/Ynj0QI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzIQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlev1u5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0twjcY=</latexit>

fn
<latexit sha1_base64="B1WX8m7hCGoZzKe32yQDyoEb4U4=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokU9Vjw4kkq2A9oYtlsJ+3SzSbsTpRS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMc2jwRCa6HTIDUihooEAJ7VQDi0MJrXB4PfVbj6CNSNQ9jlIIYtZXIhKcoZUebn1A5mNChY8s65bKbsWdgS4TLydlkqPeLX35vYRnMSjkkhnT8dwUgzHTKLiESdHPDKSMD1kfOpYqFoMJxrOrJ/TUKj0aJdqWQjpTf0+MWWzMKA5tZ8xwYBa9qfif18kwugrGQqUZguLzRVEmqX1zGgHtCQ0c5cgSxrWwt1I+YJpxtEEVbQje4svLpHle8S4q1btquVbN4yiQY3JCzohHLkmN3JA6aRBONHkmr+TNeXJenHfnY9664uQzR+QPnM8fQfSSUw==</latexit>

N⌘ ! i⌧



<latexit sha1_base64="vtkPL3txLCYcOGwMxKebaC6xmbE=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFWhHLTCnqRii4cVkvvUA7Dpk0bUMzmSHJCGXoxo2v4saFIm59B3e+jZl2Ftp6IOHj/88hOb8XMiqVZX0bmYXFpeWV7GpubX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xteJn7zgQhJA36nRiFxfNTntEcxUlpyzf3bwo3LCyf6ui8fdwKf9FGCRXR0Yblm3ipZk4LzYKeQB2nVXPOr0w1w5BOuMENStm0rVE6MhKKYkXGuE0kSIjxEfdLWyJFPpBNPthjDQ610YS8Q+nAFJ+rviRj5Uo58T3f6SA3krJeI/3ntSPXOnZjyMFKE4+lDvYhBFcAkEtilgmDFRhoQFlT/FeIBEggrHVxOh2DPrjwPjXLJPi1Vriv5aiWNIwv2wAEoAhucgSq4AjVQBxg8gmfwCt6MJ+PFeDc+pq0ZI53ZBX/K+PwBJXqWZg==</latexit>

S0R0
n �R2

n + !2
n(a) = 0

Boundary condition at 
<latexit sha1_base64="WRaauV2Bmc9HB2XnWwXa5OS3Rxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6YHeuP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVmv3tUq9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx+yIY1h</latexit>

a = 0

For                   introduce (conformal) Euclidean time    :    
<latexit sha1_base64="0+A+LGSQzr0KVTvVg1QVbCF6/7o=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhBsDHcS1MIiYJMygvmA5Ax7m02yZG/v3J0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXhBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6nfvOJayMidY/jmPshHSjRF4yilVr0pvqQnnuTbqHoltwZyDLxMlKEDLVu4avTi1gScoVMUmPanh ujn1KNgkk+yXcSw2PKRnTA25YqGnLjp7N7J+TUKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+2nQsUJcsXmi/qJJBiR6fOkJzRnKMeWUKaFvZWwIdWUoY0ob0PwFl9eJo2LkndZKt+Vi5VyFkcOjuEEzsCDK6hAFWpQBwYSnuEV3pxH58V5dz7mrStONnMEf+B8/gAqkY9e</latexit>

a < H
�1 <latexit sha1_base64="c03Lejpi70ja4EqIDzlzOSS3xgc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUkS8jQIl7yWaUxVI3g2md7nffeLaiDh6xFnCfUXHkQgFo5hLA6TpsFpz6+4CZJ14BalBgdaw+jUYxSxVPEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsjqrjxs8Wtc3JhlREJY20rQrJQf09kVBkzU4HtVBQnZtXLxf+8forhrZ+JKEmRR2y5KEwlwZjkj5OR0JyhnFlCmRb2VsImVFOGNp6KDcFbfXmddK7q3nW98dCoNRtFHGU4g3O4BA9uoAn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8AR/ljkM=</latexit>⌧

<latexit sha1_base64="0h/dJwG+dOqU+P0Jq87CrisHJGU=">AAACDnicbVBNS8NAEN34bf2KevQSLGK9lESKeikUvHhUNFVoSplsNu3i5sPdiVBCfoEX/4oXD4p49ezNf+O2zUGtDwbevjfDzjw/FVyhbX8ZM7Nz8wuLS8uVldW19Q1zc6utkkxS5tJEJPLGB8UEj5mLHAW7SSWDyBfs2r89HfnX90wqnsRXOExZN4J+zENOAbXUM/e8UALNAyjywEPIiublfg0Oml4aeepOYu7qV9Ezq3bdHs OaJk5JqqTEec/89IKEZhGLkQpQquPYKXZzkMipYEXFyxRLgd5Cn3U0jSFiqpuPzymsPa0EVphIXTFaY/XnRA6RUsPI150R4ED99Ubif14nw/Ckm/M4zZDFdPJRmAkLE2uUjRVwySiKoSZAJde7WnQAOh/UCVZ0CM7fk6dJ+7DuHNUbF41qq1HGsUR2yC6pEYcckxY5I+fEJZQ8kCfyQl6NR+PZeDPeJ60zRjmzTX7B+PgGrneb0w==</latexit>

da

d⌧
= S0(a) = ±

p
U(a)

<latexit sha1_base64="bWbW4D2AV4Ab+PnOSF//em3j/mY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMSFE3QsFNlxXsAzpjyaSZNjSTDElGKENx46+4caGIW7/CnX9jOp2FVg9cODnnXnLvCWJGlXacL6uwtLyyulZcL21sbm3v2Lt7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfD3zO/dEKir4rZ7ExI/QkNOQYqSN1LcPUMXTKDm5qjQ8LNQoe9ylp+60b5edqpMB/iVuTsogR7Nvf3oDgZOIcI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz1COIqL8NDthCo+NMoChkKa4hpn6cyJFkVKTKDCdEdIjtejNxP+8XqLDSz+lPE404Xj+UZgwqAWc5QEHVBKs2cQQhCU1u0I8QhJhbVIrmRDcxZP/kvZZ1T2v1m5q5Xotj6MIDsERqAAXXIA6aIAmaAEMHsATeAGv1qP1bL1Z7/PWgpXP7INfsD6+AYETljE=</latexit>

a(⌧) = (H cosh ⌧)�1

<latexit sha1_base64="EYVVfUJgAZTj2wxhnG2GNqUa3Yc=">AAACEXicbZDLSsNAFIYn9VbrrerSTbAIFbEkpagboeDGZRV7gaaGk8mkHTqZhJmJUEJfwY2v4saFIm7dufNtnLZZaOsPAx//OYcz5/diRqWyrG8jt7S8srqWXy9sbG5t7xR391oySgQmTRyxSHQ8kIRRTpqKKkY6sSAQeoy0veHVpN5+IELSiN+pUUx6IfQ5DSgGpS23WHYCATj1b10+Tn1HQTI+1XxfPXGikPRhgmU4vrTcYs mqWFOZi2BnUEKZGm7xy/EjnISEK8xAyq5txaqXglAUMzIuOIkkMeAh9ElXI4eQyF46vWhsHmnHN4NI6MeVOXV/T6QQSjkKPd0ZghrI+drE/K/WTVRw0UspjxNFOJ4tChJmqsicxGP6VBCs2EgDYEH1X008AB2R0iEWdAj2/MmL0KpW7LNK7aZWqteyOPLoAB2iMrLROaqja9RATYTRI3pGr+jNeDJejHfjY9aaM7KZffRHxucPQqKckw==</latexit>

dRn

d⌧
�R2

n + !2
n(a) = 0

ωn
2 (a) = n2 +m2a2

This is a Riccati equation.    
<latexit sha1_base64="RTGClFj6Sa57itZqK5I1vAsTt4g=">AAACF3icbVDLSsNAFJ34rPUVdekmWIS6sCRS1I1QcOOyin1AE8JkMmmHTiZhHkIJ+Qs3/oobF4q41Z1/47TJQlsPDHPuuecyc0+QUiKkbX8bS8srq2vrlY3q5tb2zq65t98VieIId1BCE94PoMCUMNyRRFLcTzmGcUBxLxhfT/u9B8wFSdi9nKTYi+GQkYggKLXkm407n9VdCdXJ1akbcYgyJ89cpnyWF2VYFPrWptw3a3bDns FaJE5JaqBE2ze/3DBBKsZMIgqFGDh2Kr0MckkQxXnVVQKnEI3hEA80ZTDGwstme+XWsVZCK0q4PkxaM/X3RAZjISZxoJ0xlCMx35uK//UGSkaXXkZYqiRmqHgoUtSSiTUNyQoJx0jSiSYQcaL/aqER1HFIHWVVh+DMr7xIumcN57zRvG3WWs0yjgo4BEegDhxwAVrgBrRBByDwCJ7BK3gznowX4934KKxLRjlzAP7A+PwBAxageQ==</latexit>

Rn(⌧) = � 1

⌫n

d⌫n
d⌧

<latexit sha1_base64="wdCE4QOirmjyvGc6JBjLfnlWN6g=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQwZKUom6EghuXFewDmjRMJpN26GQSZiZCCfkHN/6KGxeKuHXjzr9x2mahrQcuHM65l3vv8RNGpbKsb6O0srq2vlHerGxt7+zumfsHHRmnApM2jlksej6ShFFO2ooqRnqJICjyGen645up330gQtKY36tJQtwIDTkNKUZKS5555oQC4SwY1B2eejzPAkehdFDPz504IkPk8cK5tjyzatWsGeAysQtSBQVanvnlBDFOI8IVZkjKvm0lys2QUBQzklecVJIE4TEakr6mHEVEutnspxyeaCWAYSx0cQVn6u+JDEVSTiJfd0ZIjeSiNxX/8/qpCq/cjPIkVYTj+aIwZVDFcBoQDKggWLGJJggLqm+FeIR0SErHWNEh2IsvL5NOvWZf1Bp3jWqzUcRRBkfgGJwCG1yCJrgFLdAGGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gAJSZ40</latexit>

d2⌫n
d⌧2

� !2
n⌫n = 0

<latexit sha1_base64="qK9Lrf+M4Ssmz2sldsT1yt43BT0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUF+4B2KJk0bWMzyZDcEcrQf3DjQhG3/o87/8a0nYW2HggczrmX3HOiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdUculULyBAiVvJ4bTOJK8FY1vZ37riRsrtHrAScLDmA6VGAhG0UlN2kVN/F6p7Ff8OcgqCXJShhz1Xumr29csjblCJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HFY25DbP5tVNy7pQ+GWjjnkIyV39vZDS2dhJHbjKmOLLL3kz8z+ukOLgJM6GSFLlii48GqSQu4iw66QvDGcqJI5QZ4W4lbEQNZegKKroSguXIq6R5WQmuKtX7arlWzesowCmcwQUEcA01uIM6NIDBIzzDK7x52nvx3r2Pxeial++cwB94nz/dNY6h</latexit>

a ! 0 corresponds to                 . 

(+ for      , - for      .)  

<latexit sha1_base64="qXSogoQkV6xA1xocIwmGvxkdXm8=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KokU9Vjw4rGC/YAmlM120y7d7IbdSSGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvSgU34Hnfzsbm1vbObmWvun9weHTsnpx2jMo0ZW2qhNK9iBgmuGRt4CBYL9WMJJFg3WhyP/e7U6YNV/IJ8pSFCRlJHnNKwEoD1w2AZAGoIE0CLmPIB27Nq3sL4HXil6SGSrQG7lcwVDRLmAQqiDF930shLIgGTgWbVYPMsJTQCRmxvqWSJMyExeLyGb60yhDHStuSgBfq74mCJMbkSWQ7EwJjs+rNxf+8fgbxXVhwmWbAJF0uijOBQeF5DHjINaMgcksI1dzeiumYaELBhlW1IfirL6+TznXdv6k3Hhu1ZqOMo4LO0QW6Qj66RU30gFqojSiaomf0it6cwnlx3p2PZeuGU86coT9wPn8AE2aT6g==</latexit>

⌧ ! ±1
<latexit sha1_base64="PIfzvsPsWs4rZvnrXiExS8ArXMQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMF+wHtUrLZbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDqp3U8NH0SDStWreXPgVeIXpAoFmoPKVz9SNEuYtFQQY3q+l9ogJ9pyKti03M8MSwkdkyHrOSpJwkyQz6+d4nOnRDhW2pW0eK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrcKz13HENaNWTBwhVHN3K6Yjogm1LqCyC8FffnmVtC9r/lWtfl+vNupFHCU4hTO4AB+uoQF30IQWUHiEZ3iFN6TQC3pHH4vWNVTMnMAfoM8fmBePHA==</latexit>

 d

<latexit sha1_base64="gpJFYgx1igqkELruYtayHU/aBTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmNzG8N+yVyn7Fn4OskiAnZchR75W+un3F0hilZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4KmmMJszm107JuVP6ZKC0K2nJXP09kdHYmEkcuc6Y2pFZ9mbif14ntYObMOMySS1Ktlg0SAWxisxeJ32ukVkxcYQyzd2thI2opsy6gIouhGD55VXSvKwEV5XqfbVcq+ZxFOAUzuACAriGGtxBHRrA4BGe4RXePOW9eO/ex6J1zctnTuAPvM8fnKOPHw==</latexit>

 g

For             :    
<latexit sha1_base64="qK9Lrf+M4Ssmz2sldsT1yt43BT0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUF+4B2KJk0bWMzyZDcEcrQf3DjQhG3/o87/8a0nYW2HggczrmX3HOiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdUculULyBAiVvJ4bTOJK8FY1vZ37riRsrtHrAScLDmA6VGAhG0UlN2kVN/F6p7Ff8OcgqCXJShhz1Xumr29csjblCJqm1ncBPMMyoQc Eknxa7qeUJZWM65B1HFY25DbP5tVNy7pQ+GWjjnkIyV39vZDS2dhJHbjKmOLLL3kz8z+ukOLgJM6GSFLlii48GqSQu4iw66QvDGcqJI5QZ4W4lbEQNZegKKroSguXIq6R5WQmuKtX7arlWzesowCmcwQUEcA01uIM6NIDBIzzDK7x52nvx3r2Pxeial++cwB94nz/dNY6h</latexit>

a ! 0
<latexit sha1_base64="wNhNCRkEZQwYpcCPusRvIJiDQCM="></latexit>

!2
n ⇡ n2, ⌫n ⇡ Ane

�n⌧ +Bne
n⌧

<latexit sha1_base64="PI/wIg8p828+cgapxxwbaM7+w9U=">AAACKnicbVDNT8IwHO3wC/EL9eilkZhgjGQjRD2CXjyikY+EzaUrHTR03dJ2RrLw93jxX/HCQUO8+ofYwQ6KvqTNy3vvl/b3vIhRqUxzZuRWVtfWN/Kbha3tnd294v5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre6Cb1O09ESBryBzWOiBOgAac+xUhpyS027l1ethWKT20URSJ8hhzavkA4abgcnl/rizwmVZ5GJpNUPFvS3GLJrJhzwL/EykgJZGi6xandD3EcEK4wQ1L2LDNSToKEopiRScGOJYkQHqEB6WnKUUCkk8xXncATrfShHwp9uIJz9edEggIpx4GnkwFSQ7nspeJ/Xi9W/pWTUB7FinC8eMiPGVQhTHuDfSoIVmysCcKC6r9CPES6KKXbLegSrOWV/5J2tWJdVGp3tVK9ltWRB0fgGJSBBS5BHdyCJmgBDF7AG3gHH8arMTVmxucimjOymUPwC8bXN5wqpsY=</latexit>

Rn(⌧) ⇡ n
An �Bne2n⌧

An +Bne2n⌧

<latexit sha1_base64="80cLnLNK+mxBCZsqXK6N7i+g2uk=">AAAB/nicbVBNS8NAEN3Ur1q/quLJS7AI9WBJpKgXoeDFYxX7AU0om+2mXbrZDbsTIYSCf8WLB0W8+ju8+W/ctjlo9cHA470ZZuYFMWcaHOfLKiwtr6yuFddLG5tb2zvl3b22lokitEUkl6obYE05E7QFDDjtxoriKOC0E4yvp37ngSrNpLiHNKZ+hIeChYxgMFK/fHDXF1UPcOKB9JgIIT25OjV6xak5M9h/iZuTCsrR7Jc/vYEkSUQFEI617rlODH6GFTDC6aTkJZrGmIzxkPYMFTii2s9m50/sY6MM7FAqUwLsmfpzIsOR1mkUmM4Iw0gvelPxP6+XQHjpZ0zECVBB5ovChNsg7WkW9oApSoCnhmCimLnVJiOsMAGTWMmE4C6+/Je0z2ruea1+W6806nkcRXSIjlAVuegCNdANaqIWIihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+AaFc5Ur</latexit>

Rn(⌧ ! 1) = �n ,  unless              .                 Require               .       
<latexit sha1_base64="48GnPZlwpK6tCpNhBjKRNS1AUHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/NuevHF75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6l1Waw+1Sr2Wx1GEEziFc/DgCupwDw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AwYIjiM=</latexit>

Bn = 0

S4

<latexit sha1_base64="48GnPZlwpK6tCpNhBjKRNS1AUHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/NuevHF75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6l1Waw+1Sr2Wx1GEEziFc/DgCupwDw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AwYIjiM=</latexit>

Bn = 0

Same as eq. for       with                .  

This formalism is equivalent to QFT 
in curved spacetime.  

<latexit sha1_base64="UX616j2k7so5Z8jxhVwv/Ynj0QI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzIQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlev1u5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0twjcY=</latexit>

fn
<latexit sha1_base64="B1WX8m7hCGoZzKe32yQDyoEb4U4=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokU9Vjw4kkq2A9oYtlsJ+3SzSbsTpRS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMc2jwRCa6HTIDUihooEAJ7VQDi0MJrXB4PfVbj6CNSNQ9jlIIYtZXIhKcoZUebn1A5mNChY8s65bKbsWdgS4TLydlkqPeLX35vYRnMSjkkhnT8dwUgzHTKLiESdHPDKSMD1kfOpYqFoMJxrOrJ/TUKj0aJdqWQjpTf0+MWWzMKA5tZ8xwYBa9qfif18kwugrGQqUZguLzRVEmqX1zGgHtCQ0c5cgSxrWwt1I+YJpxtEEVbQje4svLpHle8S4q1btquVbN4yiQY3JCzohHLkmN3JA6aRBONHkmr+TNeXJenHfnY9664uQzR+QPnM8fQfSSUw==</latexit>

N⌘ ! i⌧



<latexit sha1_base64="SUd2vR8wKnEGHknJkPXpKJbY8M4=">AAACD3icbVDLSsNAFJ34rPUVdekmWJS6sCRS1GXBjcsK9gFNLJPppB06mQkzN0II/QM3/oobF4q4devOv3H6WGjrgYHDOfdy55ww4UyD635bS8srq2vrhY3i5tb2zq69t9/UMlWENojkUrVDrClngjaAAaftRFEch5y2wuH12G89UKWZFHeQJTSIcV+wiBEMRuraJ75Iu6LsA059kD4TEWSnfqJkAtKh9/mZGFujrl1yK+4EziLxZqSEZqh37S+/J0kaUwGEY607nptAkGMFjHA6KvqppgkmQ9ynHUMFjqkO8kmekXNslJ4TSWWeAGei/t7Icax1FodmMsYw0PPeWPzP66QQXQU5E0kKVJDpoSjljsk6LsfpMUUJ8MwQTBQzf3XIACtMwFRYNCV485EXSfO84l1UqrfVUq06q6OADtERKiMPXaIaukF11EAEPaJn9IrerCfrxXq3PqajS9Zs5wD9gfX5A6lBnQY=</latexit>

⌫n(⌧ ! 1) / e�n⌧

<latexit sha1_base64="XRliWU8p82jc5fw7WmDn8Esg9MM=">AAACFnicbVDLSsNAFJ34rPVVdekmWIS6aEmkqBuh4MZlBfuAJpTJdNIOnUzCzI0QQvsTbvwVNy4UcSvu/BunaRbaemCYc8+5l5l7vIgzBZb1baysrq1vbBa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLWDAaTeSFAcepx1vfDPzOw9UKhaKe0gi6gZ4KJjPCAYt9UtVx5eYpANHxH0x0TfgeHJdFVk9nVZmtQOhw4QPyVm/VL ZqVgZzmdg5KaMczX7pyxmEJA6oAMKxUj3bisBNsQRGOJ0UnVjRCJMxHtKepgIHVLlpttbEPNXKwPRDqY8AM1N/T6Q4UCoJPN0ZYBipRW8m/uf1YvCv3JSJKAYqyPwhP+YmhOYsI3PAJCXAE00wkUz/1SQjrHMCnWRRh2AvrrxM2uc1+6JWv6uXG/U8jgI6Rieogmx0iRroFjVRCxH0iJ7RK3oznowX4934mLeuGPnMEfoD4/MH4C2gZg==</latexit>

d⌫n
d⌧

= �n⌫n (⌧ ! 1) Robin boundary condition

<latexit sha1_base64="48GnPZlwpK6tCpNhBjKRNS1AUHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/NuevHF75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6l1Waw+1Sr2Wx1GEEziFc/DgCupwDw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AwYIjiM=</latexit>

Bn = 0

This determines           for      .

for            

<latexit sha1_base64="gpJFYgx1igqkELruYtayHU/aBTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmNzG8N+yVyn7Fn4OskiAnZchR75W+un3F0hilZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4KmmMJszm107JuVP6ZKC0K2nJXP09kdHYmEkcuc6Y2pFZ9mbif14ntYObMOMySS1Ktlg0SAWxisxeJ32ukVkxcYQyzd2thI2opsy6gIouhGD55VXSvKwEV5XqfbVcq+ZxFOAUzuACAriGGtxBHRrA4BGe4RXePOW9eO/ex6J1zctnTuAPvM8fnKOPHw==</latexit>

 g
<latexit sha1_base64="PIfzvsPsWs4rZvnrXiExS8ArXMQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMF+wHtUrLZbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDqp3U8NH0SDStWreXPgVeIXpAoFmoPKVz9SNEuYtFQQY3q+l9ogJ9 pyKti03M8MSwkdkyHrOSpJwkyQz6+d4nOnRDhW2pW0eK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrcKz13HENaNWTBwhVHN3K6Yjogm1LqCyC8FffnmVtC9r/lWtfl+vNupFHCU4hTO4AB+uoQF30IQWUHiEZ3iFN6TQC3pHH4vWNVTMnMAfoM8fmBePHA==</latexit>

 d

<latexit sha1_base64="yoFL/GTNMhJuU+CDmtOwbrGiXCg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiRT0WvHisYD8gCWWz3bRLN5uwOyuU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRZngGlz32yltbG5t75R3K3v7B4dH1eOTrk6NoqxDU5GqfkQ0E1yyDnAQrJ8pRpJIsF40uZv7vSemNE/lI0wzFiZkJHnMKQEr+YE0A1kPgJjLQbXmNtwF8DrxClJDBdqD6lcwTKlJmAQqiNa+52YQ5kQBp4LNKoHRLCN0QkbMt1SShOkwX5w8wxdWGeI4VbYk4IX6eyInidbTJLKdCYGxXvXm4n+ebyC+DXMuMwNM0uWi2AgMKZ7/j4dcMQpiagmhittbMR0TRSjYlCo2BG/15XXSvWp4143mQ7PWahZxlNEZOkd15KEb1EL3qI06iKIUPaNX9OaA8+K8Ox/L1pJTzJyiP3A+fwDKXpDm</latexit>

⌫n(⌧)
<latexit sha1_base64="JQ0U1Wad1+SjQWHZCT+vIEu2v6A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS31fZQA2qNbfuLkDWiVeQGhRoDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfHDsjF1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw+g2yIVKM+SKLRdFmSSYkPnnZCg0ZyinllCmhb2VsDHVlKHNp2JD8FZfXiftq7p3XW88NGrNRhFHGc7gHC7Bgxtowj20wAcGAp7hFd4c5bw4787HsrXkFDOn8AfO5w/hDY6z</latexit>⌫n

Selects the Bunch-Davies vacuum state.
<latexit sha1_base64="uH/YPzGR49VMX02ZFX2vcxlwCTE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY8NJjBfsB3bVk02wbmmSXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk7u5332iSrNYPphpQgOBR5JFjGBjJR/7mgnUfMyuvNmgXHGr7gJonXg5qUCO1qD85Q9jkgoqDeFY677nJibIsDKMcDor+ammCSYTPKJ9SyUWVAfZ4uYZurDKEEWxsiUNWqi/JzIstJ6K0HYKbMZ61ZuL/3n91ES3QcZkkhoqyXJRlHJkYjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSyIXirL6+TznXVq1dr97VKo5bHUYQzOIdL8OAGGtCEFrSBQALP8ApvTuq8OO/Ox7K14OQzp/AHzucPIPiRDw==</latexit>

a ⇠ H
�1are determined from the matching conditions at                .

<latexit sha1_base64="vpIRs9P3egvsG8sjEpgBaUMgfZE=">AAACEHicbVC7SgNBFJ2NrxhfUUubxSDGImFXgloGbCwjmAdk1zA7mU2GzM4sM3eFsOQTbPwVGwtFbC3t/BsnyRaaeGDgcM693DkniDnT4DjfVm5ldW19I79Z2Nre2d0r7h+0tEwUoU0iuVSdAGvKmaBNYMBpJ1YURwGn7WB0PfXbD1RpJsUdjGPqR3ggWMgIBiP1iqeeSHqi7AFOPJAVj4kQxmderGQM0qb3aUVMvUmvWHKqzgz2MnEzUkIZGr3il9eXJImoAMKx1l3XicFPsQJGOJ0UvETTGJMRHtCuoQJHVPvpLNDEPjFK3w6lMk+APVN/b6Q40nocBWYywjDUi95U/M/rJhBe+SkTcQJUkPmhMOG2yTptx+4zRQnwsSGYKGb+apMhVpiA6bBgSnAXIy+T1nnVvajWbmulei2rI4+O0DEqIxddojq6QQ3URAQ9omf0it6sJ+vFerc+5qM5K9s5RH9gff4AHE+dPQ==</latexit>

⌫n(⌧ ! �1) / e�n⌧

0
<latexit sha1_base64="Ko/L2GJAclbHApviFiN477ZWFOs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXFvVY8NJjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFvZkkNIjxULCIEWys1Ko/ZBfetF+uuFV3DrRKvJxUIEejX/7qDSRJYyoM4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWChxTHWTza6fozCoDFEllSxg0V39PZDjWehKHtjPGZqSXvZn4n9dNTXQTZEwkqaGCLBZFKUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt+eZW0LqveVdW/8ys1P4+jCCdwCufgwTXUoA4NaAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz/uko6t</latexit>

H
�1

<latexit sha1_base64="26GYZm9Q8zksRU8lqcbIXCHffU0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvHisYNpCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxyya/jy2G15jbcBdA68QpSgwLtYfVrMIpJKqg0hGOt+56bmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z33Wg+NGutZhFHGc7gHOrgwQ204B7a4AOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uLY2k</latexit>

U(a)

<latexit sha1_base64="36t4rX9P3VSMi9/8/sfJWyyAiTU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwhWM4A==</latexit>a

The regularity condition is equivalent to Robin b.c. at            . 
<latexit sha1_base64="qK9Lrf+M4Ssmz2sldsT1yt43BT0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUF+4B2KJk0bWMzyZDcEcrQf3DjQhG3/o87/8a0nYW2HggczrmX3HOiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdUculULyBAiVvJ4bTOJK8FY1vZ37riRsrtHrAScLDmA6VGAhG0UlN2kVN/F6p7Ff8OcgqCXJShhz1Xumr29csjblCJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HFY25DbP5tVNy7pQ+GWjjnkIyV39vZDS2dhJHbjKmOLLL3kz8z+ukOLgJM6GSFLlii48GqSQu4iw66QvDGcqJI5QZ4W4lbEQNZegKKroSguXIq6R5WQmuKtX7arlWzesowCmcwQUEcA01uIM6NIDBIzzDK7x52nvx3r2Pxeial++cwB94nz/dNY6h</latexit>

a ! 0
This is now really a b.c.



<latexit sha1_base64="SUd2vR8wKnEGHknJkPXpKJbY8M4=">AAACD3icbVDLSsNAFJ34rPUVdekmWJS6sCRS1GXBjcsK9gFNLJPppB06mQkzN0II/QM3/oobF4q4devOv3H6WGjrgYHDOfdy55ww4UyD635bS8srq2vrhY3i5tb2zq69t9/UMlWENojkUrVDrClngjaAAaftRFEch5y2wuH12G89UKWZFHeQJTSIcV+wiBEMRuraJ75Iu6LsA059kD4TEWSnfqJkAtKh9/mZGFujrl1yK+4EziLxZqSEZqh37S+/J0kaUwGEY607nptAkGMFjHA6KvqppgkmQ9ynHUMFjqkO8kmekXNslJ4TSWWeAGei/t7Icax1FodmMsYw0PPeWPzP66QQXQU5E0kKVJDpoSjljsk6LsfpMUUJ8MwQTBQzf3XIACtMwFRYNCV485EXSfO84l1UqrfVUq06q6OADtERKiMPXaIaukF11EAEPaJn9IrerCfrxXq3PqajS9Zs5wD9gfX5A6lBnQY=</latexit>

⌫n(⌧ ! 1) / e�n⌧

<latexit sha1_base64="XRliWU8p82jc5fw7WmDn8Esg9MM=">AAACFnicbVDLSsNAFJ34rPVVdekmWIS6aEmkqBuh4MZlBfuAJpTJdNIOnUzCzI0QQvsTbvwVNy4UcSvu/BunaRbaemCYc8+5l5l7vIgzBZb1baysrq1vbBa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLWDAaTeSFAcepx1vfDPzOw9UKhaKe0gi6gZ4KJjPCAYt9UtVx5eYpANHxH0x0TfgeHJdFVk9nVZmtQOhw4QPyVm/VL ZqVgZzmdg5KaMczX7pyxmEJA6oAMKxUj3bisBNsQRGOJ0UnVjRCJMxHtKepgIHVLlpttbEPNXKwPRDqY8AM1N/T6Q4UCoJPN0ZYBipRW8m/uf1YvCv3JSJKAYqyPwhP+YmhOYsI3PAJCXAE00wkUz/1SQjrHMCnWRRh2AvrrxM2uc1+6JWv6uXG/U8jgI6Rieogmx0iRroFjVRCxH0iJ7RK3oznowX4934mLeuGPnMEfoD4/MH4C2gZg==</latexit>

d⌫n
d⌧

= �n⌫n (⌧ ! 1) Robin boundary condition

<latexit sha1_base64="48GnPZlwpK6tCpNhBjKRNS1AUHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/NuevHF75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6l1Waw+1Sr2Wx1GEEziFc/DgCupwDw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AwYIjiM=</latexit>

Bn = 0

This determines           for      .

for            

<latexit sha1_base64="gpJFYgx1igqkELruYtayHU/aBTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66RmNzG8N+yVyn7Fn4OskiAnZchR75W+un3F0hilZYIa0wn8xIYZ1ZYzgdNiNzWYUDamQ+w4KmmMJszm107JuVP6ZKC0K2nJXP09kdHYmEkcuc6Y2pFZ9mbif14ntYObMOMySS1Ktlg0SAWxisxeJ32ukVkxcYQyzd2thI2opsy6gIouhGD55VXSvKwEV5XqfbVcq+ZxFOAUzuACAriGGtxBHRrA4BGe4RXePOW9eO/ex6J1zctnTuAPvM8fnKOPHw==</latexit>

 g
<latexit sha1_base64="PIfzvsPsWs4rZvnrXiExS8ArXMQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMF+wHtUrLZbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDqp3U8NH0SDStWreXPgVeIXpAoFmoPKVz9SNEuYtFQQY3q+l9ogJ9 pyKti03M8MSwkdkyHrOSpJwkyQz6+d4nOnRDhW2pW0eK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrcKz13HENaNWTBwhVHN3K6Yjogm1LqCyC8FffnmVtC9r/lWtfl+vNupFHCU4hTO4AB+uoQF30IQWUHiEZ3iFN6TQC3pHH4vWNVTMnMAfoM8fmBePHA==</latexit>

 d

<latexit sha1_base64="yoFL/GTNMhJuU+CDmtOwbrGiXCg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoiRT0WvHisYD8gCWWz3bRLN5uwOyuU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRZngGlz32yltbG5t75R3K3v7B4dH1eOTrk6NoqxDU5GqfkQ0E1yyDnAQrJ8pRpJIsF40uZv7vSemNE/lI0wzFiZkJHnMKQEr+YE0A1kPgJjLQbXmNtwF8DrxClJDBdqD6lcwTKlJmAQqiNa+52YQ5kQBp4LNKoHRLCN0QkbMt1SShOkwX5w8wxdWGeI4VbYk4IX6eyInidbTJLKdCYGxXvXm4n+ebyC+DXMuMwNM0uWi2AgMKZ7/j4dcMQpiagmhittbMR0TRSjYlCo2BG/15XXSvWp4143mQ7PWahZxlNEZOkd15KEb1EL3qI06iKIUPaNX9OaA8+K8Ox/L1pJTzJyiP3A+fwDKXpDm</latexit>

⌫n(⌧)
<latexit sha1_base64="JQ0U1Wad1+SjQWHZCT+vIEu2v6A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS31fZQA2qNbfuLkDWiVeQGhRoDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfHDsjF1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw+g2yIVKM+SKLRdFmSSYkPnnZCg0ZyinllCmhb2VsDHVlKHNp2JD8FZfXiftq7p3XW88NGrNRhFHGc7gHC7Bgxtowj20wAcGAp7hFd4c5bw4787HsrXkFDOn8AfO5w/hDY6z</latexit>⌫n

Selects the Bunch-Davies vacuum state.
<latexit sha1_base64="uH/YPzGR49VMX02ZFX2vcxlwCTE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY8NJjBfsB3bVk02wbmmSXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2Gk7u5332iSrNYPphpQgOBR5JFjGBjJR/7mgnUfMyuvNmgXHGr7gJonXg5qUCO1qD85Q9jkgoqDeFY677nJibIsDKMcDor+ammCSYTPKJ9SyUWVAfZ4uYZurDKEEWxsiUNWqi/JzIstJ6K0HYKbMZ61ZuL/3n91ES3QcZkkhoqyXJRlHJkYjQPAA2ZosTwqSWYKGZvRWSMFSbGxlSyIXirL6+TznXVq1dr97VKo5bHUYQzOIdL8OAGGtCEFrSBQALP8ApvTuq8OO/Ox7K14OQzp/AHzucPIPiRDw==</latexit>

a ⇠ H
�1are determined from the matching conditions at                .

<latexit sha1_base64="vpIRs9P3egvsG8sjEpgBaUMgfZE=">AAACEHicbVC7SgNBFJ2NrxhfUUubxSDGImFXgloGbCwjmAdk1zA7mU2GzM4sM3eFsOQTbPwVGwtFbC3t/BsnyRaaeGDgcM693DkniDnT4DjfVm5ldW19I79Z2Nre2d0r7h+0tEwUoU0iuVSdAGvKmaBNYMBpJ1YURwGn7WB0PfXbD1RpJsUdjGPqR3ggWMgIBiP1iqeeSHqi7AFOPJAVj4kQxmderGQM0qb3aUVMvUmvWHKqzgz2MnEzUkIZGr3il9eXJImoAMKx1l3XicFPsQJGOJ0UvETTGJMRHtCuoQJHVPvpLNDEPjFK3w6lMk+APVN/b6Q40nocBWYywjDUi95U/M/rJhBe+SkTcQJUkPmhMOG2yTptx+4zRQnwsSGYKGb+apMhVpiA6bBgSnAXIy+T1nnVvajWbmulei2rI4+O0DEqIxddojq6QQ3URAQ9omf0it6sJ+vFerc+5qM5K9s5RH9gff4AHE+dPQ==</latexit>

⌫n(⌧ ! �1) / e�n⌧

Note:                                     .  But                                       are well behaved.     
<latexit sha1_base64="lLqmfbLbdiBaNcyh3on00gbMx5U=">AAACB3icbZDLSsNAFIYn9VbrLepSkGAR6sKSSFGXBTcuK9gLNCFMppN26GQSZk6EELpz46u4caGIW1/BnW/jtM1CW38Y+PjPOZw5f5BwpsC2v43Syura+kZ5s7K1vbO7Z+4fdFScSkLbJOax7AVYUc4EbQMDTnuJpDgKOO0G45tpvftApWKxuIcsoV6Eh4KFjGDQlm8euyL1Rc0FnLoQn7tMhJCdaZyTb1btuj2TtQxOAVVUqO WbX+4gJmlEBRCOleo7dgJejiUwwumk4qaKJpiM8ZD2NQocUeXlszsm1ql2BlYYS/0EWDP390SOI6WyKNCdEYaRWqxNzf9q/RTCay9nIkmBCjJfFKbcgtiahmINmKQEeKYBE8n0Xy0ywhIT0NFVdAjO4snL0LmoO5f1xl2j2mwUcZTRETpBNeSgK9REt6iF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+iPjM8fR46ZjA==</latexit>

⌫n(⌧ ! �1) ! 1
<latexit sha1_base64="0P780k+/cqr+N5Vbp/rOQm+opM0=">AAACFnicbVDLSsNAFJ3UV62vqks3g0Vw05JIUTdCwY3LKvYBTQiT6aQdOpmEeQgl5Cvc+CtuXCjiVtz5N06bLLT1wjDnnnsuM+cECaNS2fa3VVpZXVvfKG9WtrZ3dveq+wddGWuBSQfHLBb9AEnCKCcdRRUj/UQQFAWM9ILJ9WzeeyBC0pjfq2lCvAiNOA0pRspQfrV+5/OruhsKhFMnS12ufZ7l7TBvzK2QzlwVQ6Ov2Q17XnAZOAWogaLafvXLHcZYR4QrzJCUA8dOlJcioShmJKu4WpIE4QkakYGBHEVEeuncVgZPDDOEYSzM4QrO2d8bKYqknEaBUUZIjeXibEb+NxtoFV56KeWJVoTj/KFQM2gszjKCQyoIVmxqAMKCmr9CPEYmE2WSrJgQnEXLy6B71nDOG83bZq3VLOIogyNwDE6BAy5AC9yANugADB7BM3gFb9aT9WK9Wx+5tGQVO4fgT1mfP53moEU=</latexit>

Rn = � 1

⌫n

d⌫n
d⌧

! n

Conclusion: The tunneling b.c. uniquely determine the wave function.
It describes a dS universe nucleating with the field
in the Bunch-Davies state.

<latexit sha1_base64="9T4PXGuVNr2FAl1agKKAhTOVK+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcGiURG9cbbtMtgNaJV5IGlOiM61+jSUxSQaUhHGs99NzE+BlWhhFOF7VRqmmCyQxP6dBSiQXVflbcukAXVpmgMFa2pEGF+nsiw0LruQhsp8Am0qteLv7nDVMT3voZk0lqqCTLRWHKkYlR/jiaMEWJ4XNLMFHM3opIhBUmxsZTsyF4qy+vk95V07tuth5ajXarjKMKZ3AOl+DBDbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPHxJAjjo=</latexit>

�

0
<latexit sha1_base64="Ko/L2GJAclbHApviFiN477ZWFOs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXFvVY8NJjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFvZkkNIjxULCIEWys1Ko/ZBfetF+uuFV3DrRKvJxUIEejX/7qDSRJYyoM4VjrrucmJsiwMoxwOi31Uk0TTMZ4SLuWChxTHWTza6fozCoDFEllSxg0V39PZDjWehKHtjPGZqSXvZn4n9dNTXQTZEwkqaGCLBZFKUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oJINwVt+eZW0LqveVdW/8ys1P4+jCCdwCufgwTXUoA4NaAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz/uko6t</latexit>

H
�1

<latexit sha1_base64="26GYZm9Q8zksRU8lqcbIXCHffU0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvHisYNpCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWxyya/jy2G15jbcBdA68QpSgwLtYfVrMIpJKqg0hGOt+56bmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z33Wg+NGutZhFHGc7gHOrgwQ204B7a4AOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uLY2k</latexit>

U(a)

<latexit sha1_base64="36t4rX9P3VSMi9/8/sfJWyyAiTU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwhWM4A==</latexit>a

The regularity condition is equivalent to Robin b.c. at            . 
<latexit sha1_base64="qK9Lrf+M4Ssmz2sldsT1yt43BT0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUF+4B2KJk0bWMzyZDcEcrQf3DjQhG3/o87/8a0nYW2HggczrmX3HOiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdUculULyBAiVvJ4bTOJK8FY1vZ37riRsrtHrAScLDmA6VGAhG0UlN2kVN/F6p7Ff8OcgqCXJShhz1Xumr29csjblCJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HFY25DbP5tVNy7pQ+GWjjnkIyV39vZDS2dhJHbjKmOLLL3kz8z+ukOLgJM6GSFLlii48GqSQu4iw66QvDGcqJI5QZ4W4lbEQNZegKKroSguXIq6R5WQmuKtX7arlWzesowCmcwQUEcA01uIM6NIDBIzzDK7x52nvx3r2Pxeial++cwB94nz/dNY6h</latexit>

a ! 0

Vachaspati & A.V (1988)
A.V. & Yamada (2018)          

This is now really a b.c.



PATH INTEGRAL APPROACH



Leading order

<latexit sha1_base64="OFhFECJHjIGcJ+EycOPxiSiNd3c=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTNS1I1Q0YUrqWir0KnDnTSjwUxmSO4IZai/48ZfceNCEbd+iOljUR8HQs4991ySe8JUCoOu++FMTE5Nz8wW5orzC4tLy6WV1aZJMs14gyUy0dchGC6F4g0UKPl1qjnEoeRX4f1xv3/1wLURibrEbsrbMdwqEQkGaKWgdOSnRmzBThSo7UNfKAzcG3tF2KWds36d+wwkPekBHa+s/Z Hym1xc9IJS2a24A9C/xBuRMhmhHpRe/U7CspgrZBKMaXluiu0cNAomea/oZ4anwO7hlrcsVRBz084Hq/boplU6NEq0PQrpQB2fyCE2phuH1hkD3pnfvb74X6+VYXTQzoVKM+SKDR+KMkkxof3caEdozlDaWAQwLexfKbsDDQxtukUbgvd75b+kuVvx9irV82q5Vh3FUSDrZINsEY/skxo5JXXSIIw8kRfyRt6dZ+fV+XA+h9YJZzSzRn7A+foG8PCm+Q==</latexit>

 (a, fn) =

Z 1

0
dN

Z
Da

Z
Dfn eiS

Halliwell & Louko (1990)

<latexit sha1_base64="mGrMpLVOX1cYi+D2bHhQkFJ12xc=">AAACJXicbVDLSgMxFM3UV62vUZdugkVQkDojRV0oFNy4KhWtCp12yKSZNpjJDMkdoQzzM278FTcuLCK48ldMHwtfB0IO55xLck+QCK7BcT6swszs3PxCcbG0tLyyumavb9zoOFWUNWksYnUXEM0El6wJHAS7SxQjUSDYbXB/PvJvH5jSPJbXMEhYOyI9yUNOCRjJt0+9RHPf2SW+u3fmcQm+0zFXCAPshYrQrFvPs3oncw8O8x yzTsavJun9+l7u22Wn4oyB/xJ3SspoioZvD71uTNOISaCCaN1ynQTaGVHAqWB5yUs1Swi9Jz3WMlSSiOl2Nt4yxztG6eIwVuZIwGP1+0RGIq0HUWCSEYG+/u2NxP+8VgrhSTvjMkmBSTp5KEwFhhiPKsNdrhgFMTCEUMXNXzHtE1MOmGJLpgT398p/yc1hxT2qVC+r5Vp1WkcRbaFttItcdIxq6AI1UBNR9Iie0SsaWk/Wi/VmvU+iBWs6s4l+wPr8Au6ho6A=</latexit>

 0(a1) =

Z 1

0

dN

N1/2
eiS0(a1,N)

The path integral over    can be done exactly:     

<latexit sha1_base64="W6W9c336NnCWtUiJLCo7LasJLZQ="></latexit>

S0(a1, N) = 6⇡2
⇥
N

3(H4
/12) +N

�
1�H

2
a
2
1/2

�
� a

4
1/4N

⇤

Use saddle point approximation.     

<latexit sha1_base64="kLWmW4KiXHaY6h/6tgYa52abRIU=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1BByoyU6kYo6MKVKNoqdOpwJ81oaCYzJHeEMtQvceOvuHGhiLjzb0wfC18HQk7OuZebe8JUCoOu++lMTE5Nz8zOzRcWFpeWV4qra02TZJrxBktkoq9CMFwKxRsoUPKrVHOIQ8kvw+7hwL+849qIRF1gL+XtGG6UiAQDtFJQrPmpEYFbhsDbPvCFwsC9tleEPdo5Gbxzn4GkR32g9/w6F+ dl2DnZ7gfFkltxh6B/iTcmJTLGaVD88DsJy2KukEkwpuW5KbZz0CiY5P2CnxmeAuvCDW9ZqiDmpp0P9+vTLat0aJRoexTSofq9I4fYmF4c2soY8Nb89gbif14rw2i/nQuVZsgVGw2KMkkxoYOwaEdozlDaLAQwLexfKbsFDQxtpAUbgvd75b+kuVvxapXqWbVUr47jmCMbZJOUiUf2SJ0ck1PSIIw8kCfyQl6dR+fZeXPeR6UTzrhnnfyA8/kF17OhlQ==</latexit>

 0(a1) =

Z 1

0
dN

Z
Da eiS(a,N)

<latexit sha1_base64="qe+KUKJpbzE/nXErhLLVlGRPZV4=">AAACTHicbVBNaxsxENU6aZq6X2577EXEFBxam11j0lwKgVxyMimNk4D3g1lZa4totYs0GzBif2AuOeSWX9FLDy0lEPnjkCZ9IObx3oxGemkphUHfv/UaG5vPtp5vv2i+fPX6zdvWu/enpqg04yNWyEKfp2C4FIqPUKDk56XmkKeSn6UXhwv/7JJrIwp1gvOSRzlMlcgEA3RS0mI/OvBluPttLyxF3KehUJjYrisZzuvYhhwhCW oaSp7huBtmGpi14aRACnXcr+2w/jyEuL/0O0H3yN0BMYRaTGe4uypR0mr7PX8J+pQEa9ImaxwnrRu3gVU5V8gkGDMO/BIjCxoFk7xuhpXhJbALmPKxowpybiK7DKOmn5wyoVmh3VFIl+rDCQu5MfM8dZ054Mw89hbi/7xxhdl+ZIUqK+SKrRZllaRY0EWydCI0ZyjnjgDTwr2Vshm4wNDl33QhBI+//JSc9nvBXm/wfdA+GKzj2CYfyQ7pkIB8JQfkiByTEWHkivwkv8kf79r75f317latDW8984H8g8bWPdMxsqM=</latexit>

S(a,N) = 6⇡2

Z ⌘1

�1


� ȧ

2

N
+Na

2
�
1�H

2
a
a
��

<latexit sha1_base64="36t4rX9P3VSMi9/8/sfJWyyAiTU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AwhWM4A==</latexit>a

<latexit sha1_base64="X/52fie0zaR14SsK+KFYDtDTgCQ=">AAACDnicbVDLSgMxFM3UV62vUZduBkuhBS0zUtRNoeDGZQX7gM5QMmmmDc1khuSOUEr7A278FTcuFHHr2p1/Y9rOQlsPJBzOuZfkHD/mTIFtfxuZtfWNza3sdm5nd2//wDw8aqookYQ2SMQj2faxopwJ2gAGnLZjSXHoc9ryhzczv/VApWKRuIdRTL0Q9wULGMGgpa5ZwEWXAu46paq+zqbT6UJwIbLOXSYCGJWqdtfM22V7DmuVOCnJoxT1rvnl9iKShFQA4VipjmPH4I2xBEY4neTcRNEYkyHu046mAodUeeN5nIlV0ErPCiKpjwBrrv7eGONQqVHo68kQw0AtezPxP6+TQHDtjZmIE6CCLB4KEm7prLNurB6TlAAfaYKJZPqvFhlgiQnoBnO6BGc58ippXpSdy3LlrpKvVdI6sugEnaIictAVqqFbVEcNRNAjekav6M14Ml6Md+NjMZox0p1j9AfG5w+dapqL</latexit>

a(⌘1) = a1, a(⌘ ! �1) = 0
<latexit sha1_base64="LkswnBob45QaOipiB5pTU0HjcKw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWNF+wFtLJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbT6g0j+WDmSToR3QoecgZNVa6p4/VfqnsVtw5yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbus1O5q5Xotj6MAp3AGF+DBFdThFhrQBAZDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwDnTo2E</latexit>

a2



<latexit sha1_base64="mGrMpLVOX1cYi+D2bHhQkFJ12xc="></latexit>

 0(a1) =

Z 1

0

dN

N1/2
eiS0(a1,N)

•

•

•

•
<latexit sha1_base64="wjWb9ygTl3YDzBFCp2EKH1PHxWk=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4kmq2A9pQ9lsJ+3S3STsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWj66nfekKleRw9mHGCvqSDiIecUWOlx6yrJLnHyW2vVHYr7gxkmXg5KUOOeq/01e3HLJUYGSao1h3PTYyfUWU4EzgpdlONCWUjOsCOpRGVqP1sdvCEnFqlT8JY2YoMmam/JzIqtR7LwHZKaoZ60ZuK/3md1IRXfsajJDUYsfmiMBXExGT6PelzhcyIsSWUKW5vJWxIFWXGZlS0IXiLLy+T5nnFu6hU76rlWjWPowDHcAJn4MEl1OAG6tAABhKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fdgmQJw==</latexit>

ReN

<latexit sha1_base64="1b2h/5XYMViEfAZiB51BO+5MXxI=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgRS8SwTwkWcLsZDYZMo9lZlYIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj66nfeqLaMCUf7DihocADyWJGsHXSY9bVAt2KyV2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wSXFSq99VyrZrHUYBjOIEzCOASanADdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPdHqQJg==</latexit>

ImN

Pickard-Lefshetz prescription:

Deform the contour so that it passes through a saddle 
point following steepest ascent/descent lines. 

Only one saddle point is relevant:    

Saddle points:     
<latexit sha1_base64="C74ifdfha51WwlAklqo+Fkt4FxY=">AAACAHicbZDLSgMxFIbPeK31NurChZtgEVzVGSnqRii4cSUV7QXaoWTSTBuayQxJRihDN76KGxeKuPUx3Pk2ZtpBtPWHwMd/zklyfj/mTGnH+bIWFpeWV1YLa8X1jc2tbXtnt6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3iV1ZsPVCoWiXs9iqkX4r5gASNYG6tr73diLDXDHN2d/ODNpdO1S07ZmQjNg5tDCXLVuvZnpxeRJKRCE46VartOrL00u5FwOi52EkVjTIa4T9sGBQ6p8tLJAmN0ZJweCiJpjtBo4v6eSHGo1Cj0TWeI9UDN1jLzv1o70cGFlzIRJ5oKMn0oSDjSEcrSQD0mKdF8ZAATycxfERlgiYk2mRVNCO7syvPQOC27Z+XKbaVUreRxFOAADuEYXDiHKlxDDepAYAxP8AKv1qP1bL1Z79PWBSuf2YM/sj6+AWtflZs=</latexit>

@S/@N = 0
<latexit sha1_base64="sIePqc/51yYU3Vs6QJRtUMp/cnM=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiDEQ+LMENSLEPCSk0QwC2SS0NPpSZr0LHbXCGHIZ3jxV7x4UMRrbv6NneWgiQ8KHu9VUVXPjQRXYJrfRmptfWNzK72d2dnd2z/IHh7VVRhLymo0FKFsukQxwQNWAw6CNSPJiO8K1nCHt1O/8cSk4mHwAKOItX3SD7jHKQEtdbMXdzdO5ONKJynYY0cwD/JcC456lJBUOjYmXatjF6yxI3 l/AOfdbM4smjPgVWItSA4tUO1mJ04vpLHPAqCCKNWyzAjaCZHAqWDjjBMrFhE6JH3W0jQgPlPtZPbYGJ9ppYe9UOoKAM/U3xMJ8ZUa+a7u9AkM1LI3Ff/zWjF41+2EB1EMLKDzRV4sMIR4mhLucckoiJEmhEqub8V0QCShoLPM6BCs5ZdXSd0uWpfF0n0pVy4t4kijE3SK8shCV6iMKqiKaoiiZ/SK3tGH8WK8GZ/G17w1ZSxmjtEfGJMffQeexg==</latexit>

N = ±H
�2

✓
i±

q
H2a21 � 1

◆

<latexit sha1_base64="tlcouU05aWK/ii+n2942T/QN70U=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMiGEmBPUiBLzkJBHMApkk9HR6kiY9i901QhjyCV78FS8eFPHq0Zt/Y2c5aOKDgsd7VVTVcyPBFVjWt5FaWl5ZXUuvZzY2t7Z3zN29mgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Hrs1x+YVDwM7mAYsZZPegH3OCWgpY55fHNVbidn9sgRzIMcP3XUvYSk3C5g0rHbhZEjea8PJx0za+WtCfAisWcki2aodMwvpxvS2GcBUEGUatpWBK2ESOBUsFHGiRWLCB2QHmtqGhCfqVYyeWiEj7TSxV4odQWAJ+rviYT4Sg19V3f6BPpq3huL/3nNGLzLVsKDKAYW0OkiLxYYQjxOB3e5ZBTEUBNCJde3YtonklDQGWZ0CPb8y4ukVsjb5/nibTFbKs7iSKMDdIhyyEYXqITKqIKqiKJH9Ixe0ZvxZLwY78bHtDVlzGb20R8Ynz+kSpuw</latexit>

N = H
�1

✓
i+

q
H2a21

◆

Halliwell & Louko (1990)
Feldbrugge, Lehners & Turok (2017)

<latexit sha1_base64="M10tJ1g7ZChuQuLTHi3OcS3o+9A=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahHiy7UtSTFLz0WMF+QLuWbJptQ7PZkGSFsvRvePGgiFf/jDf/jWm7B219MPB4b4aZeYHkTBvX/XZya+sbm1v57cLO7t7+QfHwqKXjRBHaJDGPVSfAmnImaNMww2lHKoqjgNN2ML6b+e0nqjSLxYOZSOpHeChYyAg2VuqVcd+7rT+mF970vF8suRV3DrRKvIyUIEOjX/zqDWKSRFQYwr HWXc+Vxk+xMoxwOi30Ek0lJmM8pF1LBY6o9tP5zVN0ZpUBCmNlSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjjp0zIxFBBFovChCMTo1kAaMAUJYZPLMFEMXsrIiOsMDE2poINwVt+eZW0LiveVaV6Xy3VqlkceTiBUyiDB9dQgzo0oAkEJDzDK7w5ifPivDsfi9ack80cwx84nz8gj5Bp</latexit>

(a1 > H
�1)



<latexit sha1_base64="mGrMpLVOX1cYi+D2bHhQkFJ12xc="></latexit>

 0(a1) =

Z 1

0

dN

N1/2
eiS0(a1,N)

•

•

•

•
<latexit sha1_base64="wjWb9ygTl3YDzBFCp2EKH1PHxWk=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4kmq2A9pQ9lsJ+3S3STsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWj66nfekKleRw9mHGCvqSDiIecUWOlx6yrJLnHyW2vVHYr7gxkmXg5KUOOeq/01e3HLJUYGSao1h3PTYyfUWU4EzgpdlONCWUjOsCOpRGVqP1sdvCEnFqlT8JY2YoMmam/JzIqtR7LwHZKaoZ60ZuK/3md1IRXfsajJDUYsfmiMBXExGT6PelzhcyIsSWUKW5vJWxIFWXGZlS0IXiLLy+T5nnFu6hU76rlWjWPowDHcAJn4MEl1OAG6tAABhKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fdgmQJw==</latexit>

ReN

<latexit sha1_base64="1b2h/5XYMViEfAZiB51BO+5MXxI=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgRS8SwTwkWcLsZDYZMo9lZlYIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj66nfeqLaMCUf7DihocADyWJGsHXSY9bVAt2KyV2vVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wSXFSq99VyrZrHUYBjOIEzCOASanADdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPdHqQJg==</latexit>

ImN

Pickard-Lefshetz prescription:

Deform the contour so that it passes through a saddle 
point following steepest ascent/descent lines. 

Only one saddle point is relevant:     

Saddle points:     
<latexit sha1_base64="C74ifdfha51WwlAklqo+Fkt4FxY=">AAACAHicbZDLSgMxFIbPeK31NurChZtgEVzVGSnqRii4cSUV7QXaoWTSTBuayQxJRihDN76KGxeKuPUx3Pk2ZtpBtPWHwMd/zklyfj/mTGnH+bIWFpeWV1YLa8X1jc2tbXtnt6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3iV1ZsPVCoWiXs9iqkX4r5gASNYG6tr73diLDXDHN2d/ODNpdO1S07ZmQjNg5tDCXLVuvZnpxeRJKRCE46VartOrL00u5FwOi52EkVjTIa4T9sGBQ6p8tLJAmN0ZJweCiJpjtBo4v6eSHGo1Cj0TWeI9UDN1jLzv1o70cGFlzIRJ5oKMn0oSDjSEcrSQD0mKdF8ZAATycxfERlgiYk2mRVNCO7syvPQOC27Z+XKbaVUreRxFOAADuEYXDiHKlxDDepAYAxP8AKv1qP1bL1Z79PWBSuf2YM/sj6+AWtflZs=</latexit>

@S/@N = 0
<latexit sha1_base64="sIePqc/51yYU3Vs6QJRtUMp/cnM=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiDEQ+LMENSLEPCSk0QwC2SS0NPpSZr0LHbXCGHIZ3jxV7x4UMRrbv6NneWgiQ8KHu9VUVXPjQRXYJrfRmptfWNzK72d2dnd2z/IHh7VVRhLymo0FKFsukQxwQNWAw6CNSPJiO8K1nCHt1O/8cSk4mHwAKOItX3SD7jHKQEtdbMXdzdO5ONKJynYY0cwD/JcC456lJBUOjYmXatjF6yxI3 l/AOfdbM4smjPgVWItSA4tUO1mJ04vpLHPAqCCKNWyzAjaCZHAqWDjjBMrFhE6JH3W0jQgPlPtZPbYGJ9ppYe9UOoKAM/U3xMJ8ZUa+a7u9AkM1LI3Ff/zWjF41+2EB1EMLKDzRV4sMIR4mhLucckoiJEmhEqub8V0QCShoLPM6BCs5ZdXSd0uWpfF0n0pVy4t4kijE3SK8shCV6iMKqiKaoiiZ/SK3tGH8WK8GZ/G17w1ZSxmjtEfGJMffQeexg==</latexit>

N = ±H
�2

✓
i±

q
H2a21 � 1

◆

<latexit sha1_base64="18uAQkbUGrk3fDaDyL6dJKAV3Cw="></latexit>

 (a1) / exp


�4⇡2

H2
� i

4⇡2

H2

�
H

2
a
2
1 � 1

�3/2
�

Large H are favored
Expanding universe
à Satisfies the outgoing

wave condition.

<latexit sha1_base64="tlcouU05aWK/ii+n2942T/QN70U=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMiGEmBPUiBLzkJBHMApkk9HR6kiY9i901QhjyCV78FS8eFPHq0Zt/Y2c5aOKDgsd7VVTVcyPBFVjWt5FaWl5ZXUuvZzY2t7Z3zN29mgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Hrs1x+YVDwM7mAYsZZPegH3OCWgpY55fHNVbidn9sgRzIMcP3XUvYSk3C5g0rHbhZEjea8PJx0za+WtCfAisWcki2aodMwvpxvS2GcBUEGUatpWBK2ESOBUsFHGiRWLCB2QHmtqGhCfqVYyeWiEj7TSxV4odQWAJ+rviYT4Sg19V3f6BPpq3huL/3nNGLzLVsKDKAYW0OkiLxYYQjxOB3e5ZBTEUBNCJde3YtonklDQGWZ0CPb8y4ukVsjb5/nibTFbKs7iSKMDdIhyyEYXqITKqIKqiKJH9Ixe0ZvxZLwY78bHtDVlzGb20R8Ynz+kSpuw</latexit>

N = H
�1

✓
i+

q
H2a21

◆

<latexit sha1_base64="WcuLxSL8cCvgY7O7I+f/65JLYtE=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFakJJIUTdCwY0rqWgf0MQwmU7aoTNJmJkIJXTnxl9x40IRt/6CO//GSZuFth64cDjnXu69x48Zlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH15mfvuBCEmj8E6NYuJy1A9pQDFSWvLMAyeWtIw8u+JIyiG5T+mtZ2XC8XVlfOGZJatqTQDniZ 2TEsjR8MwvpxfhhJNQYYak7NpWrNwUCUUxI+Oik0gSIzxEfdLVNEScSDed/DGGR1rpwSASukIFJ+rviRRxKUfc150cqYGc9TLxP6+bqODcTWkYJ4qEeLooSBhUEcxCgT0qCFZspAnCgupbIR4ggbDS0RV1CPbsy/OkdVK1T6u1m1qpXsvjKIB9cAjKwAZnoA6uQAM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8AGhaXgA==</latexit>

 (a1) ⇠ eiS0(a1,N) =

Halliwell & Louko (1990)
Feldbrugge, Lehners & Turok (2017)

<latexit sha1_base64="M10tJ1g7ZChuQuLTHi3OcS3o+9A=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahHiy7UtSTFLz0WMF+QLuWbJptQ7PZkGSFsvRvePGgiFf/jDf/jWm7B219MPB4b4aZeYHkTBvX/XZya+sbm1v57cLO7t7+QfHwqKXjRBHaJDGPVSfAmnImaNMww2lHKoqjgNN2ML6b+e0nqjSLxYOZSOpHeChYyAg2VuqVcd+7rT+mF970vF8suRV3DrRKvIyUIEOjX/zqDWKSRFQYwr HWXc+Vxk+xMoxwOi30Ek0lJmM8pF1LBY6o9tP5zVN0ZpUBCmNlSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjjp0zIxFBBFovChCMTo1kAaMAUJYZPLMFEMXsrIiOsMDE2poINwVt+eZW0LiveVaV6Xy3VqlkceTiBUyiDB9dQgzo0oAkEJDzDK7w5ifPivDsfi9ack80cwx84nz8gj5Bp</latexit>

(a1 > H
�1)



Including  perturbations
<latexit sha1_base64="yTH4vCeXsmS6fnAZ3TiwDDtMbWs="></latexit>

 (a1, fn1) = eiS0(a1,N)
Y

n

Z
Dfne

iSn(fn,N)
<latexit sha1_base64="FNNDQmJva47nFjLNoiqdO9n+M/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU9Vj04rGi/YA0ls120i7d7IbdjVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXJpxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kqCi0quVTdkGjgTEDLMMOhmyggccihE45vpn7nCZRmUjyYSQJBTIaCRYwSYyUfHjN238+uRZ73K1W35s6Al4lXkCoq0OxXvnoDSdMYhKGcaO17bmKCjCjDKIe83Es1JISOyRB8SwWJQQfZ7OQcn1plgCOpbAmDZ+rviYzEWk/i0HbGxIz0ojcV//P81ERXQcZEkhoQdL4oSjk2Ek//xwOmgBo+sYRQxeytmI6IItTYlMo2BG/x5WXSPq95F7X6Xb3aqBdxlNAxOkFnyEOXqIFuURO1EEUSPaNX9OYY58V5dz7mrStOMXOE/sD5/AGFkpFh</latexit>

eiSBn

<latexit sha1_base64="NJTIu3xKf1j7E8Z5Y+4resa5MB8="></latexit>

Sn(fn, N) =
1

2

Z ⌘1

�1
d⌘

✓
1

N
ḟ2
n �N!2

nf
2
n

◆
+ SBn

<latexit sha1_base64="FEdqepiQHKyWKjMFSli+MG5uzJY="></latexit>

fn(⌘1) = fn1, fn(⌘0) / einN⌘0 (⌘0 ! �1)

<latexit sha1_base64="tlcouU05aWK/ii+n2942T/QN70U=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMiGEmBPUiBLzkJBHMApkk9HR6kiY9i901QhjyCV78FS8eFPHq0Zt/Y2c5aOKDgsd7VVTVcyPBFVjWt5FaWl5ZXUuvZzY2t7Z3zN29mgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Hrs1x+YVDwM7mAYsZZPegH3OCWgpY55fHNVbidn9sgRzIMcP3XUvYSk3C5g0rHbhZEjea8PJx0za+WtCfAisWcki2aodMwvpxvS2GcBUEGUatpWBK2ESOBUsFHGiRWLCB2QHmtqGhCfqVYyeWiEj7TSxV4odQWAJ+rviYT4Sg19V3f6BPpq3huL/3nNGLzLVsKDKAYW0OkiLxYYQjxOB3e5ZBTEUBNCJde3YtonklDQGWZ0CPb8y4ukVsjb5/nibTFbKs7iSKMDdIhyyEYXqITKqIKqiKJH9Ixe0ZvxZLwY78bHtDVlzGb20R8Ynz+kSpuw</latexit>

N = H
�1

✓
i+

q
H2a21

◆

To ensure regularity

<latexit sha1_base64="T9lGxXLyEOpoZHUxYyM6M60S8uw=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIp6kYouHElFewDmlImk0k7dDIJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDCmXPuZe49fsKZ0o7zbS0tr6yurZc2yptb2zu79t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Hritx+oVCwW93qc0F6EB4KFjGBtpL596IUSkywI+yLPAo9qnF8xcYvMu29XnKozBVokbkEqUKDRt7+8ICZpRIUmHCvVdZ1E9zIsNSOc5mUvVTTBZIQHtGuowBFVvWx6Q45OjBKgMJamhEZT9fdEhiOlxpFvOiOsh2rem4j/ed1Uh5e9jIkk1VSQ2UdhypGO0SQQFDBJieZjQzCRzOyKyBCbULSJrWxCcOdPXiSts6p7Xq3d1Sr1WhFHCY7gGE7BhQuoww00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucPNuiX2A==</latexit>

dfn
d⌘

= inNfn



Including  perturbations
<latexit sha1_base64="yTH4vCeXsmS6fnAZ3TiwDDtMbWs="></latexit>

 (a1, fn1) = eiS0(a1,N)
Y

n

Z
Dfne

iSn(fn,N)

This path integral can be done exactly.

Disregard         for now.     

<latexit sha1_base64="FNNDQmJva47nFjLNoiqdO9n+M/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU9Vj04rGi/YA0ls120i7d7IbdjVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXJpxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kqCi0quVTdkGjgTEDLMMOhmyggccihE45vpn7nCZRmUjyYSQJBTIaCRYwSYyUfHjN238+uRZ73K1W35s6Al4lXkCoq0OxXvnoDSdMYhKGcaO17bmKCjCjDKIe83Es1JISOyRB8SwWJQQfZ7OQcn1plgCOpbAmDZ+rviYzEWk/i0HbGxIz0ojcV//P81ERXQcZEkhoQdL4oSjk2Ek//xwOmgBo+sYRQxeytmI6IItTYlMo2BG/x5WXSPq95F7X6Xb3aqBdxlNAxOkFnyEOXqIFuURO1EEUSPaNX9OYY58V5dz7mrStOMXOE/sD5/AGFkpFh</latexit>

eiSBn

<latexit sha1_base64="3K+AYxcm2o2wBp+JuRhVL6tQR/Q=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs200myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w9aRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uHj9dRvPzFtuJL3dpywICZDySNOiXVS666fXclJv1zxqt4MeJn4OalAjka//NUbKJrGTFoqiDFd30tskB FtORVsUuqlhiWEPpIh6zoqScxMkM2uneATpwxwpLQrafFM/T2RkdiYcRy6zpjYkVn0puJ/Xje10WWQcZmklkk6XxSlAluFp6/jAdeMWjF2hFDN3a2Yjogm1LqASi4Ef/HlZdI6q/rn1dptrVKv5XEU4QiO4RR8uIA63EADmkDhAZ7hFd6QQi/oHX3MWwsonzmEP0CfP327jws=</latexit>

SBn

<latexit sha1_base64="NJTIu3xKf1j7E8Z5Y+4resa5MB8="></latexit>

Sn(fn, N) =
1

2
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nf
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n

◆
+ SBn

<latexit sha1_base64="FEdqepiQHKyWKjMFSli+MG5uzJY="></latexit>

fn(⌘1) = fn1, fn(⌘0) / einN⌘0 (⌘0 ! �1)

<latexit sha1_base64="yTH4vCeXsmS6fnAZ3TiwDDtMbWs="></latexit>

 (a1, fn1) = eiS0(a1,N)
Y

n

Z
Dfne

iSn(fn,N)
<latexit sha1_base64="NeBzvAqcW8i+76XWvyZZYzmopRg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7QeksWy2m3bpZjfsboQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObmZ+94kqzaR4MNOEBjEeCRYxgo2VfPqYsftBJtw8H1Rrbt2dA60SryA1KNAaVL/6Q0nSmApDONba99zEBBlWhhFO80o/1TTBZIJH1LdU4JjqIJufnKMzqwxRJJUtYdBc/T2R4VjraRzazhibsV72ZuJ/np+a6DrImEhSQwVZLIpSjoxEs//RkClKDJ9agoli9lZExlhhYmxKFRuCt/zyKulc1L3LeuOuUWs2ijjKcAKncA4eXEETbqEFbSAg4Rle4c0xzovz7nwsWktOMXMMf+B8/gBqUpFP</latexit>

eiSn0

<latexit sha1_base64="pSKs2NKglQbrsnGCA2ijsxbFITo="></latexit>

Sn0 =
1

2N

⇣
fn1ḟn1 � fn0ḟn0

⌘
+ SBn

<latexit sha1_base64="tlcouU05aWK/ii+n2942T/QN70U=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMiGEmBPUiBLzkJBHMApkk9HR6kiY9i901QhjyCV78FS8eFPHq0Zt/Y2c5aOKDgsd7VVTVcyPBFVjWt5FaWl5ZXUuvZzY2t7Z3zN29mgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Hrs1x+YVDwM7mAYsZZPegH3OCWgpY55fHNVbidn9sgRzIMcP3XUvYSk3C5g0rHbhZEjea8PJx0za+WtCfAisWcki2aodMwvpxvS2GcBUEGUatpWBK2ESOBUsFHGiRWLCB2QHmtqGhCfqVYyeWiEj7TSxV4odQWAJ+rviYT4Sg19V3f6BPpq3huL/3nNGLzLVsKDKAYW0OkiLxYYQjxOB3e5ZBTEUBNCJde3YtonklDQGWZ0CPb8y4ukVsjb5/nibTFbKs7iSKMDdIhyyEYXqITKqIKqiKJH9Ixe0ZvxZLwY78bHtDVlzGb20R8Ynz+kSpuw</latexit>

N = H
�1
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q
H2a21

◆

To ensure regularity

<latexit sha1_base64="T9lGxXLyEOpoZHUxYyM6M60S8uw=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIp6kYouHElFewDmlImk0k7dDIJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDCmXPuZe49fsKZ0o7zbS0tr6yurZc2yptb2zu79t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Hritx+oVCwW93qc0F6EB4KFjGBtpL596IUSkywI+yLPAo9qnF8xcYvMu29XnKozBVokbkEqUKDRt7+8ICZpRIUmHCvVdZ1E9zIsNSOc5mUvVTTBZIQHtGuowBFVvWx6Q45OjBKgMJamhEZT9fdEhiOlxpFvOiOsh2rem4j/ed1Uh5e9jIkk1VSQ2UdhypGO0SQQFDBJieZjQzCRzOyKyBCbULSJrWxCcOdPXiSts6p7Xq3d1Sr1WhFHCY7gGE7BhQuoww00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucPNuiX2A==</latexit>

dfn
d⌘

= inNfn



Including  perturbations
<latexit sha1_base64="yTH4vCeXsmS6fnAZ3TiwDDtMbWs="></latexit>

 (a1, fn1) = eiS0(a1,N)
Y

n

Z
Dfne

iSn(fn,N)

This path integral can be done exactly.

Disregard         for now.     

<latexit sha1_base64="FNNDQmJva47nFjLNoiqdO9n+M/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU9Vj04rGi/YA0ls120i7d7IbdjVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXJpxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kqCi0quVTdkGjgTEDLMMOhmyggccihE45vpn7nCZRmUjyYSQJBTIaCRYwSYyUfHjN238+uRZ73K1W35s6Al4lXkCoq0OxXvnoDSdMYhKGcaO17bmKCjCjDKIe83Es1JISOyRB8SwWJQQfZ7OQcn1plgCOpbAmDZ+rviYzEWk/i0HbGxIz0ojcV//P81ERXQcZEkhoQdL4oSjk2Ek//xwOmgBo+sYRQxeytmI6IItTYlMo2BG/x5WXSPq95F7X6Xb3aqBdxlNAxOkFnyEOXqIFuURO1EEUSPaNX9OYY58V5dz7mrStOMXOE/sD5/AGFkpFh</latexit>

eiSBn

<latexit sha1_base64="3K+AYxcm2o2wBp+JuRhVL6tQR/Q=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs200myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w9aRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uHj9dRvPzFtuJL3dpywICZDySNOiXVS666fXclJv1zxqt4MeJn4OalAjka//NUbKJrGTFoqiDFd30tskB FtORVsUuqlhiWEPpIh6zoqScxMkM2uneATpwxwpLQrafFM/T2RkdiYcRy6zpjYkVn0puJ/Xje10WWQcZmklkk6XxSlAluFp6/jAdeMWjF2hFDN3a2Yjogm1LqASi4Ef/HlZdI6q/rn1dptrVKv5XEU4QiO4RR8uIA63EADmkDhAZ7hFd6QQi/oHX3MWwsonzmEP0CfP327jws=</latexit>

SBn

<latexit sha1_base64="NJTIu3xKf1j7E8Z5Y+4resa5MB8="></latexit>

Sn(fn, N) =
1

2
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<latexit sha1_base64="FEdqepiQHKyWKjMFSli+MG5uzJY="></latexit>

fn(⌘1) = fn1, fn(⌘0) / einN⌘0 (⌘0 ! �1)

<latexit sha1_base64="yTH4vCeXsmS6fnAZ3TiwDDtMbWs="></latexit>

 (a1, fn1) = eiS0(a1,N)
Y

n

Z
Dfne

iSn(fn,N)
<latexit sha1_base64="NeBzvAqcW8i+76XWvyZZYzmopRg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7QeksWy2m3bpZjfsboQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObmZ+94kqzaR4MNOEBjEeCRYxgo2VfPqYsftBJtw8H1Rrbt2dA60SryA1KNAaVL/6Q0nSmApDONba99zEBBlWhhFO80o/1TTBZIJH1LdU4JjqIJufnKMzqwxRJJUtYdBc/T2R4VjraRzazhibsV72ZuJ/np+a6DrImEhSQwVZLIpSjoxEs//RkClKDJ9agoli9lZExlhhYmxKFRuCt/zyKulc1L3LeuOuUWs2ijjKcAKncA4eXEETbqEFbSAg4Rle4c0xzovz7nwsWktOMXMMf+B8/gBqUpFP</latexit>

eiSn0

<latexit sha1_base64="pSKs2NKglQbrsnGCA2ijsxbFITo="></latexit>

Sn0 =
1

2N

⇣
fn1ḟn1 � fn0ḟn0

⌘
+ SBn

<latexit sha1_base64="tlcouU05aWK/ii+n2942T/QN70U=">AAACEHicbVDJSgNBEO2JW4zbqEcvjUGMiGEmBPUiBLzkJBHMApkk9HR6kiY9i901QhjyCV78FS8eFPHq0Zt/Y2c5aOKDgsd7VVTVcyPBFVjWt5FaWl5ZXUuvZzY2t7Z3zN29mgpjSVmVhiKUDZcoJnjAqsBBsEYkGfFdweru4Hrs1x+YVDwM7mAYsZZPegH3OCWgpY55fHNVbidn9sgRzIMcP3XUvYSk3C5g0rHbhZEjea8PJx0za+WtCfAisWcki2aodMwvpxvS2GcBUEGUatpWBK2ESOBUsFHGiRWLCB2QHmtqGhCfqVYyeWiEj7TSxV4odQWAJ+rviYT4Sg19V3f6BPpq3huL/3nNGLzLVsKDKAYW0OkiLxYYQjxOB3e5ZBTEUBNCJde3YtonklDQGWZ0CPb8y4ukVsjb5/nibTFbKs7iSKMDdIhyyEYXqITKqIKqiKJH9Ixe0ZvxZLwY78bHtDVlzGb20R8Ynz+kSpuw</latexit>

N = H
�1

✓
i+

q
H2a21

◆

But
<latexit sha1_base64="tayoRW4OGx5rqMFo8Uxb/TpaSlc=">AAACInicbZDLSsNAFIYn3q23qks3g0WoC0sixctOcONKFGwrNDVMpift4GQSZk6EEuqruPFV3LhQ1JXgwzi9LLR6YODnO+dw5v/DVAqDrvvpTE3PzM7NLywWlpZXVteK6xt1k2SaQ40nMtHXITMghYIaCpRwnWpgcSihEd6eDvqNO9BGJOoKeym0YtZRIhKcoUVB8TgKcuX2/VQnKSYUbnKhzn1AFlhogS9UhD16f0/LA2rR3gjtBsWSW3GHRf8KbyxKZFwXQfHdbyc8i0Ehl8yYpuem2MqZRsEl9At+ZiBl/JZ1oGmlYjGYVj602Kc7lrRplGj7FNIh/bmRs9iYXhzayZhh10z2BvC/XjPD6KhlTacZguKjQ1EmqfU+yIu2hQaOsmcF41rYv1LeZZpxtKkWbAjepOW/or5f8Q4q1ctq6aQ6jmOBbJFtUiYeOSQn5IxckBrh5IE8kRfy6jw6z86b8zEanXLGO5vkVzlf373xpFo=</latexit>

fn0 / einN⌘0 ! 1 (⌘ ! �1)

(since                  ) 
<latexit sha1_base64="J3lX7zZQ5Hohsy2JyhHPmwYUZtk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj1JwYtepIL9gO5Ssmm2DU2yS5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5oUJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvHNzO88UaVZLB/NJKGBwEPJIkawsZKf+UqgOzFF99duv1xxq+4caJV4OalAjma//OUPYpIKKg3hWOue5yYmyLAyjHA6LfmppgkmYzykPUslFlQH2fzmKTqzygBFsbIlDZqrvycyLLSeiNB2CmxGetmbif95vdREV0HGZJIaKsliUZRyZGI0CwANmKLE8IklmChmb0VkhBUmxsZUsiF4yy+vkvZF1atXaw+1SqOWx1GEEziFc/DgEhpwC01oAYEEnuEV3pzUeXHenY9Fa8HJZ47hD5zPH8T4kNI=</latexit>

ImN > 0
<latexit sha1_base64="AypYKRC4AHvvAIwVXH8fGK4VVgM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeCF48V7Qc0IWy2m3bpZhN2J4UQ+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPj7p6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsnd3O/N2VK80Q+QZ4yPyYjySNOCRgpsG3+GBTSmXmQeFxGkAd23Wk4C+B14pakjkq0A/vLGyY0i5kEKojWA9dJwS+IAk4Fm9W8TLOU0AkZsYGhksRM+8Xi8hm+MMoQR4kyJQEv1N8TBYm1zuPQdMYExnrVm4v/eYMMolu/4DLNgEm6XBRlAkOC5zHgIVeMgsgNIVRxcyumY6IIBRNWzYTgrr68TrpXDfe60Xxo1lvNMo4qOkPn6BK56Aa10D1qow6iaIqe0St6swrrxXq3PpatFaucOUV/YH3+AMuGk7w=</latexit>

iSn0 ! 1

<latexit sha1_base64="GVAVWp8PSUq0PLA/32gFe912SPQ=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WoB0siRT0WvHisYD+gCWGz3bRLN5uwOxFCqX/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMC1PBNTjOt7W2vrG5tV3aKe/u7R8c2kfHHZ1kirI2TUSieiHRTHDJ2sBBsF6qGIlDwbrh+Hbmdx+Z0jyRD5CnzI/JUPKIUwJGCuxKzWNAAseDBF94XEaQnwd21ak7c+BV4hakigq0AvvLGyQ0i5kEKojWfddJwZ8QBZwKNi17mWYpoWMyZH1DJYmZ9ifz46f4zCgDHCXKlAQ8V39PTEisdR6HpjMmMNLL3kz8z+tnEN34Ey7TDJiki0VRJrD5dJYEHnDFKIjcEEIVN7diOiKKUDB5lU0I7vLLq6RzWXev6o37RrXZKOIooRN0imrIRdeoie5QC7URRTl6Rq/ozXqyXqx362PRumYVMxX0B9bnD2Dmk+w=</latexit>

(⌘0 ! �1)

If we drop the Robin b.c., then we lose regularity  
uncontrolled fluctuations. 

To ensure regularity

<latexit sha1_base64="T9lGxXLyEOpoZHUxYyM6M60S8uw=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIp6kYouHElFewDmlImk0k7dDIJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDCmXPuZe49fsKZ0o7zbS0tr6yurZc2yptb2zu79t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Hritx+oVCwW93qc0F6EB4KFjGBtpL596IUSkywI+yLPAo9qnF8xcYvMu29XnKozBVokbkEqUKDRt7+8ICZpRIUmHCvVdZ1E9zIsNSOc5mUvVTTBZIQHtGuowBFVvWx6Q45OjBKgMJamhEZT9fdEhiOlxpFvOiOsh2rem4j/ed1Uh5e9jIkk1VSQ2UdhypGO0SQQFDBJieZjQzCRzOyKyBCbULSJrWxCcOdPXiSts6p7Xq3d1Sr1WhFHCY7gGE7BhQuoww00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucPNuiX2A==</latexit>

dfn
d⌘

= inNfn



The boundary term

The choice of the boundary term depends on the boundary conditions.
Dirichlet b.c. (fixing      at      and     ) do not require any boundary term.

<latexit sha1_base64="UX616j2k7so5Z8jxhVwv/Ynj0QI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzIQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlev1u5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0twjcY=</latexit>

fn
<latexit sha1_base64="OtTRas+FwdC8QGo7tlzIl56VHz4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXY605/dKZb/iz0FWSZCTMuSo90pf3b5mWcIVMkmt7QR+iuGEGhRM8mmxm1meUjaiA95xVNGE23Ayv3ZKzp3SJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUNGFECy/vEqal5XgqlK9r5Zr1TyOApzCGVxAANdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDLcaO1g==</latexit>⌘0

<latexit sha1_base64="FJIOxD2MivuHpKR9dJ3x0unk+P8=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeGQ4NrqU07YhakUNBAgRLaqQGWRBJa0eh25reewFih1QOOUwgTNlAiFpyhk5pdQNYLeqWyX/HnoKskyEmZ5Kj3Sl/dvuZZAgq5ZNZ2Aj/FcMIMCi5hWuxmFlLGR2wAHUcVS8CGk/m1U3rulD6NtXGlkM7V3xMTllg7TiLXmTAc2mVvJv7ndTKMb8KJUGmGoPhiUZxJiprOXqd9YYCjHDvCuBHuVsqHzDCOLqCiCyFYfnmVNC8rwVWlel8t16p5HAVySs7IBQnINamRO1InDcLJI3kmr+TN096L9+59LFrXvHzmhPyB9/kDL0qO1w==</latexit>⌘1

We have Dirichlet b.c. at      but Robin b.c. at     . <latexit sha1_base64="FJIOxD2MivuHpKR9dJ3x0unk+P8=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeGQ4NrqU07YhakUNBAgRLaqQGWRBJa0eh25reewFih1QOOUwgTNlAiFpyhk5pdQNYLeqWyX/HnoKskyEmZ5Kj3Sl/dvuZZAgq5ZNZ2Aj/FcMIMCi5hWuxmFlLGR2wAHUcVS8CGk/m1U3rulD6NtXGlkM7V3xMTllg7TiLXmTAc2mVvJv7ndTKMb8KJUGmGoPhiUZxJiprOXqd9YYCjHDvCuBHuVsqHzDCOLqCiCyFYfnmVNC8rwVWlel8t16p5HAVySs7IBQnINamRO1InDcLJI3kmr+TN096L9+59LFrXvHzmhPyB9/kDL0qO1w==</latexit>⌘1
<latexit sha1_base64="T9lGxXLyEOpoZHUxYyM6M60S8uw=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIp6kYouHElFewDmlImk0k7dDIJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDCmXPuZe49fsKZ0o7zbS0tr6yurZc2yptb2zu79t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Hritx+oVCwW93qc0F6EB4KFjGBtpL596IUSkywI+yLPAo9qnF8xcYvMu29XnKozBVokbkEqUKDRt7+8ICZpRIUmHCvVdZ1E9zIsNSOc5mUvVTTBZIQHtGuowBFVvWx6Q45OjBKgMJamhEZT9fdEhiOlxpFvOiOsh2rem4j/ed1Uh5e9jIkk1VSQ2UdhypGO0SQQFDBJieZjQzCRzOyKyBCbULSJrWxCcOdPXiSts6p7Xq3d1Sr1WhFHCY7gGE7BhQuoww00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucPNuiX2A==</latexit>

dfn
d⌘

= inNfn
<latexit sha1_base64="OtTRas+FwdC8QGo7tlzIl56VHz4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXY605/dKZb/iz0FWSZCTMuSo90pf3b5mWcIVMkmt7QR+iuGEGhRM8mmxm1meUjaiA95xVNGE23Ayv3ZKzp3SJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUNGFECy/vEqal5XgqlK9r5Zr1TyOApzCGVxAANdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDLcaO1g==</latexit>⌘0

Add a boundary term                              .  Then variation of the action gives  
<latexit sha1_base64="cGdT1EUdq5vVB+FDDJhsIjOAS9Q=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbshqI0QtLGMaB6QxGV2MpsMmZ1dZu4KYdnWxl+xsVDE1j+w82+cPApNPDBwOOde7pzjx4JrcJxva2l5ZXVtPbeR39za3tm19/YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h1dhvPjCleSTvYBSzbkj6kgecEjCSZ+NbL72U2UUnUISmXGZpOQs8eV8udhgQzznx7IJTcibAi8SdkQKaoebZX51eRJOQSaCCaN12nRi6KVHAqWBZvpNoFhM6JH3WNlSSkOluOkmS4WOj9HAQKfMk4In6eyMlodaj0DeTIYGBnvfG4n9eO4HgvGvyxQkwSaeHgkRgiPC4FtzjilEQI0MIVdz8FdMBMZ2AKS9vSnDnIy+SRrnknpYqN5VCtTKrI4cO0REqIhedoSq6RjVURxQ9omf0it6sJ+vFerc+pqNL1mznAP2B9fkDtNqZpw==</latexit>

SBn =
in

2
f2
n(⌘0)

<latexit sha1_base64="4YP7IVnTqboCj80SBUZIzJbvPSE=">AAACaHicfZHLattAFIZHStqmTpMqlxJCNkNMwF7YSMEk2RQC2XRVElonAcuI0ejIHjIaiZmjgBEi75hdHyCbPkXHtha50QMjPv5z/rn8igspDPr+H8ddWf3w8dPa59b6l43Nr97W9rXJS81hyHOZ69uYGZBCwRAFSrgtNLAslnAT313M+zf3oI3I1W+cFTDO2ESJVHCGVoq8hzABiYz+itT3BtNIhalmvArq6me9xMSKdZWEgK zuzL9R0KW9ZwYJKXb+a+sJtZjUYjLF7nITvxt5bb/vL4q+haCBNmnqMvIewyTnZQYKuWTGjAK/wHHFNAouoW6FpYGC8Ts2gZFFxTIw42oRVE2PrJLQNNd2KaQL9bmjYpkxsyy2kxnDqXndm4vv9UYlpmfjSqiiRFB8eVBaSoo5nadOE6GBo5xZYFwLe1fKp8xGhPbftGwIwesnv4Xr435w0h9cDdrngyaONXJADkmHBOSUnJMf5JIMCSdPzrqz63xz/rqeu+fuL0ddp/HskBflHv4D6xe6Gw==</latexit>

�Sn = �fn
1

N

dfn
d⌘

(⌘1)� �fn

✓
1

N

dfn
d⌘

� infn

◆
(⌘0)

= 0 = 0

This comes from 
the boundary term



The boundary term

The choice of the boundary term depends on the boundary conditions.
Dirichlet b.c. (fixing      at      and     ) do not require any boundary term.

<latexit sha1_base64="UX616j2k7so5Z8jxhVwv/Ynj0QI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzIQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlev1u5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0twjcY=</latexit>

fn
<latexit sha1_base64="OtTRas+FwdC8QGo7tlzIl56VHz4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXY605/dKZb/iz0FWSZCTMuSo90pf3b5mWcIVMkmt7QR+iuGEGhRM8mmxm1meUjaiA95xVNGE23Ayv3ZKzp3SJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUNGFECy/vEqal5XgqlK9r5Zr1TyOApzCGVxAANdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDLcaO1g==</latexit>⌘0

<latexit sha1_base64="FJIOxD2MivuHpKR9dJ3x0unk+P8=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeGQ4NrqU07YhakUNBAgRLaqQGWRBJa0eh25reewFih1QOOUwgTNlAiFpyhk5pdQNYLeqWyX/HnoKskyEmZ5Kj3Sl/dvuZZAgq5ZNZ2Aj/FcMIMCi5hWuxmFlLGR2wAHUcVS8CGk/m1U3rulD6NtXGlkM7V3xMTllg7TiLXmTAc2mVvJv7ndTKMb8KJUGmGoPhiUZxJiprOXqd9YYCjHDvCuBHuVsqHzDCOLqCiCyFYfnmVNC8rwVWlel8t16p5HAVySs7IBQnINamRO1InDcLJI3kmr+TN096L9+59LFrXvHzmhPyB9/kDL0qO1w==</latexit>⌘1

We have Dirichlet b.c. at      but Robin b.c. at     . <latexit sha1_base64="FJIOxD2MivuHpKR9dJ3x0unk+P8=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeGQ4NrqU07YhakUNBAgRLaqQGWRBJa0eh25reewFih1QOOUwgTNlAiFpyhk5pdQNYLeqWyX/HnoKskyEmZ5Kj3Sl/dvuZZAgq5ZNZ2Aj/FcMIMCi5hWuxmFlLGR2wAHUcVS8CGk/m1U3rulD6NtXGlkM7V3xMTllg7TiLXmTAc2mVvJv7ndTKMb8KJUGmGoPhiUZxJiprOXqd9YYCjHDvCuBHuVsqHzDCOLqCiCyFYfnmVNC8rwVWlel8t16p5HAVySs7IBQnINamRO1InDcLJI3kmr+TN096L9+59LFrXvHzmhPyB9/kDL0qO1w==</latexit>⌘1
<latexit sha1_base64="T9lGxXLyEOpoZHUxYyM6M60S8uw=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRIp6kYouHElFewDmlImk0k7dDIJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDCmXPuZe49fsKZ0o7zbS0tr6yurZc2yptb2zu79t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Hritx+oVCwW93qc0F6EB4KFjGBtpL596IUSkywI+yLPAo9qnF8xcYvMu29XnKozBVokbkEqUKDRt7+8ICZpRIUmHCvVdZ1E9zIsNSOc5mUvVTTBZIQHtGuowBFVvWx6Q45OjBKgMJamhEZT9fdEhiOlxpFvOiOsh2rem4j/ed1Uh5e9jIkk1VSQ2UdhypGO0SQQFDBJieZjQzCRzOyKyBCbULSJrWxCcOdPXiSts6p7Xq3d1Sr1WhFHCY7gGE7BhQuoww00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucPNuiX2A==</latexit>

dfn
d⌘

= inNfn
<latexit sha1_base64="OtTRas+FwdC8QGo7tlzIl56VHz4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHgxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXY605/dKZb/iz0FWSZCTMuSo90pf3b5mWcIVMkmt7QR+iuGEGhRM8mmxm1meUjaiA95xVNGE23Ayv3ZKzp3SJ7E2rhSSufp7YkITa8dJ5DoTikO77M3E/7xOhvFNOBEqzZArtlgUZ5KgJrPXSV8YzlCOHaHMCHcrYUNqKEMXUNGFECy/vEqal5XgqlK9r5Zr1TyOApzCGVxAANdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDLcaO1g==</latexit>⌘0

Add a boundary term                              .  Then variation of the action gives  
<latexit sha1_base64="cGdT1EUdq5vVB+FDDJhsIjOAS9Q=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbshqI0QtLGMaB6QxGV2MpsMmZ1dZu4KYdnWxl+xsVDE1j+w82+cPApNPDBwOOde7pzjx4JrcJxva2l5ZXVtPbeR39za3tm19/YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h1dhvPjCleSTvYBSzbkj6kgecEjCSZ+NbL72U2UUnUISmXGZpOQs8eV8udhgQzznx7IJTcibAi8SdkQKaoebZX51eRJOQSaCCaN12nRi6KVHAqWBZvpNoFhM6JH3WNlSSkOluOkmS4WOj9HAQKfMk4In6eyMlodaj0DeTIYGBnvfG4n9eO4HgvGvyxQkwSaeHgkRgiPC4FtzjilEQI0MIVdz8FdMBMZ2AKS9vSnDnIy+SRrnknpYqN5VCtTKrI4cO0REqIhedoSq6RjVURxQ9omf0it6sJ+vFerc+pqNL1mznAP2B9fkDtNqZpw==</latexit>

SBn =
in

2
f2
n(⌘0)

<latexit sha1_base64="4YP7IVnTqboCj80SBUZIzJbvPSE=">AAACaHicfZHLattAFIZHStqmTpMqlxJCNkNMwF7YSMEk2RQC2XRVElonAcuI0ejIHjIaiZmjgBEi75hdHyCbPkXHtha50QMjPv5z/rn8igspDPr+H8ddWf3w8dPa59b6l43Nr97W9rXJS81hyHOZ69uYGZBCwRAFSrgtNLAslnAT313M+zf3oI3I1W+cFTDO2ESJVHCGVoq8hzABiYz+itT3BtNIhalmvArq6me9xMSKdZWEgK zuzL9R0KW9ZwYJKXb+a+sJtZjUYjLF7nITvxt5bb/vL4q+haCBNmnqMvIewyTnZQYKuWTGjAK/wHHFNAouoW6FpYGC8Ts2gZFFxTIw42oRVE2PrJLQNNd2KaQL9bmjYpkxsyy2kxnDqXndm4vv9UYlpmfjSqiiRFB8eVBaSoo5nadOE6GBo5xZYFwLe1fKp8xGhPbftGwIwesnv4Xr435w0h9cDdrngyaONXJADkmHBOSUnJMf5JIMCSdPzrqz63xz/rqeu+fuL0ddp/HskBflHv4D6xe6Gw==</latexit>

�Sn = �fn
1

N

dfn
d⌘

(⌘1)� �fn

✓
1

N

dfn
d⌘

� infn

◆
(⌘0)

= 0 = 0

The action with the boundary term:                              
<latexit sha1_base64="pSKs2NKglQbrsnGCA2ijsxbFITo=">AAACOXicbVDLSgMxFM34tr6qLt0Ei6CIZaYUdSMU3biSitYKnVIyadKGZjJDckcow/yWG//CneDGhSJu/QHTsQutXgice8595J4glsKA6z45U9Mzs3PzC4uFpeWV1bXi+saNiRJNWYNGMtK3ATFMCsUaIECy21gzEgaSNYPB2Uhv3jFtRKSuYRizdkh6SnBBCViqU6xfdVLlZic+14SmXpZWLjJfMg673Ao297sRYJ7lCT7gef UP0s18LXp92MP7dtKpyjrFklt288B/gTcGJTSOeqf4aKfRJGQKqCTGtDw3hnZKNAgqWVbwE8NiQgekx1oWKhIy007zyzO8Y5ku5pG2TwHO2Z8dKQmNGYaBrQwJ9M2kNiL/01oJ8ON2KlScAFP0exFPJIYIj2zEXaEZBTm0gFAt7F8x7RPrIVizC9YEb/Lkv+CmUvYOy9XLaqlWHduxgLbQNtpFHjpCNXSO6qiBKLpHz+gVvTkPzovz7nx8l045455N9Cuczy/uoq2M</latexit>

Sn0 =
1

2N

⇣
fn1ḟn1 � fn0ḟn0

⌘
+ SBn

<latexit sha1_base64="oGVhANPZHSUv021MzCzk3by+4Oc=">AAACCXicbVBPS8MwHE3nvzn/VT16CQ7B02jHUC/CwIsnmeA2YSsjzdItLE1L8qswSq9e/CpePCji1W/gzW9j1vWgmw8CL+/9Hsnv+bHgGhzn2yqtrK6tb5Q3K1vbO7t79v5BR0eJoqxNIxGpe59oJrhkbeAg2H2sGAl9wbr+5Grmdx+Y0jySdzCNmReSkeQBpwSMNLDxZT9QhKZultZvsmCQSsP6wwhwkOWXgV11ak4OvEzcglRRgdbA/jJxmoRMAhVE657rxOClRAGngmWVfqJZTOiEjFjPUElCpr003yTDJ0YZ4iBS5kjAufo7kZJQ62nom8mQwFgvejPxP6+XQHDhpVzGCTBJ5w8FicAQ4VkteMgVoyCmhhCquPkrpmNimgFTXsWU4C6uvEw69Zp7VmvcNqrNRlFHGR2hY3SKXHSOmugatVAbUfSIntErerOerBfr3fqYj5asInOI/sD6/AF/9Jov</latexit>

=
1

2N
fn1ḟn1

The infinity canceled out!
Note: this boundary term is required 
for consistency.                              

We can rewrite this as                              
<latexit sha1_base64="RIrqkR6RjzncUju3TBrNiUtRHJ0=">AAACB3icbVDLSsNAFL2pr1pfVZeCDBbBVUlKUTdCwY3L+ugD2hom00k7dDIJMxOhhOzc+CtuXCji1l9w5984bbPQ1gMXDufcy733eBFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o8uJ33qgUrFQ3OlxRHsBHgjmM4K1kdzi4a2bCDu96PoSk4SlSSW9cQXyjeqk9xW3WLLL9hRokT gZKUGGulv86vZDEgdUaMKxUh3HjnQvwVIzwmla6MaKRpiM8IB2DBU4oKqXTP9I0bFR+sgPpSmh0VT9PZHgQKlx4JnOAOuhmvcm4n9eJ9b+eS9hIoo1FWS2yI850iGahIL6TFKi+dgQTCQztyIyxCYRbaIrmBCc+ZcXSbNSdk7L1etqqVbN4sjDARzBCThwBjW4gjo0gMAjPMMrvFlP1ov1bn3MWnNWNrMPf2B9/gB5rZkF</latexit>

Sn0 =
i

2
Rnf

2
n1

<latexit sha1_base64="lGEUWMRwTbNKJfzjGgipT3XO+tI=">AAACFXicbVDLSgMxFM34rPU16tJNsAgutMxIUTdCwY0rqWIf0A5DJs20oZnMkGSEEuYn3Pgrblwo4lZw59+YdmahrQdCDufce5N7goRRqRzn21pYXFpeWS2tldc3Nre27Z3dloxTgUkTxywWnQBJwignTUUVI51EEBQFjLSD0dXEbz8QIWnM79U4IV6EBpyGFCNlJN8+vvP55UkvFAhrmumbLKe6148VDDNfczfLdJjfvl1xqs4UcJ64BamAAg3f/jJzcBoRrjBDUnZdJ1GeRkJRzEhW7qWSJAiP0IB0DeUoItLT060yeGiUPgxjYQ5XcKr+7tAoknIcBaYyQmooZ72J+J/XTVV44WnKk1QRjvOHwpRBFcNJRLBPBcGKjQ1BWFDzV4iHyMSiTJBlE4I7u/I8aZ1W3bNq7bZWqdeKOEpgHxyAI+CCc1AH16ABmgCDR/AMXsGb9WS9WO/WR166YBU9e+APrM8f32qf4Q==</latexit>

Rn = � i

N

ḟn1
fn1

– same as in the WDW approach.

This comes from 
the boundary term

A.V. & Yamada (2018)          



Conclusions

We discussed two approaches to defining the tunneling wave function
in a minisuperspace model:   

1) Tunneling boundary conditions in superspace.

2) Lorentzian path integral over histories starting at            with scalar field modes       
satisfying Robin b.c.

Both approaches give identical wave functions with well behaved scalar field fluctuations.

Extension beyond perturbative minisuperspace?

What replaces the Robin b.c.?

<latexit sha1_base64="MW8Bmo/LwN56dcqxQRaqmpbEpeI=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBEqSEmkqMeCF48V7AekoWy2m3bpZjfsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O2vrG5tb24Wd4u7e/sFh6ei4ZVSmKWtSJZTuRMQwwSVrIkfBOqlmJIkEa0eju5nffmLacCUfcZyyMCEDyWNOCVop6KaGV8hl3JMXvVLZq3pzuKvEz0kZcjR6pa9uX9EsYRKpIMYEvpdiOCEaORVsWuxmhqWEjsiABZZKkjATTuYnT91zq/TdWGlbEt25+ntiQhJjxklkOxOCQ7PszcT/vCDD+DaccJlmyCRdLIoz4aJyZ/+7fa4ZRTG2hFDN7a0uHRJNKNqUijYEf/nlVdK6qvrX1dpDrVyv5XEU4BTOoAI+3EAd7qEBTaCg4Ble4c1B58V5dz4WrWtOPnMCf+B8/gBZApCc</latexit>

 (a, fn)

<latexit sha1_base64="WRaauV2Bmc9HB2XnWwXa5OS3Rxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6YHeuP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVmv3tUq9lsdRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx+yIY1h</latexit>

a = 0
<latexit sha1_base64="UX616j2k7so5Z8jxhVwv/Ynj0QI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzIQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlev1u5rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP0twjcY=</latexit>

fn



Some comments on the HH wave function 

Original proposal: ψHH (g,φ) = e−SE
(g,φ )
∫

The Euclidean action is unbounded from below, so the integral is divergent.

Solution:  Integrate over complex metrics, in particular over complex lapse contours.

How do we choose the contour? 

Most recent version:

Which saddle points should be included?

What are dj?

<latexit sha1_base64="mIMe5LZN1uFKtIqJVwmmZEAw/aw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVbEmkqBuh4KbLivYBTQyTybSddvJgZiKUEH/Cjb/ixoUibsWdf+O0jaCtBy4czrmXe+9xI0aFNIwvbWFxaXllNbeWX9/Y3NrWd3abIow5Jg0cspC3XSQIowFpSCoZaUecIN9lpOUOL8d+645wQcPgRo4iYvuoF9AuxUgqydFLViSok9RqabF3bEV9enRhidh3BtBzBvfkNildO4MfK3X0glE2JoDzxMxIAWSoO/qn5YU49kkgMUNCdEwjknaCuKSYkTRvxYJECA9Rj3QUDZBPhJ1M3krhoVI82A25qkDCifp7IkG+ECPfVZ0+kn0x643F/7xOLLvndkKDKJYkwNNF3ZhBGcJxRtCjnGDJRoogzKm6FeI+4ghLlWRehWDOvjxPmidl87RcuaoUqpUsjhzYBwegCExwBqqgBuqgATB4AE/gBbxqj9qz9qa9T1sXtGxmD/yB9vEN1COefw==</latexit>

 HH(g,�) =
X

j

dj e�Sj(g,�)

Contribution of j-th
saddle point 

Both          and       are now “work in progress”.

The question is: What is the general law of boundary conditions? 

<latexit sha1_base64="mdy5Bjh+PbCOVW6XKqnJyYW77ag=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLzlGMA9JljA7mU2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyN/c7T1QbpuSDnSY0FHgkWcwItk567CeGDbJGYzYoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ 0zrC0jnM5K/dTQBJMJHtGeoxILasJscfAMXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFtmDGZpJZKslwUpxxZhebfoyHTlFg+dQQTzdytiIyxxsS6jEouhGD15XXSvqoG19Xafa1Sr+VxFOEMzuESAriBOjSgCS0gIOAZXuHN096L9+59LFsLXj5zCn/gff4AyfOQXg==</latexit>

 HH

<latexit sha1_base64="Zm8VKS+Ie/0JsINcwoEcUPORtCI=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r9AvapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/Kxydto1JNWYsqoXQ3JIYJLlnLcitYN9GMxKFgnXByN/c7T0wbrmTTThMWxGQkecQpsU5q9xPDB81BueJVvQXwOvFzUoEcjUH5qz9UNI2ZtFQQY3q+l9ggI9pyKtis1E8NSwidkBHrOSpJzEyQLa6d4QunDHGktCtp8UL9PZGR2JhpHLrOmNixWfXm4n9eL7XRbZBxmaSWSbpcFKUCW4Xnr+Mh14xaMXWEUM3drZiOiSbUuoBKLgR/9eV10r6q+tfV2kOtUq/lcRThDM7hEny4gTrcQwNaQOERnuEV3pBCL+gdfSxbCyifOYU/QJ8/f9ePDA==</latexit>

 T


