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‘ Newtonian Dynamics I




Oro + div(pv) =0

00: Vv + g grad v — p v x curl v = —grad p — p grad U

AU = —4nGo

p = p(0,5)

O¢s+v-grad s =0




‘Lorentz—Covariant Approach and PN EXpS.I

Papers by L. Blanchet et al.




Einstein field equations (EFE):

G* (9,09, 0°g; ™) =
Contracted Bianchi identities:

vV,.G" =0 — V, 7" =0 EOM
Landau-Lifshitz form:

160G,
ONH"*(g,0g) = TTIILLL (g,09)

0,0H"* =0 — 0,7y =0 EOM

Harmonic Coordinates (HC):

o,H"" =0,




EFE in HC (relaxed EFE):
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Post-Minkowskian expansion: H*(x,t) = >°0 | ($X4)" H!" (x,t)
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Near-zone expansion (post-Newtonian expansion):
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Far-zone expansion (post-Newtonian expansion):

G 0 ™ (x',t — i)(X’ -n)"

pv _
Hpg(x,1) = Ay . notn ’ c




2PN metric obtained by solving the relaxed EFE iteratively:
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Matter description: mass, mass-current, and stress densities:
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Crucial for PN is the virial theorem:
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2PN potentials:
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Burke-Thorne-like potentials:

Ureac (X, t)
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Multipole moments:
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IPN metric including the gravitational radiation reaction:
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Multipole expansion in FZ (TT-part only):
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Luminosity and energy loss:
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‘The ADM Approach and PN EXpS.I

Papers by G. Schafer et al.




‘Ideal fluid dynamics in canonical form'

Stress-energy tensor:

TH = o(c* + h)u, iy + pgu, guutu” = —1

dp = odh — o1'ds
1
0« =—gu'o, s,  Pi==—gT}
c

Kinematics:
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{P;(z,t),s(z',t)} =

{P;(z,t), Pj(z',t)} = P;(a, 1)




Equations of motion:
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Momentum and angular momentum:

/d3£IZ‘ PZ', /d3£IZ‘ Eijkﬂjjpk




Point-mass dynamics in canonical form'

P, = Zpaic?(a:—a:ﬁb), Ty = me-c?(a:—xiL),

Kinematics:

{2}, pa;} = 0ij, zero otherwise

Equations of motion:
dpaz’ OH

dt Ozl
dx!,  OH
dt N 8pm-
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‘Independent field Variablesl

1 4
3CC: gy = (1 + gfb) §ij + hET

1CC: n" =0, a% =K7Y -qVK), =
unique decomposition: 7Y = 7Y + WEI‘?T
T = Oym! + 05" — §5z'j5m

™ EI‘?TC3 /167G canonical conjugate to h;.l;.T
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on-field-shell Routh functional:

Ron(t) = R 2}, Pais hi T [25, par], Och (2, pa]]
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‘ Brill-Lindquist BHs I
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Metric in d-dimensional conformally flat space:
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‘ Skeleton dynamics (Faye/Jaranowski/GS 2004) I

PN expansion possible to all orders in powers of 1/c?

h;-g-T = O, gi; — \Ijﬁ5ij
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further details: A. Gopakumar, 11*" Capra Meeting on RR




‘ Post-Newtonian expansions I

Rk puis KT 00T M = Y (55 ) R [k, T, 07T
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‘ Higher-Order-PN Dynamical Systems I




‘3PN binary BH conservative dynamics.

1
H(t) mic® +mac® + Hy + — Hj1pny
C2

1 1
C_4H[2PN] + C_6H[3PN] + ...

1

1
+ C_5H[2.5PN](t>—|_?H[3.5PN](t>+“°

H=(H—-Md)/pu, w=mimso/M, M = mq + ms
v=u/M, 0<v<1/4

test-body case: v =0, equal-mass case: v =1/4
CMF: p1+p2=0, p=pi/u,

pr=m-p), q=(x—x2)/GM, n=q/lq
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‘ Remark on EOB .

Research by Damour et al. since 1998

One-body dynamics in deformed Schwarzschild /Kerr metric related

to binary dynamics in the CMF through canonical transformation.




Dynamical invariants I

radial action i,(F, j) with E = H and p? + j2/r? = p?:

. . 1
in(E.) = 5§ dr

phase of revolution &:

o 9
= 1+ k=-2i(E.j
om T 8jz( Jj)

orbital period P:

2nGM B




periastron advance k:

11

(—2E)3/2

1 [3 (—2E)3/? 3 N
— | =(b—2 — — (35 + 30 3 FE
36— 0 - S0t

_ 3/2 _ 5/2
(C2BP2 g ) (72D
J J

+ a4 (V) E3] }




5 (7T (4, 125 T
- - —_— —_ 14 —
2 \ 2 64" 3 A

105 (41 5 218) 45
—+ | =" — |V + —V

2

1
~(5 — bv + 4v%)

3 6

5
Eg(21-—105u+15u2+5u3)




I:]:I:](p,r), p2:p720"|—j2/7027
circular orbits: p, = 0, p? = j?/r?

circular motion: aQH(], r)=0— ]:I(])

orbital frequency: w = # — H(w)

A

ISCO: dH(w) = 0, alternatively 5 ek s=H(j,7) =0

1 —2x

SBH: F(x)

L 27 5 675 4, 3969
16~ ' 128 256




circular orbits:

1+ k
P

Weire = Wradial T Wperiastron — 2m

Espy = fIN + ﬁ[le] =+ I:[[ZPN] + ﬁ[BPN]
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2.5PN binary BH (orbital) dissipative dynamics'

C_5H[2.5PN](t) ~ 55 375;( : (p1 P1g y D2ibaj m1m2)

miq msa 12

1
Qij(t) = > mq(zia] - gxi%)

a=1,2

3.5PN Hamiltonian: Konigsdorffer/Faye/GS (2003)




Toward binary rotating black holes.

Action principle:

o 0V =LAy haw .
Aaiy)yNa(y (k) = Dak) (i) Na(k) () = Oij

e independent variables: py;, x°, Sc(bi), Ay ()




Equations of motion for matter:
O [ dt' Hapwm t) = [ dt'Hapum

) R P2 ()
5fdt/HADM

55 (4)

i (8) = e (1) S (2)

H = /dSX(NH — N"H;) + E[vi;]

H = Hﬁeld 4+ Hmatter
H., = Hﬁeld + Hmatter
(2 0 0

Hmatter _ /d3X(NHmatter . Nngnatter)




Constant-euclidean-length spin:
vikvﬂgijgkl = const
Cil€lj = Vij, €ij = €ji
Sk = exietj S, Sx)Sa) = const
S(iy () = €ijkS k)

3 matter
Pai = /d tz
a

Jaij = / A (P — 2 HPM) = lpaj — Tl pai + Sa) ()
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{24, Paj} = 0i5. {Sa(iys Sa()} = €ijnSarr)
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Poincaré algebra:

e (Global Poincaré group is a consequence of asymptotic flatness

o Generators P* and J*Y are conserved

{PF P} =0
{PF, JPO) = —phP P 4 pho pP
{JH PPOY = VP JHT 4 phtP JVO 4 H JPY _ i JPH

Energy: E = P°
Momentum: P°

Angular momentum: J%
Boost: JV =K'= G —t P!
Center-of-Mass: X' = G'/E




o I, P, JY and G" are surface integrals at spatial infinity

e I and G*:

1
E=—— [ d*xA¢
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G'= ———
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Leading-order (LO) in spin:

e LO spin-orbit




NLO spin-orbit Hamiltonian (Damour/Jaranowski/GS 2008):

2 8m3 4m?2 dmimeo
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NLO Spin;-Spiny Hamiltonian (Steinhoff/Hergt/GS 2008):

Hi5"® = g [3((p1 X 81) - n12)((p2 % S2) - 112)
+6((p2 X S1) - n12)((P1 X S2) - n39)
—15(S1 - n12)(S2 - n12)(p1 - ni12) (P2 - N12)

—3(S1 - 1n12)(S2 - n12)(P1 - P2) + 3(S1 - P2)(S2 - n312)(p1 - N12)

+3(S2 - P1)(S1 - n12)(p2 - N12)
+3(S1 - P1)(S2 - n12)(p2 - N12)
+3(S2 - p2)(S1 - n12)(P1 - N12)
—3(S1 - S2)(p1 - m12)(P2 - m12) + (S1-P1)(S2 - P2)
- P2)(S2 - p1) + 3(S1-S2)(P1 - P2)]




+2m?r§2 [—((P1 x S1) - m12)((P1 X S2) - n12)

+(S1 - S2)(pP1 - n12)* — (S1 - n12)(S2 - p1)(P1 - n12))]

+amra [~ (P2 X S2) -m12)((P2 X S1) - np2)

2.3
2m3ryiy

+(S1 - S2)(p2 - n12)? — (S2 - n12)(S1 - p2) (P2 - N12)]
 Bmabmo) [(S1-S2) —2(S1 - n12)(S2 - ni2)]
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NLO center-of-mass:

ZZ{ a nab Sb'nab)_(sa'sb)]r

a b#a




Further conservative binary Hamiltonians (Hergt/GS 2008):
H = HN+H1PN+H2PN+H3PN+H3q](D)N+Héf§Z
+ HggN + Hgfé\; + Hp2g,5,

+ HSf,SS + leSS + szsf’ + leSlS§ + szSsz

1 1

Hmatter = 1m (1 — 5 (8_1 . 81)2> 51 -+ §p1 . (a1 X 81) (51 + (1 e 2)

1
HPATr = 16y + % (a; x 01); (1 ~ % (a - 31)2) 01 + (1 < 2)

S =aymi, S =asmsy




