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Newtonian Dynamics

3



∂t̺ + div(̺v) = 0

̺∂tv +
̺

2
grad v2 − ̺ v × curl v = −grad p − ̺ grad U

∆U = −4πG̺

p = p(̺, s)

∂ts + v · grad s = 0
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Lorentz-Covariant Approach and PN Exps.

Papers by L. Blanchet et al.
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Einstein field equations (EFE):

Gµν(g, ∂g, ∂2g; c−1) =
8πG

c2

T µν(g; c)

c2

Contracted Bianchi identities:

∇νGµν ≡ 0 → ∇νT µν = 0 EOM

Landau-Lifshitz form:

∂λHµνλ(g, ∂g) =
16πG

c4
τµν
LL(g, ∂g)

∂ν∂λHµνλ ≡ 0 → ∂ντµν
LL = 0 EOM

τµν
LL = −gT µν +

c4

16πG
tµν
LL(g, ∂g)

Harmonic Coordinates (HC):

∂νHµν = 0, Hµν ≡ √−ggµν − ηµν
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EFE in HC (relaxed EFE):

ηαβ∂α∂βHµν =
16πG

c4
τµν

τµν = −gT µν +
c4

16πG
Λµν

Λµν = −Hαβ∂α∂βHµν + ∂αHµβ∂βHνα +
1

2
gµνgαβ∂λHατ∂τHβλ

−gµαgβτ∂λHντ∂αHβλ − gναgβτ∂λHµτ∂αHβλ + gαβgλτ∂λHµα∂τHβν

+
1

8
(2gµαgνβ − gµνgαβ)(2gλτgρσ − gλσgτρ)∂αHλσ∂βHτρ

Post-Minkowskian expansion: Hµν(x, t) =
∑∞

n=1

(
GM
Rc2

)n
Hµν

[n](x, t)

7



Hµν(x, t) = −4G

c4

∫
d3x′τµν(x′, t − |x− x′|

c
)|x− x′|−1

Near-zone expansion (post-Newtonian expansion):

Hµν
NZ(x, t) = −4G

c4

∞∑

n=0

(−1)n

n!

∫
d3x′ ∂n

cn∂tn
τµν(x′, t)|x− x′|n−1

Far-zone expansion (post-Newtonian expansion):

Hµν
FZ(x, t) = − 4G

c4r

∞∑

n=0

1

n!

∫
d3x′ ∂n

cn∂tn
τµν(x′, t − r

c
)(x′ · n)n
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2PN metric obtained by solving the relaxed EFE iteratively:

g00 = −1 +
2

c2
V − 2

c4
V 2 +

8

c6

(
X̂ + ViVi +

V 3

6

)
+ O

(
1

c8

)

g0i = − 4

c3
Vi −

8

c5
R̂i + O

(
1

c7

)

gij = δij

[
1 +

2

c2
V +

2

c4
V 2

]
+

4

c4
Ŵij + O

(
1

c6

)
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Matter description: mass, mass-current, and stress densities:

σ =
T 00 + T ii

c2
, σi =

T 0i

c
, σij = T ij

Crucial for PN is the virial theorem:

GM

Rc2
[PM] ∼ V 2

c2
[PN] << 1
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2PN potentials:

V (x, t) = �
−1
R {−4πGσ} ≡ G

∫
d3z

|x − z|σ(z, t − |x − z|/c)

Vi = �
−1
R {−4πGσi}

Ŵij = �
−1
R {−4πG(σij − δijσkk) − ∂iV ∂jV }

R̂i = �
−1
R

{
−4πG(V σi − Viσ) − 2∂kV ∂iVk − 3

2
∂tV ∂iV

}

X̂ = �
−1
R

{
−4πGV σii + 2Vi∂t∂iV + V ∂2

t V

+
3

2
(∂tV )2 − 2∂iVj∂jVi + Ŵij∂

2
ijV

}
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Burke-Thorne-like potentials:

U reac(x, t) = − G

5c5
xijM

[5]
ij (t) +

G

c7

[
1

189
xijkM

[7]
ijk(t)

− 1

70
xkkxijM

[7]
ij (t)

]

U reac
i (x, t) =

G

c5

[
1

21
x̂ijkM

[6]
jk(t) − 4

45
ǫijkxjmS

[5]
km(t)

]
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Multipole moments:

Mij =

∫
d3y

(
ŷijσ +

1

14c2
ykkŷij∂2

t σ − 20

21c2
ŷijk∂tσk

)

Mijk =

∫
d3y ŷijkσ

Sij =

∫
d3y ǫkm<iŷ

j>kσm

Definitions: yij ≡ yiyi, y<ij> ≡ ŷij = STF(yij)
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1PN metric including the gravitational radiation reaction:

g00 = −1 +
2

c2
(U + U reac) +

1

c4

[
∂2

t χ − 2U2 − 4UU reac
]
+ (g00)(6+8)

g0i = − 4

c3
(Ui + U reac

i ) + (g0i)(5+7)

gij = δij

[
1 +

2

c2
(U + U reac)

]
+ (gij)(4+6)
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U(x, t) = G

∫
d3y

|x − y| σ(y, t)

Ui(x, t) = G

∫
d3y

|x − y| σi(y, t)

χ(x, t) = G

∫
d3y |x − y|σ(y, t)

15



Multipole expansion in FZ (TT-part only):

Hij
FZ(x, t) = −G

c4

Pijkm(n)

r

∞∑

l=2

{(
1

c2

) l−2
2 4

l!
M

(l)
kmi3...il

(t − r∗
c

) Ni3...il

+

(
1

c2

) l−1
2 8l

(l + 1)!
ǫpq(k S

(l)
m)pi3...il

(t − r∗
c

) nq Ni3...il

}

Mij(t −
r∗
c

) = M̂ij

(
t − r∗

c

)

+
2Gm

c3

∫ ∞

0

dv ln
( v

2b

)
M̂

(2)

ij (t − r∗
c

− v) + O(1/c4),

r∗ = r +
2Gm

c2
ln
( r

cb

)
+ O(1/c3)
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Luminosity and energy loss:

L(t) =
c3

32πG

∮

FZ

(∂tH
TT
ij )2r2dΩ

L =
G

5c5

∞∑

n=0

(
1

c2

)n

L̂n

=
G

5c5

{
M

(3)
ij M

(3)
ij +

1

c2

[
5

189
M

(4)
ijkM

(4)
ijk +

16

9
S

(3)
ij S

(3)
ij

]

+
1

c4

[
5

9072
M

(5)
ijkmM

(5)
ijkm +

5

84
S

(4)
ijkS

(4)
ijk

]}

− <
dE(t)

dt
> = < L(t) >
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The ADM Approach and PN Exps.

Papers by G. Schäfer et al.
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Ideal fluid dynamics in canonical form

Stress-energy tensor:

T µν = ̺(c2 + h)uµuν + pgµν , gµνuµuν = −1

dp = ̺dh − ̺Tds

̺∗ =
√−gu0̺, s, Pi =

1

c

√−gT 0
i

Kinematics:

{Pi(x, t), ̺∗(x
′, t)} =

∂

∂x′i
[̺∗(x

′, t)δ(x − x′)]

{Pi(x, t), s(x′, t)} =
∂s(x′, t)

∂x′i
δ(x − x′)

{Pi(x, t), Pj(x
′, t)} = Pi(x

′, t)
∂

∂x′j
δ(x − x′) − Pj(x, t)

∂

∂xi
δ(x − x′)
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Equations of motion:

∂̺∗
∂t

= −∂i

(
δH

δPi
̺∗

)
, ∂µ(

√−g̺uµ) = 0

∂s

∂t
= − δH

δPi
∂is, uµ∂µs = 0

∂Pi

∂t
= −∂j

(
δH

δPj
Pi

)
− ∂i

(
δH

δPj
Pj

)
− ∂i

(
δH

δ̺∗

)
̺∗ +

δH

δs
∂is

vi =
δH

δPi
, vi = c

ui

u0

Momentum and angular momentum:
∫

d3x Pi,

∫
d3x ǫijkxjPk
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Point-mass dynamics in canonical form

p = s = h = 0

Pi =
∑

a

paiδ(x − xi
a), r∗ =

∑

a

maiδ(x − xi
a), vi

a =
dxi

a

dt

Kinematics:

{xi
a, paj} = δij , zero otherwise

Equations of motion:
dpai

dt
= − ∂H

∂xi
a

dxi
a

dt
=

∂H

∂pai
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Independent field variables

3 CC: gij =

(
1 +

1

8
φ

)4

δij + hTT
ij

1 CC: πii = 0, πij = −γ1/2(Kij − γijK), πi
i = πijhTT

ij

unique decomposition: πij = π̃ij + πij
TT

π̃ij = ∂iπ
j + ∂jπ

i − 2

3
δij∂kπk

πij
TTc3/16πG: canonical conjugate to hTT

ij
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g1/2R =
1

g1/2

(
πi

jπ
j
i −

1

2
πi

iπ
j
j

)
+

16πG

c3

∑

a

(
m2

ac2 + γijpaipaj

)1/2
δa

√−gG00 = 8πG
c4

√−gT 00

−2∂jπ
j
i + πkl∂igkl =

16πG

c3

∑

a

paiδa

√−gG0
i = 8πG

c4

√−gT 0
i

ADM Hamiltonian:

H
[
xi

a, pai, h
TT
ij , πij

TT

]
= − c4

16πG

∫
d3x ∆φ

[
xi

a, pai, h
TT
ij , πij

TT

]

Routh functional:

R
[
xi

a, pai, h
TT
ij , ∂th

TT
ij

]
= H − c3

16πG

∫
d3x πij

TT∂th
TT
ij
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δ
∫

R(t′)dt′

δhTT
ij (xk, t)

= 0, ṗai = − ∂R

∂xi
a

, ẋi
a =

∂R

∂pai

on-field-shell Routh functional:

Ron(t) = R
[
xi

a, pai, h
TT
ij [xk

a, pak], ∂th
TT
ij [xk

a, pak]
]

ṗai(t) = −δ
∫

Ron(t′)dt′

δxi
a(t)

, ẋi
a(t) =

δ
∫

Ron(t′)dt′

δpai(t)

δ
∫

Ron(t′)dt′

δz(t)
=

∂Ron

∂z(t)
− d

dt

∂Ron

∂ż(t)
+ ..., z = (xi

a, pai)
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Brill-Lindquist BHs

−
(

1 +
1

8
φ

)
∆φ =

16πG

c2

∑

a

maδa (hTT
ij = 0 = pai)

φ =
4G

c2

(
α1

r1
+

α2

r2

)

αa = ma − ma + mb

2
+

c2rab

G




√

1 +
ma + mb

c2rab/G
+

(
ma − mb

2c2rab/G

)2

− 1





HBL = (α1 + α2) c2 = (m1 + m2) c2 − G
α1α2

r12
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Metric in d-dimensional conformally flat space:

gij =

(
1 +

1

4

d − 2

d − 1
φ

) 4
d−2

δij

φ =
4G

c2

Γ(d−2
2 )

π
d−2
2

(
α1

rd−2
1

+
α2

rd−2
2

)

Ψ = 1 +
1

4

d − 2

d − 1
φ
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Skeleton dynamics (Faye/Jaranowski/GS 2004)

PN expansion possible to all orders in powers of 1/c2

hTT
ij = 0, gij = Ψ

4
d−2 δij

∆φ = − Ψ− 3d−2
d−2 πi

jπ
j
i

− 16πG

c2

∑

a

maδaΨ−1

(
1 + Ψ− 4

d−2
p2

a

m2
ac2

) 1
2

∂jπ
j
i = − 8πG

c3

∑

a

paiδa
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π
i (part)
j = STF(2∂iVj) ≡ ∂iVj + ∂jVi −

2

d
δij∂kVk

Vi =
G

c3

Γ(d−2
2 )

2π
d−2
2

∑

a

(
4pai

rd−2
a

− (d − 2)paj

(d − 1)(4 − d)
∂ijr

4−d
a

)

πi
jπ

j
i = 2πi

j∂iVj

Ψ
2−3d
d−2 πi

jπ
j
i → −2Ψ

2−3d
d−2 Vj∂iπ

i
j =

16πG

c3
Ψ

2−3d
d−2

∑

a

pajVjδa

further details: A. Gopakumar, 11th Capra Meeting on RR
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Post-Newtonian expansions

R
[
xi

a, pai, h
TT
ij , ∂th

TT
ij

]
− Mc2 =

∞∑

n=0

(
1

c2

)n

Rn

[
xi

a, pai, ĥ
TT
ij , ∂tĥ

TT
ij

]

hTT
ij = G

c4 ĥTT
ij

(
∆ − ∂2

t

c2

)
hTT =

G

c4

∞∑

n=0

(
1

c2

)n

DTT
n [x, xa(t), pa(t), ĥTT(t), ∂tĥ

TT(t)]
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Higher-Order-PN Dynamical Systems
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3PN binary BH conservative dynamics

H(t) = m1c
2 + m2c

2 + HN +
1

c2
H[1PN ]

+
1

c4
H[2PN ] +

1

c6
H[3PN ] + ...

+
1

c5
H[2.5PN ](t) +

1

c7
H[3.5PN ](t) + ...

Ĥ = (H − Mc2)/µ, µ = m1m2/M , M = m1 + m2

ν = µ/M , 0 ≤ ν ≤ 1/4

test-body case: ν = 0, equal-mass case: ν = 1/4

CMF: p1 + p2 = 0, p ≡ p1/µ,

pr = (n · p), q ≡ (x1 − x2)/GM , n = q/|q|
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ĤN =
p2

2
− 1

q

Ĥ[1PN ] =
1

8
(3ν − 1)p4 − 1

2
[(3 + ν)p2 + νp2

r]
1

q
+

1

2q2

Ĥ[2PN ] =
1

16
(1 − 5ν + 5ν2)p6

+
1

8
[(5 − 20ν − 3ν2)p4 − 2ν2p2

rp
2 − 3ν2p4

r]
1

q

+
1

2
[(5 + 8ν)p2 + 3νp2

r]
1

q2
− 1

4
(1 + 3ν)

1

q3
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Ĥ[3PN ] =
1

128
(−5 + 35ν − 70ν2 + 35ν3)p8

+
1

16
[(−7 + 42ν − 53ν2 − 5ν3)p6 + (2 − 3ν)ν2p2

rp
4

+ 3(1 − ν)ν2p4
rp

2 − 5ν3p6
r]

1

q

+ [
1

16
(−27 + 136ν + 109ν2)p4 +

1

16
(17 + 30ν)νp2

rp
2

+
1

12
(5 + 43ν)νp4

r]
1

q2

+ [

(
−25

8
+

(
1

64
π2 − 335

48

)
ν − 23

8
ν2

)
p2

+

(
−85

16
− 3

64
π2 − 7

4
ν

)
νp2

r]
1

q3
+ [

1

8
+

(
109

12
− 21

32
π2

)
ν]

1

q4
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Remark on EOB

Research by Damour et al. since 1998

One-body dynamics in deformed Schwarzschild/Kerr metric related

to binary dynamics in the CMF through canonical transformation.
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Dynamical invariants

radial action ir(E, j) with E = Ĥ and p2
r + j2/r2 = p2:

ir(E, j) =
1

2π

∮
dr pr

phase of revolution Φ:

Φ

2π
= 1 + k = − ∂

∂j
ir(E, j)

orbital period P :

P

2πGM
=

∂

∂E
ir(E, j)
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periastron advance k:

k =
1

c2

3

j2

{
1 +

1

c2

[
5

4
(7 − 2ν)

1

j2
+

1

2
(5 − 2ν) E

]

+
1

c4

[
a1(ν)

1

j4
+ a2(ν)

E

j2
+ a3(ν) E2

]}

P

2πGM
=

1

(−2E)3/2

{
1 − 1

c2

1

4
(15 − ν)E

+
1

c4

[
3

2
(5 − 2ν)

(−2E)3/2

j
− 3

32
(35 + 30ν + 3ν2) E2

]

+
1

c6

[
a2(ν)

(−2E)3/2

j3
− 3a3(ν)

(−2E)5/2

j
+ a4(ν) E3

]}
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a1(ν) =
5

2

(
77

2
+

(
41

64
π2 − 125

3

)
ν +

7

4
ν2

)

a2(ν) =
105

2
+

(
41

64
π2 − 218

3

)
ν +

45

6
ν2

a3(ν) =
1

4
(5 − 5ν + 4ν2)

a4(ν) =
5

128
(21 − 105ν + 15ν2 + 5ν3)
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ISCO

Ĥ = Ĥ(p, r), p2 = p2
r + j2/r2, pr = (p · r)/r

circular orbits: pr = 0, p2 = j2/r2, Ĥ = Ĥ(j, r)

circular motion: ∂
∂r Ĥ(j, r) = 0 → Ĥ(j)

orbital frequency: ω = dĤ(j)
dj → Ĥ(ω)

ISCO: dĤ(ω)
dω = 0, alternatively ∂2

∂r2 Ĥ(j, r) = 0

SBH: E(x) =
1 − 2x

(1 − 3x)1/2
− 1

= −1

2
x +

3

8
x2 +

27

16
x3 +

675

128
x4 +

3969

256
x5 + ...
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E(x) ≡ H(x) − mc2

mc2
, x =

(
GMω

c3

)2/3

circular orbits:

ωcirc = ωradial + ωperiastron = 2π
1 + k

P
, x =

(
GMωcirc

c3

)2/3

c2E3PN ≡ ĤN + Ĥ[1PN ] + Ĥ[2PN ] + Ĥ[3PN ]

E3PN(x) = −x

2
+

(
3

8
+

1

24
ν

)
x2 +

(
27

16
− 19

16
ν +

1

48
ν2

)
x3

+

(
675

128
+

(
−34445

1152
+

205

192
π2

)
ν +

155

192
ν2 +

35

10368
ν3

)
x4

ISCO:
dE3PN

dx
= 0
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2.5PN binary BH (orbital) dissipative dynamics

1

c5
H[2.5PN ](t) =

2G

5c5

d3Qij(t)

dt3

(
p1ip1j

m1
+

p2ip2j

m2
− Gm1m2

r12

)

Qij(t) =
∑

a=1,2

ma(xi
axj

a − 1

3
x2

aδij)

3.5PN Hamiltonian: Königsdörffer/Faye/GS (2003)
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Toward binary rotating black holes

Action principle:

W =

∫
dt

(
∑

a

paiẋ
i
a +

∑

a

S(i)
a Ω(i)

a +
1

16π

∫
d3xπij

TTḣTT
ij

−HADM

[
xi

a, pai, S
(j)
a , hTT

ij , πij
TT

])

• Ω
(i)
a = 1

2 ǫijkΛa(l)(j)Λ̇a(l)(k),

Λa(i)(k)Λa(j)(k) = Λa(k)(i)Λa(k)(j) = δij

• independent variables: pai, xi
a, S

(i)
a , Λa(i)(j)
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Equations of motion for matter:

ẋi
a(t) =

δ
∫

dt′HADM

δpai(t)
, ṗai(t) = −δ

∫
dt′HADM

δxi
a(t)

Ω(i)
a (t) =

δ
∫

dt′HADM

δS
(i)
a (t)

, Ṡ(i)
a (t) = ǫijkΩ(j)

a (t)S(k)
a (t)

H =

∫
d3x(NH− N iHi) + E[γij ]

H = Hfield + Hmatter

Hi = Hfield
i + Hmatter

i

Hmatter =

∫
d3x(NHmatter − N iHmatter

i )

42



Constant-euclidean-length spin:

γikγjlŜijŜkl = const

eilelj = γij , eij = eji

Ŝkl = ekieljS(i)(j), S(i)(j)S(i)(j) = const

S(i)(j) = ǫijkS(k)

pai =

∫

a

d3xHmatter
i

Jaij =

∫

a

d3x(xiHmatter
j − xjHmatter

i ) = xi
apaj − xj

apai + Sa(i)(j)

{xi
a, paj} = δij , {Sa(i), Sa(j)} = ǫijkSa(k)
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Hmatter = −np δ − 1

2
tkijγ

ij
,k −

[
pl

m − np
γijγklŜjkδ

]

,i

Hmatter
i = piδ +

1

2

[
γmkŜikδ

]

,m

−
[

plpk

np(m − np)
(γmkδp

i + γmpδk
i )γqlŜqpδ

]

,m

√
γTij = −pipj

np δ + tkij,k + O(G)

tkij ≡ γkl Ŝl(ipj)

np δ + γklγmn Ŝm(ipj)pnpl

(np)2(m−np)δ

δHmatter

δγij
=

1

2
N
√

γTij + O(G)
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Poincaré algebra:

• Global Poincaré group is a consequence of asymptotic flatness

• Generators P µ and Jµν are conserved

{P µ, P ν} = 0

{P µ, Jρσ} = −ηµρP σ + ηµσP ρ

{Jµν , P ρσ} = −ηνρJµσ + ηµρJνσ + ησµJρν − ησµJρµ

– Energy: E ≡ P 0

– Momentum: P i

– Angular momentum: J ij

– Boost: J i0 ≡ Ki ≡ Gi − t P i

– Center-of-Mass: Xi ≡ Gi/E
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• E, P i, J ij , and Gi are surface integrals at spatial infinity

• E and Gi:

E = − 1

16π

∫
d3x∆φ

Gi = − 1

16π

∫
d3xxi∆φ
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Leading-order (LO) in spin:

• LO spin-orbit

HLO
SO =

∑

a

∑

b 6=a

1

r2
ab

(Sa × nab) ·
[

3mb

2ma
Pa − 2Pb

]

• LO spin1-spin2

HLO
SS =

∑

a

∑

b 6=a

1

2r3
ab

[3(Sa · nab)(Sb · nab) − (Sa · Sb)]

• LO center-of-mass vector

GLO
SO =

∑

a

1

2ma
(Pa × Sa) , GLO

SS = 0
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NLO spin-orbit Hamiltonian (Damour/Jaranowski/GS 2008):

HNLO
SO = − ((p1 × S1) · n12)

r2
12

[
5m2p

2
1

8m3
1

+
3(p1 · p2)

4m2
1

− 3p2
2

4m1m2

+
3(p1 · n12)(p2 · n12)

4m2
1

+
3(p2 · n12)

2

2m1m2

]

+
((p2 × S1) · n12)

r2
12

[
(p1 · p2)

m1m2
+

3(p1 · n12)(p2 · n12)

m1m2

]

+
((p1 × S1) · p2)

r2
12

[
2(p2 · n12)

m1m2
− 3(p1 · n12)

4m2
1

]

− ((p1 × S1) · n12)

r3
12

[
11m2

2
+

5m2
2

m1

]

+
((p2 × S1) · n12)

r3
ab

[
6m1 +

15m2

2

]
+ (1 ↔ 2)
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NLO Spin1-Spin2 Hamiltonian (Steinhoff/Hergt/GS 2008):

HNLO
SS = 1

2m1m2r3
12

[ 32 ((p1 × S1) · n12)((p2 × S2) · n12)

+6((p2 × S1) · n12)((p1 × S2) · n12)

−15(S1 · n12)(S2 · n12)(p1 · n12)(p2 · n12)

−3(S1 · n12)(S2 · n12)(p1 · p2) + 3(S1 · p2)(S2 · n12)(p1 · n12)

+3(S2 · p1)(S1 · n12)(p2 · n12)

+3(S1 · p1)(S2 · n12)(p2 · n12)

+3(S2 · p2)(S1 · n12)(p1 · n12)

−3(S1 · S2)(p1 · n12)(p2 · n12) + (S1 · p1)(S2 · p2)

− 1
2 (S1 · p2)(S2 · p1) + 1

2 (S1 · S2)(p1 · p2)]
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+ 3
2m2

1r3
12

[−((p1 × S1) · n12)((p1 × S2) · n12)

+(S1 · S2)(p1 · n12)
2 − (S1 · n12)(S2 · p1)(p1 · n12)]

+ 3
2m2

2r3
12

[−((p2 × S2) · n12)((p2 × S1) · n12)

+(S1 · S2)(p2 · n12)
2 − (S2 · n12)(S1 · p2)(p2 · n12)]

+ 6(m1+m2)
r4
12

[(S1 · S2) − 2(S1 · n12)(S2 · n12)]
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NLO center-of-mass:

GNLO
SO = −

∑

a

P2
a

8m3
a

(Pa × Sa)

+
∑

a

∑

b 6=a

mb

4marab

[
((Pa × Sa) · nab)

5xa + xb

rab
− 5(Pa × Sa)

]

+
∑

a

∑

b 6=a

1

rab

[
3

2
(Pb × Sa) − 1

2
(nab × Sa)(Pb · nab)

− ((Pa × Sa) · nab)
xa + xb

rab

]

GNLO
SS =

1

2

∑

a

∑

b 6=a

{
[3(Sa · nab)(Sb · nab) − (Sa · Sb)]

xa

r3
ab

+(Sb·nab)
Sa

r2
ab

}
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Further conservative binary Hamiltonians (Hergt/GS 2008):

H = HN + H1PN + H2PN + H3PN + H1PN
SO + H1PN

S1S2

+ H2PN
SO + H2PN

S1S2
+ Hp2S1S2

+ HS2
1 ,S2

2
+ Hp1S3

2
+ Hp2S3

1
+ Hp1S1S2

2
+ Hp2S2S2

1

Hmatter = m1

(
1 − 1

2
(a1 · ∂1)

2

)
δ1 +

1

2
p1 · (a1 × ∂1) δ1 + (1 ↔ 2)

Hmatter
i = p1iδ1 +

m1

2
(a1 × ∂1)i

(
1 − 1

6
(a1 · ∂1)

2

)
δ1 + (1 ↔ 2)

S1 = a1m1, S2 = a2m2
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