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Introduction

Self-force in Scalar-Tensor theories of gravity

A formal calculation of the self-force in scalar-tensor (ST) theory has been performed ,1

and the salient points are as follows:

EoM strongly resembles the equations for the self-force of a charged, massive
particle in a scalarvac geometry of GR,

But, the scalar charge in the ST self-force equation is time variable, which leads to
additional local and tail terms.

Of interest are non-trivial scalar fields, which induces a local self-force.

1P. Zimmerman, Phys. Rev. D 92, 064051 (2015).
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Introduction

Bocharova-Bronnikov-Melnikov-Bekenstein Solution

Conformal scalar-vacuum gravity

S =
1

4π

∫
d4x
√
−g
(
R

4
− 1

2
∇µΦ∇µΦ− 1

12
RΦ2

)
(1)

Exact solution2, 3, 4

ds2 = −
(

1− M

r

)2

dt2 +

(
1− M

r

)−2

dr2 + r2(dθ2 + sin2 θdφ2) (2)

Φ =

√
3M

r −M (3)

The metric is just extremal Reissner-Nordström.

This suggests that a calculation of the scalar self-force in Reissner-Nordström might lend
insight to the self-force in this scalar tensor theory.

2N. M. Bocharova et al., Vestn. Mosk. Univ. Fiz. Astron. 6, 706 (1970).
3J. D. Bekenstein, Ann. Phys. 82, 535 (1974).
4J. D. Bekenstein, Ann. Phys. 91, 75 (1975).
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Introduction

Reissner-Nordström spacetime

Reissner-Nordström spacetime is the unique asymptotically flat spherically symmetric so-
lution to the Einstein-Maxwell equations. It is described by two parameters, the mass M ,
and the charge Q. The metric can be written as:

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dθ2 + r2 sin2 θdφ2 (4)

f(r) = 1− 2M

r
+
Q2

r2
(5)

This black hole solution has two horizons, r± = M ±
√
M2 −Q2, the event horizon

(r = r+), and the inner horizon (r = r−).
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Set-up

Circular Geodesics

We note from the metric that there are 2 killing vectors, which will have the following
conserved quantities:

E := −uαtα = f(r)
dt

dτ
(6)

L := uαφ
α = r2 sin2 θ

dφ

dτ
(7)

We use the spherical symmetry of the system and set θ = π
2

, along with uαu
α = −1 to

obtain the radial equation: (
dr

dτ

)2

= E2 − V (r), (8)

where the effective potential, V (r), is defined as:

V (r) := f(r)

(
1 +

L2

r2

)
. (9)

We note that circular geodesics (r = r0) can be written in the form:

uα =
dt

dτ
(1, 0, 0,Ω) (10)

Ω :=
dφ

dt
=
f(r0)

r2
0

L

E
(11)
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Set-up

Circular Geodesics

Using the requirement that V ′(r) = 0, we arrive at the following expressions:

L2 =
r2
0(Mr0 −Q2)

r2
0 − 3Mr0 + 2Q2

(12)

E2 =
(r2

0 − 2Mr0 +Q2)2

r2
0(r2

0 − 3Mr0 + 2Q2)
(13)

and finally we obtain an expression for Ω:

Ω2 =
M

r3
0

(
1− Q2

Mr0

)
(14)
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Set-up

Multipole Decomposition

The scalar field is generated by the following inhomogeneous scalar wave equation:

�Φ(x) = −4πµ(x) (15)

To solve (15), the scalar field and the source are decomposed into both spherical
harmonic and Fourier modes.

Φ(x) =
∞∑
l=0

l∑
m=−1

ΦlmYlm(θ, φ)e−imΩt (16)

While, for circular orbits

µ(x) =
∞∑
l=0

l∑
m=−1

qδ(r − r0)

r2
0u
t

Y ∗lm(π/2, 0)e−imΩtYlm(θ, φ) (17)

Working with this decomposition offers the following advantages:

The unregularized scalar field, while infinite at the particle location, has finite mode
components.

In the choice of decomposition, the scalar wave equation is reduced from a PDE to
an ODE.

Castillo, Vega, Wardell Self-force on a scalar charge in circular orbits about a Reissner-Nordström black holeJune 20, 2017 8 / 22



Set-up

Energy Fluxes

For a particle in motion, the scalar waves it generates carries energy away from the
particle. Formally, the rate of energy transfer is calculated as

dE

dt
=

∮
Tαβξ

α
(t)n

βdΩ (18)

The scalar stress-energy tensor is given by

Tαβ =
1

4π

(
Φ;αΦ;β −

1

2
gαβΦ;γΦ;γ

)
(19)

Substituting the the multipole expanded scalar field, we arrive at the following
expressions for the energy flux as R→∞

dE∞
dt

=
R2f(R)

4π

∞∑
l=0

l∑
m=−l

iωmΦ∗lm(R)∂rΦlm(R) (20)

and at the event horizon

dEH
dt

=
r2
+

4π

∞∑
l=0

l∑
m=−l

ω2
m|Φlm(r+)|2 (21)

where ωm = −mΩ.
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Set-up

Mode-Sum Regularization

We use a method devised by Barack and Ori ,5 in which the singular field is decomposed
into regularization parameters:

F self
α (xp) = lim

x→xp

∑
l

(
F

(self)l
α± −Aα±(l +

1

2
)−Bα

)
(22)

Higher order terms can be added, and they take the form:

H.O. terms =

∞∑
n=1

Dα,2n

[
n∏
k=1

(2l + 1− 2k)(2l + 1 + 2k)

]−1

(23)

5L. Barack and A. Ori, Phys. Rev. D 61, 061502 (2000).
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Set-up

Regularization Parameters

For the system, we used the following regularization parameters

Ar± = ±

√
r2
0 − 3Mr0 + 2Q2

r2
0(r2

0 − 2Mr0 +Q2)2
(24)

Br =
1

πr2
0

√
r2
0 − 3Mr0 + 2Q2

r2
0 − 2Mr0 +Q2

(
Ee

(
Mr0 −Q2

r2
0 − 2Mr0 +Q2

)
− 2Ke

(
Mr0 −Q2

r2
0 − 2Mr0 +Q2

))
(25)
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Comparison to Schwarzschild Results

Energy Flux

Table 1: Comparison between numerical result and results the results of Warburton and Barack6

for the energy fluxes.

(MΩ)−2/3 Warburton and Barack Calculated

Ėtotal ĖH/Ėtotal Ėtotal ĖH/Ėtotal

8 7.72547978× 10−5 0.0114 7.72547978× 10−5 0.0114
10 3.13766525× 10−5 0.0054 3.13766525× 10−5 0.0054
20 1.98366995× 10−6 0.0006 1.98366995× 10−6 0.0006
40 1.26226716× 10−7 0.0001 1.26267160× 10−7 0.0001

6N. Warburton and L. Barack, Phys. Rev. D 81, 084039 (2010).
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Comparison to Schwarzschild Results

Ft

Table 2: Comparison between numerical result and results the results of Warburton and Barack
for the time component of the self-force Ft.

(MΩ)−2/3 Warburton and Barack Calculated

8 9.77204485× 10−5 9.77204485× 10−5

10 3.75022727× 10−5 3.75022693× 10−5

20 2.15159216× 10−6 2.15159216× 10−6

30 4.17678576× 10−7 4.17678576× 10−7

50 5.36016621× 10−8 5.36016621× 10−8

70 1.39121644× 10−8 1.39121644× 10−8

100 3.33503895× 10−9 3.33503895× 10−9
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Comparison to Schwarzschild Results

Fr

Table 3: Comparison between numerical result and results the results of Diaz-Rivera et. al.7

(WB) for the radial component of the self-force Fr.

(MΩ)−2/3 Diaz-Rivera et. al. Calculated

8 4.082502× 10−5 4.082536× 10−5

10 1.378448× 10−5 1.378453× 10−5

20 4.937906× 10−7 4.937908× 10−7

30 7.171924× 10−8 7.171926× 10−8

50 6.346791× 10−9 6.346792× 10−9

70 1.284529× 10−9 1.284530× 10−9

100 2.356504× 10−10 2.356503× 10−10

7L. M. Diaz-Rivera et al., Phys. Rev. D 70, 124018 (2004).
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Results

Post-Newtonian (PN) Calculation

While working on this study, a PN calculation of the self-force for a scalar charge in
circular orbits in Reissner-Nordström was published .8 The salient points are as follows:

The PN calculation was done at linear order in mass ratio using analytic MST
methods on a Reissner-Nordström background.

Formulas for the energy flux towards infinity, Ft, and Fr were obtained up to 7.5 PN
order, while a formula for the energy flux at the horizon up to 12.5 PN order.

8D. Bini et al., Phys. Rev. D 94, 124028 (2016).
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Results

Energy Flux

Figure 1: Log-log plot of ε = (M −Q)/M vs Ė∞ (right) and log plot of ε vs ĖH (left) for

(MΩ)−2/3 = 50. Dots represent the numerically calculated results, while the solid line represents
values obtained from Bini et. al.’s slow motion formulas for the energy fluxes. Note that as
ε→ 0, ĖH ∼ ε5/4 for (MΩ)−2/3 = 50.

Castillo, Vega, Wardell Self-force on a scalar charge in circular orbits about a Reissner-Nordström black holeJune 20, 2017 16 / 22



Results

Consistency Checks

Figure 2: Log-log plots of the fall-off behavior of the l-mode components of the self-force (left),
and the l-mode components of Fr (right), with varying degrees of regularization, for

(MΩ)−2/3 = 10 and Q = 0.5M .
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Results

Ft

Figure 3: Log plot of ε vs Ft, for (MΩ)−2/3. Dots represent the numerically calculated results,
while the solid line represents values obtained from Bini et. al.’s slow motion formulas for the
time-component of the self-force
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Results

Fr

Figure 4: Log plot of ε vs Fr, for (MΩ)−2/3. Dots represent the numerically calculated results,
while the solid line represents values obtained from Bini et. al.’s slow motion formulas for the
radial-component of the self-force
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Conclusions

Conclusions

We arrive at the following conclusions

First mode-sum calculation of the scalar self-force in Reissner-Nordström spacetime.

The self-force and energy fluxes are dampened as ε→ 0.

The horizon flux scales as a power law (in the previous example, ∼ ε5/4) as the
black hole approaches extremality.

The consistency of the results suggest that Bini et. al.’s slow motion formulas are in
need of calibration.
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Conclusions

Future Work

We propose the following future studies

Examine the near extremal behavior of the event horizon flux analytically.

Extend the calculation to the gravitational self-force in Reissner-Nordström
spacetime.

Implement a self-force calculation for the BBMB solution.
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Conclusions

Thank You!
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