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Detweller-Whiting Singular Fiel

" Wave equation for scalar peld :
@@ IRy (0= —2" 1100 ux)=q !s(x,z)d"

- Use Green function to solve

=g Gxzyd ol (0 “IRYGx k)= L HE )

" Want to remove singular part of beld that
" Fully contains the singular behaviour
" Does not affect the self force or EOM

| =1l s+ ! (R
" In Rat spacetime: Gt (S) e

l (s) = 5> | (ret) L adv)



Detweller- Whltlng Singular Fiel

" But In curved spacetime:

' H must satisfy
homogeneous wave
eqguation,

" Must maintain reciprocity In

respect to X and XO  Gyret) (X, X*) = G(agv) (X', X)
1 I | | | 2
Ges)y (X, x') =2 G(ret) (X, X) + Geagyv) (X, x°) ! H (X,X°)

| ;
G(r) (X, x') = } Gret) (X, X') ! G(adv) (x,x')+ H (x,x") .
H (x - G or ) el ey
Hibooe = 6, o) <l [ a6a) H (X, x°)

G(ret/adv) (:Baajl) — U($7$,)5+/—(O— +/—(—U) (I I fR) G(X,X/)

Gl (@) = S [U(.2) (")t Vie,z) ()] = 1 4mdy (x,X)




Detweller-Whiting Singular Fiel

The scalar smgular peld and self-force - X
X=X H =
U(x,Xx’)
)= = + V(x,z("))d"
(X) CEETS . (x,z("))
X = Xn
fa = gab! (R),b-
The EM singular Peld and self-force
e (x,x") =
AS = 5 :!ua!’ . + : Vaa(x, z("))u* d"
X' = X
fa = gabuCA(R)[c,b].
The gravitational singular Peld and self- \ /
.uaubuab (XX)X e #!+ Y
B = L i VR zEuene s ands - o =

2' o Ua! &G

where

1 1 1
kabcd! égadubuc n gabucud 2uaubucud+ eruagbcu + gadgbc



Motivation

Extreme Mass Ratio Inspirals

SF: Evolved spinning black holes, generic orbit
Kerr
Inclined

Non-geodesic

Image Credit: NASA JPL

Regularization: Numerical efbPciency = waveform template bank

lmax = 25,n = 12 lmax = 80,n = 50
H I g h e r O rd e r RPs used | abs. rel. abs. rel.
AB 1.3784482573 x 107° 1.2 x 10710 | 1.37844825756674 x 10~° 3.7x 10714

: ABD 1.37844825757 x 105 5.0 x 1012 | 1.378448257566791 x 105 3.3 x 10~15
» | ncreased eﬂ:)CleﬂC} ABDF | 1.378448257567 x 10~° 4.2 x 10~13 | 1.378448257566793 x 10~ 1.7 x 10~15

ABDFH | 1.37844825756675 x 107° 3.0 x 10~1* | 1.3784482575667951 x 10~° 5.5 x 10716

CPU time 1558 4247s
Credit: N. Warburton




Self-Force Methods

I\/I a tC h e d E X p a n S i O n S Radi‘al derivative pf the Green function in thp matching rqgion (eccentgic orbit)
(Wiseman, Poisson, 1998) 01 g 0_1
2 ' | ‘E:: 0.01+
e d' 'V (z(1),z(!Y) _on gy,
:§ - 1074
0.001 -
4 I I
dl 'Gret (Z(I ), Z(I )) o4
16 18 20 2 24 26
M. Casals, S. Dolan, A. Ottewill, B. Wardell, PAht)//Isu Rev. D 88, 044022 (2013)
' Mode-Sum ¢! = i flm Im () n
== + | I
(BarckcOn 2001) fa(ro,to) = lim — f" (ro+ ! r,to) Y™ (1 0,"0)
m ]
21

TJHT]O fa(r0+ l I’,to,! ,")P| (COS! )d"

' Effective Source

Vega, Detweiler, Goldburn, Barack (2007) |

St = DA (R) = | 4"Q A#4 (X Z($ )) d$ | DI_(smg)



To date E

Barack & Ori (1999-2002)

' Introduction of mode-sum scheme (direct and tail Peld split )

' Regularisation parameters (brst 2) for Schwarzschild & Kerr for scalar, EM and gravitational cases
Detweiler, Whiting & Messaritaki (2003)

' Regular-singular beld split via Detweiler-Whiting singular beld

' Regularisation parameters (brst 4) and self-force for Schwarzschild scalar circular orbit case

Haas & Poisson (2006)

' Covariant expansion with tetrad decomposition

' Regularisation parameters (brst 4) and self-force inSchwarzschild scalar & EM eccentric orbit case
Heffernan, Ottewill, Wardell (2012-2014)

' Covariant and coordinate expansions of singular Peld in Riemann Normal coordinates

' Additional 14 regularisation parameters in Schwarzschild & Kerr, scalar, EM & gravity (geodesic)

' First non-geodesic parameters in Schwarzschild scalar
Linz, Friedmann, Wisemann (2014)

' Non-geodesic parameters (Prst 2) for Schwarzschild & Kerr, Scalar, EM and gravitational



To date E

GEODESIC

Cases Fapyy | Fap Fapz Faq | Fajg
Schwarzschild scalar BO | BO | DMW /HP | HOW | HOW
Schwarzschild electromagnetic | BO BO HP HOW | HOW

Schwarzschild gravity BO BO HOW HOW | —

Schwarzschild huu — | BO /Hoﬁ\ N —

Kerr scalar BO BO HOW HOWY —

Kerr electromagnetic BO BO ( HOW — —

Kerr gravity BO BO —

Kerr huu

ONLY EQUATORIAL ORBITS CONSIDERED!




To date E

NON GEODESIC

Cases Fa[—l] Fa[O] Fa[2]

Schwarzschild scalar HOW | HOW HOW
Schwarzschild electromagnetic | LFW | LFW
Schwarzschild gravity LEW | LEW

Schwarzschild huu

Kerr scalar LFW | LFW
Kerr electromagnetic LFW | LFW
Kerr gravity LFW | LFW

Kerr huu




The scalar singular Peld and self-force are
K= H .

U(x, x") o
| (S)(x) = + : V(x,z("))d
= :
fa = gab! (R),b-
The EM singular Peld and self-force are
! a'||a ! e e
e LT
> a! - Ik |
fa = gabuCA(R)[c,b]- 20‘ = 1.+ O.a

The gravitational singular Peld and self-force are

fa— kabcdﬁ(R)

S . ua ub Uaba' (X’X) g 5 # 2 ab n a' ' n
S, = e bV 2 uE U d
-1 : E
x!=xn»
where Bl - %gab(x)"xa R AL DX

1 1 1
kabcd! égadubuc " gabucud ZUanUCUd eruagbcu o gadgbc



The scalar singular IDeId and self-force are
(S) L U(X1 X') @ @ T T
| 2/ (X) = . V(x,z("))d

2! o ud x!:@ @

ab! (R) o

f=g¢
The EM singular Peld and self-force are

! a'|ja | ! X!:@ # |
g L alXX) Ve (x z(")ur d”

2! pud X!:@ @ .

fa— gabuCA(R)[C,b]. | e O

The gravitational singular Peld and self-force are
. a',,b'[rab > #
Wl S @+ Ve (x, z(")u? uP d

2! 1 ud X!@ @

fa— kabcdﬁ(R)

where xa’(l)_x Ul L+ Pt 12+ &4

1 1 1
kabcd! égadubuc " gabucud ZUanUCUd eruagbcu o gadgbc



The scalar singular Peld and self-force are

X'= X4 # P
1 (S) (X) = LZJI(X.’J(G;’) + V(x,z("))d"

fa = gab! (R),b-

The EM singular Peld and self-force are

’ ' X!
ud U2, (X, x) - - P
Ag = — + Vi (") Ut d

fa— gabuCA(R)[C,b].

The gravitational singular Peld and self-force are

.uau*’Uab..(xx)X = ] e
B = e G + Va0 (x, z("))ud uP d"
2' a!ua I

where

1
kabcd! _gadubuc " gabucud lJaubucud eruagbcu o gadgbc

fa— kabcdﬁ(R)



=
The scalar singular Peld and self-force are
K= H .
U(x, x')
L) = ’ + V(x,z("))d"
bl (V")
Y=k :
fa = gab! (R),b-
The EM singular Peld and self-force are
! a'||a ! - i !,
Stz u U a!(X,X) a " a! n
Aa = 2 U | . . V=8 (x, z(")u= d
X*= X |
T gabUCA(R)[C’b].VAB | (X,X!) = VnAB | (X, X!)! ! (X,X!)
n=0
\_
The gravitational singular Peld and self-force are
. a',,b'[rab = #'
B = it ;J!a! l'Ja'!(X’X) e Va6 zC)utuPd® and 2= keeedgs
where | 3! !(! | 1/2VAB!). v 1/2VAB! 4 Zi! | 1/2DB!C1VnA|\C1! =0
= |

1 1 1
kabcd! égadub c g u u éuaubucud eruagbcu o gadgbc



The scalar singular beld and self-force are

: FaE s H
L D) = LZJI(X.’J(G;!) + V(x,z("))d"

fa = gab! (R),b-

The EM singular Peld and self-force are

- : Ua!Uaa! (X X!) e e |
Az T i+ | Vaa(x, z("))u* d"
X!= X

fa— gabuCA(R)[C,b].

The gravitational singular Peld and self-force are

S | Ua!Ub!Uaba!b! (X,XI) X!:X+ # !+ ab s a‘! b! 4
B, = T + V& (X, z(")u* u-d
-1 s

where

kabcd! %gadubuc " gabucud " }uaubucud+ %uagbcud o %gadgbc_

2
Non-geodesic motion: WPV g (mu®) = F* = pa® +

fa— kabcdﬁ(R)

dr



Scalar Singular Field

e

Covariant:  A(r) = A7) + AP = 7) + AR (T -7+
Aty = (I’_i §) I (r_z;) Rurur ! (r_2i4§) [(r_i g)Ru! u! |u " Ry L } +O(€5)-

Covariant coordinate:
0(2,7") = 19a5(2)02% 6% + Aupe(2)03* 62”63 + Bapea(x)dz® 627 62 62 4

Singular Field
! Sk= Q{} 15 Bzéggﬂzcu! u! %{(Ezl 392)K:ul ul ;u ! (Dzl 92)Cu! EIHE } ar O(!3)}
Non-geodesic 1
Ol = T p* = (Wap + Gap) ! X
11 1 1 1
o) = 3 E/@" Gl = z#bcd" e é#cdel us !—/@" Xb



Scalar Singular Field

o ‘o -
Py =p §Abﬁb = gAbAb = Erfde (Fbcf -+ Ffbc) ﬂdee]

i 1 1

e A (ﬂdeA%d = §A5Ebc’ﬁc) + 5 (Drace+20gpec = Fheae — 2L ge o+ Dl Dege — LR FuloA ple
p |
e S 1 1 ; :

& Ab (gAchbc o ZAb’aCdAxcd 27 ZA$Cdecd> A Z <4chf,e i 4che,f F chzride s cmdrief) adeeAxbf}
1 i

=+ —3{ — gAb’L_LCdeAZECde (A:Eb 7 ’L—LbfAmf)
0

Iei=: = &
= gAbAZIZCde [Z_Lde (GACAa:b Sl Abﬂc) S 2’L_LCdA£IZ‘C (SFdeAZIZ‘b —4F Fbef) == QFCdeACE‘b}

I 5 T BN, {QAxfz (Fjeir‘zzf =it b e IR QFfde’i)

+afiAny (Fnjk (Ffz-” - F”fz-)@jkﬁwe + Ag? (Fjekfkfi + Thigler = 4Tepjs + 4Tefi ))]
1

1 : 1 :
i §ﬂbchdef [gAZEb (FiefFch 7 Falef,c e che,f =5 che,f) =2 Zrbdercfisz} }

1 2 % . . .
b {380 A A0 By 20 (T By + 1Y g

Sl BACI?bfi (Fbchefz-A:z;Cde S QFCdGFﬁjﬂbcAa:dejFdfiFelkﬂbcdeAxcfk+) }



Scalar Singular Field

2] o + | (2,—1),0_1 & (2,—3),0_3 5 (2,—5),0_5 = (2,—7),0_7

2 | B¥p 5 c b
Ab -—— - — uby ub  Axc |+ Ab
8 8
5 lc 15 c 5 1 c 1 c d e £ £ f £
L‘Z Ab ube AXp - Ig‘Abb Ab~ AXc - Z Ab"p ub™ Axc + Zg ub”™ ub” Ax (43 T[V]ee" T V]lgpa* 23 T'[V]egp T V]gea= 1l T[V]gge TV he*5 T [V]geq TIV] pe -
5 . .
24 T[V] cge,p-6 T1V]eca,b~ 24 TV pee,a- 24 T[V]epe,a* 6 T[Viepe,a*+ 24 T[V]pea,e+ 48 T[V]pg,e) + ub® ub?® ub® ub® [ﬂ T[V]iee (T[V]eq™ + TIV]tea)

1 . . . .
T (255 T[V]ge" T[V]ips+22 T[V]pg' T[V]jee+123 T[V] g T[V]iee+40 T[V]iee T[V]*pq-30 T[V]geg,p + 30 r[v]dbe,f))) .

1 . . . . . .
ub® (E ub® ub® ub? Ax® (=23 T[V]gy T[VIie TIVI3ge+ T[V]igy TIVIie TIVITge-22 T[V]i, T[V]je; TIV]Tg-
26 T[V]q5 TIV]the TIVIde+12 T[VIie T[V]ggs,e+30 T[VIie T[Vigei,e+ 13 TIVIie T[V]gqs,e* 26 T[VIie T[V]icq,e*

T[V] gt (-26 T (V] 5es r(v]I_4-70 T[V]5c5 T(v]I, +26 T[V]icd,e) +43 T[v]i, T[V]ige,e - 12 T{V]pee,a,e - 12 T[V]gpe,d,e -

42 T[V] . T[V]gei,e-30 T[V]i, T[V]ige,e+12 T[V]peq,e,e- 12 T[V]i; T[V] +12 T[V] e T[V]ges,s) +

cde, i
1 . . . .
18 ub® ub® ub® ub® ub' Ax, (-287 T'[V]jg T[V]Jq TIV]®y - 123 T[V]yy TIV] 94 T[V]I¥e +57 TV T[V]egs,s -
6 T[V]egd (19 T[V]gss TIVI¥eg+ 61 T[V] g TIVI¥e; =19 T[V]jeg,s) + 171 T[V] Iy T[V]jeg,; - 60 r[V]cdelf,i))




Testing

Retrieved A & B Schwarzschild non-geodesic RPs

Successfully regularises circular orbit with constant acceleration

o

||||||||||||||||||||||

e / |
 S%$IS |
g -
I $%$$;
— !$!"'
g ! k' 1.5
| 4 $ 43
0.0 0.5 1.0 1.5 2.0
_ / geo
- 9 o




Testing

' Successful regularises eccentric orbits (and more novel
orbits)

Ip.cy#=18.0.1,1.88345%
-~ 172 reference
——- 17% reference
R ' 5 0 5 n 10 15 20 30 50 70 100 150
X

|

dt/d x = k - dt/d xgeo k=1091111315 2 3, 4}




Summary

Covariant Singular peld for non-geodesic motion in scalar
case

' easlly extendible to gravitational case
A and B retrieved and tested for Schwarzschild (NG)
" D requires coordinate conversion
A and B retrieved and tested for Kerr (G)
" D requires coordinate conversion

' Currently no test available for non-geodesic Kerr (soon)



Thank you!

steven L Detweiler: 1947-2016

Dept. of Physics, U. Florida: 1982-2016
astrophysicist, avid runner, collcague




