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Peters & Mathews computed the PN flux from bound 

eccentric motion

8

Once the C±
lmn are determined, the energy fluxes at infinity can be calculated using

⌧

dE
dt

�

=
X

lmn

! 2

64"
(l + 2)!

(l ! 2)!
|C+

lmn |2, (3.26)

given our initial unit normalization of the modes X̂ ±
lmn .

IV. CONFIRMING ECCENTRIC ORBIT FLUXES THROUGH 3PN RELATIVE ORDER

The average energy and angular momentum fluxes from an eccentric binary are known to 3PN relative order
[49–51] (see also the review by Blanchet [20]). The expressions are given in terms of three parameters; e.g., the

gauge-invariant post-Newtonian compactness parameter x " (M ⌦! )
2/ 3, the eccentricity, and the symmetric mass

ratio #̄ = m1m2/ (m1 + m2)2 # µ/M . In this paper we ignore contributions that are higher order in the mass ratio
than O(#̄2), as these would require a second-order GSF calculation to reach. The energy flux is composed of a set of
eccentricity-dependent coe�cients. Its form through 3PN relative order is
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I0 + x I1 + x3/ 2 K3/ 2 + x2 I2 + x5/ 2 K5/ 2 + x3 I3 + x3 K3

⌘

. (4.1)

The In are instantaneous flux functions [of eccentricity and (potentially) log(x)] that have known closed-form ex-
pressions (summarized below). The Kn coe�cients are hereditary, or tail, contributions (without apparently closed
forms). In a subsequent section, we derive new expansions for these hereditary terms, which are useful at minimum
for BHP/PN comparisons.

A. Known instantaneous energy ßux terms

For later reference and use, we list here the instantaneous energy flux functions, expressed in modified harmonic
(MH) gauge [20, 49, 51] and in terms of et , a particular definition of eccentricity (“time eccentricity”) used in the
quasi-Keplerian (QK) representation [52] of the orbit (see also [20, 49–51, 53–55])
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where the function F (et ) in Eqn. (4.5) has the following closed-form [49]
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Peters & Mathews, 1963
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Once the C±
lmn are determined, the energy ßuxes at inÞnity can be calculated using

⌧

dE
dt

�

=
X

lmn

! 2

64"
(l + 2)!
(l � 2)!

|C+
lmn |2, (3.26)

given our initial unit normalization of the modes öX ±
lmn .

IV. CONFIRMING ECCENTRIC ORBIT FLUXES THROUGH 3PN RELATIVE ORDER

The average energy and angular momentum ßuxes from an eccentric binary are known to 3PN relative order
[49Ð51] (see also the review by Blanchet [20]). The expressions are given in terms of three parameters; e.g., the
gauge-invariant post-Newtonian compactness parameterx ⌘ (M ! ! )2/ 3, the eccentricity, and the symmetric mass
ratio ø# = m1m2/ (m1 + m2)2 ' µ/M . In this paper we ignore contributions that are higher order in the mass ratio
than O(ø#2), as these would require a second-order GSF calculation to reach. The energy ßux is composed of a set of
eccentricity-dependent coe" cients. Its form through 3PN relative order is
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The I n are instantaneous ßux functions [of eccentricity and (potentially) log(x)] that have known closed-form ex-
pressions (summarized below). TheKn coe" cients are hereditary, or tail, contributions (without apparently closed
forms). In a subsequent section, we derive new expansions for these hereditary terms, which are useful at minimum
for BHP/PN comparisons.

A. Known instantaneous energy flux terms

For later reference and use, we list here the instantaneous energy ßux functions, expressed in modiÞed harmonic
(MH) gauge [20, 49, 51] and in terms ofet , a particular deÞnition of eccentricity (Òtime eccentricityÓ) used in the
quasi-Keplerian (QK) representation [52] of the orbit (see also [20, 49Ð51, 53Ð55])

I 0 =
1

(1 � e2
t )7/ 2

✓

1 +
73
24

e2
t +

37
96

e4
t

◆

, (4.2)

I 1 =
1

(1 � e2
t )9/ 2

✓

�1247
336

+
10475
672

e2
t +

10043
384

e4
t +

2179
1792

e6
t

◆

, (4.3)

I 2 =
1

(1 � e2
t )11/ 2

✓

�203471
9072

� 3807197
18144

e2
t �

268447
24192

e4
t +

1307105
16128

e6
t +

86567
64512

e8
t

◆

+
1

(1 � e2
t )5

✓

35
2

+
6425
48

e2
t +

5065
64

e4
t +

185
96

e6
t

◆

,
(4.4)

I 3 =
1

(1 � e2
t )13/ 2

✓

2193295679
9979200

+
20506331429

19958400
e2

t �
3611354071
13305600

e4
t

+
4786812253
26611200

e6
t +

21505140101
141926400

e8
t �

8977637
11354112

e10
t

◆

+
1

(1 � e2
t )6

✓

�14047483
151200

+
36863231
100800

e2
t +

759524951
403200

e4
t +

1399661203
2419200

e6
t +

185
48

e8
t

◆

+
1712
105

log

"

x
x0

1 +
p

1� e2
t

2(1� e2
t )

#

F (et ),

(4.5)

where the function F (et ) in Eqn. (4.5) has the following closed-form [49]
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“Enhances” flux  from Hulse-Taylor pulsar (! =0.62) by factor of 12



1. Black hole background: 

2. Small deviations:                              

We work in a gauge which simplifies the 

field equations

Schwarzschild metric

1

gµ! = ⌘µ! + O(x2)

C(�t) =

Z
k(t+�t)f(t)dt

✓
!

@2

@t2
+ c2 @2

@x2

◆
h̄µ! = 0

|hµ! | " |gBH
µ! |

gµ! = gBH
µ! + hµ!

gBG
µ! = gBH

µ!

|hµ! | " |⌘µ! |

gµ! = ⌘µ! + hµ!

gBG
µ! = ⌘µ!

Gµ! = 0

rs #
2GM

c2

gµ! (t, r, ✓,�) =

2

66664

! (1 ! rs/r) 0 0 0

0 1
(1 ! rs/r) 0 0

0 0 r2 0

0 0 0 r2 sin2 ✓

3

77775
, f # 1 !

rs
r

x" (⌧)

D2x"

D⌧2 = 0
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Key assumptions

Metric perturbation

Regge-Wheeler gauge:
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Lorenz gauge:

Result



Periodic motion implies a discrete spectrum
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The particular solution follows from integrating 

over the source
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We spanned the two dimensional space of orbits

!  = 0 !  = 0.1
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"  = 1035

1683 orbits

33 eccentricities

51 radii



PN parameters involve sums of transcendentals 
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New PN parameters have been confirmed with a 

separate code

Flux residuals after subtracting new PN parameters

Code by Thomas Osburn



Outline

Unbound motionBound motion

Local calculations Wormholes and echoes



There has been a lot of previous work, but here are a 
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Turner did the ‘Peters-Mathews calculation’ for 

scattering
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The Turner result has only been extended to 1PN
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We still use spectral methods in the unbound case
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The particular solution follows from integrating 

over the source
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Convergence depends on which master function you 

choose
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Speed benefits come at large frequencies
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The unbound spectrum is dense
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The time domain is dense, too
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The character of spectra changes with r-min
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Smarr predicted the zero-frequency-limit to be non-zero 

for unbound motion 
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The ZFL also predicts the memory effect
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The code struggles with small frequencies
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The energy flux is interesting in the large and 

small limits
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At the critical surface the particle will radiate forever
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At the critical surface the harmonics are evident
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At high energies we agree with Peters’ predictions
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The point particle can cause a Gibbs phenomenon
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‘Extended homogeneous solutions’ avoids this problem

Hopper, Evans

Barack, Ori, Sago



Scatters also have gauge invariants
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Angle of deflection:



Local calculations are hard, any way you cut it
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Black holes ring because they have “light rings”

Light ring

Event horizon
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A wormhole can have two light rings
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A wormhole rings like a black hole at first, 

but echoes later

Particle 
Trajectory

Gravitational waveform

Potential well

Wormhole

Light rings

Cardoso, Hopper, Macedo, Palenzuela, Pani



These are the main points
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