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[A1Z] The aim of this workshop is to discuss the latest developments of thermal quantum
field theories and their applications in a variety of fields in physics: not only particle physics,
nuclear physics, and cosmology, but also in newly developing fields of quantum statistical
physics, and condensed matter physics. Particle physics, nuclear physics, and cosmology have
been the main target fields of this workshop. For example, recent progress of thermal QCD
calculations (including Lattice QCD) and their applications for QCD phase transitions, and the
quark gluon plasma states have been intensively discussed. The phase structure in finite
temperature and density QCD (including color superconducting states and quark stars) is one of
the recent topics and a lot of discussions have been done for them. In statistical and
condensed-matter physics, the Bose-Einstein condensation and superfluid phase transition in
atomic gases have been discussed: these topics are closely related with thermal field theories and

expected to give new developments in thermal field theories.
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QCD Thermodynamics on the Lattice: Recent Results

Carleton DeTar
Department of Physics and Astronomy, University of Utah, Salt Lake City, Utah 84112, USA *

I give a brief introduction to the goals, challenges, and technical difficulties of lattice QCD
thermodynamics and present some recent results from the HotQCD collaboration for the

crossover temperature, equation of state, and other observables.

I. INTRODUCTION

Numerical simulations and models have established that the high-temperature behavior of QCD
at low baryon number density is governed by two interrelated phenomena, namely the transition
from a low temperature, confined regime to a high temperature deconfined regime and the transition
from a low temperature regime with spontaneously broken chiral symmetry to a high temperature
regime in which the chiral symmetry is restored. The deconfinement phenomenon is especially
apparent at very large quark masses where the first order phase transition of pure SU(3) Yang-
Mills theory becomes manifest. The chiral restoration phenomenon, on the other hand, is most
relevant in the limit of vanishing quark masses. Between these extremes only a nonperturbative
calculation can say what happens. The present consensus in lattice QCD is that there is no phase
transition — only a crossover — at physical quark masses and zero baryon number density [1, 2].

Figure 1 (left) summarizes in qualitative terms our knowledge of the QCD phase diagram as a
function of the light (up, down, and strange) quark masses m, = mg and mg. Lattice calculations

aim to check this picture. One impotant question is whether, when we fix the strange quark mass at
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FIG. 1: Left: Sketch of phase diagram at zero baryon density as a function of light quark masses m,, = my
and ms. Right: Splitting of the pion taste multiplet showing the expected decrease with lattice spacing.

The unboxed points are for the asqtad action and the much lower boxed points are for the HISQ action.
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its physical value and reduce the up and down quark masses, we encounter the first-order transition
region. Present indications are that we do not.

What can we learn about QCD thermodynamics from numerical lattice simulations? Here is a
list of objectives. More could be added.

e Obtaining accurate values of the crossover temperature 7).

e Determining the equation of state, velocity of sound, etc.

e Studying critical universality at low light quark masses.

e (Calculating transport properties of the plasma.

e Establishing the extent of validity of the hadron resonance gas model at low T'.

e Determinining the behavior of in-medium hadronic modes (e.g. J/1), especially above T,?
e Searching for an experimentally accessible critical point at nonzero baryon number density.

For all of these topics a nonperturbative treatment is necessary. Numerical simulation on the lattice
gives a first-principles, nonperturbative treatment. We know of no alternative. It does not answer

all of our questions, however. Here is a list of limitations:
e We can treat only static thermodynamic equilibrium or small perturbations around it.

e We work in euclidean time: Real time properties are difficult to extract. Transport properties

can be computed, in principle, but it is not easy.
e (Calculations at nonzero quark number density are very difficult.

Phomenological models can help extrapolate from lattice results to regimes that are inaccessible

to lattice calculations.

II. LATTICE METHODOLOGY

For an introduction to lattice methods for QCD thermodynamics, please see [3] and references

therein. Here we mention only a few key concepts.

A. Feynman path integral

We work with quantum grand-canonical partition function

Z="Tr [exp <_H/T+ZNiNi/T>] , (1)



for temperature 7', QCD hamiltonian H, chemical potential u;, and conserved charge N;. It is

rewritten, using the Feynman path integral approach, as the functional integral
2 = [ A, db i expl-S(A, 6,5, 1) (2)

where A, 1), 1) represent the gluon and quark fields and S is the classical action in a Eudlidean
space-time (imaginary time). The continuous space-time is discretized as a lattice of points of
spacing a, and the classical action is formulated on that lattice. The parameters of the action
are, as usual, the gauge coupling and the quark masses. Introducing the lattice puts the functional
integration in a form that is more amenable to numerical simulation, and it provides the ultraviolet
regulation needed to define QCD.

B. Varying the temperature

The imaginary time coordinate has a finite extent determined by the temperature. So if there
are N, points in the time direction, at lattice spacing a, the temperature is given by T' = 1/(aN;).

There are two methods in current use for varying the temperature.

1. Fixed N, method. Through the renormalization group, the lattice spacing a depends on the
bare gauge coupling g, so as g decreases, a decreases, and T increases. Low T then implies
larger lattice spacing and larger cutoff effects! With this method we scan a temperature

range at one fixed N, and then repeat at larger IV to move closer to the continuum.

2. Fixed scale method. [4, 5] With this method we fix the gauge coupling and lattice spacing

and vary N,. Cutoff effects are then uniform in 7.

C. Setting the bare quark masses

Quark masses can also be varied to explore the phase diagram. It is useful to work along “lines
of constant physics”; i.e. we tune the bare quark masses so as to keep (zero-temperature) meson
masses fixed in physical units as 7' (so a) is varied. Typically we set the strange quark mass mg
to its physical value, but it is expensive to calculate with a physical up and down quark mass
my = mg = my, so we fix the ratio my/ms, repeat the calculation for a range of ratios, and then

extrapolate to the physical point.

D. Determining the lattice scale

To get T in MeV we need to know a in physical units. This value is determined in a zero tem-
perature calculation at the same hamiltonian parameters. It requires matching one dimensionful

lattice result with one experimental result. Two common methods are in use:

1. fg scale. One measures the meson decay constant in lattice units afx at zero temperature.

From the experimental value of fx, we then know a.



2. r1 or rg method. This method is based on a measurement of the static quark-antiquark
potential, a relatively easy process. The constant ry is defined as the value of R where
R2dV(R)/dR = 1. The Sommer scale 7q is similarly defined [6]. Of course, these values are
not measured in experiment. So their values are determined in terms of an experimentally
observable quantity, such as the splitting of the T spectrum, with the result r; ~ 0.31 fm
and 79 ~ 0.47 fm [7].

All scale definitions must agree at zero lattice spacing and physical quark masses, but we expect
some disagreement at nonzero spacing and unphysical masses. With current methods we can get

better than ~ 2% accuracy in T

E. Lattice fermion doubling problem

Putting fermions on the lattice is nontrivial. Discretization of the Dirac action introduces
complications. As a result there are several lattice fermion formulations, each with its advantages
and disadvantages. With a naive discretization in three space and one time dimension we get 2%
quark species of the same mass. This is called the fermion “doubling” problem. The remedial
strategy varies with the fermion implementation.

Wilson introduced a dimension-five term in the action to lift the degeneracy. All unwanted
fermions then get masses of order 1/a. This procedure breaks chiral symmetry explicitly, which
adds to the complexity of studies at finite temperature.

The domain wall and overlap implementations usually start from Wilson’s action and build from
it an action with a form of chiral symmetry. It is rigorous, elegant, but computationally expensive.

The staggered fermion implementation diagonalizes the fermion matrix partially to reduce the
degeneray from 16 to 4. In modern language, these are called “tastes”. (Then each flavor comes in
four tastes.) Finally, one takes the fourth root of the fermion determinant to get an approximately
correct counting of sea quark flavors. This is a controversial step, but recent work has placed it on
firmer theoretical ground. (See a discussion and references in [7].)

The lattice regulates ultraviolet divergences by introducing a momentum cutoff of order 1/a. As
the spacing is reduced, we remove the cutoff. Depending on how the lattice action is formulated,
at nonzero lattice spacing, results can be distorted by the cutoff. The goal of improving the
formulation is to reduce these effects at a given a. This is done by adding irrelevant higher-
dimensional terms to the action [8]. The original staggered fermion action is “unimproved”: good
to O(a?). Improved formulations in current wide use are called “p4” [9, 10], “asqtad” (for references,
see [7]), “stout” [11, 12], and “HISQ” [13].

In the continuum limit the tastes are described by an exact, extraneous SU(4) symmetry, and
the fourth root is trivial. At nonzero lattice spacing, this symmetry is broken, which leads to
a distortion of the hadron spectrum, as shown below. As we will see, recent calculational results
suggest that taste symmetry breaking is the source of a large share of the cutoff effects in traditional
staggered fermion thermodynamics. Currently, the HISQ action has the most improved taste

symmetry, followed closely behind by stout, and then asqtad, and p4. Aside from taste splitting,
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FIG. 2: Three deconfinement markers as a function of temperature (MeV). Left: static quark free energy [3].
Middle: strange quark number susceptibility [14]. Right: energy density and pressure in units of temperature

[22]. The Stefan-Boltzmann free-gas limit is indicated on the right. The crossover is evident in all of them.

other cutoff effects are expected. The p4, asqtad, and HISQ actions are all improved with leading
errors at O(a?ay), and the stout action is less improved with leading errors at O(a?).

The effects of taste-symmetry breaking are most evident in the pion spectrum. Four tastes of
quarks and four of antiquarks yield a multiplet of sixteen pion tastes for each physical pion. The
resulting multiplet structure is shown in Fig. 1 [14]. The figure shows that the splitting decreases

2

approximately as a oz%,. The considerable improvement of HISQ over asqtad is also apparent.

III. RESULTS

I will review some recent results mostly from the HotQCD collaboration [24] including some
very new ones based on the HISQ action N, = 6,8 and asqtad N, = 12.

A. Indicators of deconfinement

A variety of observables are good phenomenological indicators of deconfinement. We discuss
two of them, namely the Polyakov loop or “static quark self energy” and the strange quark number
susceptibility. A third, the equation of state, is discussed later below.

The traditional deconfinement indicator is the “Polyakov loop” L. It is related to the static
quark free energy Fy, i.e. the difference of the free energy of the thermal ensemble with and without

a static quark:

YT
L=<mexp<zg / dTAo<T>>>~exp[—Fq<T>/T] (3)

Even when light quarks are present in the ensemble, adding a static quark at low temperature
requires screening by a light quark, increasing the free energy by an amount equal, roughly, to a
constituent quark mass. In the deconfined phase the constitutent quark mass is very low. This
effect is visible in the left panel of Fig. 2. There is no direct linkage between this quantity and the
chiral order parameter, so this observable is not a good indicator of the chiral transition.

The strange quark number susceptibiltiy measures fluctuations in strangeness x5 = (S 2> /(VT).

Such fluctuations are expected to be large in the deconfined phase where strangeness is carried by
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FIG. 3: Left: Chiral condensate for a variety of quark mass ratios mg/ms [20]. Also shown is the ex-
trapolation to zero quark mass where a singularity is expected to appear. Middle: The subtracted chiral
condensate (see text) from various fermion formulations, showing a lowering of the transition temperature
with decreased taste splitting [17]. Right: Chiral condensate for the asqtad action fit to the O(2) and O(4)
critical scaling functions (see text) [17].

the quark degrees of freedom, and small in the confined phase where it is carried by hadrons
containing a strange quark. This behavior is apparent in the right panel of Fig. 2. Although
this quantity is expected to have a singularity at the chiral critical point, an analysis of critical
behavior suggests that the singularity is too mild to make this observable a good indicator of the

chiral transition.

B. Indicators of chiral symmetry restoration

The chiral condensate and its associated susceptibility are obvious markers of chiral symmetry
restoration. The light quark chiral condensate v} is, in fact, the order parameter for chiral

symmetry at zero up and down quark masses.
(Yy) = (T/V)dlog Z/dm. (4)

It is nonzero when chiral symmetry is spontaneously broken and zero when it is restored. We
expect restoration at high 7. When all sea quark masses are nonzero, chiral symmetry is not
exact, so we don’t get zero, exactly. The example in Fig. 3 (left) confirms the expected behavior.
The chiral condensate is subject to both additive (divergent at nonzero quark mass) and multi-
plicative renormalization. To compare results for different actions, it is necessary to remove these

factors. A convenient choice is the “subtracted” condensate (middle panel of Fig. 3):
Ags = () (T) = mg/ms (i) (D) /[(¥), (T = 0) — mg/ms (i) (T = 0)] (5)
C. Taste symmetry and the transition temperature

In Fig. 2 and Fig. 3 we see that the various actions give strikingly different. The discrepancies

correlate with the degree of taste symmetry of the action. As taste symmetry is improved, the



curves shift to lower temperature. This is achieved by decreasing the lattice spacing, i.e., increasing
N, and by improving the action. For the latter property, in order of gradually improved taste

symmetry, the actions are p4, asqtad, stout, and HISQ.

D. Scaling of chiral order parameter (Magnetic equation of state)

At zero quark mass we expect universal O(4) critical behavior at the chiral-symmetry-restoring

phase transition. It is O(2) at nonzero lattice spacing for staggered fermion actions. Define
t=(T—T.)/T. and h= (m/mg)?~my/mg (6)
For small h and ¢ we have
M(t,h) = mg/T* (ap(t, b)) — t° f(2) + regular (7)

where z = zt/h*/ (39 and f(2) is the universal scaling function for O(2) or O(4). This analysis
is tested in Fig. 3 (right). It follows the analysis for the p4 action described in [16]. A similar
analysis for Wilson fermions long ago found surprisingly good scaling [15]. Such a scaling analysis

gives a framework for extrapolating results to the physical quark mass.

E. Chiral susceptibility

The chiral susceptibility measures fluctuations in the chiral condensate. For light quarks it is

T 92

Xe = V(‘?—m% IOg Z = X¢,disc + 2X€,conn- (8)

The “disconnected” and “connected” labels refer to the topology of quark world lines in the con-
ventional computation. The disconnected term peaks at the crossover, as shown in Fig. 4. The
peak height diverges in the chiral limit. Thus it is an excellent marker for the crossover. Consistent
with the behavior of chiral condensate, the peak shifts to lower temperature as the lattice spacing

is decreased (increasing N;).

F. Transition temperature at the physical point

Locating the peaks of the chiral susceptibility at other quark masses and lattice spacings allows
us to carry out an extrapolation to the physical light quark mass (approximately mg/27) and zero
lattice spacing. The temperature at the peak is plotted in Fig. 4 (right) together with curves based

on the ansatz
T,y = T.(0) + a(mg/ms)" P 4+ b/N? (9)

The light quark mass dependence is motivated by the expected universal O(4) critical behavior
(1/(B6) = 0.54) and the lattice spacing (1/N,) dependence is based on the expected O(a?) cutoff

dependence of the action.
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FIG. 4: Left: Disconnected light quark chiral susceptibility for the asqtad action showing a peak at the
crossover temperature [18]. The peak shifts to lower temperatures with increasing N, (decreasing lattice
spacing). Right: The crossover temperature as a function of the light quark mass ratio and N, [18]. The
curves show the fit to Eq. (9).

At the physical point my/ms = 1/27 and zero lattice spacing we obtain a preliminary value
of the crossover temperature at the physical point: T, (phys) ~ 164(6) MeV [18]. The Budapest-
Wuppertal result for a closely related observable is 147(2)(3) MeV [19]

In the past couple of years there has been a lively discussion about the transition temperature. In
2004 the MILC collaboration, using the improved asqtad action, carried out a similar extrapolation
from N, = 4, 6, and 8 to the physical point with lower statistics than in the present study and
reported 169(12)(4) MeV [20]. In 2006 Cheng et al., using the p4 action, reported 192(7)(4) MeV
at the physical point based on simulations at N; = 4 and 6 [21]. The HotQCD collaboration
published a study of the equation of state in 2009, based on both the asqtad and p4 actions,
but, because there were not enough data to do so at the time, quite deliberately did not quote a
result for the transition temperature at the physical point [22]. At the same time the Budapest-
Wuppertal collaboration reported on its study using the stout action, with several values depending
on the observable, including 147(2)(3) MeV from their renormalized disconnected susceptibility and
165(5)(3) from the strange quark number susceptibility [19].

What we have learned first from these studies is that the transition temperature is more sensitive
to taste-breaking effects in the staggered action than some had expected. But the story is not
finished. The HotQCD collaboration has undertaken a more comprehensive analysis of O(N)
universality with its current data. This study may lead to a more refined determination of the
crossover temperature. It also provides a means of deciding which observables are better markers

of critical behavior.

G. Equation of state (trace anomaly)

The equation of state, i.e., the energy density €, pressure p, and entropy density s as a function
of temperature is an important quantity in the hydrodynamics of heavy ion collisions and in the
characterization of the early universe. The now standard lattice QCD construction of the equation

of state begins with a calculation of the “trace anomaly” or “interaction measure”, I =€ — 3p. It
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FIG. 5: Interaction measure in units of temperature vs. temperature for the asqtad, p4, HISQ, and stout
actions at a variety of values of N, [17]. The curve is a convenient parameterization. It agrees with the

hadron resonance gas model at low temperature.

is plotted in Fig. 5 for a variety of actions. At low temperature the measured points lie below the
prediction of the hadron resonance gas model (based on physical hadron masses). Such an effect
is an expected consequence of the splitting of the pion taste multiplet, which tends to increase
the rms mass of the pion, and therefore increase the transition temperature. At high temperature
where cutoff effects are much reduced, the three actions (p4, asqtad, and HISQ) agree. However,
a recent Budapest-Wuppertal result for the stout action shows a significant deviation [23]. The
results are compared in Fig. 5. The stout action points include a rather large “tree-level” correction
for cutoff effects. Since the p4, asqtad, and HISQ actions are improved at O(a?), they have better
scaling properties at high temperature, as shown, and no such correction was applied. In any case
the correction vanishes for all actions in the continuum limit.

The pressure p and energy density € are obtained from the interaction measure I as follows:

T Ly e—r4s (10)
p=7 ). 1T 7w e=1+3p

Results are shown on the right in Fig. 2 for the asqtad and p4 actions.

IV. CONCLUSIONS

Lattice QCD is providing a wealth of information about high temperature QCD, particularly
about the nature of the transition from low to high temperature and the behavior of several
quantities of phenomenological importance, including the equation of state and the quark number
susceptibility. Other quantities I did not have space to discuss are the speed of sound, the equation
of state at nonzero baryon density, transport properties, and the survival of hadronic modes in the
medium.

The staggered fermion formulation is most widely used for thermodynamic studies. We have
learned that taste-symmetry breaking makes a large contribution to cutoff effects in that formu-

lation making it highly desirable to use actions such as HISQ and stout that have better taste
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symimetry.
More is yet to be learned about the critical scaling of various quantities near the chiral phase
transition, and further study is needed to settle substantial disagreements in the interaction measure

at moderate temperature.
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Transport coefficients of causal dissipative relativistic hydrodynamics
in lattice gauge simulations

1Relativistic fluid dynamics is an important
model to understand various collective phe-
nomena in astrophysics and heavy-ion colli-
sions, although its theoretical foundation has
not yet been established [1]. The relativistic
Navier-Stokes theory is, for example, acausal
and unstable and inadequate as the theory of
relativistic fluids. The reason is that the irre-
versible currents (the shear stress tensor 7",
the bulk viscous pressure II etc.) are linearly
proportional to the thermodynamic forces (the
shear tensor o, the expansion scalar 0 etc.),
with the proportionality constant named the
shear viscosity coefficient 7, the bulk viscos-
ity coefficient ¢ etc. Thus, the forces have an
instantaneous influence on the currents, which
obviously violates causality and leads to insta-
bilities. These problems are solved by, for ex-
ample, introducing retardation into the defi-
nitions of the irreversible currents, leading to
equations of motion for these currents which
thus become independent dynamical variables.
The retardation effect is characterized by the
relaxation time. Theories of this type are
called causal dissipative relativistic fluid dy-
namics (CDR). In CDR, the irreversible cur-
rents and the thermodynamic forces are no
longer in a simple linear relation, and such
fluids are called non-Newtonian. As a conse-
quence, the transport coefficients for CDR. can-
not be computed with methods commonly used
for Newtonian (Navier-Stokes) fluids, such as
the Green-Kubo-Nakano (GKN) formula.

Recently, a new microscopic formula to cal-
culate the transport coefficients of CDR from
time-correlation functions was proposed [2, 3].
This formula reproduces the ordinary results
when it is applied to the classical Navier-Stokes
theory and the diffusion equation. The con-

! This is study in collaboration with H. Abuki
(Tokyo Univ. of Science), T. Hatsuda (The Univ. of
Tokyo) and T. Koide (Frankfurt Inst.).
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sistency between this new formula and the re-
sults obtained from the Boltzmann equation
was confirmed in Ref. [4, 5]. Since this formula
is derived from quantum field theory, it will be
applicable even to dense fluids, differently from
the calculations based on the Boltzmann equa-
tion.

The purpose of the present study is to cal-
culate the transport coefficients of CDR with
lattice QCD simulations by using the new for-
mula. The calculations of the transport coeffi-
cients, in general, contain temporal-correlation
functions which are very difficult to estimate
in lattice simulations [6, 7]. Thus, as a
first attempt, we focus on a ratio between
the shear viscosity and the corresponding re-
laxation time, 7/7., which is given only by
static correlation functions. After defining
the correlation functions between the energy-
momentum tensor on the lattice, we calculate
the ratio in quenched lattice simulations on
243 x4-16 lattices with 3, . = 6.0, which corre-
sponds to the temperature range 0.5 < T/T. S
1.8 where T, is the critical temperature.

We first choose gross variables which are nec-
essary to extract the macroscopic motion of
many-body systems. If the chosen variables
are not enough, the derived fluid dynamics will
show unphysical behaviors, such as instability
and the divergent transport coefficients.

For ideal fluid, the energy-momentum ten-
sor TH is a function only of the energy den-
sity € and the fluid velocity u*, which is nor-
malized as wtu, = 1. Then, by applying a
Lorentz transformation and using the defini-
tion of the energy density and pressure P, we
obtain T = (e + P)utu” — g"” P. Note that
P is calculated by the equation of state. Since
TH" is conserved, we have 9, T"" = 0. This is
the relativistic Euler equation.

For dissipative fluid, TH” cannot be ex-
pressed only by € and u*. We represent this



additional component by another second rank
tensor II*”. The most general TH” is, then,
given by T = (e+ P)utu” — g"” P+II". Con-
ventionally, II* is expressed using the trace
part II and traceless part 7« as IT*"" = 7 —
(g" — wtu”)II. Finally TH” is expressed as
T = (e+ P+II)utu” — g (P+1I) +7H, and
II and 7*¥ are the bulk viscous pressure and
the shear stress tensor, respectively, satisfying
the orthogonality condition u,7"” = 0. In the
traditional Landau-Lifshitz theory [8], the vis-
cous terms are induced instantaneously by the
corresponding thermodynamic force: II = —(6,
" = 2not¥, where ¢ and 7 are the bulk and
shear viscosities, respectively. The thermody-
namic forces # and o are defined by

0 = oy,
ot = % (éWUV + OYut — %(g’“’ - u“u”)&)
= AMA9 .

When we use these definitions of the viscous
terms, we obtain the relativistic Navier-Stokes
equation. Because of the instantaneous pro-
duction of the viscous terms, this equation con-
tains sound propagations with infinite speed.

In order to solve this problem, the retarda-
tion effect is taken into account by introduc-
ing relaxation times 7, for the shear stress ten-
sor and 71 for the bulk viscous pressure, re-
spectively. Thus the viscous terms satisfying
causality are given by

THUMQ“H +mllo+ 11 =

Te AP0 005 + o O + THY

_C97

2not”

where 71 and 7, are the relaxation times of
II and 7", respectively. Here the projection
operator AM29 is necessary to satisfy the or-
thogonality relation. These are the equations
of CDR. One can easily check that the Navier-
Stokes theory is reproduced in the vanishing
relaxation time limit. The second terms on the
Lh.s. come from the (de)compression of fluid
cells which is important to implement stable
numerical calculations with ultra-relativistic
initial conditions [9].

In fluid dynamics, transport coefficients are
inputs which should be calculated from the un-
derlying microscopic dynamics. As was dis-
cussed in the introduction, we cannot apply the
GKN formula to CDR. The new formula is de-
rived by using the projection operator method
[2, 4]. The results are summarized as

n _ 7ZGKN (1)
Ble+P) B2 [ dPx(1%(x),T0(0))’
Tr _ ?ZGKN A (2)
B B2 [ dx(Tve(x), Tv*(0))’
¢ _ CGKN (3)
Ble+P) B2 Ik dsx(jﬂo:p(x)’ TO“”(O))’
I CGKN

B~ B2 [ d3x(sTi(x), o11(0))’

where ~ denotes operator, and we define 1=
Zg’zl T%/3—c2T% and §A = A—Tr[p.,A] with
the equilibrium density matrix pe,. The inner
product is defined by Kubo’s canonical corre-
lation,

B

P Ttlpeg A(=iN) B,
o B
Here ngxn and (gxn are the shear and bulk
viscosities of Newtonian fluids which are cal-
culated using the GKN formula (or more pre-
cisely, using the Zubarev method). These
quantities are given by the temporal (dynami-
cal) correlation functions.

One can see that the new transport coeffi-
cients are still calculated from the GKN for-
mula with the normalization factors, which are,
on the other hand, given by the static correla-
tion functions. Thus, for example, the ratio
of the shear viscosity and corresponding relax-
ation time is calculated only from the static
correlation functions,

(4, B) = (5)

n o _J d*x (1% (x),7%(0))
(e +P) [ d3x(T0%(x),T9%(0))

(6)

In the leading order of the weakly interacting
bose gas, the above ratio becomes ﬁ =
afp which becomes zero (1) at T = 0 (T — o)

for massive bosons. In the following, we focus




on this ratio and calculate it in quenched lattice
simulations.

Let us consider the gluonic matter at finite T,
and define the energy-momentum tensor for the
SU(3) gauge theory in Euclidean space-time as,

Ty () = 2tr [F;wz( ) Fyo ()]
~30u (14 52) 0 [Fpo (@) Fp@)], ()

where the trace is taken over color indices,
and ((g) is a beta function on the lattice [10].
In the standard approach, the field strength
tensor squared on the lattice (without the
summation over Lorentz indices) is defined
from the Hermitian part of the plaquette as
a*tr [FuFu] = Biar [1— sRetrUy], where
Biar = 6/ g® is a lattice gauge coupling. This
is utilized to define e.g. the standard gauge
action. However this does not tell us anything
about the off-diagonal part of the energy-
momentum tensor, T}, (p # v). Therefore, the
following equality (valid only in the continuum
theory with full O(3) rotational symmetry) has
been employed to calculate the correlations of
the energy-momentum tensor: (Tj;(x)T;;(y)) =
L(Ta@) ) — (L@ T (o)), GG =
1,2,3). It was however realized recently that
this relation receives large errors due to lattice
discretization [11]. Moreover, it does not give
us a clue to calculate the correlation of Tjy
(the denominator of the ratio in Eq. (6)) at
finite 7.

Alternative way to define the field strength
would be to take the anti-Hermitian part of the
plaquette,

attr (FuwFpo]
p

= LATt [(Q/J«V - Qm/)(QPU - on‘)] (8)

which can be used both for the first and second

terms of the right hand side of Eq.(7). Here

we adopt a clover-shaped combination of the

plaquette [12]

Q/W = % [U#V +Uyp+ Uy + Ufu,u] . (9)

to respect the space-time symmetry. This
definition naturally leads to (T,,) = 0 for

@ # v. In our simulation, we use the energy-
momentum tensor obtained from Eq.(8).

In the Euclidean space-time, the Kubo’s
canonical correlation for the energy-momentum
tensors appearing in Eq. (6) becomes a suscep-

tibility
2
T2 1/T
<</d3 /dTTWXT) > ,
T

where we have used the translation invariance
both in spatial and temporal directions, and
(- ) denotes the thermal average at temper-
ature T. With T = 1/(alNy), V = (aN;)?
and [ d3x [dr — a*y", on the lattice, we can
rewrite the static susceptibility G, in the lat-
tice unit with zero temperature subtraction.

We perform quenched lattice simulations em-
ploying a standard plaquette gauge action on a
isotropic lattice of 243 x N, with N; = 4 — 16.
The lattice coupling is taken to be 3, ,, = 6.0,
which corresponds to a = 0.093 fm with the
Sommer scale rg = 0.5 fm [13]. The range of
Ny corresponds to T/T. ~ 0.5-1.8, where the
critical temperature is located between Ny =7
and Ny = 8. The zero-temperature subtrac-
tion is performed with Ny = 24. We generate
pure gauge configurations by the pseudo-heat-
bath algorithm and measure correlations using
1000-5000 configurations at every 1000 trajec-
tories after thermalization. Statistical errors
are estimated by the jackknife analysis.

In order to see the behavior of the energy-
momentum tensor constructed from Eq. (8), let
us first show results of the trace anomaly,

e—3P = <Ex,uT,uu(x)>T:0 - <29€7MTMM($)>T'

Figure 1(top) shows temperature dependence
of the trace anomaly together with the en-
ergy density and pressure calculated by the T-
integral method [13]. Typical enhancement of
(¢ — 3P)/T* around T, and the rapid (slow)
increase of the energy density (pressure) can
be seen. The off-diagonal parts of the energy-
momentum tensor are found to be zero within
the statistical error, (T),,)7 ~ 0, (1 # v).

We define the averaged static susceptibilities
ny and G4 as ny(T) = %(Gu + Gi3 + 023)

G (T
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Figure 1: Results of the trace anomaly, energy
density and pressure (top) and the ratio of the
susceptibilities Gy (T')/Gza(T) (bottom) as a
function of temperature.

and G4(T) = %(G14 + Ga4 + G34). From the
simulation, we found that both G, and G4
increase monotonically with temperature with
similar values, so that the ratio Gy /G4 shown
in Fig. 1 (bottom) corresponding to n/7.(e+P)
is almost unity over the range of temperatures
we have explored, 0.5 < T'/T, < 1.8. This be-
havior is in contrast to that expected from the
weakly interacting bose gas mentioned above,
and is worth to be studied further.

Summary We examined transport coeffi-
cients of causal dissipative relativistic fluid dy-
namics (CDR) in quenched lattice simulations.
Based on the microscopic formulae proposed
in Refs. [2, 3|, a ratio between the shear vis-

cosity and the corresponding relaxation time,
n/(t=(e + P)), was computed from the static
correlation functions of the energy-momentum
tensor. We calculated these static correlation
functions in quenched lattice simulations on
243 x 4-16 lattices with (3, ,, = 6.0, which
correspond to the temperature range of 0.5 <
T/T. S 1.8. In this temperature region, the
ratio stays constant and close to unity.
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Rescaled Perturbation Theory

BH AE
(BROA2)
E-mail: t.hayata@nt.phys.s.u-tokyo.ac.jp

1. U I

B4 ®hZPH0RTHEzHOTEREI NS RICBECT, MHAMHOKRE S ZMOT 289 XA —% g 3K
ECZET RBIRICLIELITHC DT I 23D % [1]. HIZIE, BAETRICEIT % BEC-BCS 70 A4 —/—
Tl% Feschbach 12 H W TRFRIOMHAMEHOKRE IPHEELMIE L I ETE [2, 3], F-A%EER
TN FICB T B A0 -7 4 — 7 HOMHEBER TR T v & v VITEKE L THIG DS g 2210 L [4],
I x =0 TN—F 75 A DEEFREALE TIRIREIKAE L T g 2T 5 5. 2Kk BBRZHRS 2
DI, T FE TIZ resummed perturbation, optimized perturbation, variational perturbation &\»9 X 9 7%
gDV TOEBEFEEZR L 2B TFiEL, L DICREOENIR2 5\ 2 T 20U L 42 8 3 F L0
FINTEXR6, 7).

AWETIE, 9 REMZ b LI L 2IHBEIN T2 E 2, ~RouD R FRICE T 2 EFARE) -2 EHHF
FRIRT o v VKBS 2 2 LT, $fi6a0 6 M a £ TIAWHEIBOREDIME g I28WT 2 OFEE
TELI LR L. MRXETEMLAZBHIEZEL B Tr0 DI, RIEXDOEIEMZ g 2 27—
LBWOHDIELEIR) T ET, NIV =T VOlEAE, BAEXT VD g lEEZFEIRICKD 2 2 Las
TEL. HERE LM TENL g 2 Ay PA 7 A7 — )L LA ZUSEE < D AR 8] DI L kD
Bzl Twa.

2. B &S A

RDE)BENIN T TSN BTREZEZS.

H(g) = Ho + gHins (1)

2T g I3ERITTDOMEAEE Ho FHEICBIT0uEb0ET 5. BHDLDIC Hy DEHRZ L oskH
EL A ET 3. 69 B FA/N S UL EL(g) & [¥n(g)) 25 En(g+89) & [tn(g + 5¢)) % Rayleigh
Schrodinger perturbation theory @YV —7 4 ¥ 72 HWTEHHET 5 2 L8 TE 5. 22 T,0g — 0 DR % H
%L, RD KD Il TEA»R SN B

d (23
B9 = (o) | 2
d Hik (g >Hﬁft<> Hk (9)Hih (9)
dgHim(g)‘; B0 B0) " 22 Bylo) - Buly) ¥
Hi (0
s =3 E o) (@)

ZTHY (9) = (i(g)Hint|¥j(9)) TH 2. HHOBBIELUE %, SN S OB HRRIIMHE SRR TH

5. ?if; REERZ R VOHIEL L LT (1h:(0)|1hs(9)) = (:(0)]|eh:(0)) = 1 ZIRFIT 2 T & T, i E Rz Bn

FHRIC/ VABMRET 5, 0% D L (i(g)hi(g)) = 0. T OHNIHA IR, WIS B, (0),HiZ, (0),]¢(0))
DB 2 LN TE, FHMICHEEOREID g FTESE L I LWHETHS.

ZOFHEE—KILO, BEIEMMIRE  (AHO):Hano(g) = (1/2)p* + (1/2)2® + ga* &, By HIFF

(DWP):Hpwe(g') = Hano(1/2) — ¢x? (THEMA L. 22 TAHO 5 DWP KK 2Dk H I H Eb 2



g9 | Eo Ey E» g | Eo Ey
0.5 | 0.69617582 | 2.3244064 | 4.3275250 0.50 | 0.53018104538 | 1.8998365150
0.69617582 | 2.3244064 | 4.3275250 0.53018104524 | 1.8998365149
1.0 | 0.80377065 | 2.7378923 | 5.1792917 1.0 | 0.32882650295 | 1.4172681012
0.80377065 | 2.7378923 | 5.1792915 0.32882650260 | 1.4172681011
5.0 | 1.2245874 4.2995081 | 8.3179758 5.5 | —10.316788242 | —10.316773352
1.2245870 4.2995017 | 8.3179605 —10.316788351 | —10.316773442
10 | 1.5049814 5.3216308 | 10.348359 8.0 | —25.420689499 | —25.420692377
1.5049724 5.3216080 | 10.347056 —25.420693642 | —25.420693642
# 1 Comparison of the lowest three eigenvalues # 2 Comparison of the lowest two eigenvalues
of AHO. The upper numbers are obtained from for the DWP. The upper numbers are calculated
the present method and the lower numbers from by our method, while the lower numbers are taken
Ref. [10]. from Ref. [11].
En(9)
10

-5

-10

-15

1 Lowest six energy eigenvalues for the DWP with N = 50. Filled circles are high accuracy
numerical results given in Ref. [11].

EINRTRA=8 ¢ ZEFLL. ELLLBEEDMSITOVTOEBERBIEEL 202 X Mo Tw
T, BEIZE 512 Borel f1239) % C wirk WHUBIBITH 2 [6, 9].

WIS E LT, T iESHE 2 50 HH E TOFARI T2 HEL T2 HOR T v » L ZRLICA
NTokEEDIRNTX—[EHED g KA EZ Ref. [10] ICBWTHALO GBI I >THRenkbD L —
IR LITR L7,

RIS L LT, F o2 Eic % % 50 FH £ T, & 2 TEIEFHIIREI F Hano (1/2) D=L ¥ —
A, BB HEL T IRLAICA T vy V2 —B 06 “HAFICAZ T o L ED T F)L X —[HH
BED ¢ HEEZEZ Ref. [11] KBV THALOHEICI>THRONIbDEFFHITER 2 IR L. K1 1E, T
256 BEHETOZRLY—HEND ¢ KL 70y P LAADDTHS. X1 Tlk,g BREL RS &, BEE
HETBHFEHDO L 2 X MM T e SIHICHHE L T s, Z4Ud, K3 12dh % & I o, FEEIREE & 55—
REDWEBE 2 70y FLTHDERLSADS.¢ I[KEL T, i DIRE) O FRED» & 2D (FHD)
RE12zHRALEIRBIIE I ED> T 5.

3.FXEH

AW TIE, FEEDIE g 12O W TOMD TR Z T, AR NIV =7 v 2 PIEE L LT 2 L
T, FHBEIRIC T oL X — A E & BB D g EEEZ RO L FHEZEALL. 20 g lZ20» oz
FH LT, A7 ¥ v VOB S BIRRHKLE § 2 56 OWFEMKA L 72 Schrodinger A2 2 L b ARETH



[¢n(2)]®
10

08

3 Probability distributions for the lowest two
states for the DWP with N = 50. The solid line
2 Double-well potential V(z) = —ga® + %:c4 is for the ground state and the dashed line is for
as a function of several values of ¢’ = g — 1/2. the first excited state. The lighter gray line is for
g = 0.5, the gray line is for ¢’ = 2.5 and the black
line is for g’ = 6.0.

2. BEEmOE T 2 2 EBR A ST 2 B IERARE) 7 £ BT T EIHT (1% 13 Borel ML)
WKIHHT % 2 L ¢, a0 5 M a £ TORWEBICE T, 2L X —[EG{E & EHEKICOWT, ZoF
EOBERE T 2 2 L 2 HER L 7.

B, ZOFETHOET7A TT7 2 BT ERP50BFMmICIRT 2 2 L 2AaTwS. £, L EOAR
DFEHMIE Ref. [12] I2FE£ L 7.

W
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WHIE ST X 5 1/N BB DOKEE
_CPN-lTE=F ) zonT

ol R L3RS AT E R RE LA
R g e BB W AR

1 Introduction

KA IXEE SN FZ L —F —CTHiE L, @FEOWEICH N
LT RENEDZENTES, ZOBRIZIL —F—DREPCHRIEZEZ 2
Z L&D, HEOMAERSCH R & Wo 7T X =8 2RI
BT A EBRTE S, 2T X > T, Landau IZ & % 5 HLAYFHER TS 2358
JGTE R VEFHBEOMAN XL DTV T ko, HIEEHKTIX
RO H W T O L R 270, HFICAY Y AHEZ R
7D ZEEARICL, SNCELD REVHIBEZFf>7ZBECH ED
ZeZ afEglc LT\ %

AEVHHEPKREZWRIZ, ZoEOMEIC X ) SR LEEEE D
EEZoNTEN, BN EINTw5S, LarL., ZD% < X boson
WX LTIt TE D fermion 12K 2 HFZR 13 HHERAY A 70 \s

% ZCAWIE I spin-3/2 D fermion D% % ME L, 1/N EREZ W
ZDJEREEDOW R 21T - 72, spin-3/2 DRI, Sp@) Mtk ZRib., 87
A= DPFFEIZ LD SU4) £ TRONFEZ RO S Z L TE B,

BOMERIC X 5 FiE IR 2K HEREOMEZ £ 0, EEabo L L
f&oﬂxé Z DEYEREET 570, &SR TH 2113

BMOEFNZEYTALBY I 2L — a Ik ABEER 2TV,
ﬁ“f@ B THERO R 21T 7,

2 Model

Fl3 2 XOUIE T CHAMEMICR R 2 5D ET 5, YA T
WZIRIT23 1 29O H % quarter-filling TH %, BT HiEae=1TdH
2HDLT 5,

H=3" (Jf’jf?bfj’b - J;'Jfgf;) (1)

=T 9" = PITery,



rereb = Lre 19 (1 < a,b < 5) 13 SU@) Lie REDER T TH 5, ¢ 13
spin-3/2 fermion JiF DHEELF % L, [0 13 Sp(d) BED =27 FLEE, [0
I3 Sp(4) BEDREFEEIL L o T B, ZHUT XL D (1) 1 Sp(4) W% £
DT ENHADLTH B,

F 7. [9, % 3 Schwinger boson by (1 < o < 4) IC & 5> THT T LT
b, L, Y bba=1Th2s, ZHUE>T, (DIF

H=3 (TR K = 150, 00) @)
(1,9

A

K;; = Elzéa] Qu = l;a,ija,ﬂgﬁ,j
ERTIENTE S, 7L, JIXXROBERZ T RATRTIITH %,

J'=J=-g, J*=-1,
jTFaJ _ (Fa)T’ jTFabj — _(Fab)T

Q) FJ ;=0 £l J;; =00 & FITSp@) 25 SU@) ~ ENTRPEZ IR
F5ZEBTES,

ZDETILVQR)DIKRZFNX—DENHEFHZEF5 720, at—L ¥ b
IREEDIRIRRE I & 2 ML 21T 72, T4 X D Schwinger boson b, I3
CPN YR 2, El5 5, NBHEIERED S DRSO E 2T T5I L TX
D& BHEIMERZERS 2 ETEX,

S = %/d%{lauzf — 20,2 = 912T 02 + o (|2 = 1)} ()

o\ CPN L BB DMK IEMITH T % Lagrange RERETH 5, RITlF
Jy = Ay, J, = AJ,, DEFGUERHEHDET D, TDONE> T, MEE

€T Yy
g, SUG) ML S DThERT I XA —F yizZ TN
1+ A
= T " = Jg/g Jx
9= /

E %, FRDBETTENPKES 55 ERAEBgRES LD EDITD 5,

3 1/N expansion
B)ITRLTio 20 = (ng, -+ ,0) £ Y DEFIEIC K 5 1N EFZTT-

720 no ERRHEMEIREEZ £ TA —F —RTIRX—=FTH D, ZNEFNDy
D TRD & 9 R %282 2 LB TE -,



v < 1D%E, BNy =L THEA6N5, g>g. DEEIF
{sz,Wiz%umfwmxamqw (9> ge)
n(%:l_g/gm 00:07 (g<gc)

LD 2REBERNT T LD 5,
v S 1 DA 2T0,2 ISR 2485 w, 23y > 7. T(w,) #0 &
b, TOIEITED, AEVIFSOREHIIREEZ LT ¢ Z T

{z(r) =0, (9> gc)
2(r) = e (r) + "W TEr) (9 < ge)

LETIENTES, g < g DGAIISRETEIRIED &5 —E DI E Z Fio
TANA IV L TRETHRIERELZ L2 2 L2 EKT %,

4 BFERBCPEFTILOTVTFTAHIOYIaL—
Iy EDHRK
Q) ITHIBT A TETVIE, RDXIHIITEZ NS,

A = ¢ E Zr4yUrpzr +c.C

L8y
7 7 2
+ Ca Z UT,MUT+V7MUT+V,;LUT,Z/ +c.c+cs Z ‘erZrJru’ (4)
TV T

FUTANMAY S 2L —ary2froiEE. KD L X — CTHtlhDs
ZFOIINF—% ERBHEZE L0 THS, ZHUtk->T, =
NV F =PRI L T T, I REEZTRLTWE I ERDr5S,

l: TV F —D3 DT



r 3 l
g I
Sp(4) dimer 1 : Sp(4) dimer 2
gl ——
Neel order Spiral order
y=1 !
2: EfE I X A MK
g

dimer

3: B P I & B HHIX

7o, HHE &SRR IC X 2 R0 PRI N AHKIIZ, 2T X
2. M3 THEZ6N%, WIFNHBREL4DDMHIZTLPNTED, Wwin
SR & A4 > —tHEMERT 2 2 ENTEL, yDRES KD EZ
NEFNPOREEA & ¥4 ~— D 6, HHHERTIZ AL 2V L7254

2 —tHEZANSL TR ED, BT TE 2 B BEEMHZ & 5 2
EPAEVHBEZEIET 22 L Thor o T,

Z DX ) IHEGEHE & B CTIRIBROR B O WTEBA LIS,
72, HKIZOWTYH v DRZFWHERTIE, ZNZFNEL 2 IREDEEER
Ri&L 22 eEZ N5, T2kt L7508, /N EHEDIEY
W% EEEOEEIC L > THRBLEND 5,



FaILE) Fermi R F5<UAD 1 KiFIRRE & photoemission A7 )b

BEREET A, BB, JST(CREST)C
PESER A, RRMEBTABC KigEE+ AC

1 Introduction

2 5@ Fermion B\ G M AAEHD3Z 72 & < 5l & Fermion 2 358 - HEHH)
ICRE I N2 [ERE T RPWAE He RORRZYEZBHT 2 L THRELANRTDH
%, AUk LIHIE TR Tld, Feshbach 220582 I U 72 Ji 7 [EAHAAEH O #/E - #E0R
B Fermi [ XA DOHBUC X D, #EREOFEE L Z T 50 ENV RS ROHERmN, %
SR T s Al iThb i Tw 5, R, Ao ZEZAH L, SEE - REEE
(BCS #1535, BCS #iiEh) 2> & gLy % o it {sE 72 & O HBIB A SR, s S
HE R 2 £ C 2 K01V ¥ %D Bose-Einstein #Efi (BEC) ~NEGEAICEITT 2 & »
9 BCS-BEC 7t A4 — N—DEERN 2 B2 YK R Li R TRINTWAS (1, 2], i
T3 BCS-BEC 7 0 2 4 — /N — Dl GBI B T, REERONEEIEHE
(PES. ARPES) IZXIi5 U 7[5 1 DI 72 IR 8 2 $8 5 5255 [3, 4] IR XD B 1%
fEdT 3 2 KB [5, 6] EMfrbh, HEHEZHLED WS, INLOEBREWNKTE I LIckD,
RDLARME LR ATEIC X 2380 S E OB CRIREIE I VT THEY vy 7BIR)
AL B2 L 7,8, EoIc, —FRAHEIRE) Fermi KAADMHTIC L D, HREHICE W TH
BT & & DN 1S 25K D 5 2 EPHL IR 5 72 9], BEX vy 7THIR
FEREEEARICB L TOHER SN TE D, W BEEREREL & OBRIETER S .,
Z OfJEYME, HB{ZEN: & OREIGERONR E B> T 5,

Z 2T, BORES FICHRT 286X vy TBIG LEREIEOBIRZH S 0§ 5 01T,
4 1Z BCS-BEC 7 0 A4 — N—IZ BT 2 HIH) Fermi J5F5UAD 1 R IRABHRE & A X
7 FOVEREE GHBE) R R S (U7 RABE L) B KO EERAVICBII S 115 photoemission A
7 bV % Nozieres & Schmitt-Rink OFE [10] ZHR5E L CRHE L 72, ZORER, o &
DIRHIC B M A CHE X vy 7HIR CERBBR OBV IS 2L 2R L7, £
7o, HIR TR DFEERNZEE L T 7 v 7% D photoemission A X7 )L %&fEHT L |
X vy 7HEE L Fermi #REIR DR T H 2 HREIX vy 7HEEDE ) Zb D 23EERI
KBNS G2 2 L2 L7, 612, PIy TRT vV vl &k 220N R IE—



KV D SEECIE MR HBIRENEE & EFAT 2 2 £, ZOEMKGEZHS I L TE
7o 2IZTIRZE S L7e—#HOMERFIC O WTHET 3,

2 Formalism

HHIE%2D BCS-BEC 7 0 A4 — N—Z RBHIC, 2 D DEEMHINE A Y V)o =1]
DN G I AR Z2 K2 Wk Fermi JF -5k 2% 2 5, B{EBCS-BEC 7 0 A4 — N —
DEBL T 35 L1 2% 9K & Tl Feshbach 51 X o CTHREATHE 22 J5 v~ A ALV 1%
Z O OFEIC X 69, SRIHEER —U(< 0) TERTZ & TE %, Cooper F ¥ ¥
FOVICERKT 2 WNERFE S E0RIREZEET 5 L. BCS-BEC 7 u A A —"—IZEI} 5
JiE) Fermi A PR OMEZEMICE T2 NIV =7 Y iIEROXTEZ 513 [11],

H = Z ‘I’L[pr:s — AV, — UZﬂ+(Q)P7(Q)' (1)

22T, =2 —plfb¥ER T vy v b p 2RI L EBI I ALY — A=UY, <
LTCipi >( i o =1,] ® Fermi JF+ O K F) iﬁ_?}lu@jﬁiﬁfl\" TA=FThH5b,
(5 = 1,2,3) IR A — VZERNISAEH § 5 Pawli /141, Wl = (), c_p)) EMIERRICE
\F % Fermi #E 1. pi(q) =X, p+q/27i\llp /2T = (Tl +i7y) /2] 13— UL S N
HETTH 5,

SITRANAINVEZT V(1) OH2EZ TATYEMOFHM CiFEm$ % [12], 207 d
I, XROATEZSNDZHEHERNITE T S 2 x 247510 1 K- Green 82 Hv %

1

GO (i) — Sp(in)’ @)

Gpliwy,) =

22T G iwy) ! = iw, — &+ ATy 1FPEIGEERID Green BIEL w, = (2n+ 1)7?/6(6 =
1/T) 1% Fermi AP TH 5, 2 x 24TFIDOHEZ 3L ¥ — ¥, (iw,,) IHAAERIC
HERENRE & EORRS TATIREMOHP (1) TEEN T D, XRDOKXTEZS h%

E an _ _ = Z Z FSS Zl/n T—SG?)—{—q(Zw” -+ Z'Vn)T—s’- (3)

anss’( +)

v, = 2n7 /[ 13 Bose MEAWETH 5, HEEATII T (iv,) BROATEZ 6N,

-1

(Fe ) o oo (B ) o



vy Ty

(b) "N = ——C—;— + ——©--+---©©___+...

" ./

FSS/ —Ués,_s, HSS/ 158 [1s's
9 1: TAIBERIC 51 3 EEIE S ¥ 25554 7 79 b, (a) AL FVE— Sy (iwn). (b) 2
PRRGEATHN D (ivn). MR, BERRIE Z 2 P98 Green BISL GY) (iwy) &SI —U 2%

To NTNEDY AT 75 BIFEARR D 2 RHBIBIEL T (i) (s = &) £F L. BAUZ Pauli 17
G 7 X T B,

2T I (i) = B S, Tr[1.GY g2 (iwn + i) T GY g (i )] ERLFRHTEH I BY
T 2 RAERD 2 BB T, XATHEA 6N 3,

s (ivy) = } JA? Eptq/2 + JEp—q/2
! 42T Eovas2Bp—qr2 i + (Epig2 + jEp—qy2)?
X [tanh (ng+q/2> + jtanh <§Ep_q/2>] , (5)
I, (i) = T3 (ivn), (6)
. - Eptas2bp—aq/2 1
I (iv,) = -~ < plaresk 4 : .
1 321 ; Ep+q/2E —q/2) Wn— (Bpyqr2 + jEp_q/2)
+ <1 . 5p+q/2> (1 _y ép—(I/2> . tWn : .
Eptq/2 Ep—qs2) Vi + (Eptqs2 + jEp—q/2)
X [tanh <§Ep+q/2> + ] tanh <§Ep_q/2>] s (7)
I, " (iv,) = =11, (—ivy). (8)
IT. By = 2+ A THB,
REBETEE p(w) A X7 FVIREE A, (w) (3ENTEE S 2172 Green B2 FIVTRD X 9
5265,

plw) = > Ap(w), (9)

%w>:-iMQ@%Hw+mm. (10)



Gpliw, — w+ )| ICEEN LW SN-HEZ 2L ¥ —

. . z) + f(1Ep+q)
¥, (twy, + 0 = Ypr+—
p(iwn = w +1i6)|n HE ]z:il/ z—jEp+q+w+25
y <1_j&wq>hnﬁj@+4®}, (11)
Ep+q
Spiwy — w+id)|ae = —Tp(iv, — —w — i6)|11, (12)
. . 1 o np(z) + [(jEptq)
Epliw, = w+16)|12 = 7T%;;1/;@d?z_jﬁb+q+wu+i5
« IA Im [ (2 + i0)] (13)
p+q
Ypliw, = w+1id)|sn = Epliw, — w+16)|12, (14)
ThHEz26n5, 22T, np(z) = (P —1)"1 f(z) = (¥ +1)"1iZZNZ4 Bose, Fermi
SABETH D |
E
szz—ZZ[ 5f”t <52”>], (15)
P
\% Hartree BHTH 5%,

HREIFT S 9 XA —% A EAVERT V¥ vob pld, B2 RFESIEN R TE vy
7L ADEMEEFEET % £ v Goldstone DEFRICFFE L X Hic, BOSX vy 7
Jif

_ A PE,
A—UZP:QEptanh< 5 ), (16)
B LU, FBITEA )
= B Z Gp(iwn>’11€i6wn, (17)
P,wn

ZHN LTS 2 EICkoTD B, K ADERD & &, (4) D 26HBETII T (i)
¥ vy 7V ZAOHERE— F2FD 9, 11],

GHIE %D BCS-BEC 7 0 A4 —N—TIZEERIC s 7 v 7 IN)7 586 % R
T2, Z2DOkH, T TRESHZHFHME S 7 v 7O %2 R EEERICEE T 5 (1§
MAEL N 5 7084, WMk A7 — VEIZ X - TERNF 2% L ARIC#ERTE 3), b
T TRT U NBERT VYLD 7 Mo TEEL, —HRoEXT

2
e, (18)

p—p(r) = p—



BEZ, Ml r IR EALRT, TITw, 3Ty 7RT VS v LD
THb, ZIUE- T, ¥ vy 7HRERERTFEG RN

Ar) = Uzp: 221()2)tanh <6E5(T)> : (19)

N = /OOO 4rr2drn(r) (20)

T%i%h%okﬁb\M)iﬁ%@¢b#%@ﬁ%rm£ﬁ%ﬁ?ﬁ%§?\

ZG Wp, T \116’&"" (21)

pwn
Thd, 2T, Gpliw,r) ZFHMT & D 1 K+ Green BB TH 5, BifE % TICHEERIIC
B S 1TV B 548 2R D photoemission A7 bV p2 Ay (w, r) f(w) AT A X7 T
IR Z R $5 2 LIk >TES6N 5,

A ) (@) = /0 T R2drp? A (6, (r) — w, ) f(E,(F) — w). (22)

DUNCiE, MAFHIZEMBEEALEH U Db D ICEBRNZBHIETH 5 s 2

HWEGELE a, ZHV %, U & a, 1Z3RD & ) ZER TR IENTWw 3
4dmag U

m 1-USe 5 (23)
w FEZFVF—DA Y A7 TH Y, BMBEHHAFENZHVS Z L2k > THN

LENHERMERED AL 2 LIk > T, FEBOWHLEIC iﬁm&m ~U(<0)IZRL, at
I —co D5 0o ETOfEZ L D, HAFHDBTHOMIRD a7t — —oo, HHAMEHDEHRFR
DYa;t — +oo ITXET 5, FEZ, HEH Fermi K& D Fermi 8 kp TA 7 — IV L7z & &,
(kpas)™ ' S — 1. (kpay)™' 2 12 Z0Z N BCS I, BEC I & WO, 246 O rhfiEH
Wild 7 a2 F — N—HEMEN S, £, FT Y TRICBWTR Iy TRT VY p LIS
B9 289 X —% w, FHNFEICE T 5 HH Fermi & D5 (Fermi B8Ry 8 L O
Fermi T3 )L ¥ —¢p &

e mwp
R: 2
DBERICH D, Fermi TV F — & Fermi R TAT— VT HIENTE %,

(24)

3 Results

2 IC—FRRICB IS 2 BOSHHIE (kpa,) ™t = —1 & BEC#IH (kpa,) ™ = 0.8 DIRAEE L
DIERAFEZ R, BCS Wi (a) Tld, E@MEEEMLICE W THEEL X vy 7 TR



T

o l(a) ' T=Tc — (b) ' T=Tc

_1/kFas=_1 OST(()) ------- 1 1 ’1/kFas:0-80'5T8

p(o)/[mkg/(2n2)]

G)/TF (l)/TF

I 2: (a)BCS FIK (kpas)~! = —1 & (b)BEC Hk (kpas) ™! = 0.8 1251} 2 IRAEEHE p(w) DULE
A,

Cw=0fEICT 4y 7HE, WOWBHEX vy 7HEEBEL Twb I EBbhrs, 20D
X vy THEGE IHREZ NI Cn  EEEIMISETEE X vy 7NEELT 5, FROIRS
PO 3 EIBEEAROREFEOIREZIC L BN S 2 LRI N Tw5, —/j. BEC
I (b) TlE. 2K A1 Boson SIS N7 DIT, ZDFEAZ RN T —ITHIGL 72
X vy 7RED w =0fHEICEL Tw 3,

Fermi 5 72 T & 47+ Bose KRR SIS R L, IS H 72 5 7 0 A A — 3N —Hfl
TIRREEE I NG L IR L2 IR2BE TS, K327 v A4 — N—FE5K (kpas,) ™' =0
DEREHIC BT 5 (a) REEFEL p(w) EXIRT 5 (b) AT FVIEEE A, (w) DI EEK A
AT (—KR). (kray)™' = 01F, 2R T 2R 2502 HEMHEEM WG L, BCS-
BEC 7 0 24— N—I1ZE W TRHIC SRR X 2 BIREHE S ¥ OEADR\OIERTH 5, iR
BRI 3(al) IZB W T, REEEICTERZ X vy 71372, w= 0TI T 1y 7Hd,
WHWLEEX vy THEEEL Tw5, £/, WIBT AR FVEE (b1) I2d w =0
MHEICX vy 7HROBEIHHN TV S, ZOMAERAER T, mEE2 TP T < T &
%> TH, Fermi BB OFHETH 2 REHEICE T 2@REIX vy 7137 ClTidbd 4
W (a2), —H T, AT FVIEE (b2) 226, HEX vy ZTHEEIIIRZICHATWL 2 2D
5, ZiUE, Te AT TAPERTH > THROES FOMETHRE X vy 7HhEH
E N5 EFEIFIC, BEHERADFREIC X > THMBME (L ROMHAEER) IcHkT 280 &
DIZ 6N LI LDTH S, FHERIT, ADIKE & 2{KIAEE Tl (a,b3-5) D K&
I w=0fHEDHEEX vy 7HEIE A, b D ICHERBIREIX vy 7HEIBN 5,

WED & 2 A, 22573 X 4172 photoemission AX7 L& FERINICIE S 2 & IXfHHTlX
B\, 20D, —HERICH S NEX vy THREZWHE TROFEERIC X > THERSI NS
DERET A2 OIZE, Py TR T VT v VDEEEERE L -5 2RD photoemission
AR PNV DEDD 5,



N

(al)T=Tc (a2)T=0.9Tc T(a3)T=0.7Tc (a4)T=0.5Tc (a5)T=0

p(@)/[mkg/(21)]

X 3: (kpas)™' = 012 %1 2 (a) RAEHEE p(w) & (b) A2 b VEREE Ap(w).

4127 v 2 F = N—H8 (kpas) ™ = 012317 % photoemission A7 bl p2 A, (w) f(w)
DIRERAEZ R, K 3(b) & g L GEHE p O/ WHEBOF G2V NI WO p? D
RAICHE L, w > 0 DEREDTIOD L Fermi DB f(w) DFETH 5, T = Te DI
4(a) T, BZBAAX—MOY v =7 R E—IHEIX T 7 v 7OMHEICHET % 1R
Fermion ICHIR L, ARZ 2L X —Hlld 70 — F G0 ¥ vy 7HEICRE T 5, —77,
T = 01T IR SN DEREDHROIR 2 FE V> (X 4(c)) (GHREIX vy 7ICHR T 2ETH
2, 70AF = N—fEETIRRDMERT o2l u(>0) VNS, b Iy 7RT Vv x
IV D FZEECIHETEN X vy 7 RS D 7 BBIFR 2K E { 26T % 72, photoemission
ARY FVIZE T B H-IEEX vy ZHE IR ERRAEZ A L. K4(c) D & ) BRES
R2%E2 T 5, (a)Tc & (¢)0.1T¢ & HIHAIREERIEL 0.5T: T, (a) DXMAED L
D 1 KT Fermion ICHK T 23 v — 7 E— 7 EE L MEZ 2 V¥ —flo 70— R
E—7/iEs, N5 O-O 3L ¥F —FIRIC (o) OHREIX vy 7REE0IEL Tw 2
ROV R 6N,

HIEICIB Rz X H 12, 78 AA — "= TIEEX vy 7RG L EREX vy 7RSI
WMAET D206, Py 7RICEBTZMEEDE L 7 v 72 & 2 EH OO
BICHKRT 25D TH D, FBR, ZEESHRES NIREEE Z T L CROR L #|% (IR
REEEICT 4y 7HD0IEX vy THEEDEG) 1R 1Y (NF), X 3(al-2) IW)E T 2 HE
¥ vy 7 (PG). X 3(a3-5) ICHGT 2 HIEIX vy 772k 2 8V (SF) IS8 L TR
T EATE r BT 2HMZHIC EXIB() DX I DB, L, To DAHIETHIER T



2 (b)0.5Tc 0.2
1
ey 0 0.1
3 '
-2
3 0
0 1 20 1 20 1 2
ke

4: (kpas)™' = 012 E 1} % photoemission A7 b))V DIEEK AN,

37 78 AL —N—WEHZDOMTH 5, £/, ERIIREELLIC X > GHREI N
28 r ICB T AWML T, r T8I 2 EREMEDMIOHZE RS, EEIET < T T
SAEEHEREEEE LT 5, M T I8 1T % photoemission A7 F)LiL (22) DFE
RITHE> T, W ART VRIS Ay (w, r) Z Bl r JTRI~NET 5 2 Ik > TS
N5, 70AF—N—fHETIE, EEREM T, T = 0.5Tc BEDOER T AR E 7%
X vy 75D r = 0.8 fHEICHAET 5, 4L & AR IS SR H A T I s 1 2
FHTH 5720, photoemission A7 FIVIZEEX vy 7R & HIRE X vy 7HEESHAET
5, ZDXIHIZ, Te »SHEZ T T\ < & photoemission AR b VIZEEX vy 7' 1%
bOVG, X vy 7LEREX vy 7ORHEFL LSO 2FET, BREX vy 7HED D
NEZL T L,

[FREDENT 2 Bk % e HAAFHIC B W TIT) &, X 5(b) I8 L 7 3 XIui eI 5
N5, ARZOHEX vy 78 (PG) ZH0I, NF IZERE) Fermi XA, SF 1 Fermi
HREI, NB 13551 Bose XA, MBEC 3751 Boson ® BEC 25(BINTH 5 Z L %
AT, BB, T =2u(To)| \Z2KTFaFRY VOBV 2 HZDORETH 5, %
7o, Te 2 RTr =0 DFERUNIETI/ 0 AL —N—DHETH 5,



1/ka=-1 1/ka=0 1/ka=1

’ 0.5 1
T=2|u(Tc)|

0
1/kga,
5. b 7w 7ENLHHETLAMAED (a)(kpas)! = 0BT BIE T A7 r ITBIT 5.
(b)(kpas) L, MRET 8 X OBz r 1B F 2K, PG, NF, NB, SF, MBEC l&Z N Z X vv
7M. HTRED Fermi KA. HEI7 1 Boson MY, Fermi #EINY. 43T Boson @ BEC 7238
WzRY, £72, (b) IS8T 2 T =2|u(Tc)| DRRE. TFRY VOSBRI S L2 HL D
TH2, Tc UNZETI7a 2L —N=IZHIET 3 HLDHTH 3,

4 Summary

2 2T A Fermi R 154k 2 &8HIC, BCS-BEC 7 v A4 — N—O#REMHICE T 5
Fermion @ 1 f7FIREEZ iam L 72, FFIZ. Nozieres & Shmitt-Rink O Pam % i L 7% T-17
HIEALL % F V> T Fermion DIRFEEE & A X7 bVIRIE Z G5 L. HIREIEZIRE VT I
RonaHX vy 7BR L Fermi BB ORI TH 2 IREX vy 70ED L I IBKRL
TVEDIDOVWTELE LT, ZOME, IREX T 512>, HAEHDE, BCS



BRCIXMZ AN D B 2 DI LT, SWMEDNEEE % 7 v A4 — N —FEIKk T,
BEX vy 7HEEDEHC T o B ICEREIX vy 708N 5 L W) T EZHSIT L 7,
X5lc, TD k) nEREHICE ) 28X vy 7THROFERN A BGEEZ &SI, bT v T
F @ photoemission A X7+ )L % Jait& BT 2 I CEHRL L | RT3k % 8 & BHE
ST T 52 LIk D, X vy 7HRDIE B B0 EL2EI RTS8, 2
NWEBIICBI S NG 2 2R L, Zorcfieons 5y 7%D BCS-BEC 7
0 R — =B MM (K 5(0)) 1, < MHAMEHT 2 1582 Mg T % L cIEs
ICEBETH 5,
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BEAFET A, HFEAE B, JST(CREST)C

1 &

WARRBLL 72 7 =V SJEF- 2 A OE) [1-3] 1%, HROVEHIEEBESE & Rk
TH2IE, FLYIHAIX=2ITWHT 28 EEDOE S5, REBEED "B
Sal—%-=" LU Tws, FEEINETICY, BCS-BEC 7u 24—
N—[4, 5] & E, BBBEEICECTRBHEERHROFEBICRS L Tw2, L
L—HT, BHERETIE, 72VIFEFHRACK> GHEBEOEER Ny 7 TXTE
ANR—TET LB HIFTIER,

ZD 1 ODERENN T L2HEIRTH B, 7 2V I A ALE  ORIBEGET
FELL T3 s JWlEREIE, AEYE 1 AR Z 2MEMEIC k-, mflsn
22 EDBHSNTED, SEBEEICE TR & BEE I - BEOREIR
B OBEAICHIEEINTE L, L2 L7 o)V IFETFHAICEB LT “EEE” 1ok
BT 2 LDNREEL R VD, TNETHRNE I ENTE LRk,

ZITHAE, 7 2V SETH ARSI O L2 R ET S
6]. AWHETIE, M/ MU/ BsE (SFS) #46 [7) IHEHL [K1(al)], Ih
LD RD 7 2 VI FHACBOTHEIT 2L 27T, KA DIRET 3 5k
TlE, ACVREML7Z7 2 VIFFHAAZHGS, AEVREMBL 77 2 )L SJRTFH R
&, TR, BRI & RER SR 5 /) — < VI EET 2 2 L BN
T3 [8,9]. O, EREMHIZ 7y 78T v v LOMROEEZ, / —< Uil
BART Yy VOEGHEEZ 5ET 5 [K2()] . ZoMTHOEEZ M, —EHt
FRIET VS Y MCAE VR L 727 2V SR RAZCIAD 3 &, —EBDAFH
TRRT Ve VN 7ORAICRES 2 EEZ 605 [M2(b)] . I Oz EEA
Yy O E e d e, TORIE SFS A LFAROEARICZ > TR, Ih



(al) (b1)

S |F S S I S
@) ) ®2) 4w

0 X 0‘

1 (al) SFS #GoARK. “S”, “F’ &2 02 ul{sgf, migikdzR
$. (a2) w-phase ICEF 2RI A — 5 —, 7 X —F DZEMZAL, (bl) SIS
By, U kR ET. (b2) SIS BRI E T B EAEA — 5 — 55 X =8
D% (0-phase).

% HRE) R /ERE) (SFS) B LW Eicd 5, 2L, T I TOMmBEER
BACY IR L 72/ —< UIHCTH 2. T3 EBICmEN: & L THEE Y 2 2> HRGEE
570, BEBEED SFS A THBIY % m-phase ICHEH Y % [7]. m-phase &
VX, TREEIERED oA CEIREMRREONAHDY 7 TN/ REETH 2 X 1(a2)] . 7-phase
1%, HEE /M /RS (SIS) A THREYT 2 RE (B{oGkofHrEa ok
£ [K1(b2)] . ZDREE%L O-phase EMEE. ) LIFRECHRAD, SFS#4
RN BIRCTH D, 2 T TARMIAETIE 7 2 )V I FEF A A EZH W SFS A8 &
X m-phase DFEBIA[HEMEZEE 5.

2 TEIAL
FEED TR /R EN R G & m-phase DFEBITREE AR S 7201, A E UKL
7220037 2NV EFAAZREZ D, T TRERDOLO, 51N — FERZ A
T ZATH. NIV =7 VIiF
H=—tY [éj,aéj,(, + h.c.] ~UY higiig + Y Vi~ pol fig, (1)
(i,3),0 % i,0
THASNG, ZIT, &, i BHOPA MIKRE Y o(=1,|) DRT&AERT
BT, t BREHEYA PANDRy V2 NF—ThH 3, HUF 1 HIEHN



(2)

S |El S

K2 b7y 7RTyelHRIcBI}E AL U EGRL ZERE 7 =L I JHFY
2 (N7 > N)) Ol a2 BRI w2 0, (a) #HfIE T v v Lok
Forfh, BA Y Y | 2R ORI EFISEREFE (1)) OIcETET 5. (b) =
BHFHR TV 2 VHOR T, KREAFETIEFRROR TV 2L NY TR
W HRTELE S, ZORTEL -RBIE T2 @R L B3 &, R SFS#
ALk Es,

2 (i, ) BRI A FOXRT7TTHE LI LE2ET. —U(<0) 3494 +oil
BN, o = ¢ 60 BHA T I ICBI ALY 0 ORTHHE T TH 2,
AEVHB LR %2EZ 570, (WERT VY YL p, BFAE Y o KKET 2.
ViEVi+ V) BTy e, @A T Yy eV VEERT Y e b 7 VP
Do E NG, 20RNUIBIBT 5.

FBRIHE SN2 EFRIE 3 RITHGERTH 555, I TIE 1Rk LU 2 Xl
w2 RET 5, 2 TIRE L &R ot & G l3 SFS #4° m-phase DI
WAEN TR 2L T, L, NVYFICLRRZMZ 272012, &
B (R o) S 0.3 DEEEZEZLD,

(1) XZ2FHEHLEMEHSTT = 0 THRITT2. 2607k 7 X =%
(N, AN, U, V;) It L, @fREIA — =87 X =% A; = (¢ 16:1), FFHEE (n;,),
miﬁ%yvaua%&w7:yyx%‘ WCIRET B, 727 L N 32k 175,
AN BBEAE Y T L | ORI TBOERZRT. /o, TITRA; BERET S, ©E
filx, [F—D 87 X —=%I12EB T 7-phase fi# & O-phase % KD, ZN 5D RV
X¥—2HiKT A2 ETRET S, To DREBIZ—MIALER T Vo v V0387 5 7
W, TFAX—DHERIE, BEETF vl (T=07TiE (Hyp) IKELWG, &
L (Hyp) FFEGONIN =70 THD.) TRESCHHZIFALF 202
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TLHAGNS, KL, Ej, 3FTVa—R7EDOLFNVF—, N, ZHAEY o
DR TH %,

22T, AT r VOIRIZOWTERY., 3T, fHEOZOMAE 7y 7%
ML, FTv YN TORDOHRIND 1 RTAWRZREEZ S5, 772012
DRT VT Y UNY 7o RS RR T, FEEREN %7 X\ 7-phase
oz, 20720, RATEZL6NE 220D KRT V¥ v N 7o RS
N3 AR EZEZS K 3(a) .

(3)

S I 1 <ig < Lo /2,
P T e tamsLe /07 L,/2 <iy <L,.

2T, Ly HADYA ML, i, YA FDITNTH D, o, VELIBRT
VIR ANYTORILWERTANIA—FTHL, ) ATERAT Yy AN T
ELTAHD YT Y ZHWED, ZoIRIX SFS #2645 m-phase DIEHIZ R LAE
TR, 2RLRICEVTYH B) AT nsr ATy v )L [M3(D)] O FTD
fEtt 2419, P2y TRT U ARZERELILRICOVTIR 4 HiTH#EmT 5. V; &
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4 3(a) IR L7 1 XL ICE T % (a) m-phase fi# & (b) O-phase
fift, LD 22 VR OLEIRED () TR L7z, Kid Ly ohFHE (ni,),
F—=F =R RA—=F N, RF VvV V, 28T, ZTZLX—DHELS,
n-phase WEETH 2, —DDRT v v LAY PICRTIET 2 KEE T D%
NL =AN/21% (a), (b) TENL =1, (c) TENL=0TH2. 2Dl
FA—=%1% L, = 300,N = 160,U/t = 4, Vg /t =0.1,{ =5 TH%. Ni b
HDRF X =213 5, 6(a) THH—TH 2, #HiF i, = Lo/2 THHTH 3
e, 1<i, < L,/2 O#EiFAZRL 7.

ZHWSE, STV FPIYTRT VS Y VDRI ZRTNTIA—ITH S,

3 SFS#EAH KLUV m-phase DAL

1 RICHWIR (X 3(a)] I2FB W TH 5 37z m-phase fig & 0-phase fE 2 X 4 1287,
m-phase fi#, O-phase & $12, AE URl s; = (N 1) — (y,)) BRT VS v LN
TORATHRER>TED, HIfFINAEY, REEFIER T2 2L OFEOHFEE
WKIRET 2., M4 TEAN =2 THEH, RIE22DKRT V¥ YN 7o 65K
SNTVE7%D, 120RT VAN PIREL TV S REEFOB NLI1F 1T
b5, HREA—F =7 XA =7 A; BELOAE VR s; (&2 RIIETKEIC 2T
578, BOEIIGETRENME L REE SRS/ — 2 VIHOMHBERIZERTE v
D, ZITIEs; VBHIBEDOREIZF> T LHIRAMEGMEREL MERZ L I1CT 3,

n-phase & T, TEERED E4 CHIREIA — 5 — 87 X — & ORI R L T
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(b) A—=F—=5 A =% A;. T TIRAE VM REAIEROFER (65 < i, < 85)
#m L7, Np =13 Tl m-phase, Ni =2 Tl3 O-phase BT &% 5,

% [X4(a2)]. —J7, O-phase fRlcEWTIE, AAOHEBEED A =4 —F X =%
DAAHIFFEL W [ 4(b2)]. 2D L ZD r-phase i & O-phase RO T 2L ¥ —13 %2
NEN ELPMC )/t = —423.617, ESP"™°/t = —423.583 TH %72, m-phase H¥%L
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S5AELZREIANX—ICRKNT 2720 TH 5.

m-phase 13 R E Uil L 72 R IR ABRTH D, A E VRO 22\ R TIREE
2B Z kiR, 206l LT, AEUREBO VR (N =160,AN =0) 128
J 2 REREER 4(c) IR L7, A= =8I A= FET V> v LY 7 O
THOTLIEADT 57200 T, ZEAELEREZZ TR\, D% n-phase DYLZEILE 5
X, REEHOBRMIEREE LT T2 L 2R LT3,

m-phase 1%, W&EHOH{EZECHEBIT %2 FFLO REE [10, 11] EECBEBL TV 3,
FFLO RRETIZ, ¥ —~ VGO HE Ty — =23 G R oEE) & % £ - 72 REB I B
Wd 570, BEEA—F— 7 X = PEBNICIREIT 2 2 LA TWS, [H
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%o,y e LCRLE. KTHIE Ny = (N + 20NL)/2, N = 6L, TH 3.
Ly(= 17 — 48) 13 L, /Ny #8875 % £ 5 IRAE, 20085 A —5 13
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W35, —H, MHPEEL WEAIZIE 0-phase YEHT 5, 2D X 9 1T m-phase 1378
WA COBEEL — 85— 7 A= DIRE) LBIR L T 27 &, RIGIEREDE X
2SI 7 & &, m-phase & O-phase D TER (0-7 #f% LFIENS.) DEE 2
(7. 5BZTC03E7 2V A AZHOEZRICEWTIE, BREMER DR S 3455
TOB Ny \HkET % K 5(a)] . ZD7d N OZLICK L, 0-m LRI N
%5, FBE, K6(a) IR T X9, Np =1 Tl m-phase WEETH->7%DS, Np =2
Tl O-phase N E BT 5, £/, N =3 TIEHHY m-phase BWLEICKR 5. X 5(b)
FZzhZno Ny TORKKREOBREA -5 — 17X =5 TH%, N =2,37T
X, RFEETOF 2 miggvEEEh CRREN A — 5 — 37 X =S DIRE)§ 28T 5
ns,

4 RTERLIVC KT Y TOZE

HifiiiClX, SFS #4468 XU m-phase OFEH AL RS 7O, Ty 72 ELL
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7 (a) Ni/Ly = 0.1 (L, = 30) 8 X 0% (b) N1 /L, = 0.25 (L, = 20) I
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Analysis of the chiral phase transition in finite temperature QCD by using
non-perturbative renormalization group
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I. INTRODUCTION

Protons and neutrons, constituting matter around us,
obtain most of their masses by “dynamical chiral symme-
try breaking”. At low energy scale, the strong QCD inter-
actions bring about, this spontaneous symmetry break-
down, which we can’t derive by the perturbation theory.
Therefore we need some non-perturbative methods to an-
alyze its dynamics.

Non-perturbative renormalization group, abbreviated
as NPRG, gives non-perturbative g functions which de-
scribes the change of effective interactions when we lower
the “scale” of the effective theory. This change is de-
scribed by a renormalization group flow in the interaction
space.

In this article, we develop a new method of evaluating
the chiral condensates of quarks in NPRG framework.
The chiral condensates play a role of an order parameter
of the chiral symmetry, and we also analyze the critical
temperature and the critical exponent of the chiral phase
transition at finite temperature.

II. NON-PERTURBATIVE
RENORMALIZATION GROUP (NPRG)

Throughout this work, the essential ingredient is the
Wilsonian effective action Seg[¢p; A] at a momentum scale
A which is the so-called renormalization scale in NPRG.
The Wilsonian effective action is obtained by adding fluc-
tuation of high momentum degrees of freedom of the
quantum field. Actually, we integrate out the high mo-
mentum modes ¢(p > A) from the ultraviolet cutoff scale
Ag to a scale A in the functional integral of partition func-
tion, and then we define Scg[¢; A] as follows,

2= [T dot0) ] dotpe o

[k|<A A<|p|<Ao

:/ H d(b(k:)e_seff[‘b;/\]’

[k|<A
where Sy denotes the bare action with the ultraviolet cut-
off Ag. By non-perturbatively evaluating the derivative

of Se[p; A] with respect to A, we get NPRG equation
1, 2J:

aScf-f 1 / ddﬁ ~ { 525cf‘f
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+ = | s Af}wseﬁ
365 \0dioe’ ;) 6,

_/1 d’p P 2—d—n' 9\ 05
o e\ T2 TP o) 5gi
(1)

Here we parameterize the scale A by ¢ = log(Ap/A) and
transform variables to dimensionless ones, denoted by
hatted ~ symbols, by using A as a moving unit. This
functional differential equation is called the Wegner-
Houghton equation. Since this equation (of infinite di-
mensional) can’t be solved directly, we take the local po-
tential approximation, where all fields are approximated
to be space-time independent constants in evaluating the
right-handed side of Eq(1).

III. SU(N.) GAUGE THEORY WITH N;
FLAVOURS

An SU(N.) gauge theory with N; flavours has a chiral
symmetry of

SU(Ni)r x SU(Ng), x SU(Ne) x U(L)y.

The effective operators generated by NPRG equation
must respect this symmetry guaranteed by the bare ac-
tion. As for the working ground of NPRG equation, we
adopt the complete 4-fermi operator space satisfying this
symmetry [3]. Furthermore we limit ourselves to work
with the following operators which can be generated by
gauge interactions:

Va(, 5 A)
1

~ 550w G (P = )

+Go(A) ()” + (Prsm))
+Ga() (@) ~ (FrT)°)

(
(P T%)" + (%mT“w)z)] :
(2)

Here T is the generator matrices of SU(N.). The
functions of these 4-fermi operators are given by 1-loop
diagrams in FIG.1, in which gluons and quarks of only the
shell mode momentum may propagate. Although 4-fermi
operators are generally irrelevant (no effects at the low
energy) in the perturbation theory (around the gaussian
fixed point), they are transformed into relevant operators
when the gauge interaction becomes strong at the low
energy scale to make supercritical 4-fermi interactions.
This fact is nothing but the origin of the chiral symmetry
breaking in NPRG language.

As for the gauge coupling constant, we use the 1-loop
perturbative RG running, Also, we introduce the infrared

+Ge2(A)



FIG. 1: 8 functions for 4-fermi operators.

cutoff effect [4] that the running gauge coupling constant
stops increasing at a proper low energy scale, which is
natural due to the confinement effects. We use the cutoff
scheme adopted by [5], where an artificial infrared cut-
off scale parameter A is introduced. This arbitrariness
does not invalidate our calculation since physical quan-
tities like the chiral condensates are not sensitive to the
choice of the infrared cutoff scale Ap [5].

IV. INTRODUCING COLLECTIVE FIELD

As noted before, no effective operator explicitly break-
ing the chiral symmetry is generated in the effective ac-
tion at the low energy scale by NPRG equation. To effec-
tively take account of the spontaneous breakdown of the
chiral symmetry, we introduce collective fields [6, 7] after
integrating the high momentum part of fields in the bare
action to a momentum scale A., which is set as a typ-
ical chiral symmetry breaking scale. Using a simplified
notation, a collective field o, which resembles to the well-
known auxiliary field in the path integral, is introduced
as follows:

Z:/ [ doido,e Sl

0<p<Ac
1 _
X exp {— /d4x§ (0 — y¢1p)2} ,  (3)
5/‘H 42 dor, e~ Sen A, (4)

0<p<Ac

where the effective action S includes following opera-
tors with the collective field,

U(h, 4,03 N) =Ug (05 A) — m(o; A)ptp + Vi (b, ; A)'(5)

Next, we expand the collective field o(x) around the zero
mode ¢ and ignore its quantum fluctuation. Then the
collective field is treated as a constant external field o,
and we can easily calculate the 8 functions for each term
in Eq.(5). Because the infrared value of Uy in Eq.(5)
corresponds to the free energy, we finally set o to be
the minimum position of Us(c; A — 0). Hereafter we
denote this vacuum value by oy. The non-vanising mass
term and the chiral condensates of quarks are realized
by the fact that the minimum position oy becomes non-
vanishing.

In particular, the dynamical mass of quark is given by

Meft = /1\1_)mo m(og, A) (6)

The chiral condensates (1)) are evaluated by

- 1 0

(ip) = lim ﬁfaimOUo(anmoyA) . (7)
where we add a bare mass mg to the bare action. Note
that this introduction of a bare mass is a must to directly
evaluate the chiral condensates renormalized at Ag. Ac-
tually the collective filed term in Eq.(3) explicitly breaks
the full chiral symmetry. We use, precisely speaking, the
following form of chiral symmetric collective fields.

]. = /DO’Z']'D’/TZ'J'
dia ) )
X eXp{—/ r5 [(0ij — ybiny) (0ji — yibjabi)
+ (mi; — yWitys;) (mji — yojivses) | }7 (8)

where ¢ and j denote flavour indices. The chiral trans-
formation property of each collective field (o;;, m;;) is
exactly same as each corresponding composite operator.
Suppose SU(N¢)y symmetry is preserved at low energy
scale, only the unit matrix components of o;; may take
a non-vanishing value, and we obtain meg and (1))
through a non-vanishing value of this collective field.

V. FINITE TEMPERATURE SYSTEM

We can extend our methods to apply the finite tem-
perature system by modifying the g function of NPRG
equation appropriately. In the shell mode integration in
Eq.(1), we use the finite temperature propagators as fol-
lows,

4/\
/(;%25(1 ~ 1)

> 3 A
STy [ 2o 1. 5= @)

(2m

where w,, = (2n + 1)#T is the discrete Matsubara fre-
quencies. Here we does not consider thermal effects of
the 8 function of the gauge coupling constant.

VI. NUMERICAL ANALYSIS

We take scale parameters from realistic QCD physics,

AO = MZ =91.1 GeV, AQCD = 241 MeV,
Arrp = 300 MeV,

and also we set Nt = N, = 3. Note that these settings
are just defining energy scales. Also we have confirmed
that Ay is large enough to assure that our NPRG flow is
on the renormalized trajectory (infinite cutoff limit).
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At zero temperature, the dynamical mass meg and the
chiral condensate (¢¥));Gey renormalized at 1 GeV are
obtained as

Megt = 506 MeV, (1h)1gev = (136 MeV)?.

We adopt these quantities as order parameters of the
chiral symmetry at finite temperature. We see in FIG. 2
that at some finite temperature these order parameters
vanish continuously, which shows the finite temperature
chiral restoration with a second order phase transition.
We also evaluate the critical exponent 5 of the chiral
condensates (1/¢) defined by

T~Te

(W) (T) "~

From numerical results and fitting, we get the following

CIT - TP (9)

values
T. =66.2MeV, 5 =0.51.

Here, this value of the critical exponent is very close to
1/2, the general result by the mean field method.

VII. SUMMARY AND DISCUSSION

We have developed a new method of evaluating the chi-
ral condensates and the dynamical mass of quark in the
framework of non-perturbative renormalization group.
We work with general gauge theories of arbitrary color
and flavour numbers, and adopt the complete 4-fermi op-
erator space respecting full chiral symmetry of the theory,

SU(Nt) g x SU(N;)p, x SU(N.) x U(1)v.

where NPRG equation is solved. In addition, to take
account of the chiral symmetry breaking effects, we in-
troduce collective fields, which help us to safely evaluate
the infrared values of the dynamical mass and the chiral
condensates. By extending this method, we also analyze
the chiral restoration at the finite temperature.

Our numerical results of chiral condensates (9)1gev
at zero temperature and the critical temperature of the
chiral restoration are somewhat smaller than ones ob-
tained in lattice QCD. We guess that the chiral conden-
sates will be scaled up, by using 2-loop § function for
the gauge coupling constant instead of 1-loop 8 function.
Eventually it is necessary that the gauge beta function
should be non-perturbatively evaluated.

The order of the chiral phase transition is found to be
second order in our analysis. The order parameter near
the critical temperature show a good scaling behavior,
and the critical exponent is well consistent with the result
by the mean field method.

As for the ‘order’ of the phase transition, lattice QCD
simulations and sigma models suggest that it is the first
order in case of 3 flavours. There has been arguments
that this first order transition is brought about by ex-
plicitly breakings of U(1)a symmetry due to the chiral
anomaly. It is a future subject to effectively take account
of the quantum anomaly in NPRG framework.

It should be stressed finally that our NPRG formalism
does not have any tunable model parameter. It is not an
artificial model but a method of calculating renormaliz-
able gauge theory (QCD) with infinite cutoff.
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Average Phase Factor in the PNJL model
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1 Introduction

The QCD phase diagram is essential for understanding not only natural phenomena such
as compact stars and the early universe but also laboratory experiments such as relativistic
heavy-ion collisions. Unfortunately, quantitative calculations of lattice QCD (LQCD) have
the well-known sign problem at finite chemical potential ;.. The success of the approaches
is linked to how difficult the sign problem is. As a good index of the difficulty, one can
consider the average of the phase factor

Q20 _ det(D + pyy +m)

= 1
det(D + pys +m)* 1)

of the Fermion determinant. If the average of the phase factor is much smaller than 1, this
means that there are severe cancellations in the path integral of the QCD partition function.
In this situation, LQCD simulations are not feasible.

The average is obtained by taking the expectation value of the phase factor in the phase-
quenched theory in which the Fermion determinant is replaced by the absolute value. In
the two-flavor case, the average is (¢*?) = Z,,,/7Z, 1~ where Z,, stands for the parti-
tion function of the ordinary two-flavor theory and 7, - represents that of the two-flavor
phase-quenched theory in which one of two flavors is changed into a conjugate flavor.
The 1+1* system corresponds to the system with isospin chemical potential becouse of the
relation det(D + pvyy +m)* = det(D — pyy + m).

In this paper, we evaluate the average phase factor by the Polyakov-loop extended
Nambu—Jona-Lasinio (PNJL) model [1-3] in the mean field approximation (MFA) and
investigate a relation between the Polyakov-loop and the average phase factor. We consider
dynamical mesonic fluctuations effect to compare the PNJL results with LQCD data [4].

*supported by JSPS Research Fellow.



2 Formalism

The two-flavor PNJL Lagrangian in Euclidean spacetime is

L = q(v,D, — vafi + mo)q + Gs[(qq)* + (qirs7q)?] — U, 2)

where ¢ denotes the two-flavor quark field, m, does the current quark mass, and D, =

0, — 1A, 0,4. The spontaneous breakings of the chiral and the isospin symmetry are de-

scribed, respectively, by the chiral condensate ¢ = (gq) and the charged pion conden-

sate 1 = (qivsT1q). The Polyakov potential &/ [2] is a function of the Polyakov loop

b = NictrCL, L = e*4/T In the Polyakov gauge, L can be written in a diagonal form in

color space, L = ¢'(#3Xs1+9sXs)/T Tn the MFA, ¢»5 and ¢g are treated as classical variables.
The average phase factor in the MFA is described by [4]

<e2z‘0> _ det Hy4- e~ (+1=Q114%)/T (3)
det H1+1 ’

where (2 is the thermodynamic potential in the MFA and H;; = agfgfpj is the Hessian
matrix showing static fluctuations (SF) of mean fields ¢yr. The static fluctuations are
composed of (o, 7, ¢3, ¢s). We can consider dynamical fluctuations for o and 7, that is,
o and 7™ mesons, but keeping the static fluctuations for ¢3 and ¢g. The 1+1 and the 1+1*

theory correspond to taking i = pu7 and i = 73 respectively.

3 Results

The left panel of Fig. 1 shows the pion condensate 7 and the average phase factor (€?¥)
as a function of the Polyakov loop ® at 4 = 100 MeV. 7 and ¢ are taken in 1+1 and 1+1*
system, respectively. 7 decreases as ® increases and finally vanishes. (e*?) is always
zero at m # 0, where a massless mode appears, then the average phase factor vanishes
owing to det Hy - = 0. (€?) increases as ® does at 7 = 0. Thus, there is a negative
correlation between the average phase factor and the pion condensate. In contrast, there
exists a positive correlation between the average phase factor and the Polyakov loop.

The right panel of Fig. 1 shows p dependence of the average phase factor at T' = T...
LQCD result is evaluated from LQCD data at imaginary chemical potential by assuming
a polynomial function [5]. The two solid lines delimit the 90% confidence level region
for the extrapolation, while the MF+SF calculation is represented by dotted lines. The
MF+SF calculation overestimates LQCD data largely. Therefore, we consider dynamical
mesonic fluctuations beyond the MF+SF framework.

Below 7. where the system is confined, it is natural to think that mesonic modes dom-
inate rather than quark modes. Therefore, we should take mesonic modes in the bubble
summation in the random phase approximation (RPA). The thermodynamic potential, up
to order 1 /NC, is obtained by Q2 = Qyr + Qpr, where Qyr is the mean-field part and

=l gﬂ‘)ﬂ Indet[1 — GII(q)] is the dynamical mesonic fluctuation (DF) part in
the ring diagram where H( ) is the mesonic polarization bubbles. This framework is re-
ferred to as MF+DF, here the static fluctuations of ¢3 and ¢g are taken into account in the
Hessian matrix.
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Figure 1: (Left) ® dependence of the scaled pion condensate 7/0( and the average phase factor
(€Y at ftq = 100 MeV. Here, oy is a chiral condensate at vacuum. The former is plotted by a
dashed curve, while the latter is by a solid curve. (Right) Effects of mesonic fluctuations on the
average phase factor. In each panel, two solid curves represent LQCD prediction [5] in its upper
and lower limits.

The Hessian matrix is obtained by setting H = G|l — Gill(¢ = 0)]. Thus, the
static mesonic fluctuation Qsp = — In det[H] can be regarded as an approximation to the
dynamical one ()pr. The MF+DF calculation almost reproduces LQCD data as a conse-
quence of the strong suppression. Meanwhile, the MF+SF calculation does not include the
meson fluctuation with finite ¢g. This means that the MF+SF calculation underestimates the
suppression of the average phase factor due to DF.

4 Summary

We have calculated the average phase factor of the QCD determinant, using the PNJL
model. There exists a positive correlation between (e*) and ®. Therefore, LQCD is
feasible only in the deconfinement phase with large . The PNJL calculation with static
fluctuations cannot reproduce LQCD data [5]. This problem is solved by treating dynam-
ical mesonic fluctuations.
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Anderson-Higgs Mechanism at Finite Density
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1. Introduction

Topological defects are important in condensed matter physics since they can affect the
property of matter or even change the phase structure. This can be also the case in the
condensed matter physics of QCD. It is shown in [1] that topologically stable vortices can
exist in the color-flavor locked (CFL) phase [2] of a color superconductor.

The vortices in the CFL phase have a peculiar nature due to the fact that the isotropy
group H is non-Abelian and both local and global symmetry are broken. Just as a
vortex in a conventional type Il superconductor carries a magnetic flux, a vortex in the
CFL phase carries a color magnetic flux. Furthermore, a color superconductor is also a
superfluid, due to the breaking of the global U(1)s symmetry. Another feature of non-
Abelian vortices in the CFL phase is that they have internal degrees of freedom, which
are called orientational zero modes. Existence of a vortex breaks the color-flavor locked
symmetry SU(3).+r down to its subgroup SU(2) x U(1). Consequently, there appear
further NG modes [3] which parametrize

opt o _SUB)err

T SU@) xUQ) (1)

There are degenerate vortex solutions with different color magnetic fluxes, each of which
corresponds to a point in CP? space.

We derive a Lagrangian which is dual to the low energy effective theory of the CFL
phase by making use of a dual transformation. One of the advantages of the dualization
is that one can deal with the interaction of topological defects by the method of ordinary
field theory for particles. We clarify how the orientational zero modes interact with quasi-
particles in the CFL phase.

2. Application of the dual transformation to the CFL

Low energy effective theory of the CFL phase
At high density where the masses of three light quarks can be neglected, the time depen-

dent Ginzburg-Landau Lagrangian can be written as [4] [5]

L(z) = —% (F%)’ + K, Tr [(Du@* Dﬂcp} —V(®), (2)

where D, ® = (8, — igAuT*) ® , K,, = (Ko, K1, K1, K1) and T* are generators of SU(N),
in the fundamental representation, normalized as Tr[T°T"] = %5‘”’ with color indices



a=1,2,--- ,N?—1. K,, K, are constant parameters. This Lagrangian is constructed by
collecting most general terms that are consistent with the symmetry group of generalized
QCD with N colors and N flavors, which is given by G = SUN)exSUN)r xUll) , Where

(ZN)p+B><(ZN)F+B

SU(N), is the local color symmetry , SU(N)r is the global flavor symmetry and U(1)p is
the global baryon number conserving symmetry. We consider the parameter region where
the CFL phase is realized.

Dual transformation

The partition function of the CFL phase is written as

/DA“ YDP(x )exp{ /d4x£( )} (3)

with the Lagrangian defined by (2).

We perform the dual transformation of gluons as follows. First, we introduce a massive
non-Abelian 2-form field By, by the Hubbard-Stratonovich transformation [6]. Then we
integrate out the original gluon field A,. After this procedure, the gluons are described
by a massive 2-form field Byj,. Detailed derivation will be given in [7]. As a result, we
obtain the following partition function

Z x /DB“ (det Kg0)~ 12 exp {z’/d4:z:£*g(:c)}, (4)
where L, denotes the gluonic part of the dual Lagrangian
1 /m\> ~ g ab ~ g 1
* " a,pup I ga,u -1 bpo I by _ ~__2/pa \2
La=3 (9) (0nBmr = 30 ) (K5 (0B = (L3%) = qmi(BL)* - (9)
— — ~
with J® = —iK), Tr [CDT( 9, — 9,7 } and K& = 1g,,\/K, K, Tr [/ T°T®] —m fove e,

The interaction between gluons and the vorticity is identified as

* 1 m a A,AO
‘CG’ > —5 <g> Bmw A (6)
where we have defined the vorticity tensor wy, as
wa,)\a = 6Aa’ul/ [81/ {(q)— pr} + Jea ) fcda( )g%Jb’B] (7)

with <I>“b = %gw K, K, Tr [CIDTT“T" ] and A(le’/) is symmetrized summation defined by
A() = A 4 Al This expression for the non-Abelian vorticity is valid for general
vortex Conﬁgurations. The information of vortex configuration is included in ® and Jj.
The NG boson due to the breaking of U(1)z symmetry can be parametrized as ®(z) =
e™@)q)(z), where 7(x) is a real scalar field. The dualization of () can be performed
in the same way as the Abelian case [8]. We obtain the dual Lagrangian for the U(1)p

phonon part
* 1 2 ® v
= — (—2 M) K, (m"9,B), — J))* — 2rm"B™" W), (8)

with M? = Tr [®1®] and w9, = 3-€,)00" "7 (x)arv, Where m(z)ary is multi-valued part
of 7(x). The U(1)p phonons are now described by 2-form fields B, and vortices appear
as a source for Bgy.



Expression of the vorticity tensor

Let us consider a concrete solution ®(x) = diag(f(r)e?, g(r),g(r)) [9] and express the
vorticity tensors in terms of profile functions f(r) and g(r) and orientational zero modes.

The Abelian component of vorticity tensor wgy can be identified as

0 1
w = ——€uvo0
nv 27TN'up

B,0,0. (9)

The non-Abelian component of vorticity tensor wy, is obtained by substituting .J;; and
@~ into (7). w, can be represented as

Wy = EAUW/{&/ {—Lj\?v(r)aﬁeqﬁ T
P)(1+ B) (8'T°0u0 — 0,6 T%6 + 201 760,07 6) }
a(r)y(r)(1 + 5(r) {0<ud'T¢ + ¢' T 0,6} 0,0
a2 (14 B(r)?) [61T700,6' 016 + 02u 61 T0,0
61T 02,060,016 + 02,0 T*60,-6'0] | (10)

+ic

—

2| -

N | .

where «(r), B(r) and y(r) are written in terms of vortex profile functions f(r) and g(r).
The leading contribution is given by the first term. «(r) and ~(r) are finite only around
the vortex, so the vorticity tensor (10) vanishes at far from the center of the vortex.

3. Summary

We have derived a dual Lagrangian starting with the Ginzburg-Landau effective La-
grangian for the CFL phase, which include the interaction of non-Abelian vortices with
quasi-particles such as U(1)p phonons and gluons. Our dual Lagrangian can be used as
a starting point to discuss the radiation of gluons and phonons from moving vortices, the
vortex-vortex interaction which is mediated by gluons and phonons and possible collective
structures of vortices such as lattices or the quantum turbulence.
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Analysis of fermionic soft mode with resummed perturbation
theory
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Critical dynamics near QQCD critical point based on nonlinear

Langevin equation

rERE EIR B (RURER)

1 BA

QCD MK IZPHC A DI L FIEEACIADHZRET %
— RO & L CHRFUSOFEP S I F
BAEERNC X ) PRI TV S, LaLads, #
B2 OFER E P D SN TR\, 2D
D FERNHEETRE 722 QCD FFFUS DS 7 F L L7 5
KR ERARBR OB Tbii T %, QCD
FEFEOS T I N2 HRD O E D & LT Karsch &
I & o THR S N7 R BERE M E R D S B T o 5
1]o L2L., 3Hk [1] THY 50TV % ansatz 1Z1F
BN I NTE Y [2]. £, HNwRNA LY <~
FHRERIC LD < T TIE [3], FsBE TICHRICH £
L. ZDIRBFITIZHERORHDFET 5,

AR DOERARSE L, — i, ERNARS &
DN IS A ICHR T 2 2 EHSNTED
[4]. ., LI NIERIE 7 v 2 v A
BN D CARERRZEN T2 2 L ofTEsn s
[5, 6] —MLINFIERIE T v ¥ 28w iU
BEE) G (V7 ELERBEAL LY RLTT
) ZBROSEHE ORI X Y [7]. I,
BV L LIRS 2 2 L TEBI T
%, ZODRIIEANLSDTH LD TIERIET v
Panv R, RO o hET 3 )R
CEWER) 12OV TEALS I ENTE, QCD R
HMOBETHH>THRY O LWFTE 3, fEo T,
AW TIE QCD AR FGEED 54 F 2 7 A% Gdib
T2 7 > 2 2 v R WS L B D 3A

AR X DR RO R ZH S 2T 5, DL
TC. BT 2 a vy AL ) 2 AR
DWW THHICRANT 5,
IR 7 v 2 a Ny FRRAE—BICRDIETEH Z
5N (7],
i =) S )G 40,
(1)
CITA; EBWER, v (AY)) P UE, H(A(®)):
BAERT v vk, Ly, EBIFIRE. 0;(1): 5
VEL AR, FUE ZHEBD o) E LA
bR LT, BOBERIZO>WTIERFEICZ > T
W5, MAVHIGTLSAN R Z b2 R L T b, 2, Z
DI E EN B IEBEIZEN S IEER G2 R L
TED, FHNRESICEEEL v, G5 IHIZ
BORIE, > F b, AN AaEbzER L Tns, 2
DED IR ISR T v 2 VICHRT %
DT, BIARBEICDIET 5, IBOTE, 0,(t)
FHWELZ R L TE D, ROBEEHORBIR TR
S oNnd, MEREKRE L Thkbh3,

(0;()0,(t );a) = 2L, (a)d(t ), (2)

COBRIZTTHEZ T30 TR, WA Y
fROMBIECTHEINICAH O NS D TH S I LITHERE,
F7o. BT v P a Ny R RIIRIVE G T
HLDOTEND Y VA7 A EFFOZ LICHHEE,
B < D TAEHIIIERIE 7 v ¥ a Ny IR
BB A A <k < A DETZEFFOBAERIZS
W T 52 ETERALNS 6,5, 2D, Ay
FA7%2A— AN A EELIETTI Y anvy
MRADIGEEH B, ZDEE, BERBOIED S



TR AREUC AT 2 48 D IAABE AR S 1, §HTY
() ZABEE MR SRR E /2 2 &8
T&E%, Z2T, BHRREEIET v a Ny RO
BIBIE DA S RES N, 7Y a v RIS
EFNBNRT A= —DEKNBEIZBIEE LT
EITHEET %,

2 QCDEERRICETBIERIS
vIa1NNVEER

QCD LD ¥4 F 2 7 A% il 3 % JEfR
7 v anv RS EHBRT 5, £3. QCD HR
FIZBUI 2BOERZ RO 5, BOEHIZ, i,
V7 FE—FLREREETHI-Z 65D, QCD
ERSICEBIT Y 7 FE—FI3BATHALID?2E
ANk, A TNVEEIRE B ) REREEOREE
AT, 2F D, NV A VEBEE, TV X -,
BREETHL ZEBHLLIIIN TV [8,9], V
7 M E— FPRGEREE RO T, BOEEE L TR
FREEDOHR RS ENTES, 2D, QCDI#
RS2 B 2B AU

A; = {6n,de = (6T),5.0° = (5T")}.  (3)

ThH 5, WEREE D HEIFHARRI TR 27
ZHE D DT, QCD FERF AL D R VIR R S
e LTHAZTHA) Z LT 2, BEHN
Stk &9 2210 ¢, JBEOWEIIFIC Iy B
REEAOIEIEIE S TR 2 &L 2 LICHER,
DT O THEETARE 2 & RERSIHETET
DR EDBART 2D TIRENE VW) I ETH S,
o Z0EEE0RIR 0, R A
HERX (BB L L TOEWER O HFER) (1<
ERN 72 A —VANC X D B o R R & ik 4
52 LTI SNG (10, ZDRKIFE LT, dn & de
FRT 2236 AL Ve W) ERBFLN S,
DF D, 0J DIEFHBIEIZMLIL TX v,

DT, AX—20#E b Ml WEIZERS 2
R ER IR R (B 7~ ¥ )
i, JERIE T v a v Ao —BIE, X 1) i

HOWTIERIFR S TOMREZMD AL Z itk -
T, ROESGIE T v P a Ny HFEABES NS,

aon S(BH)
el V (név) Lnnién +6,, (4)
06
5=V ((e+P)ov), (5)
06J o0H 0H
d(BH)
Ly 57 +0,, (6)

I Tév = 6H/0J  iHES F. n = ne + on.
e=e.+de, WAT e T3 mix, FHREE
TOME%ZRT, £7-

nede 2 2
Lnn O<6c+Pc> V 9 (7)
LY, = T.lnodi;0:0;
+(Co + (1 2/d)no)0;05], (8)

ZIT, - BMBEFE 1o - FIURMERR, Co * RTE
Kt d @ 2EFRIG, 51

1
H(dn,de,0J) = Higing( ,m) + 5

7&72,
(ec+ Pe)

(9)
TH 3, QCD TS DO EELSA v 7 %D
RN EFRLTHDE 2 EDH

on = i

TC 1662 2

+ ﬁlmv
+ ﬁgm.

DEBBIRD S LA PV T RDBNIHRT Vv v
Higing ZHWV72 6, 11], 22T, AEVEE, m:
4PV IRDIFNE—HEE, W ARBEC K 57
W3, GRBARICE T 20880 12, 012 13RO 4L
THRWI LITHE,



3  ENHVIRDAHBEIC K BEEHT

EL ORI AT 295, ¢ BRI IV O(c) T
ST 3 LT OM D AR RRAE S NS,

A2 3 ), (12)
A1 L pam), (13)
A e e,
Ai%2:14%M LA 4 (15)
T HA) = B/((A) (A)A9). e=4 d. AB:

RIS L 2 WER, OB IAARTEAERD»S,
FRIIER D A ARE & AR OGRIC X D | EE R DR
BEEBRLIENTES, d=3128I %, relevant
72 [ E ROEFE T OWRE AR 2 5\ & LT

0%, (16)
o €005, (17)
G S (18)

2135, FRDRMER & BMAER SR W FEHZ R L,
TR DIER IS R RIEZ RO 2 LD D 5,

4 F&oHh

FR R TR IR 5~ & 2 N
XD I FED W TSR OIERIERE S &
ZED AL 2 LT QCD R ALEHED YA F 27 A
BT BIEIE S v 2 a Ny HRAZERL 72,
I Bonszo v anNvARRICENL D A
BE2WHT 2 2 LT QCD WS RLH T DBk iR
DEFFEEE 2 fGHT L 72, ZOFERP S, EH., HA
F VRO TR I NS, RRERER & VR
HEDPIEFITHOFRE R T I ERHL T L,
D% D, QCD HEF RGAEE Tl 3 URIER X D 7h5
HitkEE XL OBMBEEPEEIC R TH S ), -,
HA A VIR TERINIYWE DTN E LTD
il d QCD A TIRI D i m\wEEZ S
%, Karsch % [1] 1< X 2450 & BT 2 & ARRERS

MR OISR 70 4R 5 BBV IR [E U 22 DT DR & 3K
SCBRRDZLITEET S,
SHBOBLELE L TIE I 25O N ik R D i
FF B I { EBRINICBGEE T RE 22 QCD ERFAL A D
T FNERDIBROERPEZ 51D,

SE 3R

[1] F.Karsch, D.Kharzeev and K.Tuchin,Phys.
Lett. B 663, (2008), 217.

[2] P. Romatschke and D. T. Son, arXiv:0903.3946
[hep-ph]. G. D. Moore and O. Saremi, JHEP
0809 (2008) 015.

[3] C. Sasaki and K. Redlich, Nucl. Phys. A 832
(2010),62.

[4] NEASa, IR &R, $18FHIE (2000)

[5] G.F. Mazenko, Nonequilibrium Statistical Me-
chanics, (WiLEY-VCH, 2006).

[6] A. Onuki, Phase Transition Dynamics, (Cam-
bridge University Press, 2007).

[7] H. Mori and H.Fujisaka, Prog. Theor. Phys. 49,
764 (1973).

8] H.Fujii, Phys. Rev .D 67 (2003),094018; H.Fujii
and M.Ohtani, Phys. Rev. D 70 (2004), 014016;
H. Fujii and M. Ohtani, Prog. Theor. Phys.
Suppl. 153 (2004), 157;
H. Fujii and N. Tanji, J. Phys. G 35 (2008),
104060.

[9] D.T.Son and M.A.Stephanov, Phys. Rev. D 70
(2004), 056001.

[10] Y. Minami and T. Kunihiro, Prog. Theor.
Phys. 122, 881 (2010), and references therein.

[11] A. Onuki, Phys. Rev.E 55,403 (1997) and ref-

erences therein.



Relativistic Dissipative Hydrodynamics with Conserved
Currents and Onsager Reciprocal Relations
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Dyson-Schwinger Approach to
Structure of the Thermal Quasi-Particle
and Phase Transition
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C and P violations in the PNJL model
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Using the PNJL model, we investigate C and P violations when 6 = 7 and
O = p/(iT) = w/3, where T, 6 and p are the temperature, the parameter of 6-
vacuum and the quark number chemical potential, respectively. There is no region
of T" where both P and C are preserved. It is also shown that the C violation and
the P restoration happen almost simultaneously at § = = and © = 7/3, if the
deconfinement and the chiral symmetry restoration happen almost simultaneously
at 0 =0 =0.

To say exactly, in the realistic QCD, the deconfinement and the chiral restora-
tion transitions have no exact symmetry which characterized these transitions, al-
though the chiral symmetry is a good approximate symmetry. This fact makes it
difficult to study these transitions analytically. In particular, the relation between
these two transition is not clear. (See Ref. [1] and references therein. )

In pure gauge system, Zs symmetry is the symmetry related to deconfinement
transition and Polyakov-loop @ is the order parameter of the deconfinement transi-
tion. In full QCD which includes dynamical quark, the system is not Zs-invariant
any more. However, instead of the Zs symmetry, there is the Roberge-Weiss (RW)
periodicity [2] with respect to the imaginary chemical potential y = i©T where T
is the temperature of the system and O is a dimensionless real parameter. Roberge
and Weiss found that QCD has a periodicity Qqcp(©) = Qqep (© + 27k /3), where
k is an arbitrary integer and Qqcp is the thermodynamic potential in QCD.

Roberge and Weiss also found that there is a phase transition from one Zg
-pseudo-degenerate vacuum to another at © = (2k + 1)7/3, if T is larger than
some critical temperature Trw [2]. The results of Roberge and Weiss are based on
the perturbative QCD (pQCD) and the strong coupling QCD. Afterward, the RW
periodicity and the RW transition have been confirmed by the lattice QCD (LQCD)
simulation. (See the references in [1]. ) Recently, in Ref. [3], it was pointed out
that the deconfinement transition at zero chemical potential could be regarded as
a remnant of the RW transition at ® = /3, in which spontaneous breaking of the
Charge conjugation (C) symmetry takes place. A ©-odd quantity such as a phase
1) of modified Polyakov loop ¥ which defined by ¥ = ®¢'© is an order parameter
of this phase transition.

On the other hand, Dashen pointed out [4] that spontaneous parity (P) violation
could arise at # = 7, where 6 is the parameter of f-vacuum. Using the NJL
model, Boer and Boomsma analyzed the Dashen’s phenomenon [5]. A parity odd
quantity such as 1 condensate is an order parameter of this phase transition. At low
temperature, n is nonzero and the P symmetry is broken. At high temperature,
the n condensate vanishes and the P symmetry is restored. This behavior of n
resembles the behavior of the chiral condensate o at # = 0 which is large at low
temperature and (almost) vanishes at low temperature. It seems that the chiral
symmetry breaking # = 0 is related to the P breaking at § = 7. Therefore, studies
on the relation between the C and P violations may give us an insight on the relation
between the deconfinement and the chiral restoration at § = © = 0 and vice versa.



In this study, using the PNJL model [6] and the EPNJL model [1], we investigate
spontaneous C and P violations at ® = 7/3 and § = m. We compare the result
with the deconfinement and the chiral symmetry breaking at § = © = 0. Detail
descriptions of the analyses will appear in the forthcoming paper [7]. The definitions
of the parameters of the PNJL(EPNJL) model are the same as those in Ref. [1]
and the values for the parameters are also the same as those in Ref. [1] if it is not
mentioned explicitly. We put ¢ = 0.2 where the definition of the parameter c is the
same as that in ref. [5].

Figure 1(a) shows the T-dependence of chiral condensate o and Polyakov loop
® at § = © = 0 calculated by using the original PNJL model. Since both of the
deconfinement and the chiral restoration transitions are crossover, the transition
temperatures are defined by the positions of the peaks of the susceptibilities of ®
and o [1]. The transition temperature T, of the chiral restoration is larger than the
transition temperature Ty of the deconfinement. In this case, ATyq =T\ — Ty ~
40MeV.

Figure 2(a) shows the T-dependence of ) condensate and a phase v of modified
Polyakov loop ¥ at § = 7w and © = 7/3 calculated by using the original PNJL model.
At low temperature (T’ < Tp), n is finite and P symmetry is spontaneously broken,
while, at high temperature (T' > T¢), 1 is finite and C symmetry is spontaneously
broken. There is no region of T' where both P and C are preserved. The transition
temperature Tp of the P restoration is larger than the transition temperature T¢
of the C violation. In this case, ATpc = Tp — Tc ~ 80MeV.

Very recently, it is pointed out that AT,q becomes smaller if the coupling
constant Gy of the four quark interaction in the PNJL model replaced by [1]

Go(®) = G4[1 — a1 9D* — (D + &*7)],

where Gg, o1 and «g are constant parameters. Here, the new model is called
entanglement PNJL (EPNJL) model. Figure 1(b) shows the T-dependence of chiral
condensate o and Polyakov loop ® at § = © = 0 calculated by using the EPNJL
model. In this case, AT\q =T, — Tq ~ 0MeV.

Figure 2(b) shows the T-dependence of 7 condensate and a phase ¢ of modified
Polyakov loop ¥ at § = m and © = 7/3 calculated by using the EPNJL model. In
this case, ATpc = Tp — Tc ~ 8MeV. Comparing figures 1(b) and 2(b), we see that
the C violation and the P restoration happen almost simultaneously at § = 7 and
© = /3, if the deconfinement and the chiral symmetry restoration happen almost
simultaneously at §# = © = 0. This result suggests that there may be a strong
correlation between the C violation and the P restoration at § = and © = /3 if
the deconfinement and the chiral restoration are strongly correlated at § = © = 0.
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Figure 1: T-dependence of the chiral condensate o (solid curve) and the
Polyakov loop @ (dashed curve) at § = © = 0. o is normalized by oy =
o(T =0). (a) Original PNJL model with T = 200MeV. (b) EPNJL model
with a3 = ag = 0.2 and Ty = 200MeV.
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Quarkyonic Chiral Spirals
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THBRY 7+ — 7 DHFERZBHTEL L0 S, 65T, Large-N. MR TIE, Eq. (1) D5
7% fiii 72§ REIRDSHED ICHFAE T B FE D 5,



Dirac Type Exciton Type Density Wave Type
E E

p
HF RALF HFR—IL HFR—IL
Pt =0 Pt =0 Pt = 2p
—#% —i E—is

1: hA 7 NVEEEDIRY —
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Phase structure of Topologically massive gauge

theory with fermion by spectral function
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1 FU&®HIC

SERRTEORET (Full counting statistics) PEGmIZ AV A a2y 7 20T E W THEFRICHIE X
NTw3 1], INEETFERZERT2ETOROTMIEHL, IEHERETORETEIRED T
WMz328mThs. ZOBGEE I NI, IFPEFE A TIFICEBWT THES EoEH,
KRESN 2 —HOBBAVPRHEIN TV 2 o F0EHIc k% &y b v v —DfER 1
P(AS) 1, DUTORfRAZ7-7.

P(AS)/P(—AS) = e2%, (1)

Z DBRAII AR D AIHKIFE L TV B 72 D12, Fih o K E L HEn - IEEEIREIC B »
THRD LD, o TOEMIZESIZLDH 2 EHIZIRER S DR E WG S5 EGICHRR L 72
bOLBEEING, I HICHES TOEHD S PN E MR, T4bbIREHORERM & 4 v —
DR EBZGEA TS Z EBAILNT VS,

BEORBOBEBRDBEIIZ Y FuE—DEREZHFIIE)., 20O TOEM LTS %
W) SEREFHEBRT R DBIR T 5 2 L IXA S I GO K. T 2 TR I O »
TETEEOEHEZEN L [3], A YA —MHKERM [4, 5] Z# A T, IERIFIEREDOE D
e Y 7 R 2 E <

2 SEEETHURETER

RTRICBOTEROMES 2 HRT S L &, B3 COMBETOMEREMELE %5,
Levitov & Lesovik (3R A €V 1/2 WfiaE [1] 28 AT 5 Z & T, @ERONMEE#R L. C
T, ZNEEiASERESZ S T2IES TR b ak, 2GS, £ TRy b7y 7EFHIT
3 [K1(a)] [3]. BFEEZETFY FORy b7 =2 TEFULL, 203 mlD ) — FRUCHE G
LT3, NIV 273 — FROES H, (r=1,---,m) E&TF v b Oy Hy L BT HM
HAEH Hiyy BXORF Ry F &V — PO Ny 2A2ETHS Hr iy ons, H=Y" H,.+
Hy+ Hi + Hr. a,, ZXE Y 0, WHERZ Lk OBETZY —F r WIERT 28ETL LT,
V= ROWME, Hy = Yo erk@lpptrke, £%%. WTFy b2y F7—208McOwTR ] %
AEY g, $A P ICETRERT 2WETE LT Hy = Yy, tiydl,dje £ 5, ETHRTFY
bRy b7 =210 B 2BADRCE TN 2 EAD Huw = Y00 Uijor /2) diydlidjor dis.
V= FERT Ry FORAIE Hr =340 trki darke + Hee. TH 2. B B HSHIN S N84,
BT IR L CHBIB OB ¢(—B) = —¢(B) 2 F Y ZA2 Ry MOk vy €V 75 L &
X135 tij = [tijlexp(i dij)s trii = |trki] exp(i dpi).

STHRIRIETIE, V= FRERTFY b Py 2ARARTR TR EL, Bt =0TF Y31
FEOADIAD, JERH 7 %10 E 7 b Y RUEGEY D, 2Ok DIRIREE & IRIECIE Z N 2o

1



@ QG @ () @ (0
Ej N1 BNy M3 ERN BN (b)

ﬁz if ) B3 ¢ \‘
) ?woo“ o '<r>ooo : @ o H,
Eq Nd--o-- (6 By Ng.® T
o o 0 T o —
Ey N3 | Hi By | oo 0 t

1: (a) flhi 1 (m = 3) B EARDOBIR - ERNEDKIN, (b)Keldysh #E#.

BICBOTETRE 2L — 3B ORTHE 2oTw3: Hyn)s=E"n)s, Nyn)s=N"|n),.

ZZTs=dEETFFybtEs=1,--- miFV)V—F2RITHEETH . HIRELKREZT
VYL, [n) = [n)a ® )1 © o @ [ndm THIF B, IBIREETIZ 2 NN OSBRI IREE 5,,
TEIANET YT ps DVHEHIRBICH B LT 5. 25 LEEITINGA A ORI TDOEEITH
ps o< exp|—Bs(Hs —psNg)] DB po=[1, ps, (s=1,- ) L%, ROREDIRD |i) THD,

Tfﬁc_ |f>fzaz>nﬁffﬁﬁ$ DAE, Py )y ‘(f|e ZHT| >\ (ilpoli), THZ6NZ., hEw
, R 7 DENCY — FE72IE By R S8 ges ORIV F — qps D 6 3ILT 5 [AIRFHER 7Y
%ﬁci,

P({qas}) ZP I8y |f) H a, ,N(,f)fN(li)(s(th'—E,E/f)JrES)) , (a=ch).
ELlThobIns, 7*‘).31%?@%3‘% &, FEBI% 215,

Z({Xas}§B) = Z /thd dgpy - - - dgpm P ({QQS} B exp ( ans Xas) .

Geds> Gel,**5qcm as

CCZTI|f) & i) 1, WEF Hy & Ny DEEFEXT FLTH->7DT,
Z({Xas}; B) = (Vi Tv2e vty V=T V;,  Vi=exp[~i(xnsHs+xesNs) /2]
S

L7508, HWIRHE (- ) IR DBEELTH po ICDOWT E S, 22TV, WRHNGEES X 7=
EHROWHETCTH 2 2 LICHEET 2 &, Keldysh £ K[ 1(b)] 2w,

N e R e

& Kelysh ERBABDOE T 23 TE S, I CTH =Hr+ Hy TH 5,

3 BoZTOEEEA VY H—HEREEDIFRTIGENDHLER

MR EES £ b, EEHE, AEEE, 2 Y UEE B L OO KRR IO W T oxR
D6

tGHTYy 2 —iHTy T t —tHTY/2 iHTY/t
Tr[pOVe V<e V]—Tr[poVe Vee V”B_)_B,

ZLOTIEDVHKS, FRIBIREBOEETI ps X, 2= VHEET V2O s BE L xes 2%
NEZifs & ifsps WESHZ2ODITHHTL I LICHERT AL, BROF 2327 v MEK
B2 F({Xar }; B) = lim; 00 In Z({xar }; B)/7T 12DV,

F({Xar}; B) = F{—Xar +iAar}; —=B), Xar = Xar — Xam (2)

2



WO VDZ L ZRED, ZZTT 74 =74 Aer = Brttr — Btim & Anr = B — Br TH D,
X (2) 13, BT EAROESRLEES X CEMmXICE T 2 EHTS EOEM ERTE %,
BALR (2) 2> & B DIHFHECER DEIAE & & DB D W T OIS ERB O D&Y
ZEARREZERTES, UFTR B = =Bn=002U—F1E2D7IANVKTy L
p1 & pe DHEEZT, V—F1L2TORBREZMET 2554525, BRDOF¥Fa2Ia7v %
774 =74 CERLZBREZHEE X CIFRIEOERREKE §5 ¢

ak1+l~cz]:({0}. B) 00 Lk1k2( )
k1 7ho\\ __ ) . 0105 12
<<Icl I02>> - a(ixcl)kla(iXC2)k2 - él%: . 51'5 ‘ A Ac2

HX (2) DRBLICOVT x 774 =74 TEHT 2 &, WEEHIC W CRREOBEFR %2
22D TE S, FIZIPPHERECIZERSRN L W I &2 HK S 2 HHABFRA Li)(B) =
L3(B) = LIY(B) = L3Y(B) = 0 %, MPILEHER, > F b EHEokE LI)(B) = L33(B)/2
EL§s(B) = LG, = LiY | BLXOA VYA — - A2 v oBIfFEA [5], LiY(B) = L{§(—-B) &
LiY(B) = Li}(—B) LY}(B) = L3} (—B) #14%. I T THHIZ W TRIMUE 72 13 SOk L 7%
WEERB Ly )? . = Ly 2 (B) + Ly (—B) v, WU X9 ISR 2 2 7 BIRt
352 LB TES,

=0, Lyo4=Lio4. Lal-=Li0_/3=L33_/6, Lio4=0,

)

T TR L I )

:m%u%ﬁ%TL%®&’;%&m5ﬁ%? ﬁyﬁﬁ FHBCE BR O RIS B B~ D H5
Ewzs, ZhsoFRREEET B, 7 « =2 THG2HOTHREES LT % [6).

4 EiE

O 2 P & 55 2R R O % 2 S 2 5 v FAEREIET b b Keldysh 4RO
RFER O (2), CAUSRTEEICE T 2TAE X OMMEEORES FOFMLE 55TV 5, o
Uin & M 2 IETARE R B O BIRRIE, BT E D AT & 3 &0 ) BT, 44—
B E T D BT E SR A 2 VA 2. AR HSOCF B AL AL & o JE R
KTh D,

SE
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Critical comparison of closed time path formalism and Thermo
Field Dynamics in nonequilibrium situation

FRAR A, LA
FRES TE G 27 A

1 FU&®HIC

Closed time path (CTP) JE3 [1] & Thermo Field Dynamics (TFD) [2] IF & b ICIF PR %
Gl 2 GG O BT @ﬁjﬁfﬁi{ff b5, CTP @ Keldysh {n#BI% & TFD @ #4 Bogoliubov

ZE S NI ASHRBIBUI LIS 2 x 2450 CH B T L i & HEOWE DD 5, {SIMBIZUBIL TE R
u\@@%Kﬁmfuﬁ%ﬁﬁU%%%éiéi&#Féﬂfwéﬁ\#%ﬁﬁu£wfi$g
MICER L >72bDTH S L0 I BEBPEHTH 5, AR TIEMTEL KL 2236, Feynman
AT 7 LEEHOIGIREICE T 2 EVEZAL T 5, REHBROMEIE Fermion RICX LT
SR 20D, D7 AR TIE Boson DAz,

2 Closed time path 2=

IROICRDNINV =TV H%E H=Hy+ Hipy E7EIL, HAEERARGRZERT 2, JEESE
SAVE=T VI Hy =Y abar & EBGEBEET o THALE N, TD e THZEL 2D LOKT
BORHE |m) DER SN D, BMRIREZ LT 2 HEFNEM T O X ) IcliES NS ¢

[e. 9]

p=01-p) ) p"m)(m|. (1)
m=0
TIZTp(0<p< 1) ZRICHKIEL o X =& Th h | WHIE 8 DBRTHRTIE p = e
L%, BRI (A) 13 b L — AR EFEHR T2 T (A) = Tr[pd] L5265, C
DEEFTIN DR e HEEIZ X b

ap—ppa=0, (2)

DAL L, 2 OBIRAIC X D BIIARHEIC N LT H Wick DEMDRZ T 5 2 EMRAEI L 5,
Heisenberg ffiff & tHAAFRIE D —3 T 20l % t = —0c0 £ LT, BMWIHFHMEZ DL T D X 9 12

HEWZ 5
(Au(t)) = (U(- 00)) = (T [A(t)Sc]) - (3)

772l S, = U(—o0,00)U(c0, oo)“Cf)é ﬁ&%@cﬁi —00 — 00 — —oo &\ ) TR

(Keldysh %) % Tinwm@%L J 2RI 2N EFNR L TwDE, 2DX)

IZ Keldysh #&#% 2 £ & D | Heisenberg f‘*@@%&ﬁﬁﬁﬁﬁﬁ%ﬁﬁ PR & S ATH172 1 TRBLS

., JEPHERRDLT D Feynman KIEMEZ 2 X 912> T3 2 L2, CTPICEBWTEHETH 3,
Keldysh &% D {siBI 8%

G(af,25) = z<T (O} fClWH(fUQ)D (4)

LEFRIND, L LIBTD cl3RED Keldysh ##% BIcdh 5 2 & 2 HK L T3, I 512 Keldysh
TR 2 1 & EER ST 5

/ﬁ:/<ﬁ+/ dt:/(W—/ dt—, (5)



Z L BB DI [R5 B Ees ¢+ DMERG t~ D EL 6 I2H 20 THATIT L. LT D Keldysh
LBz €87 5 ¢

G(zf,25) = G(x1, x2) (15, t5 D3 E S IR DER) (6)
G(25,25) = G< (21, 12) (t5, t5 D & B IEHEE DG, (7)
G(z5,25) = G~ (11, 12) (1] DMERE, 5 DMEBEE DGR , (8)
G(25,25) = G¢(z1, z2) (t§ DMERE, 5 DMEREDEGR) . 9)

TEA DFRGE (p BIHUHKAE L 22\) X 0. S I EBEI i BIE n = (ala) BRI L 2200,
CTP Tl eitBI% D Wigner /R I2K LT 1 RO ARREFTM 21T 9 2 & T, Heisenberg ffifR D
IIATBIE nyg 1ISK T A TR 2 N T 5,

3 Thermo Field Dynamics

TFD T CTP &MU BEETIOMEZRET 5, 772 LIFVH TFD (& p ORFEMEKAAMEZ & HL
DANTWVSE I EDVHERETH S, 21U, SR TE RO MM OZAL &R TG D24l
PO ANTWB I LR 5,

BEATINC TEDPS a 2T 5. THDPS a2 T2, LWLIHHEEEEL, ZNFia, a LER
T 5 (3], ZOMEEEIERTIREEITI p 3BHENE [p) 4D, (2) R

(a—pa)|p) =0, (10)

LEEMZOoND, FIITOEMO P L —AWEIIEB Y 7 (1] £AD. NS EME 17z Fock
ZERNICEBRY 5 2 LAk S -

[p) = 2= N7 [m)(m| — 3 (1= £)f"|m) @ |m) = ]0), (11)
(1 =2l o fm) — 2 _(m| & ¢m| = (0] (12)

T b b BIIRHE XN S - 22 (BUNEZE) OfPLREIIfHMETE A 515 ¢
(A) = Tr[pA] = (0|A|0). (13)

TFD IC& 1 2 BMNEZE |0) 25T 2 BEBIHIREE 13 a, a TIE7% <. BT D24 Bogoliubov

EHTERIND ,ETH S ¢
a) (1 n £
(@)= 2) )

7272 LIFBE A n = <O’aTa|0> Ep&n=p/(1—p) DRSS, TFD TD Heisenberg
it & MR RS —30T 2% t = —co £ T3 1 Ax(t) = U(—o0,t) A(t) U(t,—00), & L
p DRFFHRAEIEZ LD AN ok 51F, S I3 IEF L F T L JEF L 7 T ORI /iR
TE5%:85=88, 7L S =U(—00,00), T2 &HETDHEKIZ
(0|T[A(t1)B(t2)S]|0) = (0|T[B(t2)S] T[A(t1)S]]0)
= <U(—OO, tQ)BT(t2>U(t2, OO)U(OO, tl)A<t1)U(t1, —OO)>
= (T[A(t))B(t5)Se]) (15)



L%, DX ITHEME L7z Fock ZE2H DifiifI 5> & Keldysh #2# DR HINEF R H R ICEIN S,
2L TFD DEMEIEUE CTP OISMBI L W —CTh 2 Z L2 EKT 5, £/, TFDICE T %5
VIR TIE CTP IS BT 2 OERE O L)L I — PR E —N—REL T35 2 L2rd 5,

U LIRS TFD 13— MU S 2 p(t) DI TERLI T 2, Z OIRRIRAE, IE
{8 H) Hamitonian |2

—Q(t) =1y _nu(t)elel . (16)
V4

EVIHIEFIIV N EFN FHEHETORGEZ D726, FRHCHAEERNI V=7 VI A D
YH—IHELTQW) BEND, TOBAAY Y —HOFIEIC LD, SIZbIERIEF N & HHE T
EFNIHETORBICOATER LD, Eq. (15) TRE N L) 7% CTP £ TFD ORI S 5k
bbb, ZITQE) DERITIFA(t) BETNTVED, THUFEADKETIIARAT X =T
B2, JFH TFD TR DRAST A — 4 n(t) 12 EH OIS 28 ) ARSI k> THES R
3[4, ZOBMCHEE S 12 AR R TR TH 2,

4 F&&

JEPH RIS TR B O B TH S CTP &£ TFD DER Loy v A& L7z, CTP T
WO IHEB A BIE. CURRRIKAE L 2 v) nicEowTEdfbentw 3, @EoEEm%
FHOTEMRT %2 £, ng DIRREHKAE L 2 WEHIZHHATH 5, 2 2TCTP Tl @ Mmia ek
¥ - HOZ 2L X — 2 IBEHINICHHE L. Wigner #RI1CEWT 1 ROAREEMZITH), D
BV X0 D ARBIB ngg (SR Bk R s EH X B,

R, BLCIE R =0 & WIHRENPIES LI NS LI BIEFHRICEED, TFD & CTP Dinii
BIBOEEIE -T2 2 LnE&nd, o84, TFD KB 2 EF L FHET A - FILYHEE
T B3 CTP 1281} % Keldish #HEOHERKD A - Higo Bt icznzndfit L Tw3, Ll CTP
LAY JEEH TFD TRIFEIRET 2 n itk TERbTE 5, 2Dk, B%in(t) 3R
Mg X7 A =% L TEAIN, RBICHOEEE LB DIAAZIIC L > TRESINDE, 2D n
BT 200 DHED CTP & TFD O b AREHNZE N TH S, CTP Tldt = —oco TEEI N
BLRITRD £ T HERORZNCE T 2 0B OREZTBL L5 £ LTwBDIck LT, TFD
TIEH RS 2 D IAASRIIC X > T, BIRZI T L ISR O Z LR iR O 2L 2 HLD
AD B E R oT 0D,

SE
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Y Schwinger-Dyson 73R 0 515 & 115 Boltzmann-like /572 X D i

KAK—, MHEAZEA
JRREE, JRKERA

1 ([EL®IC

K7 DR, THIIZ & 2 BN AR DIFIFIFEIR 2 4 5 S 3OV ¥ —WHEBIGIE, JEPHnERE I HiR
SN MNERNGDETRIZL > TRHIBINEIRETH L. ZD & D RYHBIGIZEIN 5 MR
REDREFIEFR L, @E, R FEHOFRE SRR TH 5 Boltzmann FHFENIZ L - TRl TN 5 23,
ZDOHBERDMEN TIE, TANVF—2HET2HEREBOAVERINT WS, TR, LR
FEFEIZ U T, 2 OELEREIZE £ TR VE T2 Off-Shell mode D 51 HIATIE AR,
Z ZTCARME T, EREEAOBGOE ROV DTH S, M Thermo Field Dynamics
(NETFD) %, \¢* MHEAEFAEIZIGEH L T S 15 Boltzmann-like ifE & kd7-. £L T, 7
5 117z Boltzmann-like AFEAIZHK U T, On-Shell L% 5 U 72 FRIFER IR 288 FT &, Off-Shell
mode % & OREFLERE & O HIR %17\, Off-Shell mode DF 5% SN T2FH %2 H L L 72158
ZEMUZ. P, AR TIE, ZEARIIH L TE—RERE2EZTWS.

2 Bose FIFICx T % Boltzmann-like AR DEH

KO, ARIFFETH W7 Thermo Field Dynamics(TFD) DR§EIZ DWT, I < fli§IZ i
T 5. @i, HHRSICL > TIRIBX N TFD I, BEOLORTRICHLT, T2 aEhTnd
WRE 1 a, LR FOVXIEBIRE) 7 a, 2 EATEHI 228D, BB ENHHEZLEML
7z Fock 22 FHWTER I NS [1]. £/, ARBERIZEWNT, BN FB0M ez ZBHOEAL
LT, alkB¥ & aiREIT2EEEbDE 528 Bogoliubov ZHUZ & 0, #Hi7-72 ¢ IR 728 AT
5. LT, ZORETICNT 2 EAREBEZAMNEZREL LTERL, BFOHOE ML
R E R TR S NS NFBIREHEE T OB EADRBIZN T 2 BB fHMEZ IS HIZ L - T,
JIENERIE O EEERE S NS, X512, AR THWZ NETFD i, AREERIZEWN
TEWIR T80 A0 % F\WTEE X T W72 24 Bogoliubov D N T A — X % LRFIZMKF T 5
NIA=RIZEEWZ 5 Z LI2& 5T, B Bogoliubov B2 LIRLEA I NS, Z DR, K
RNz M A7 3 % 244 Bogoliubov 2D /X5 X — & L BHIK 780504 & OBARIZABETIX AW, JE
XGRS DB T2 B W T, BWEZDREBO HOARESESMF LTINS 0 ZAKM 23T
FIZEoT, ZOEHNAITA =R EBPRNFEDHEDR BT D RN TNWS (2]

REFZE T, ZBEAFIC—RREHZRICILUT, UFONIN =T VEEIZLVEHIND
Aot FHEAEFRERLZ DWW TR Tz,

H(w) = 5[r(e)? + o(a)(~V2 + m)o(a)] + o) 1)

ZZT, ¢lxHtEScalar s, ik ¢ DIEMEERZZTNTNRKLTWAD. TFD T, FILXHLEHR
OB, BEOBOEFHRTHWSONDS Eq.(1) DIV b =7 v DM F )L X HRE) 1
DORMFREILRT B2 FNVIIENIN =TV, H, 2BATS. ZOHIE Eq(l) EBAFTE
BINDEFILEHERTHTDOVWT WS, FUXHEANE, Ai(ie N) ZEBET, ¢ ZceLT
RAZEDEHREINS.

(AlAQ)N = AleNQ, (ClAl + CQAQ)N = CTAl + C;AQ, (A)N = A. (2)



1: Ao* HEAERBALN 53505 20— 7B FHlliE

TFD Ti&, HE HZHVWTERSNENY MNILV =T Y H=H - H, Z&>TRFHHIE
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Nelson’s Stochastic Quantization in Thermo Field Dynamics
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1: The typical sample path on (X, X) plane for 3= 0.5, 3 =1 and 3 = 3 with § = hwf and X = .
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2:  Figure (A): The analytic solutions of the probability distribution for B=3,8=1and 8 = 0.5 with § = hwf and
X = ,/%#x . Figure (B): The probability distribution which is obtained numerically from 10 sample paths of the non-tilde and

tilde stochastic equations.

Z DAEDS Nelson DETHHEICE T 248 L EESBOAHEEERRZEL TW3 . »EAME LEEE OAMHTE
P \/Var[x;]y/Var[(p; — p.:)/2] % GBIREHRAIRE) 7R 7 > > v VP ORIy R0 SEHRT 2 LT
DOERAZE 3.

h 1
VVar[xi]\/Var[(p; — p«i)/2] = 7+hn <n 6/35‘”—1> . (20)

HRIREICE T 2 AHECHEBIRIIRETHES & L LBGES & n 05RO IO 2 LWL, ZORSRITHRIREICE
\F 2 AEETERIGR (3] £ —BLTE D, T @ﬁfﬂﬁ IRTFME IO ZHBIT 20D THS 2 LS.

W

& 3k

[1] Nelson E 1966 Phys. Rev. 150 1079

[2] Ruggiero P and Zannetti M 1982 Phys. Rev. Lett. 48 963.

[3] Umezawa H 1993 Advanced Field Theory — Micro, Macro and Thermal Physics, (AIP, New York).
[4] K.Kobayashi and Y.Yamanaka WU-HEP-10-07,arXiv: 1007.3603v1[quant-phy]

[5] Falco D, Martino S, and Siena S 1982 Phys. Rev. Lett. 49 181



Entropy Production in Gluodynamics with Kadanoff-Baym equation

A. Nishiyama
Yukawa Institute for Theoretical Physics, Kyoto University,

1 Introduction

Recent experimental and theoretical analyses suggest that a new form of matter made of quarks
and gluons is created in heavy ion collisions at relativistic heavy ion collider (RHIC). Hydrodynamic
models can quantitatively describe radial and elliptic flows of created matter at RHIC very well. They
suggest that local thermalization of partons occurs in very early stage of collisions (0.6-1.0fm/c) from
the numerical analyses of elliptic flows [1]. This short thermalization time is compatible with the
formation time of partons and can not be explained by naive parton picture [2]. This means that a
normal approach with Boltzmann equation has serious problems in describing the early stage of heavy
ion collisions. Furthermore we should not apply Boltzmann approach to a dense system, such as a
glasma.

Hence we are trying to adopt nonequilibrium quantum field theoretical approach in the dynamical
description of local thermalization processes in the early stage of heavy ion collisions. As a repre-
sentative method, we apply the Kadanoff-Baym (KB) equation to thermalization processes of glasma
[3, 4, 5]. This equation is quantum time evolution equation of two point Green’s functions. The
merits of solving this equation are that it is possible to trace quantum nonequilibrium dynamics with
conservation law, such as energy, momentum, charge, and so on [6], and to include off-shell dynamics
due to parton decay width and memory effects of the equation, which is for example expressed by
particle number changing processes, such as g < gg, g <> ggg and so forth. This off-shell dynamics
is prohibited in a normal Boltzmann approach. Thus it might play a significant role in the local
thermalization of glasma and give a new insight in heavy ion collisions.

This paper is organized as follows. In Sec. 2 we first write down KB equation in gluodynamics for
two-point Green’s functions in temporal axial gauge (TAG). Then by use of kinetic entropy current
based on this equation, we show the H-theorem with respect to off-shell particle number changing
process g <> gg. In Sec. 3 we show equilibration of gluons in 241 dimensions by solving KB equation
with transverse scattering processes. We find that the off-shell particle number changing processes
can contribute to thermalization of glasma. We summarize our work in Sec. 4.

2 Kadanoff-Baym equation and H-theorem for Gluodynamics

In this section we review KB equation for gluons in temporal axial gauge A° = 0 and show the
H-theorem for a given self-energy. We neglect classical field (A) = 0 and concentrate on quantum
fluctuations. (Here brackets mean statistical average for a proper density matrix.) With respect to
symmetric ' = ({A(x), A(y)}) and antisymmetric fluctuations p = i[A(z), A(y)] for the exchange of
z and y we can write down KB equations as follows,

0

[(61182 + 8x,iafr,j)5ab + Hilobc,ij (gg)] Fjb]g(fli, y) = / dZHF K7 (ZE Z)p]k(z y)

- / 42T, (2, 2) P2 (2, ), 1)
(6118 +a:r zax]>6ab+Hloczg( ) P?%(l",’!ﬁ = /yo dzHZb’L] gg z)ﬁgk(z y) (2)



where {i,j} = 1,2,--d (d: spatial dimension) and {a,b,c} = 1,2,- - N2 — 1. The function F is
called statistical function which contains information of distribution of partons, and the p is spectral
function that gives which state partons are occupied in and how large decay width of partons are.
The self-energy II has two parts. It is for example expressed in Fig. 1 for the leading order of the
coupling expansion. The local part of the self-energy II,. is contribute mass-shift, while the nonlocal

1_[loc 1_[nonl

Figure 1: Leading order self energy for gluons.

parts IIx (symmetric for the exchange of  and y) and TI, (antisymmetric) parts couple two different
momentum mode for the leading order of coupling expansion and contribute to g <+ gg while in the
hard thermal loop approximation they contribute to a mass shift (Debye mass).

Next we give the divergence of kinetic entropy current s* based on KB equation by Fourier trans-
forming (2) with respect to = — y, assuming spatial uniformity and isotropy of Green’s functions in
color index, decomposing Green’s function and self-energy into transverse (T) and longitudinal (L)
part and taking 1st order of the gradient expansion. The exact form of s* given in [7] is derived by
the extension of scalar theory [8] and tends to normal expression [, v* [(1 + ny) In(1 + ny) — nk Inny]
in quasiparticle approximation where v# is velocity and ny is number distribution function. For the
given entropy current s# and leading order self-energy in Fig. 1 we can derive the following relations

95" = (TTT) + (TTL) + (TLL) > 0 (3)

where {T,L} is labeled on each Green’s function. These terms represent three gluonic scattering
processes, such as g <> gg and 0 < ggg, where (T) or (L) is labeled on each gluon. Tt is possible
to show each term is semi-positive definite. Equality holds when local equilibration is achieved. We
find that analytical calculation shows that off-shell dynamics, such as g <> gg, contributes to entropy
production.

mx°=0.03 [1 45 mx°=90.0 [] &

3 4

3

2

Ny 1

0
Figure 2: Number distribution function Figure 3: Number distribution function
ne(mX® = 0.03) with g?/m = 0.08 and n(mX® = 90.0) with ¢?/m = 0.08 and

N =3. N =3.

3 Numerical analysis

In this section we numerically show the KB dynamics (1)-(2) with only transverse modes which
describes the thermalization of gluons in 241 dimensions. We shall assume uniformity in coordinate



log(1+1/n,)
n

5.5 0
0 20 40 60 80 100 120 0
mx° w,/m
Figure 4: Time evolution of entropy density in Figure 5: Logarithmic plot of number dis-
quasiparticle approximation for 92/m = 0.08 tribution function In (1 + 1/ny) at late times.
and 0.06 with N = 3. (g?/m = 0.08, N = 3)

space, use the replacement T, — m? to see off-shell effects and consider nonthermal (Gaussian,
anisotropic in momentum space) distribution functions described in Fig. 2. Starting with this initial
condition, KB dynamics shows that the distribution function ny extracted in solving KB equation
approaches to that shown in Fig. 3 as time goes by. Other initial conditions also show similar behaviors.
In the time evolution we observe the entropy production (we have used entropy density [, (1+nx) In(1+
nk) — nk lnng.) as shown in Fig. 4. A rapid increase at early time and a saturation at late time
are observed. In the end we find that distribution functions approach Bose-Einstein distribution at
late time from logarithmic plot in Fig. 5. As shown here, entropy production and resultant local
thermalization due to off-shell dynamics are realized numerically, which are prohibited in normal
on-shell Boltzmann analyses. This result is consistent with analytical results in the previous section.

4 Summary

In this paper we have written the KB equation for gluodynamics in temporal axial gauge. As an
interaction we have adopted leading order self-energy of coupling expansion. Nextwe have introduced
kinetic entropy current and showed the H-theorem for the off-shell dynamics in analytical calculation
in order to confirm whether leading order self-energy (which contributes to such as g <+ gg) contributes
to thermalization of the system . Finally we have given numerical analyses. We find that entropy
production and resultant local thermalization occurs due to the given off-shell processes. This numer-
ical result is consistent with analytic proof of H-theorem. These off-shell effects have been neglected
in normal on-shell approaches. They might play a significant role in the early thermalization of the
glasma and help the understanding of heavy ion collisions. Our next step is to simulate KB equation
in 3+1 dimensions with fine tuning of initial condition of glasma.
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ultracold two- component L ———
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- ultracold : s-wave is the dominant channel.

=) collide only with (=

- dilute : details of the potential is much smaller than n-1/3

== The collision process can be described by a single parameter,
so-called scattering length a..



Interaction Is tunable!!

Feshbach resonance

Two channels corresponding to different spin

states.

Resonance occurs when open and closed channel

are energetically degenerate.

interaction potential

Closed (bound) channel
bound state

Open (scattering) channel

N

Scattering length afd=v n

0.3

Maanetic field [(G)

S. Inouye, et al.,
Nature 392, 151 (1998).


プレゼンター
プレゼンテーションのノート
And situation is a little bit changed by using a Feshbach resonances.



By taking advantages of the tunability of the scattering length, one can achieve
the condition of infinite scattering length. Under such a condition, the
thermodynamics only depends on the temperature and the atomic density of

the gas.

Since a, diverges, a, drops out of the thermodynamic description.

Universal hypothesis (UH) : “ Universal thermodynamics can be described
only by the density n and temperature T



Universal thermodynamics

According to the UH, all thermodynamics should obey the universal functions of

2
Fermi energy : &.(n) :;l—(37z2n)2’3
m

KgT T

g-(n) T(n)

\/

Internal energy : E =Neg.(n) f.[6]

reduced temperature : 9(n,T) =

Helmholtz free energy : F = Neg(n) f_[0]
Dimensionless universal functions

Chemical potential : u=¢&¢(n)f [0]
,which have not been determined

Entropy : S = Nkg f¢[€] experimentally so far.




Inhomogeneous density profile of a trapped gas

T is constant over the cloud (thermal equilibrium).
Tr depends on the density.

—> QZT-En is position-dependent.
F
- \ it S
TF(nO) TF[n(r)] TF(nO)

Global measurement only gives you the integration of
all the different phases.



834Gauss
( Resonance magnetic field of Feshbach resonance )

“ |F=E1/2, me=+1/2>
Optical dipole trap

(1064nm) & =12 me=2s
density profile
Bl -
E(r
Local internal energy density : n(r)g([|)f1(r)] = fe[T/Te]
F
4 Determination of £

Equation of state: P =§5 at any temperature at the unitarity limit

mechanical equilibrium (eq. of force balance) :

VP(F) + )V Vi (1) = 0

\

)




4

\
Etotal VS S ? Etotal VST
1T =3S/oE )

\,

Scheme

-
Local internal energy density : er) = f.[T/T.]

n(r)e:[n(r)]

Thermometry

2
virial theorem!!

Adiabatic B-field sweep to an ideal —
Fermi gas condition (isentropic process)

entropy S

Le Luo and J.E. Thomas,
J Low Temp Phys 154 1-29 (2009)




Experimental determination of f[@]

G
Fe Tl = 5 e [n]

f[0]

M. Horikoshi, S. Nakajima, About 800 images are analyzed.
M. Ueda and T. Mukaiyama,
Science, 327, 442 (2010).



Experimental double check of the determined enerqgy function

Check 2

Check 1

Speed of sound can be calculated
from the energy function, and can

At the Unitarity’ Epotential = Einternal

holds. Ideal .4 | also be measured experimentally.
3 2 2 - +
E eniq = Mo, <2° > EXRr
) itary Y
can be calculated directly from the 1 Unitary m(] ”(an) dxdy
. . z=0
density profile. And ;
Einternal - IngF (n) fE[e]dv /N e WW,_M
_ = |
can be calculated using the — | ot oA o]
energy function and the density s W‘“‘\J%
rofile. el |
p | a— »..mmj_.'l,'ﬂl\w- ‘\'_/'._%d..e.a
Energy comparison Speed of the first sound
5“ =
+ Yr
=1k E
B £ s s
;;j-E ! |="r = @ .......
— /‘ 1 | |
Epot_ Eint umeas.: ucalc 10 20 30 b S0

[mm;s]

1, Mieas.




The critical values at the unitarity limit

Internal energy

felo]= felo]-01;[0]

_ f,l0]=(61[0]-201[0])/3
< fs[o]=-f¢[6]
Helmholtz free energy Chemical potential
] S 1]
0.0
= 0.5 N

-1.5
2.0
I

0.0 0.4 0.8 1.2




Summary

» The universal function of the internal energy was determined at the
unitarity limit

Universal hypothesis : £ =nge (n)f.[0]
: 2
Equation of state: p 255

Mechanical equilibrium : Vp(r)+n(r)VV, (r)=0

Trap

 The other thermodynamic functions were derived from the thermodynamic
relationship

 The critical parameters were determined at the superfluid transition
temperature

M. Horikoshi, S. Nakajima, M. Ueda and T. Mukaiyama,
Science, 327, 442 (2010).
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ThHEZ26NAZ L2705, Z ORI, Brown b3 E 4 OFIZ JE D & |
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ZOEO EORH A —u s JRFTEEIREE~OFEF O A r— L0 7
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ERTHZLIZT S,
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FROREEN S SN2 K5 MOEREH E (ZORVS5MHEIT ¢) (2
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fiTlE, ENBICOWTHEICAND Z L1275,
(i) x° superstatistics

ZHUE. F(B) Dyt =i
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FEHITTD, TN OIS AT ThH D, ZNG 272 61X, £(B)
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TR LEEDBBETH S, 7 BWEROEAIZ G (1) ICHFEGT2HERIZH B ¢, 121D
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1. Introduction

Physics of ultracold atomic gases has matured into a highly active and versatile field of
research since the experimental realization of Bose-Einstein condensates (BECs) in 1995.
Compared to the other fields of physics, this system has several merits to study: reliability
of the microscopic Hamiltonian and flexibility of experiments. BECs with spin degrees of
freedom also known as spinor BECs, are results of these strengths, and become one of the
hottest branches coupled with the fact that the theoretical studies go hand in hand with
the experimental studies [1].

In this research, we delineate the phase structure and low-energy excitations in spin-1
and spin-2 BECs, both of which were already realized in experiments. We also sketch out
our new result in a spin-2 nematic condensate [2].

2. Ground-state phases in spinor BECs

We consider a system of N spin-f identical bosons with mass M that undergo an s-wave
scattering subject to periodic boundary conditions. Let ¢,,(x) (m = —f,—f+1,..., f) be
the field of a boson at position  with magnetic quantum number m. Then, the low-energy
effective Hamiltonian of a spin-f BEC is given by

H=T+V, (1)

where 7 = Z Ui (2) (— h;\Vj) () and

v=3Y" %FMZF< frfm! |[FM)FM|fpf iyl () ), (2)d (@)1 (x). (2)

F:even

Here, gp is coupling constant in the total spin F' channel, {fmfm’|FM) is the Clebsch-
Gordan coefficient, and Bose symmetry requires that the total spin I’ in the s-wave
channel is even.

Let us first discuss a spin-1 BEC, where there are two independent coupling constants.
By assuming that the interatomic interaction is weak—the condition well satisfied in cur-
rent experiments, the ground-state phases in BECs can be determined by Gross-Pitaevskii



(GP) approximation. While if gy > g9, the realized BEC has ferromagnetic nature be-
cause there is a finite magnetization, if gy < g9, there is no magnetization in the ground
state, which is called a polar or anti-ferromagnetic phase. Namely, a similarity with the
Heisenberg model is expected.

Let us next discuss a spin-2 BEC, where there are three independent coupling con-
stants. Reflecting an additional coupling constant g,, the phase structure in a spin-2
BEC is more complicated, and there are two physical quantities to specify the ground
states, which are magnetization and spin-singlet pair amplitude. By using these quan-
tities, we can show that three independent phases, that is, ferromagnetic, cyclic, and
nematic phases, are realized as functions of the coupling constants. Even though the
ferromagnetic phase in a spin-2 BEC shares the same properties with the spin-1 ferro-
magnetic phase in many points, there are no counterparts for the nematic and cyclic
phases. Therefore, it is expected that a spin-2 BEC involves more nontrivial properties
than a spin-2 BEC.

3. Massless modes in spinor BECs

We next examine the low-energy excitations in spinor BECs, which can be obtained by
the Bogoliubov theory when the interatomic interaction is weak. The Bogoliubov theory
takes into account the effect of quantum fluctuations from the GP approximation up to
the second order in the Hamiltonian level. By diagonalizing the approximate Hamiltonian,
we obtain so-called Bogoliubov modes.

Among others, massless modes play prominent roles in determining low-energy be-
haviors of systems. Therefore, we focus on the massless modes from the point of view of
the Nambu-Goldstone (NG) modes. At the same time, since the system has no Lorentz
invariance, the number of NG modes is not always equal to the number of broken gen-
erators and sometimes less than the number of broken generators [3]. Keeping in mind
this point, we relate some of the Bogoliubov modes to the NG modes in spin-1 and spin-2
BECs.

For example, while in the spin-1 and spin-2 ferromagnetic phases, the number of the
NG modes is less than that of the broken generators, in the other phases in spin-1 and
spin-2 BECs, the number of the NG modes is equal to that of the broken generators.
The former and latter cases are the same situations as the Heisenberg ferromagnet and
anti-ferromagnet, respectively.

However, the spin-2 nematic phase is special since not all of the massless Bogoliubov
modes are interpreted as the NG modes. In the nematic phase, where three different
phases — uniaxial nematic, dihedral-2, and biaxial nematic phases — are degenerate at the
GP level, we obtain 5 massless modes by using the Bogoliubov theory, while the broken
generators are 3 and 4 for the uniaxial nematic, and the dihedral-2 and biaxial nematic
phases, respectively.

The reason of the emergence of the residual massless modes is that there is hidden
symmetry in the ground state at the GP level. Considering this symmetry, it is shown
that the order parameter manifold in the nematic phase is enlarged to

M = [U(1) x S*)/Zs, (3)



Table 1: Order parameter manifold M and the enlarged order parameter manifold M of
the uniaxial nematic, dihedral-2, and biaxial nematic phases.

Phase M =G/H M
uniaxial nematic U(1) x S*/Zy

biaxial nematic | [U(1) x SO(3)]/Dy4 | [U(1) x S*]/Z,
dihedral-2 U(1) x SO(3)/Dy

and each order parameter manifold of the NG modes G/H is a submanifold of M as
shown in Table 1. Because of dim(M) = 5, the corresponding number of massless modes
is expected, which is consistent with the result of the Bogoliubov theory. The soft modes
originating from such a hidden symmetry are called quasi-NG modes [4], and the above
result shows that the physics of the quasi-NG modes can be verified with the spin-2 ne-

matic BEC. Several phenomena to which the quasi-NG modes lead were recently analyzed
in Ref. [2].

4. Summary

We have discussed the phase structure and low-energy excitations in spinor BECs,
which involve the nontrivial properties compared to a condensate without spin degrees
of freedom. Since a spinor BEC is an ideal system to study condensates with internal
degrees of freedom, it is expected that it sheds light on physics of superfluid *He, high-T,
superconductor, and color superconductor in dense quantum chromodynamics.
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SO EICKD, ¥aE— b ED MO RIESE T

> [za@)af @) - @)yl @)] + 20 @) (@) + 2N (@2 (@)

+oi (@)e ) (@) + 2 @)af) (@) = 3 8*(2 — ). (15)
L. fli oLy, BEEHE—FI&EO Lo, TORERIC X 25O
b(z) = 3 [enan(x) — & ya(x)]

+P 2N (@) +i01 2V (@) + PoaP () + 100 2P () . (16)
L, BRI (O, P =i, [Qy, Po]l =i, fliz¥ntis. ZOEFIE, BOHHEL T IEHE K
R%Z MR- TE D, Hamiltonian T XD L I IG5 Z 51 5:
. 1P P2 1 1\ -
go_1)JPL Py ( ) s .
07 2 {In * I * Lo - Iy PiFe +zn:E Cnfon o Const 17)
K;

o (=

N 1,2) TH 5. ¥uE—FOETIE, S HICHATES Z LICHEET S.
JON;

f:fSL, Iij =

4 FEHESHBDOERE

AT, 2 BECIZBIT2X¥ R E— FL DM Z2To7. 2TOE—F2 &AL TN
F2 R L, 5o IEERHERIR % > 72 £ ¥ Hamlitonian Z X AL L7z, 8, 2D HED 3T EDFR
NOIROEGTH 2. SHOBEE LT, N0 R4 2% 5 BEC & (Spinor BEC 7 &) 122\ T
DIFFTZ AT\ T2\,

e

[1] C.J. Myatt, E. A. Burt, R. W. Ghrist, E. A. Cornell, and C. E. Wieman, Phys. Rev. Lett. 78, 586
(1997).

[2] B. Ole$ and K. Sacha, J. Phys. A: Math. Theor. 41, 145005 (2008).
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Theor. Phys. 107, 679 (2002), M. Mine, M. Okumura, T. Sunaga, and Y. Yamanaka, Ann. Phys.
322, 2327 (2007).



FFECBITD a BEFOR—=X « TA v a XA 5
KGR e BALmfn+ K% REEH TR

JRARZT BN TRV D & B ME O A IZ I T a RIS RNE T 5 2 &R < H
S5NTWD. a b FOBET R AL —5H7-0 TlIEhofaftkic kv o ki HEEN L b
FEARLT V. EFICEWEFE TR QENE, T 2b b x L X —RNADFFENE
L 72K, 2P0 D XD ICEIRIETH - T a i+ % it U CREET 2 iz & 2. ]
TN a BT D TETND &V KRR TR 10 H 122 2.

JRABERICR —ZRL A Td D a Fi T DFIETIUL, a BRI FBNHR—X T A v va XA kR
L CODIRIENTFET DA REMENRH D, BV T o KIF23 B L TV D00 Lt
& DF ZITIEFITRONEERED B H STV 28, ERANITHGE S TV, & 2 AR
1995 F i AAT R RIZEB WD TR — REIRIE N ZBL S, AIRRDOFEFZIZE N TS o
i DR —RERFO RN ER Shb X iczo T,

BEUNFFAZ 12C DI T R L X —7.65 MeV ICIFAET DA A /WIREE O T 3 o KiFHEE 2 &
D, a REFEENIEF I/ NS < WA RITHRHE U TR — R 768 L T2 AlREMEAN
HINTE72(1]. 40 i < A, BARD B K S [2] B L O EAIEREKS [3]Ick 51! 2C
D o P HEER L ORA VIR Z IERIC K < FLilk 3~ 2 I E RIS A 5k 32 & 3D o hi 1
I3 AV AR T RO RER TR = 1 L B —fREE 0s ITHEIR L TV D 2 &AM L7z,

PPN D T a B 70 *He BT DA JVIKEED & OITEEL D FBR T — & %2587 L, 0T
AT U — RN IRFER — XEERF D 1 2C ORLIRIE L E_E LB ALY 7 F 152
AR LUTZ[4, 5] ihERBOFERZ DO O XA EHHEMET 5 2 L IZNEETH 503, A IR
REIXIER ICRE VY 2 b5 L Bl AREEICH D Z ENEBRIICHLHBA L. =
DI DOHFHHIIIZE & 7R A JARBEN T 3 o D H ZIRAEIZ H V) AR — RBEfsREEBICH 5 = &
ZoRE LT 5 23, EERAYIZITIE R Z2REHL, 3720 b, BIREME IR STV e, 9. 63
MeVIZd % 3IRRED 3D o K13 A EE) R L=1 DIREEICHEE L 7= B iREBICH D L 135
ZAT VN FEEE, ZOMREEIT 3 a KRR 32V b O DO IARIRY 72 o R IREETIZ 2. W E
FTDELEZA3aRICOVTIZa R FNAR—R T A v a B A EHIRIEICH D & 5 ik
TER - B B 72 SEERAREMLI L 22

—IRANCHERENIA Y A Ay 7 RV RTRLI, L FED X 5 2D BE O o ki
FRTITERBIB I HRVWEBZXONNHIEN, £ 9 & bIRL W, EEE, mAR 7% T
(310 BfB D /3T K3 TREREN A FEBRAVICBIN S TV 5. R > 7 WV m 3 E Tl

* 2011 4R L 0 @A IRAST K (University of Kochi) 244 RS 5.



BEDONRTKFZRTHBEMEND 2S5, 3 a5k TIIFRERA HEITEMEDN R SN 7o
B, 4RO 0 JRF 2R L THD 2 TR & 5. Z O, AREER OS5
13, 4 @ RORAXT R F—IRE OREBOAIIER T 5D T oA v RiEZ2 5< T
JHECIREE & H O E T2 Z ENEHEETHAS .

150 D 4 o FiAREEICITZ OV TIEE S D BENTZER B D, 7T A A NTF AT —/LD
NV ZOIN—T[6]liFda DA T CAREEITD, AEO o KL FBHTFO XK DI
BRI A P IEMERER D IEFIT K E WX RIRKE (4 o SHIRIREE) , 27, 47, 6" 2 3 AL L 72, 7%
BRI OREBIXZOHOEREZ 5 O THEMB ALY R EIZEER 2> TH2R.

bhbhiIzZnb b datiEiEsz, KA Mﬁﬁ% EDEC ONEIE & & T a tPC AR DT v
VRIREGEEL R R L & ERT — X A ERIES O T 2 LI I RET L2 [7]. e
DOWNEREHECIREE & LT 2" (4. 44 MeV), 3~ (9.65 MeV) , 0,7 (7.65 MeV), 2," (10. 3 MeV) JRHEA Hi

Cal.

0 10 20 30 40 50 60 o0 10 20 30 40 50 60
J(J+1) J(J+1)
1. @FEIN o+ 12C(gs)fEiEB L a + 1 2C0HEEZ 2 160 (128
5 a R IRAEDS (b) EBRME & Lhilk L T T s,

D AN 2 IR R & U CBERFMEE © D DDM3Y & & 0, BAHGALIERT o —12C [H]
FHEAER 2R LTz, ZOMEAERART v v Mid a +2C BELO A 5545 DR T — X % o L
T DOAFFTF VX —172 MeV 225 18 MeV DJAWEIPHIZ W CTHREGGHIIN A T > v v L &
WMATHZETELSERT S, AT RLX—18.5MeV IZB W TIdA A WREED & D IEF|ME
BELA S MBHAE SN TEY, ZNb K< HFHT L. 20 18.5 MeV D AH =1 /LF — % 1%
DR R X —ICEHT &, 4aBEODV L ETHD. 20 Z LT ZOMAERRT Vv



IV 4o BHERHIED o +P°CROREFRICH AN TH LD 2 & 24 5. BElr ez
fif X ILIREEDN S L OB, TNUOHRK LIRS TV D,

l@IZABND LI, 0D b a +12%C(g. s ) EEE ©DO/NY 7 ¢ 2 HIEHD
K=0,"73 R & K=0, /3 FSHBLL, K1 (b) OFEERE XIMHET 5. & 61, R TIH4
o BB <12 o +12C (R A WIRRE) #3iE 2 D K=0,/3 K & K=0,” /32 RA3HL L, K=0,7/3
RIZERBR TR > TV H DM LT 4o BURKEEOE.L (W) & X SHIST 5. 1K 4a 8
PRAE & IR SN C X 2RAEIE, DO OBERFHE Tld o +12C (R A /VIRER) & & b DIk
REThD EHMEIND. bNONOFE TIZK=0,"3 K~y RO 0713 16.6 MeV £FriZ3E
FIZROIKVIREETH 5708, BIEE TO & Z ABLHI S TR0,

4o BIEFHEICEBR TR OS> T D a @i KE WV 0TKEEIX 15.1 MeV DA THDH. Z DT
FLX—HTIZBWT o B IREED 27, 47, 6" & ARk BT 5 & 374U, 16. 1 MeV 0 RAEAS KT
JET % 4 a B FAEE L b OREBTH D EHIFFS LD, K=0,3 FoD 2, 4%, 611322 1 A
D o B NAEEN R 2,4, 6 THE L7z 4o i IRIETH D L BRIE S5, 0OIRBEIT o +12C (3R
AWK HEIE L L > TWVHD T, TRTO o b D FART R /L —IRHE 0s (2d D HEFENIE
FWICEWL X T (b) T4 o REENEM (ER) TRHATRENTNS. 16,1 MeV  01ZT %L
F—M0720 TRV IEMRELIEFITNSIS®AHD 1) > THWDLDORHLND. 41
D o K- D3R — R LEBIRENIRREIC & 5 & 30U, 20 X 9 e BRSO 2% e X
HANCHE S LD, o KT OEER TG = 0L —IRRBIZ & 2 O T, BB — A I HIfT
TERVWEDEZ B INTWD 8], HEMB+ICRITIUTIEIRIREETEN S & v o TR
WEIDE Z 20TV R RN THAS ). RA/VIREOIREIL 8.5 eV TH Y 15.1 MeV 074K
RE® 166 keV T, JLFEZD MeV DR TII A7 —m VEEETHMB I N TWD LA DBRD.
KO HEWEFAEITEBWN TS o b0 R — XEEE & BIEI2 B Z - T\ % 23, RFTEHIZEL R
MFET 5 Z EldTm DA~ ABIRA S 5.

AWFFRITEMRERIR & DO ILFEMFFRIZEE SN TN 5.

[1] A. Tohsaki, H. Horiuchi, P. Schuck, G. Roepke, Phys. Rev. Lett. 87 (2001)
192501.

[2] E. Uegaki, et al., Prog. Theor. Phys. 57 (1977) 1262; E. Uegaki, et
al., 59 (1978) 1031; E. Uegaki, et al., 62 (1979) 1621.

[3] M. Kamimura, Nucl. Phys. A351 (1981) 456; Y. Fukushima, M. Kamimura,
in T. Marumori (Ed.): Proc. 1Int. Conf. on Nuclear Structure, Tokyo,
1977, p.225.

[4] S. Ohkubo, Y. Hirabayashi, Phys. Rev. C 70 (2004) 041602 (R).

[5] S. Ohkubo, Y. Hirabayashi, Phys. Rev. C 75 (2007) 0446009.



[6] P. Chevallier, et al., Phys. Rev. 160 (1967) 827.

[7] S. Ohkubo, Y. Hirabayashi, Phys. Lett. C 684 (2010) 127.

[8] Y. Funaki et al., Phys. Rev. C80 (2009)064326; Y. Funaki et al., Phys.
Rev. Lett. 101 (2008) 082502.



EFRT v 2 /N I\DFICK B LD TR— XEHERDIE D B

HHERBRIL Y, B8FEK7 A 71 2
SRS L, UL 2, SR

1 EA

1995 FEICJFFRERD R =R - 74 ¥ a7 4 VEHiEER (BECs) 2398 TIHERMNI BN S 17z 1],
CHUITA v aZ A v T Lok EWAZ L) I, HAFHOBITZED 52 L 7L
i C Bl B R AR R RS © L RO AR DRI PRIGE E D8 T X8 — 2 KEEICHH]
HTE 2R ERFD, 1997 FIIE SR JHF DR 2 A IREE (2, 3] 2. Z DEBUEITIE 23Na Ji
TOETOAE Y HHEZFARICRA —REHIE 2 2 LI L% 4. 20X ) %% 5 BECs
Tl BEECHMELERIC K D ZREMNEE 5, 6, 7| B3EHINTE D, BENLETSEHRD
WFZExt R & L CBAICIIESfThbIiTw 3,

1998 fFFIC I AR TRICB T 2 BNa i 1D 7 v ¥ 2Ny NHIEBIHI S 4172 [10), 2 1UdJR
FEEAHEL S BB, HBFHREDO ST (=7 =y ¥ 23y N3 T) 240 L CHBIINICE [
HAfMZ2ZMb S ¢ 28l ch 2, ZoRdizMMT 2 &C, @HREE LGS 7 Rb D)
T BECs DR —X + /7703l S 7z [11], TOFEBRIE7 =v > a Ny NG1OHHEZHANE
FEBUZHED AL 1 F % FOVERITREGIIC T SN TE D [12, 13]. T80 R wiEkicEs
WTHBE RW—HZRLTw5, LeLAss, MHAKETRICEIT S 7 2y ¥ a3y Nk
DIGENR (14, 15] & BlGR [16, 17) ISR L 72720, EFETIE 7 2y ¥ a Ny N FOHHMEZ D
ATz 2 F v 2V SN T 5,

2 MEEW

KWL, S5 B — B O RIS, BB E U, RIOTHEE B2 5
DE TR NS S THET, JoBRSETEEOR S WHEE TIES N5, 1007 4
2 JILA Tfi b FERTIE, B/ 5 A C W IREER 5 STRb 5 F-0HI e S 5 B 70880 & .7
3] JEETIE 7 29 & 28y SR 2 R L CHISHER SIS 2 500 fib T 5 [18, 19], Fk4
. 2 AR — X R R 700 5 T S US55 T-00 IS & oo 7 B2 RUF L <. IR IS
BU 37 293 289 NS TR G ARG HEH 2 BRI R L7, $721F v 2 UEURCO R
SRR AR PR TT22 G 0 LD 5 M7 b DT hH D . IR B BT - T L ORIEAE
D S ATOR, 2 2 TAIIETE, (EROBIIC 7 2y > 28y A TOEIBE & Z Ui
BT 2 50T - o PRI 2000 ART, lHoE2#H~ 7,

3 Tk
ZOfiTIiE, SFHHEZIDAALE 2F ¢ FUEBDONI )L F =7 v 5 2D RES

W3 2 IR R 2 EN T 2, £, BRICHEZ DT EDOMAEEAZIRD ZAKE 1 F v %
VT 2 REEE 5



3.1 2F+vx%)IER
2 R =R T (a,b) EFMET 29> a9 NGT (m) ORI Z2DNIN =T VI,

~

H = Hy+ Hpy+ Hypu, (1)
= Xj/ﬁ@@m@mmo
i=a,b,m
gii 1ot (VT (2 () 9ij N N
+ ing:m > /drdr U ()W, ()W (x")Wy(r) + ,-j:az:bm 5 /drdr W ()W (r") W, (x") Wy (r),

SRy EECUACI AGIABER MBI MO

LET B, U0 3GOAR (YK BET. ANE 7 2y ¥ 2Ny AT T OREAER. gii(gi) 1A
M (%) AR TH 2, ZOBRITIZ2 OO T a D SEK 7 v > a8y NGT- m DY
EREhTws, =R NIV =7 bk, hy = —h2V2/2m; + Vi(r) +m; (i =a,b, M) £
END, m BETOER, Vilr) 3HER T V> v L TH D, AL TIIHETEEDG S I
B RVEDEMER R BRIRE 24T 9 72 BRAFRE 7 v 72 {KEL T b, GOEHET2RP AR CE
SR TEFEZNMT 5 & ROIERREBONR 2 # > 2 5lid § 2 JERIZ B G A3 i 5,

(ha + gaa(lﬁ + gab¢g + gmaqb?n + 2)‘¢m)¢a = Na¢a7 (2)
(ho + go®3 + Gab®a + GomBr)Ob = Kb, (3)
(hm + gmmgb?n + gam(bg, + gbm¢g)¢m + )\CZ)Z = Mmgbma (4)

o AT (i = a,b,m) DIEFRT >3 00, b WHIPERCH B, (AT ¥ 5 v MERTH
Aft

Ni= [dr| ¢ (i=a.b.m) (5)
POWEENG, FRARTHIE Nu = No+ 2N EREN, BT 275 250 N THIEH
B my, RELI S LK DT 2 2 EaiTE 2,

3.2 1FvRIEROEEEER
1 F ¥ 2 UVEERITIE, RORERIRAE 2 2 3 IR U

(ha(F) + 7105 (F) + a3 (7)) a(7) = frada(7), (6)
(ho(7) + go®s (F) + gap®a (7)) b (7) = finep(7), (7)
EEBT B, figy 37 =y ¥ a Ny NGFORRZIY SALALER T v vb, v 35T a D
DEMMANEHTH 5, BE2EHD 2 REELY & 5 6 LB AFR X,
2)\2
2pm — Pa '
ERIND 20, BRICH DT ZHY ZAZAEMMHAEFERIE, X (2) £3(4) 2 5 fRHTIN 72 51HE

EhEREIN S, M1 &0, BIMHEEHIAERAEZR S, T TBEEP L TR ETT
SN2 b7y THHLETOMEBNS %2 2 e3bn s, L Lo MHITHER 35S

(8)

Y = 9v = Yaa —



0.1

=~
0.08- — Nm=00l Nat 7
— Nm = 0.05 Nat
Nm = 0.1 Nat
‘ \
0.060 5 10
r/ a,

L WRITEWY ZARAMM AN O BEERAE, B AR, BRiREZnZh N, =
0.01Ng4¢, Ny = 0.05Ngs, Ny = 01N, D% £ L T 5,

W TCOEMMHHEERICRE CIRIEL T 720, AR CREMHEIER O EERTFEZ r=0
WHEE L CiEmz o T, INEFTHO1F v 2B EDOHIEZITI 720, 2o DERIH
HAEH % A2 SRR 100 S, IO 2 BEE T 5, AR LD,

7= 0m(0) = goa + 2L En D), Q

EEBT I ETE S,

4 R
4.1 FUWEES

i G L 72 2 F ¢ 2 VBTN O ERIE B AR R 2 LT, MEMOEK T 2y v a
Ny NS TR R RS, T IR TEOR N, = Ny BB A, 550 TR TR 75 55
&N, £ N, ZEZD,

4.1.1 RFEIRDIGE

X 2: 2 F ¥ FVERICHR O NI BN, SRTFHE | ¢i)? (0 = a,b,m) ZBESG I r/ag T7
gy kL%, 78IE N, =5.0 x 101(7), 5.0 x 102(FF5R), 5.0 x 103(F) TH b, B (FZ).
TR (Ef). FHR (RRR) X220 o, [T b, L7 =y > a Xy NG T ma2EDT,



’
0.5 0.5¢ -
*l ----- nb =0.99
— nb=0.1
SERUE a 0n mooon| |
-0.5F 0.5\ .
hONL
| | h | | ML | i Bl B —— BT e
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
Nm / Nat Nm / Nat

| 3: el R 7 at, BElhE S 7 2y v a Ny NG E LTS E A VL R S ER TR L
Too PR (RURR). ARBR (RBEGHR). kAR (BBERR). B (3ER) 132 Zdin,(i = a,b) = 1.0x 10%,1.0 x
101,1.0 x 102,1.0 x 103 TH %, K (FK) DT b(a) DFEEFEEZRL TV 5,

D7D, 2me =2mp = Myn, We = Wy = Wi, 2Va =2V, =V, £ 5%, F7 2y > a3y
N DER m,, ZHIEHT 2ROV ICHTEN,, 25927 =, LT, gaa =g = gap = A = 0.1
EEE L G EDOBES A 2K 2 1T, 8% Ny = Ny = 5.0 x 104, 77 5x N,,, = 5.0 x
101, 5.0 x 102, 5.0 x 103 DELICOWTDEIHEZITo 7%, 72, 20DFT L3 F %K Ry, R
B mg, my, ZFROMEER EAE L T, BT - R a1 - oM AN E SR

1+ yml+r YR

Gam = 2'Ym 2 Jaa, I9mm = %gaa (10)

E L7, BFETIE Y = mm/ma =2, YR = Rm/Ra=2%FHL T3,

M2 X0, 7B VWHEETIRE e, RFbEDICE Ty 7THLMIFEL TS, Ll
Mo, FTWRICEIVIETF B 7y 7HLrSHLHEINTRE, N, =5.0x 10°2 TIJH T a
EJRT b DHATHEL 7RBE L 22 B, JILA 7OV — 7 X 2R [18) THBIM S Nz L Hic, Fi%
7 xv ¥ aNy NG K ) RGBT 5 2 L SHERIICHERR S e, Z o AH T
ik, 7z anNy " HIBIE S 2 ETHET o OMDOHEAMEHDEI 2D, HMCE T o &
JEF b DDA EERADIRE b dichl &I In L EZOND,

ST FHAE N, =5.0x 103 FTHEPL TV &, B 7ZITIELRLEFadb NIy 7ih
Lo LEINTHE, “MHEE>EHT 2, 2D FORBEZID Adtk 2 F v 7L
RZMHT 2 LT, BAECHNTELMHBETH S, ZOZMHBEIIDFEVH 2BRERE W
TR CTHEHE I NS, BHETRER—XREH O S AREHENFEE 2T TE D, SBOEROFKE
PHIREI NS,

4.1.2 RIFEIENITOGE

X0 I ZRBUCHIE S/ 2720, KITHUL P = (N, — Ny) /Ny %2 2 -84 HB S s
AMEE R R TWL, 22 TH O ES WEEDLTE
[es(0)
T i (Fmaz) |2

ZEATS, ZHUIERTOHRLEDTr =0 ERKRIBT r = ree DEELE L TEREINLTWVRS
7o, 7z anNyNgIFBPBRINTOuRORINTlEn, = =15%D, F 7y 7Hhiiice

(i = a,b) (11)



100 A atoms (2ch) [ 100+ A atoms (2ch) [
=== B atoms (2ch) = === B atoms (2ch)

« = HFMs | = HFMs |
—_ A atoms (1ch) A atoms (Ich)
o _ [T T T =< — — — Batoms (Ich) — — — Batoms (Ich)
— 50 _ — 50+ = ||

e = e = = \
obr=--. . ()L T |
0 5 10 0 5 10
r/a, r/a,

B 4: 2 F v VB E 1 F v FOVERIDO LA, (F7EXK)1 7 v 2 VBB QG AAER 3 (8)
ZHHL TV S, (G F v 2 VEROAMHAFEHIZ (X9) 2R L Tw 25, HICEIR (FER)
DY a i ARERE (ERR) 23 b R, M ORER) 237 =y > a Ny NG FTh D, Fl, KR ()
232(1) F ¥ FNVEHIOBEFAATH 5, FAE (7 FE) 13 5.0 x 104(5.0 x 102) & L 7%,

CERFDFEL R WIRIETIZ0 L%, SOOI AT =AML T, Mt D FBEEA
BEOMBHOES W E K 3ITRT,

X 3262 MM fEmE LT, 7FHERPL T EFIDIET b 7y 7HLD 5
I, ISP LT LT a DIMIANFF LI N T 2 b b, K2 DL
BZOKTIEP=0MELTEY, ROEENZIERE T2, MPEILEEZ TH KD
AR SN B DS, T a LETF DS 55 (DR ICONTHIHL RS (Lizd )
BAHERIME SNz, X+ Ty THROMCHEET BT a 3% K % B0 THB IR
BRI KREL %5570, PRV TFHTOETF b ZBDIIMUNITLIEE 2 EE 25 2 LT
X5, I, STTORLEEERIEIH ETOHTHMOHZZ 522D T, TRt
TEMMEED BN DTIZ W I E2EELTE L, BARN MG Z 0 2121384 DRED
AR % 5T 2 05 03H 5,

4.2 1F v RIVEBE DR

Zofficid, ERMTEAL 2 2OEMMHAEH (8) . (9) & 2 F v FIUEAL L DK%
TV, 1F v FOVEBIOERDOREEZ IR 5, 378D Ny, > 0.1 x Ny OFESTIE = MEEE DB
N2, r=08OHEMHEERZHMA L7 15 v 2VERL L 2 F v 2 U 515 5 725
A3 5 2 Elde\v, DUF Tk, 0 FEDY N, < 0.1 x Ny DFIBICIRE L 7-iim 2 17
I M4Z, 2F v R BRI LR ONIEESME, HIfiCEALZ 200D 1 F v 3BTRS
BoNBEENMGZBERTER L7, HETD 28I, 55 o N2 EIMHEEHIZ, X=X/
T DX REENZYEBER IR ERT T, AWED X 9 RERNZED e &
BHTLHEHL TOURWI ED3bhr s, TADPEAL AMHERETIE, MR X —3%
LT AERFRR G, A — REHRED 5 % 3% ) BRI IZERTH 2 R =,

COfERZ 2 OO R 2MH D> ST 2, £T. 7 2y ¥ 2Ny N1 K MR 2 5
2 51o, MoBticEREEZ 5 2 2 AMHBEROD TR 25 2 5, KI5(K) 65 X
I, BERO 2 (R o B S N AR A R OMEIZ 0 FBE S L THRE LR
(. ZORERE LT, KA(K) D& RBEESHOBESPEL L EEZ NS, BRI TOMHR%E
G5 ZETHERT afOEMHAEERIVNE K 220 K 4(47), FXICR T ab IO K 3K E <
%52 E TR SR I N EELON S,



1 1
\
FN
N
~
(@] ~ ~

;. 0.975[- ~ S o N k= 0.9975- vacuum (A atoms)

vacuum SN~ — — — — matter (A atoms)
= = matter ~N o i L vaccum (B atoms)

S~ o = == matter (B atoms)

L | L I | I
093 0.005 001 %% 0.005 0.01
Nm / Nat Nm / Nat

5. (75) HAMMIEAFHD 7 29 3 25y AN TR, () Fidelity (L) 0 7 29 3 23y
NS TRAREEE, SR (FH8) 3% 2 (R S I S M b 0 (8) RT. AR (%
) RS T OMRAE G 1 A (9) RTH B,

RIT, 2F % FIOVERICR S W BN & DFEL D EAEWEIHIIT 2 2o, EEE (Fidelity)

Fij:M (t=a,b j=wv,m), (12)

<¢1ij ’¢1ij>

BEAT S, ZHUT 1 F ¥ 2L 2 F ¥ 2OUVIERIO S E S D5 2T E > TL B 5E121F
F=1t%0, 2{ELE>TVAVEIIBEARIEF=0t%28TH5, K5(H) ICKEFTD
WMEELZFRN L7, B G 3, BEPoEMEAEHA>» SEBER L EESME 2 F ¥ 2L
L DEZDAAGZRL TS, KIPoEs X H)I1c, FFEPHEA T IZ O >N TEFEEDfE
WNSK B2 8Bbd 5, 2FD, ZOHAD 1 F v FIVERIOEE 3L 2 F v 3 U L —
T 2P wES 25, Wi, WROITOMREEOGIHEEH LA L, BEE
DIEIFIZEAEZLTE I LR, MAG) DEETHRBIZEAEEZ)E>T0 S 2 2B
LHERTH B,

5 X&o
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DN EJRER LT, Wi D& 2 %A, ARMHAIER, JBFEE L) S50 5 FR T, Z DRER,
AR THAL ZGHEEAZ AT 2 2 & T, ZHMBEDBIR D B8 N, ~ 0.1 < Ny IS
BT 2 F v 2 VBRI EIFFICRW— 2R L 7,
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