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We study a quantum correalations from the information theoritical points of view.
A quantum mutual entropy is discueeed in relation to a transmitted infromation.
This report is the review of our recent works on the quantum infromation theory
with entanglement.

1. Introduction

In classical probability theory the classical correlation of a physical com-
pound system can be represented by a joint probability measure with mar-
ginal probability measures which are corresponding to each subsystem. In
quantum case a quantum state of a composite system, i.e. a compound
density operator describes a correlation between its marginal states. How-
ever, in quantum system, it is known that the joint probability and the
conditional probability do not generally exist, which is an essential differ-
ence from classical system3237.
the existence of entangled states in quantum system.

An entangled state of two quantum system is defined by a state not
written as a form

The typical example of such difference is

Z)\kpk: ®0'k7 (1)
k

with any marginal states p;, and o; on subsystems. A state written as
above is called a separable state, so that an entangled state is a state
not belonged to the set of all separable states in the naive definition above.
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However the mathematical characterization of entanglement is not yet fully
understood except for some simple cases, for example pure states or very low
dimensional mixed states. Further it is obvious that there exist several types
of correlated states, written as separable forms. Such correlated states have
been considered in several contexts in the fields of quantum information
and quantum probability such as quantum measurement and filtering®°,
quantum compound states3%-3! and lifting!*. So that one have to deal with
not only the correlation of entangled state but also that of separable state
carefully.

In the middle of 1990s Peres and Horodecki family gave a classification of
compound states by introducing the criteria3422
the entangled state. The famous Peres-Horodecki criterion is based on the
partial transposition. States which are positive under partial transposition
are called PPT sates. Clearly each separable state is necessarily PPT but

which enable one to detect

the converse is not true. On the other hand Belavkin and Ohya gave a
rigorous construction of quantum compound states by means of a complete
co-positve map (CCP map for short) called entanglement map*!'2. We can
construct a compound state by applying the entanglement map to Choi-

15,23,25,39  Kossakowski et al. also introduced

Jamiotkowski isomorphism
another method to construct a compound state via a notion of quantum
conditional probability operator, QCPO for short, by means of a complete
positive map (CP map for short)®. If a marginal states is given, then a
compound state is constructed by operating the marginal state by QCPO.
The PPT sate can be characterized by the entanglement map, also by the
QCPO24’26’5.

This paper is organized as follows: In the section 2 the definitions of
above criteria, PPT condition, entanglement map and QCPO, are reviewed
and we show some relations among such three types of criterion® 82426

The section 3 we review the two types of quantum entropy, so called the
quantum mutual entropy and the quantum conditional entropy!!:12:14:19:21
and such entropies are applied to some examples of compound states. In
addition we introduce the order of quantum correlation by using the sym-
metrized conditional entropy called the degree of entanglement (DEN for
short)!®28 . Interestingly it turned out that there exists a class of sepa-
rable states which have stronger correlation (with respect to DEN) than
entangled states'S. Finally we discuss the difference between classical and
quantum correlations in the section 4.

The above argument can be formulated at general C*-algebraic

setting!112:24:26.27  However, for simplicity, only the finite-dimensional case
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will be considered here.

2. PPT state, entanglement map and quantum conditional
operator

We start with notions of positivity: the so-called complete positivity (CP
for short) and complete co-positivity (CCP for short). Let A and B be
C*-algebras (with a unit 1). A linear map x : A — B is CP if and only if

Xn : My (A) — My, (B); [aiz] = [x (aij)] (2)

is positive for all n. Here M, (A) stands for n x n matrices with entries
from A. A linear map x : A — B is CCP if and only if

Xn : My (A) — My, (B); aig] = [x (a50)] (3)
is positive for all n. Every n-co-positive map is positive but not necessarily
CP even if it is CCP, unless B is Abelian, in which case a positive map is
both CP and CCP.

Let us consider two quantum systems (Hy, Ay, S (Ax));—, o Where Hy,
is a Hilbert space given by Hy = C", Ay, = B (Hy,) stands for the algebra of
complex k x k matrices and S (Ay) stands for the set of all states on Ay.
Then the composite system (H,.A,S) is given by

H="H1® Ha, AEB(H1®H2) =A; ®A2,SES(A) :S(.A1 ®A2).
Notice that
S Dconv (S(A1) @S (Az)).

It was mentioned that conv(S (A1) ® S (Az)) are called separable states and
the subset of states S\conv(S (A1) ® S (Az)) is called the set of entangled
states, i.e. § = Sent U Ssep. We are interested in the special subset of S,

Sppr={weS;wo(l®T1) €S}, (4)

where 7 is stands for transposition. Such states are called partial positive

22,34

transposition (PPT) states . Clearly

S D Sppr D Ssep.

In general the PPT condition is not a sufficient one for the separability of
state. However, in the case of H identified to C2 ® C? or C2 ® C3 the PPT

condition becomes to the sufficient one??.

Theorem 2.1. In the case of H=C?> @ C? or H=C? ® C? a state w is
separable iff w is belonged to Sppr.
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11,12 and a

We will review another criteria called an entanglement map
quantum conditional probability operator (QCPO for short)®.

For a normal state w € S there exist a density matrix € such that
w@db)=Tr(a®b)0,a € A1,b € As. (5)
The state w can be written as
w(a®b) = Triag (b) = Tra6™ (a) b (6)

where ¢ is a linear map from Ay to A; given by ¢ (b) =Tra (1 ®b) 0 € Ay,
and its dual map ¢* from A; to Ay given by ¢* (a) =Tr; (a®1)6 € As.
In (6) the partial trace with respect to Hj, is denoted by Try (-). It is clear
that the marginal densities of 8 are given by

p=Tr0 =¢(1), 0 =Tri10 = 9" (1). (7)

Belavkin and Ohya revealed that such maps can be reconstructed by the
Hilbert-Schmidt operator, which is called the entangling operator, and they
showed that both ¢ and ¢* are CCP, but not always CP on general C*-
algebraic setting'''2. For example, if w is a pure entangled state, then its
entanglement map is not CP.

On the base of above observation they introduced a general notion of
quantum compound state by using such CCP maps.

Definition 2.1. A CCP map ¢ : Az — A, normalized as Try¢ (1) = 1, is
called the (generalized) entanglement (map) from the state ¢* (1) € S (As2)
to the state ¢ (1) € S (Ay).

The density operator 64 corresponding to the entanglement ¢ with its
marginal p = ¢ (1) and o = ¢ (1) can be constructed by

b= (lej) (eil) @ les) (el (8)
(2]
where {e;} is a standard base in Hy'!12.
Notice that the construction of 64 in (8) is given via the Choi-
Jamiotkowski isomorphism!®23:25:39 " Due to this fact we can show the

following?4:26.

Theorem 2.2. A state 84 (i.e., a density operator) is a PPT state iff its
entanglement map ¢ is a CP map.

In the following discussion we use the symbol S also as a set of density
operators.
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On the other hand Kossakowski et al. gave another construction of
compound density operators®. For a given § € S with p =Try0 one can

define the operator
o = (p—%®1)9(p—%®1), 9)
which has the following properties
o > 0, (10)

Tromg =1 € Ay, (11)

and we assume that p > 0, that is, p represents a faithful state. It follows
from (10) and (11) that the operator mp is the quantum analogue of a
classical conditional probability distribution. Indeed, in the case A is an
Abelian algebra, 7y coincides with a classical conditional probability.

Definition 2.2. An operator m € A is called a quantum conditional prob-
ability operator (QCPO) if 7 satisfies condition (10) and (11).

One easily finds the following formula

n

o= Y ¢ (lex) al) ® lex) (el (12)
k=1
where ¢ is a CP unital map from As to Aj, ie., ¢ (1) = 1. It is easy to
check that 7, satisfies conditions (10) and (11). For a given 7, and any
marginal state p € S (A;) one can construct a compound state as

pZ o (lex) {er]) p2 @ lex) (el - (13)

NE

0, =
k

[N -

Applying the CP map pz ¢ (-) p% to the Choi-Jamiotkowski isomorphism,

then we have

n

1@1)0,= > pio(le) (exl) p* @ lex) (el (14)
k.l=1

This means the following Corollary®.
Corollary 2.1. 0, is a PPT state iff the map ¢ is a CCP map.

There exists a relation between the density operator 6, in (8) and the
QCPO 7, in (12) via the following decomposition of the entanglement map

o.
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Lemma 2.1. '3 Every entanglement map ¢ with ¢ (1) = p has a decompo-
sition

N

¢(-) =pipor()ps, (15)

where @ is a CP unital map to be found as a unique solution to

N|=

1 _
()=p 2goT()p 2. (16)
Theorem 2.3. ¥ If a compound state 04 given by (8) has a faithful mar-
ginal state p = ¢ (1), then 04 is represented by

05 =(pt 1) my (0} 01) (17)
where 7y = 3 p~2¢ (ler) (ex]) p~2 @ |ex) (er].
k=1

The relation (17) can be regarded as a quantum analogue of the rela-
tion between a joint probability and a conditional probability in classical
probability theory:

rij = pip (jl7) 5 (18)

where r;; is a joint probality with its marginal probablity p; and p (j|7)

is a conditional probability i.e., the probability of an event "j" under the

observation of an event "i".

3. Mutual entropy and conditional entropy vs. quantum
correlation

In classical information theory the mutual entropy is given as the relative
entropy of the correlated joint probability and the non-correlated one. We
extend the classical mutual entropy to a quantum system by using the
Umegaki relative entropy®® in the terminology of entanglement map ¢.

Definition 3.1. Let ¢ be an entanglement map with p = ¢ (1) and o =
#* (1). One defines!!:12:14,19

I (p, ) = S (04, p@ )
= Trf, (log by — log p ® o) (19)

where S (-, -) is the Umegaki relative entropy. One calls I, (p, o) the quan-
tum mutual entropy!*'°.
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By simple computation the quantum mutual entropy can be decomposed
as follows:

Iy (p, 0) = S5(p)+5(0) = 5(0s) . (20)

The above relation gives the same decomposition form of the classical mu-

tual entropy. Using this decomposition (20) one also defines the quantum

conditional entropies!!:12:14:21;

Se (0lp) = 5 (o) = Iy (p, 0) = 5 (0s) = S (p), (21)

So (plo) =S (p) = Iy (p, 0) = 5 (0) = S (9) . (22)

Remark 3.1. The above entropic criteria are discussed also by Cerf and
Adami'*, Horodeckis?!, Henderson and Vedral?®, Groisman et al.'®.

Example 3.1. -Product state- For entanglement maps ¢ (b) = pTraob
and ¢* (a) = 0Trypa, we have 04 = p ® 0. Then

1y (p, 0) =0, Ss (alp) = 5 (0), S5 (plo) =5 (p) . (23)

The above results clearly means that the product state has no correla-

tion between its marginal states. Here we introduce the following notions3?:

Definition 3.2. (1) A state 0 is called a product state if it can be repre-
sented in the form

0¢:p®0 (24)

where p = ¢ (1) and o = ¢* (1).
(2) A state is called a correlated state if it is not a product state.

The quantum mutual entropy I, (p, o) measures the correlation as the
difference between the density operator itself and the product state given by
its marginal densities in the sense of relative entropy. In quantum system we
have two types of correlated states. The first one is a separable correlated
state, and second one is an entangled correlated state.

Example 3.2. -Separable correlated state- For an entanglement map

¢ (0) = > pip;Trob, ¢* (a) = > pio;Trp;a, where p; > 0, > p; = 1, we
have

0= pip; 0. (25)
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with p = ¢ (1) = > pip;, @* (1) = Y pio;. Then we have the following

inequalities® 1112

0 <1y (p, o) <min{S (p), S (o)}, (26)

S5 (clp) > 0, Sy (plo) > 0. (27)

Example 3.3. -Pure entangled correlated state- For entanglement

maps ¢ (b) = DS Nidjleq) (e;] (f5,bfi), ¢" (a) = S NX;|fi) (il (ej, aei)
where \; € C, Y |\;]* = 1, we have

Op =D Xikjles) (ej| @ | £i) (f5] = [¥) (¥,
where |U) = >~ \je; ® f;. and its marginal states are given by p = ¢ (1) =
SN e (eil, 0 = 6" (1) = S INf*1£i) (il Then

Iy (p, o) = S(p)+ S (o) —S(0y)
=28 (p) >min{S(p), S (o)}, (28)

54 (0lp) = 84 (plo) = S () <, (29)
where S (p) = S (o) = — 32 |Ai* log [\i]*

The classical mutual entropy is always smaller than its marginal en-
tropies, and the conditional entropy is always positive. From these points
of view, on the base of above observation, we know that the separable state
has the same property of correlation with classical probability, however the
entangled state does not so. Above entropies of entangled sates (i.e., the
correlation of entangled states) show the non-classical property.

We introduce another criteria to measure the correlation of compound
States11’12’18’28.

Definition 3.3. For an entanglement map ¢ with p = ¢ (1), o = ¢" (1),
we defines

1
D§ (p0) = 5 (S (alp) + S5 (plo)) (30)
1
=5(0s) — 5 (S(p) +5(9)), (31)
Dy (p0) = —DE (p0) (32)
We call Df (p,0) the degree of entanglement'’'2:28 and call Dy (p,0) the

degree of quantum correlation'®.
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Proposition 3.1. 228]f 0, is a pure state, then the following statements
hold:

(1) 84 is a pure entangled state iff Dy (p,0) > 0.
(2) 84 is a pure separable state iff Dy (p,0) = 0.

It is well known3® that if 0 is a PPT state, then
5(0) =S (p) 20,5(0) = 5(o) 2 0. (33)
where p and o are the marginal states of . Due to this fact one shows
Proposition 3.2. If 04 is a mized PPT state, then

Dy (p.0) <. (34)

Suppose now that we have two entanglement maps ¢, and ¢, such that
p=0¢; (1) and o = ¢j, (1) (for k =1,2).

Definition 3.4. One says that ¢, has stronger correlation than ¢4 if
Dy, (p,0) > Dy, (p,0) - (35)

Remark 3.2. Interestingly, there exist quantum entangled states with
weaker correlations than some separable states in the sense of the order
(35). In this remark we show one of such examples'®.

We analyze Bell diagonal states (see Refs. [6-8, 17]). Consider H =C3®
C? with the standard basis {eq, e1,e2}. We set

2
1
Q = — €;) \€; 36
0.0 ﬂ;' ) (el (36)
and define Qy; for any k, 1 (0 < k,l1 <2) as

Q= Wi ®1)Qo.0, (37)

where Wy ; means the circle action given by

e exp (W) e (i=0,1,2) (38)

Finally, we define

— %1@&4—& €20.0) {€0.0] +§ (1921.0) {Qr0f +[22.0) (22.0]) -

(39)

0 (, )
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10
Due to the computation for the eigenvalues of 6 (a,3) one knows that
0 (o, B) defines a state iff the parameters «, 3 satisfy

a+B<1, 20-78<2, —8a+pB<l1. (40)

Let us consider for example the line g = % It was shown’ that 6 (a, %)
is entangled iff

1 13 2
Hu(=, 2 41
ael0,1)U (5 3 (1)
and it is separable iff
1 13
aE[Z’E]' (42)

Now we can compute its degree of quantum correlation DQC denoted by
D (9 (a, %)) as

3 31 — 10« 31 — 10«
D <9 <a, 5)) =log3 + 1 log < 90 >

0a—4, (2-5a) 40a+2 400+2
15 B\ 15 TG

.(43)
By a simple calculation, it is easily be verified that D (9 (a, %)) is monoton-
ically increasing if o € [55, 2). Hence the values of DQC for o € [55, 1) (i.e.
0 (a,2) is entangled.) is smaller than the ones for a € [1, 32] (i.e. 0 (a, 2)
is separable.).

4. Summary and Discussion

In the section 3 we drew a quantum analogue of the classical probability
relation (18) as the relation (17) between a compound density 64 and a
quantum conditional probability operator 7, via an entanglement map ¢.
However we have not yet discussed the roll of the relation (17) in the context
of quantum information theory. Before the discussion we summarize the
results of the section 3. The quantum mutual entropy I, (p, o) and condi-
tional entropies Sy (o|p) and Sy (p|o) have a non-classical property (see the
example 3.3). How can we understand such non-classical property? Due to
the non-classical property we can classify a subset of Syt (the set of entan-
gled states) by using the DEN or DQC (see the proposition 3.1. and 3.2.).
This is, in some sense, one of the answers above question. The non-classical
property of such entropies are found on the subset of entangled states, how-
ever such property does not give the necessary condition of entangled states.
Anyway it is natural to think that the mutual entropy I (p, o) of entangled
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state represents the correlation of entanglement. From this points of view
during the last one decade there have been a lot of studies of quantum cor-
relation by means of the mutual entropy??311:12,14,19,20,21,29.33.38 = (p the
base of above observation we introduced the order of quantum correlation
in the sense of (35). Interestingly there exist quantum entangled states with
weaker correlations than some separable states (see Remark 3.2.). How can
we understand such correlation between separable and entangled states?

In the classical information theory the mutual entropy can be recognized
as the criterion to measure the transmitted information through a channel.
We can also represent the quantum mutual entropy Iy (p, o) by channel
representation using the relation (17). If a QCPO = is given, then we can
define a channel A* for any input state p;, by

1 1
Pout = A" (o) = Try (pfn ® 1) ™ (p{‘; ® 1) . (44)

In this scheme we can call 7w a channel density. Applying this scheme to
the density operator 64, then we have

Iy (p, o) = Trby (log by —log p ® o)
=Tr (p% ® 1) T (p% & 1)
(log (,0% ® 1) T (p% ® 1) —logp @ Aj (,0))
=1, (p; A;;) , (45)

where A7 (p) =Try (p% ® 1) T (p% ® 1). However this mutual entropy

Iy (p; AZ;) does not satisfy the following Shannon’s fundamental inequality

on the subset of entangled states (see the example 3.3.):
0< Iy (p;A3) <min{S(p),S (A5 ()} (46)

From this point of view the quantum mutual entropy I (p; A;@) is not a
proper measure of the transmitted information through the channel.

If one restricts the above argument to the set of separable states, then
one knows that I (p, o) satisfies the quantum Shannon’s inequality (see the
example 3.2.). In addition we can define the quantum conditional entropy
as an extension of the classical definition of conditional entropy:

Ss,., (olp) = Tr (p% ® 1) The, (P% ® 1) log,,, (47)
= Tw% log g

sep
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Due to the separability of 04)5”) we can draw the same decomposition of
Se. (ol|p) given as the definition (21) from the definition (47):

So.., (0lp) =5 (0s) =S (p) = S (o) = Iy (p, 0). (48)

One may observe that on the set of separable state the scheme of classical
information theory may be sifted to that of quantum information theory
via the relation (17), however it can not be done on the set of entangled
states.

Now we have another question from the information theoretical point of

sep

view: how can we connect I (p, o) to the transmitted information through
the entanglement channel A} on the base of the relation (17)?7 We will
continue to study the above problems in the forthcoming paper.
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Abstract

The main purpose of this paper is to discuss some effective methods
of study of certain characterizations of quantum operations and quan-
tum channels. In particular, an effective method of checking if a given
quantum operation is irreducible or not is presented. Our methods
are based on analyzing an explicit form of a fixed quantum operation
in its Kraus representation. Some examples based on theory of open
quantum systems are discussed.

1 Introduction

Non-classical correlations among subsystems of a composite quantum
system, known as entanglement, can be precisely described mathemat-
ically but, at least in the case of mixed states, in a rather ineffective
way. Here, by an effective way (effective procedure) we mean a method
which uses only a finite number of arithmetic operations on elements
of a given density matrix (representing a quantum state) and allows us
to formulate an answer to the question: is a given composite quantum
system in a separable or entangled state?

It appears, that the questions of the above type can be naturally
connected with some problems of changes in the space of quantum
states, that is with some aspects of quantum dynamics and properties
of dynamical maps. Here, by dynamical maps we understand linear
transformations that take one density operator to another. Moreover,
this kind of connection between some linear transformations and states
of composed quantum systems is a one-to-one type. At first sight this
seems strange that two entirely different issues, namely, the inner struc-
ture of states and, on the other hand, their dynamics are so strongly
connected. But in fact there exists an intricate and strong link be-
tween them — there exists an isomorphism between positive maps on
quantum states (these maps very often are called superoperators on
the space of quantum states) and some properties of inner structure
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of density matrices representing composite quantum systems [1, 2]. At
present, various methods of study of entangled systems based on prop-
erties of positive maps are discussed in hundreds of papers and many
monographs and textbooks (cf. [3, 4, 5]).

In this paper we will discuss some effective methods of study of
certain properties of quantum operations and we will use some meth-
ods and results which are typical for the research area known as non-
commutative Perron-Frobenius theory. In particular, in our study of
dynamical maps we will use the natural identifications

k
M;(C) ® B(H) = My(B(H)) = B (@ ’H) : (1.1)

where H denotes a finite dimensional Hilbert space, B(H) represents
the set of all linear operators on H and symbols M (A) for k,2,3,...
denote k x k matrices with elements from an algebra A. In our ap-
proach we will concentrate on a quantum analogy of the classical theory
of positive maps also known as Perron-Frobenius theory. Perron the-
orem on positive matrices [6] and its generalization by Frobenius on
nonnegative matrices [7] have interested mathematicians since the re-
sults appeared at the beginning of last century. Later these theorems
have been generalized to operators on a partially ordered real Banach
spaces [8]. This has motivated several authors to consider linear maps
on a finite dimensional space which leave a fixed cone invariant (cf.,
e.g. [9, 10]).

Almost at the same time it appeared that some natural questions
connected with fundamentals of quantum mechanics (more precisely,
with theory of open quantum systems) lead to investigations of linear
maps (superoperators) in a real Banach space of self-adjoint operators
on a fixed Hilbert space ([11, 12]). This concept of Banach space with
the partial order defined by a specific cone, namely, the cone of positive
semidefinite operators, constitutes a basic idea in description of open
quantum systems.It should be stressed that in this case we consider
linear maps on B(#) not only as maps on a vector space but also as
maps on B(H) equipped in a natural structure of an algebra. Such
linear maps on the set of operators are often called superoperators and
their general form is well known. Namely, for a given superoperator ®,

®: B(H) = B(H), (1.2)

there always exists an operator-sum representation of maps given by
K
(X)) =) AXB;, (1.3)
i=1

where A;, B; are elements of B(#H). A particular class of such maps,
the so-called completely positive maps (or in physical terminology —
quantum operations), plays a prominent role in formulation of evolution
of open quantum systems and in the theory of quantum measurement.
A comprehensive description of these problems from the physical point
of view one can find in books [2, 13].
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It is important to observe that most of the papers devoted to the
classical Perron-Frobenius theory of nonnegative linear maps are con-
cerned mainly with the existence problems. The purpose of this paper
is, on the one hand, to connect the Frobenius theory of irreducible lin-
ear operators with the so-called Kraus representation of the completely
positive linear maps and, on the other hand, to show that there exist
some effective procedures which allow us to verify if a given quantum
operation (i.e. a given completely positive map) is irreducible or not.
Here by irreducibility we mean the natural generalization of this con-
cept, introduced by Frobenius in his famous paper from 1912 year ([7])
and based on the specific block representation of nonnegative matri-
ces, to a geometric approach formulated in terms of the invariance of
faces of a fixed cone. In this context, by an effective procedure we
understand a method which uses only a finite number of arithmetic
operations on matrices A; (Kraus coefficients) which define a fixed
quantum operation (completely positive map)

d(X) = iAjXAi. (1.4)

The paper is organized as follows. In Section 2 we will review
the concepts needed for our discussion based on geometric and oper-
ator theoretic formulation of the Perron-Frobenius theory and, on the
other hand, we describe the structure of the cone of positive definite
operators defined on a given Hilbert space. Moreover, some properties
of faces of this cone are analyzed. Section 3 describes some properties
of amplifications of general positive maps (superoperators) .The main
results of the paper are discussed in Section 4, where we formulate
an effective method of checking if a given superoperator, i.e., a fixed
quantum operation is irreducible or not.

2 Spectral properties of maps which have
invariant cones

First, let us recall some results of the classical theory of nonnega-
tive matrices. In this theory a prominent role is played by so-called
irreducible matrices. By definition, a matrix A is irreducible if no
permutation matrix P exists such that

PTAP = ()o( )Z,> 7 2.1)

where X and Y are square matrices and 0 denotes a block of zeros.
There are three main categories of results in Perron and, respectively,
Frobenius approach to linear operators which preserve the nonnegative
orthant R’ :

C 1. If A is strictly positive matrix, A > 0, i.e., all entries of A satisfy
the inequality a;; > 0, then
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a) the spectral radius of the matrix A, r(A), is a simple eigenvalue
of A, greater than the magnitude of any other eigenvalue;

b) there exists a corresponding eigenvector which is positive (com-
ponentwise);

c) if A< B and A # B, then r(A) < r(B).

C II. If A is nonnegative matrix, A > 0, that is some entries a;; can
be equal to zero, then

a) the spectral radius r(A) of the matrix A is an eigenvalue of A;
b) there exists a corresponding eigenvector which is nonnegative;
c)if A< B, then r(A) < r(B).

C I1I1. If A is irreducible and nonnegative, A > 0, then we have
a) r(A) is a simple eigenvalue;
b) there exists a corresponding eigenvector which is positive;
c)if A< B and A # B, then r(A4) < r(B).

Simple proofs of the Perron-Frobenius results for matrices can be
found, e.g., in [16]. Let us observe that the assumption of irreducibil-
ity (Frobenius) of the nonnegative matrices gives us a reproduction of
results obtained by Perron for positive matrices. The generalizations
mentioned in the Introduction involve two important extensions of the
classical theory. First, the considered spaces are very often assumed
to be infinite dimensional and second, positivity (nonnegativity) is re-
placed by the assumption that the considered operator leaves a fixed
cone invariant. In this paper we concentrate on this second case and,
in order to obtain stronger results, important for quantum information
theory, we consider only finite dimensional cases.

Now, let us recall some notions and results important in analyz-
ing partially ordered vector spaces. Let V be a normed and partially
ordered real linear space with a fixed cone K, i.e.;, K is a nonempty
closed subset of V' which satisfies :

KI K+KCK;

KII. AK C K for all A > 0;

K II1. KN (—K) = {0},

where O denotes the zero element of V. If we have the equality V =
K — K, then the cone K is called generating or reproducing ( sometimes
one also uses the term full cone).

If ® is a linear transformation on V, ® : V' — V, then we denote
by r(®) the spectral radius of ®, i.e.,

r(®) := max{|A\|; A € o(P)}, (2.2)

where o(®) denotes the spectrum of ®. For any cone K we let K°
denote the interior of K and by K we denote its boundary.

As is well known any fixed cone K in V determines a partial order
in V. For this order we use the following terminology:

1. z is nonnegative, x > 0, iff x € K;
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2. x is positive, x > 0, iff > 0 and = # 0;
3. x is strictly positive, x> 0, iff z € K°.

Now, let us define the concept of face which plays a basic role in
the theory of irreducible operators. Let K be a cone in V. By a face
F of K one understands a subset of K which is a cone and satisfies an
extra condition: if 0 < y < z and = € F, then y also belongs to F,
yeF.

Of course, if we fixed a basis in V, then we may regard vectors in
V' as column vectors in R™. In this case the positive orthant R} con-
stitutes a cone in R™ and exact description of R} is obvious, namely,

Fu={zeR";z;=0ifig M}, (2.3)

where M C {1,2,...,n}.

If E C K, then we will denote by Q(F) the intersection of all faces
containing E. It is easily seen that Q(FE) is a face. It is called the face
generated by E.

The set of all operators ® : V' — V such that ®(K) C K we will
denote by II(K). Let B(V) be the set of all linear operators on V.
Then we have

I(K) = {®; ®(K) C K} C B(V) (2.4)

and II(K) is a cone in B(V). The elements of the set II(K) are said
to be K- nonnegative operators. In particular, the operator ® is called
K-positive in case ®(K \ {0}) C K°. The set of all K-positive maps
will be denoted by IIT(K).

Now we introduce one of the main ideas of the Perron-
Frobenius theory both in classical and quantum case. For a
fixred K in V' a natural generalization of the concept of an
irreducible matriz is the following: ® is K-irreducible if and
only if ® leaves invariant no face of K except {0} and K
itself. In other words, an operator in II(K) is K-reducible
iff it leaves invariant a nontrivial face of K.

Another, strictly equivalent, definition of K-irreducibility can be
given by the following theorem: An operator ® € II(K) is K-irreducible
if and only if no eigenvector of ® lies on the boundary of K. In fact,
one can say even more: An operator ¢ € II(K) is K-irreducible if and
only if ® has exactly one (up to scalar multiples) eigenvector in K and
this vector belongs to K°. Moreover, for any proper cone K we have

I (K) C II(K) C II(K), (2.5)

where TI(K) denotes the set of all K-irreducible operators. If K = R™
then the both definitions, Frobenius one and the above, coincide. For
details, see e.g. [10, 14]

Some important spectral properties of K-nonnegative operators are
summarized in the following theorems, which one can consider as nat-
ural generalizations of CI, CII and CIII.
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Theorem 1. Let & € I (K). Then we have

a) the spectral radius of the operator ® is a simple eigenvalue of D,
greater than the magnitude of any other eigenvalue;

b) an eigenvector of ® corresponding to r(®) belongs to K°;

c) no other eigenvector of ® (up to scalar multiples) belongs to K.

Theorem 2. Let & € II(K). Then the following hold

a) r(®) is an eigenvalue of O ;

b) K contains an eigenvector of ® corresponding to r(®) ;
c) if ® <, then r(®) < r(¥).

Theorem 3. Let & € II(K). Then the following hold

a) r(®) is a simple eigenvalue of V;

b) no eigenvector of © lies on the boundary of K ;

c) @ has exactly one (up to scalar multiples) eigenvector in K and
this vector belongs to K°;

d) (I+®)" ! el (K), where n =dimV.

For proofs of the above theorems consult (]9, 10, 16]).

We will conclude this Section by some comments on the two special
cases which are important from the point of view of physics, namely,
K =R} and K = M (C). Here, the last symbol denotes the set of
all semipositive operators on the space C", and C" is regarded as a
representation of an n-dimensional Hilbert space.

For the case K = RY, the whole story reduces to the classical
Perron-Frobenius theory and in physics we use this theory for the so-
called mesoscopic description of classical systems.

The case K = M, (C) plays a fundamental role in description of
representations of states for open quantum systems. In this case, B(H)
is an n?- dimensional vector space. We will denote by B,(H) the set
of all self-adjoint operators on H which can be naturally considered as
n?- dimensional real Banach space. At the same time, B(#) can be
regarded as a Hilbert space with the scalar product defined by

[A, B] := Tr(A*B). (2.6)

The vector space B(H) with scalar product (2.6) is called the
Hilbert-Schmidt space. The vector space B, (H) of all Hermitian (self-
adjoint) operators on H constitutes an n?- dimensional, real subspace
of the Hilbert-Schmidt space. One can use the ”internal structure” of
vectors from B, (H) to define a positive cone. By definition, a semipos-
itive element of B, (H) is an operator A on H such that ()| A|¢)) is real
and nonnegative for all vectors |¢) from H. Of course, one can equiva-
lently define a positive element of B(#) as a self-adjoint operator with
nonnegative eigenvalues. The set of all semipositive operators on ‘H we
will denote by B (#) or PDS. In particular, if we have the inequality
(1| Alp) > 0 for all |¢) from H, then we say that A is positive.
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Let P,, denote the set of all orthogonal projections, i.e., A € P,
if and only if A € B.(H) and A2 = A. With the natural order on
projections, namely, A < B iff Im(A) C Im(B), the mapping from
A € P, to F(PDS), where F(K) denotes the set of all faces of K,
is an order preserving isomorphism. Now, we formulate an important
characterization of all faces of any cone PSD. It appears, that all faces
of PSD,,, where the suffix n denotes dim #, are isomorphic to PSD,,
for0<m <n.

Theorem 4. If B € PSD is of rank r, then there exists a unitary U
such that
QB)=U"(PSD,, ®0,—)U. (2.7)

Conversly, if U denotes a unitary operator on H, then U*(PSD,, ®
O0n—m)U for m = 0,1,...,n are faces of PSD,,.

It is well known that if K is a polyhedral cone, then for all faces of
K we have
span F + span F* =V, (2.8)

where F'? denotes the so-called complementary face of F' defined by
Fi:={2€ K*(z,z) =0 for all z € F'} (2.9)

and V denotes the ambient space of K. The residual subspace of F is
meant to measure "to what extent F' is nonpolyhedral”. It is defined
as

res (F) := (span F + span F)*. (2.10)

A list of several examples of cones, along with the description of their
faces and residual subspaces, is contained in [23].

3 Irreducibility of positive maps on PDS

It is well known that if a linear map ® : B(H) — B(H) sends the set
B.(H) of all hermitian elements of B(#) into itself, then ® can be
represented in the form

i=1

where A; € B(H), and a; for i = 1,2, ..., k are real numbers [2, 20]. In
general, all maps of the above form are hermitian-preserving. However,
the representation (3.1) is not unique. In general, for a given ® , there
exist many possible representations of the form (3.1). For a given ® the
smallest x in (3.1) is called the minimal length of ® and this minimal
length is always smaller or equal to (dimH)2. If we assume that the
operators A; fori =1,2,..., k are linearly independent, then « in (3.1)
must be minimal.

According to the general definition introduced in Section 2 a posi-
tive map © (PSD-positive) is a linear map from B(H) into itself, which
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leaves PSD invariant. Now, ® is called k-positive if its k-amplification
D1y := I ® ® that is the map

is positive. Here M} (C) denotes as usual the set of all k x k complex
matrices. It is not difficult to observe that we can identify the set
M (C) ® A, where for simplicity we denote the algebra B(H) by A,
with the set of all k¥ x k matrices My (A) with entries from A. In such
notation one can represent ®y : My(A) — M (A) by

S| xy =] Xy -] (3.3)

The map & is called completely positive if it is k-positive for all k =
1,2,.... This terminology goes back to Stinespring [19], cf. also [4]. Tt
is well known that for n-dimensional Hilbert space H, n-positive maps
on B(H) are already completely positive [20].

Let us observe that all hermitian-preserving maps which are not
only positive but completely positive can be written in the form (3.1)

with positive a;, ¢ =1,...,k, i.e. by
O(X) =Y K/ XK, (3.4)
=1

where K; := /a;A;, and k < n?. The above expression is called the
Kraus representation of a completely positive map ® and, in case of the
finite-dimensional Hilbert space H, can be regarded also as a definition
of the completely positive map. This representation is very useful in
quantum information theory. In particular, completely positive maps
are used to describe quantum operations, quantum channels and to
model quantum devices.

It was shown by R. Timoney [21], that a positive map ® (positive
superoperator) which is m-positive, where m = |/k] must be com-
pletely positive. Here |\/k| denotes the integer part of the number
k. In other words, if a positive map ® : B(H) — B(H), dimH = n,
has a minimal length « and ® is m-positive, for some m < n such that
(m + 1) > k, then @ is already completely positive (cf. also [17]).

Now, let us observe that one can apply the results stated in The-
orems 1 — 3 from Section 2, to the particular cone PSD,, in B(H),
dimH = n. In particular, Theorem 3 describes properties of irre-
ducible superoperators and according to this theorem we have: for
irreducible ®, the spectral radius of @ is a simple eigenvalue of the
superoperator and ® has exactly one (up to scalar coefficient) eigen-
vector in PSD and this vector belongs to PSD \ dPSD. One can say
even more [22].

Theorem 5 (Farenick). The following statements are equivalent for a
positive map on PSD.
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1.) There is a nontrivial (that is different from {0} and PSD) face of
PSD that is invariant under ®;

2.) There is nontrivial projection P € P, and a positive real number
A > 0 such that ®(P) < \P;

3.) Thereis a nontrivial projection P € Py, such that subalgebra P(PSD)P
is invariant under P.

In order to produce nontrivial examples of irreducible positive maps
and in certain cases to characterize all irreducible maps within the class
of completely positive maps we will use the following consequences of
the Kraus representations of completely positive maps.

A family of closed subspaces of a given Hilbert space is called trivial
if this family contains only {0} and #H. For a fixed operator X € B(H)
we will denote by Inv (X)) the set of all invariant subspaces of X. Now,
we can state the following theorem which is a reformulation of some
results from [22].

Theorem 6. Let ® denote a superoperator on B(H) which is PSD-
positive. If ® is completely positive, then there exist some operators
A, ... Ay such that ®(X) =3, A5 X A;. Completely positive @ is ir-
reducible if and only if the Kraus operators A; do not have a nontrivial
common invariant subspace in H.

To better understand the above theorem, let us observe that if
Kraus operators do not have a common invariant subspace, i.e., are
such that N;Inv(A;) is trivial and ®(P) < AP for some A > 0 and
P € P,, then we have

K

(B(P)Y|y) = > (PA;|A;0) < MPy[e). (3.5)

Jj=1

The left-hand side of the above equality is nonnegative for all ¢ € H.
On the other hand for ¢ € ker P, we have (Py|¢) = 0 on the right-
hand side. In this way the equality (3.5) implies that (PA;|A;¢) =0
for each j = 1,...,x. This means that (PA;y|PA;y) = 0, if we
remember that P? = P, P* = P. In consequence, ker P € N;Inv(4,),
that is ker P is either {0} or H.

4 Effective investigation of superoperators

According to Theorem 6 any completely positive map ® (superoperator
®) on B(H) can be represented by a set of operators A4y, ..., A, and
the superoperator ® is irreducible if the operators A; (j = 1,...,k)
do not have a nontrivial common invariant subspace in the Hilbert
space H. Let us note that if operators (matrices) A; have a common
invariant subspace then they must have also a common eigenvector.
So to give an effective criterion for irreducibility of ® it is sufficient
to analyze the problem of a common eigenvector for a set of operators
Ap, .. A
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Let us begin with the problem of the existence of a common eigen-
vector for a pair of matrices. It is rather strange that such a natural
problem was not solved until 1980s [24]. The answer to the problem
can be formulated in the following way.

Theorem 7 (Shemesh). Let A and B denote two matrices acting on
H = C". A common eigenvector of A and B exists if and only if the
subspace M defined by

n—1
M= [ ker[A*, B (4.1)
k=1
is of positive dimension. Here the symbol [-,-] denotes the commutator

of the matrices.

As it was stressed in [25] the genuine meaning of the subspace M
can be stated as follows.

Theorem 8. A subspace M is invariant with respect to both matrices
A and B, and moreover, A and B commute on M. Every subspace of
H, which is invariant under A and B and on which A and B commute
is contained in M.

The condition of Theorem 7, that is dim M > 0, can be formulated
in a constructive form. To this end let us define the matrix

S = nf (1A%, BY)" [A*, BY. (4.2)
k=1

Now we can formulate Theorem 7 as follows.

Theorem 9. The matrices A and B do not have a common eigenvector
if and only if det S > 0.

Indeed, it is enough to notice that matrix S is semipositve and
matrices A and B have a common invariant subspace iff det S = 0.

In some cases the calculations in (4.2) can be reduced. Let us
observe that if the degree of the minimal polynomial of A is m and the
degree of the minimal polynomial is p, then the subspace M is given
by

M =" ker[A*, B], (4.3)

k,l

where k =1,...,m—1,and [ = 1,...,p — 1. This makes it possible
to reduce the number of terms in (4.3) to (m — 1)(p — 1) instead of
(n—1)=2

Conclusions. If in the Kraus representation of any completely
positive map ® at least two Kraus operators do not have a common
eigenvector, then the map ® is irreducible. It is not difficult to check,
that if A is an irreducable opertaor in B(#), and if Q is an arbitrary
superoperator on B(H), then the map ® defined by

P(X) = AXA" + A" XA+ Q(X), (4.4)

10
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is an irreducable positive linear map. It means we have a very simple
and explicit method for constructing irreducable positive superopera-
tors on B(H).
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Grassmann manifold and spectral theory of 1-D
Schrodinger operators

Shinichi KOTANI

Kwansei Gakuin University

1 Introduction

The purpose of this article is to give a concise introduction to Sato’s theory
on Grassmann manifold in a closed form. The theory was initiated by M.Sato
and developed by his colleagues to give a unified approach to many completely
integrable systems including KdV equation. Originally this theory was presented
in a quite algebraic form, and later reformulated analytically by Segal-Wilson[§].
However, a kind of algebraic flavor still remains, which makes it difficult for
researchers in some fields to understand the theory completely. This article
was written for readers who are not familiar with algebra nor geometry, and
intended to discuss the theory from a view point of spectral theory of underlying
1-D Schrodinger operators. In this respect the author has introduced several
notions , namely characteristic functions, monodoromy matrix, Weyl
function, corresponding to the spectral theory. On the other hand, the author
published a paper for this purpose in [11] and found it contains several wrong
statements. In this note he tries to clarify them.
The contents is as follows.

Contents
e Grassmann manifold on L? (|z| = 1)

— Grassmann manifold and Schriodinger operators

— Characteristic functions of subspaces W

Group action on Gr( (H)

— 7-function
— Monodromy matrix

— Baker-Akhiezer function and Weyl function

o KdV flow

Properties of KAV flow

— Iso-spectral property
— Invariant submanifolds

— Almost periodicity
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2 Grassmann manifold on L? (|z| = 1)

2.1 Grassmann manifold and Schrédinger operators

In this section we explain briefly why Grassmann manifold has connection with
1-D Schrodinger operators. Segal-Wilson[8] introduced the following infinite
dimensional Grassmann manifold. Let H = L2(]z| =1) and Hi be closed
subspaces of H defined by

Hy=f f(2)=> fa2"p, Ho=Sf; f(2) =) faz ™"
n>0 n>1
Denote the orthogonal projections to Hy by Pg,. A closed subspace W of H
is an element of Gr?) (H) if and only if it satisfies

(i) Pg_:W — H_ is of Hilbert-Schmidt class.
(ii) If f € W, then 22f € W.
(ili) Py, : W — H, is bijective.
H, is the simplest example. The condition(i) can be replaced by another mild
condition, for instance, compact operators. The condition(ii) is due to our being
interested in 1-D Schrodinger operators.

Gr(®) (H) has a natural group action. Let I" be

r={g(z) =

Then I' becomes a commutative group with natural product of functions. For
g € I' a new subspace g~ 'W of H arises, which satisfies the properties (i),(ii)
but (iii). Set

h(z) h is holomorphic on |z| < 1 and A’ ( 19) € L?, h(0) = O}.

ex(2)=e " el.
Without difficulty one can see that e;'W € Gr®)(H) holds for every suffi-
ciently small 2. Then the property (iii) for e; 1W implies the unique existence
of fw (z,-) € W such that Pg, (e;'f) = 1. From the definition fy (z,2) has
an expansion as a function of z

fw (z,2) =77 <1 +

and taking derivatives with respect to z yields

Y PR

a1 () a2($)+m>’

+
22

i (2, 2) = 2%e7 72 (1 ix 22(;:)4—
" "
P (CL (.T a (x > +€7xz (a’l (SL’) + (12(2$) 4. ) ;
z z z

hence

—fw (2, 2) = 2ay () fw (2, 2) + 2* fw (2, 2)

o0

= e_xzz (241 (2) — 2d] (2)ar(2) — a(2)) a "

k=1
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namely

Z (2a} 41 (z) — 2d) (2)ak(z) — aj(z)) 2% € e ' W
k=1

holds. From (iii) for e, W, for every k > 1
20} (w)ay (2) +af (x) = 2}, (2), —Fiy (@, 2)—2a} (@) fur (2, 2)+22 o (,2) = 0
follows. Therefore, setting
aw (x) = —24} ()
yields a time independent Schrodinger equation

—fiv (@, 2) + qw () fw (z,2) + 22 fw (2,2) = 0.

3
If we take e—¥*t4tz

equation

€ I' in place of e™** we obtain a solution to the KdV

ou  du 68u

o o Ve

In this way we can understand that {G?“(Q) (H),I'} generates the KAV hier-
archy.

2.2 Characteristic functions of subspaces W

Decompose f € W as
f=fi+f, fe€Hs

Then, (iii) implies that f, determines f_, hence there exists a linear map A
from Hy to H_, namely

f=r++Af+

If it is necessary, we use the notation Ay . From (i) it is easy to see that A is
of Hilbert-Schmidt class. To investigate more precisely relationship between A
and the multiplication z? define a bounded operator T on H_ by

Tf = PH_ sz.

If we expand f € H_ as

)= faz ™,

n>1

then T is equivalently described by
(Tf), = fusa for every n > 1.
Now, for f € Hy
W s 22 (f + Af) = 22f + 22Af = (22f + Py, 22 Af) + Py_22Af
is valid, hence we have an identity

A (22f + PH+22Af) = Py_22Af,
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Define another bounded operator S on H_ by
Sf = PH_ (Z2f) - APH+ (Z2f) .
Then we have
A (z2f) = SAf.
Introduce two functions {¢, v} of H_ by
p(2)= Al §(2) = Az.
Then
Sf=TFf = hHv— fae. (1)
holds. For a function f € H denote

fe(z) = Zanzn = % (f(\/g) —|—f(—\/5))7

nez
) = Yo" = 3= (HWD) = £ (V)
nez
Set
en(2) = 2",

and

V =Py W.

Lemma 1 S,T act on V and V is generated by {T™p, T")}
the followings hold.

(i) A(2%f) = SAf, for every f € Hy

(’LZ) Aegn = Sn(p, A62n+1 = Snw

(ii1) Af = ngnS"ga + Zan+1S"¢ = fe (S)p + fo(S)¥, and they converge

n=0 n=0

mn>0 - Moreover,

m H_.

Proof. (i) has been already proved. (ii) follows immediately from Aeg = ¢,
Aey = . From (ii), we have an identity

A.f = anAen = Zf?nAeQn + Zf2n+11462n+1

n=1 n=0 n=0
=> fonS"0+ > fonp1S™p for feH,.
n=0 n=0

The identity AH, = Py_W shows that SV C V and {S™¢p, S"¢},, -, gener-
ates V. Then (1) shows that TV C V and V is generated by {T"™" ¢, T"¢},, 5 -
|

This lemma shows {¢, %} determine uniquely the space W. We call {p, 1}
characteristic functions of W.

Remark 1 We remark here

oo

> (187l +115™60) = 3 I deal’® = 14135, < oo

n=0 n=0
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Denote the resolvent operator of an operator K by Ry (A), namely

Rx(\) = (- K)™

©o (2) L+ v(2)

6 is holomorphic on {|z| > 1} and A(o0) = I, §(c0) = 1. Since ||T]| < 1,
generally

A@):(”‘/’e(z) Ve(2) ) §(2) = det A (2). @)

spT C {|A] < 1}
is valid. Moreover, for |A| > 1 note identities

0o T .
(R (A) fe—1) = Z /\J;fl - ZJ;\QHLI = fo(N),

n=0

(R () fres) = Y T0e2) Zfzn

n=0

which imply

o 14+ (Rr(N)p,e_2) (R ()%/1 )
A()\)< (RTT)\)%e,l) 1+(RT( )Y e-1) >

Therefore, A, é are extendable to C\spT' as holomorphic functions.

Lemma 2 The resolvent operators of S, T satisfy the followings.
(7) If A € C\spT, then 6 (\) # 0 implies A € C\spS.
(i) The following identity holds.

“1_ [ 1=(Rs(N)p,e2)  —(Rs(N)¢,e_2)
A= ( —(Rs(N) ‘Pae—j 1—(Rs (N w,ei) > )

Proof. For f € H_ consider the equation
(A=S)g=f gecH, 3)
which is equivalent to
f=X=Tg+(g.e-2) o+ (g,e-1),
due to (1). Therefore, if A € C\spT, then

Rr (N) f=g+(g,e—2) R (\) ¢ + (g9,e-1) Rr (\) ¥ (4)
holds. Taking inner product in (4) with e_5,e_1, we have
{ feN) =1+ ¢e (V) (g, e—2) + ¥e (A) (g9,€-1) (5)
fo(A) = @0 (A) (g9,6-2) + (1 4+ (N)) (9, €-1) -

Therefore, the equation(3) is equivalent to (5) regarding {(g,e_1), (g,e—2)} as
unknown variables. Clearly (5) is solvable for any f € H_ if and only if

_ L+ e (A) Ye ()
s=] LY b | 2o
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and in this case we have

(o) =20 (F)
Letting f = ¢, v yields

(Bs(p.em2) (BsN)vema) ) _ q oyt ((2eO) @) ) _ 1 p )
( (Rs (\) p,e—1)  (Rs (\)¢,e_1) > =AM (<p | ) 1A,

which concludes (ii). =
To deduce further information on {p, %} we investigate more closely the
actions S™p, S™. Note

Tf(z) =2°f(2) = frz — fo, for f(2) = faz ™
n=1

Then
Scp:Tgo—agcp—alzb:zchfalZ*az*0290*111@&
= (zQ—ag) (1—1—(,0)—@1(24—’(@—22,
holds, where

a1 a2

w(z)=;+?+~-~.

Now let us assume

Sn‘/’:pn(ZQ) (1+¢) +QH(22) (2 + 1) — ean- (6)
with some polynomial p,(z), ¢,(z). Then
STH_IQD
=TS"p— (S"p,e_1)Y — (S"p,e2)p
= ZQS”SO - (Sn@)e—l) z — (5771@7 6—2) - (S"@)e—l) w - (Sngoa 6—2) 2
= {Z’pn(2%) — (8"p,e_2)} (1 + ¢) + {Z°qu(2®) — (S"¢,e-1)} (2 + ¥) — ex(n41)

is valid. Therefore, if we set pg (2) = 1, go(2z) = 0 and
Pnt1(2) = 2pn(2) = (8"p e—2), ani1(2) = 2qn(2) = (S"pe—1), (7
then we know that (6) holds for all n > 0. Set

and denote s, t,, Un, v, be the n-th Laurent expansion of s, ¢, u, v respectively
around z = co. From (7) it follows that

n—1
Pn(2) = 2" <1 _ ZZ—(k+1) (Sk<p762)> 7

k=0

n—1
an(2) = —2" <ZZ—(k+1) (Skcp,e_l)> ’
k=0
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hence

Similarly we see
S™p = 22, (2%) (1 + ¢ (2)) + 22"vn () (2 + ) — e2n41.-
Summing up the argument, we see that Az" can be expressed by {p, 9} .

Lemma 3 If we denote by {sn,tn,Un,Vn},~q the n-th Laurent expansion of
s,t,u, v around z = oo respectively, then -

{ Ae2n — Z2n ( )(1 +<P( ) + ZQH’LL ( 2) ) — ean, (8)
Aeapi1 = 22"t (2%) (1 + ¢ (2)) + 2*vy, (22) (Z + ¥ (2)) — e2n+1.
Now set I, = Ae,,. Then (8) implies
{ sn(22) (L+ ¢ (2)) +un (22) (2 + 9 (2)) = 1+ 27>l (2) )
tn(2?) (149 (2)) +vn (2%) (2 + 9 (2) = 2+ 27 lansa(2)

Set

Un (2) vy (2)

Xo(2) = ( sn(2)  tn(z) )

Then (9) is equivalent to

sex-r= (G rg). W

Theorem 1 For W € Gr(z)(H) the corresponding A satisfies the following
conditions:

(i) For every |z| > 1, 6 (2) # 0 and 6§ (¢') # 0 hold for a.e. 6 € [0,27).

(i1) Set X(z) = A(2)"" and let X,,(2) be its Laurent expansion around oo up

to n. Then o o
Z/ 1A () X, () = T||* d6 < oo
n=1 0

holds.
Conversely, if a 2 x 2 square matriz A (z) defined by (2) with some {p, v} of
H_ satisfies the conditions (i), (it), then {@,1} become characteristic functions
of a W € Gr®® (H), A linear operator Ay from Hy to H_ defined by (8) can
be extended as an operator of Hilbert-Schmidt class from Hy to H_,and W is
given by

W={f+Awf; feH.}eGr®H)

Proof. Using Hilbert-Schmidt matrix norm ||-||, for |z| = 1 we see
2
4|2 (2%) Xn(2%) = 1" = lt2n(2) + lon(=2)[" + lfan(2) = lon(=2)|"
+ lant1(2) + lant1 (=2)* + llans1(2) = lanta (=2)[7.

Observing even functions and odd functions in L? (]z| = 1) are orthogonal, we
have

27 27 27
2[ A Xl 10 = [ () do+ / lnsa ()] db.
0 0
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On the other hand, by the orthonormal basis {e, },~, of Hy we can calculate
the Hilbert-Schmidt norm of Ay as -

9 _ oo 1 27
|Aw s, = ;_:OQW/O |l

This combined with the above calculation gives

5oL () Xl = a0 = Ay <

n= O
Cauchy’s theorem shows that, for |z| < 1

A (e7) Xp(e7 ) - 1

Az ) Xu(zh) =1 = = edo

2m Jo e —z

is valid, hence A (27') X,,(27!) and its determinant converge to I and 1 uni-
formly as n — oo on each compact set of the open unit disk. Therefore, if, for a
zg of the disc det A (251) = 0 holds, then it leads us to a contradiction, hence
A (z) satisfies (1). Similarly we see that on the unit circle, for almost every 6,
A (e_w) is non-singular. By (10) we can identify X, (2) with the n-th Taylor
expansion of A (z)”". The latter half of the assertion of the theorem is already
clear in the argument before the statement of the theorem. m

Corollary 1 The spectrum of S is contained in the closed unit disk.

Proof. The proof is immediate from (i) of Lemma2 and (i) of Theoreml m
As we have seen in Lemmad3

W 3 e + Aen = pn (2°) (L4 ¢ (2)) + qn (2°) (2 + 9 (2))

holds with some polynomials p,,, ¢, for any n > 0. We try to find a representa-
tion of this form for a general y € W. Consider an equation

p(2%) (L+¢(2) + (%) (2 + ¢ (2) = x(2),

which is equivalent to

{ (1+¢e (2))p(2) + e (2) 4 (2) = Xe(2),
Po (2)p(2) + (1 + 90 (2)) ¢ (2) = Xo(2)-

Then, due to (i) of Theoreml A (z) is non-singular for a.e. |z| = 1, hence

<p (Z)> N <X6(2)> (11)
q(z) Xo(2)
is valid. However, it is not clear that the RHS of (11) are extendable as a

holomorphic function into the unit disk. Therefore, instead of (11) we use (8),
since identities

F)+Af (2 an 2 Az
—Zon n 1+(,0 +Zf2nz Um (Z+¢( ))

+Zf2n+1z2”tn (1 +e(z +Zf2n+1z v (2) (2 + 4 (2))

n=0 n=0
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hold at least formally. We prepare bounds for these terms to know the conver-
gence.

Lemma 4 Define p,q by

00 oo
ZonZQnSn(ZQ) + Zf2n+1z2ntn(z2)

- B E
1 > fonz®un (22) + > fong127" 0, (22)
n=0 n=0

2" > fontok (€r, A€z
(> - Z gf i SNCEY
q(2) Zz Zf2n+2+k (ex, A%e_1)

n=0 =
holds and they have bounds
2 *
EEIASTES SIFN IS ST Vo)
n=0 kzi:-&% (14)
2 *
lg(2)| < 1fo (2 |+Z\Z| >l lATe ]
n=0 k>2n+2
Proof. For f € H, we easily see
> fon?"sn(2) + Y fant12"tn(2)
n=0 n=0
0o n—1
ZZfznZ"{l—Zz_(kH) (Sk%@ 2 } Zf2n+lz ZZ () Skl/J €— 2)
n=0 k=0 n=0
(15)
= 2" fonark (e, AT s).
n=0 k=0
Similarly we have
> fon?"un(2) + Y fant12"0n (2)
n=0 n=0
e n—1 o] n—1
=2 fumn” {1 - (S’“Wl)} =D _fenz"y Zm 0 (SFpe)
k=0 n=0 k=0

= folz ZZ Zf2n+2+k ex, Ae_1),
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which yields (13). From (13) estimates

< |fe (2)] +

o0 o0
Zf%zznsn(z) + Zf2n+1zntn(z)
n=0

n=0

<If )+ 3 I
n=0

and

ZanZ”Un(Z) + Zf2n+lznvn (Z)
n=0

n=0 =

SAGIEDER
n=0

follow. m
Proposition 1 For xy € W let
x=f+AfeH & H_

and assume f satisfies

o0
Zn | ful? < o0.
n=1

Then p,q defined by (12) become elements of Hy, and they have bound

* 2
Ipll < Nl fell + 1 A%e—2]| D n|fal

n=1

o oo
>

n=0 k=

\

)

lall < Ifoll + 1A% e—sll Y nlful®.

n=1
They coincide with
Az)7 ! (Xe(2)> a.e. for |z| =1
@7 (D) e for I
Proof. The estimates (14) show

Ipll < [l fell + 1 A"e—2]l

n=0k>2n-+2

oo
2
<l fell + [ A e—2[| D n|ful* < oo
n=1

Similarly we have

o0

f2n+2+k (€k, A*€—2)
0

Y 1l Aves]

k>2n+2

o0

Y Il lAve]

k>2n+2

oo
2
lall < I foll + 1A%e—1 ] Y nlful® < co.

n=1

Since from (8),(9) it follows that for y € W

x2)=0+¢(2)p (22) +(z+v(2)q (212) , a.e. |z] =1,

we see the identity (17). m

10

(16)
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Remark 2 It might be true that p,q defined by (13) have always finite limits
on |z| =1 a.e. for any f € Hy, and any x € W has an expression

X(2) =p () (1+¢(2) +4(2*) (z+ ¢ (2)).
Actually, if the spectrum of S is contained in open unit disk |z| < 1, then
Is7 <"

for some r < 1 and for all sufficiently large n. Noting Aeqr = S¥@, Aegpr1 =
Sk, we see the expression (13) implies that p, q have finite limits a.e. on |z| = 1
forany f € H,.

3 Group action on Gr® (H)

3.1 7-function

Let I' be
r= {g(z) = ¢"(®); 1 is holomorphic on |z| < 1 and A’ (ew) € L2} .

Define a distance on I" by

27
A (g1, 02) = \/ / 11 (e19) — B (ei9) 2 do.
0

I' acts on Gr(?) (H) by multiplication and becomes a commutative group. There-
fore, for W € Gr() (H), g~'W is a closed subspace of H. This space certainly
satisfies the properties(i),(ii). However, the property(iii) does not hold auto-
matically. For g € I', an operator

Ry (= Ry) = gPu,g” ' Aw

defines a bounded linear operator from Hy to Hy. Since Ay is of Hilbert-
Schmidt type, so is R.

Lemma 5 For g € I', an operator gPH+3f1 from H_ to Hy is of Hilbert-
Schmidt type, and for g1,92 € I' it holds that

|91 Prr. g7 — gzPHw{lHi{.s

T E ST
Proof. For |z| < 1
(91Pr, 917" — 92Pu, 95 ") e—n (2)
) 271Ti/<_191 (Z)/glé(f)(c—_gzzgz)/gz (C)dc, it >,
0, if n<0

11
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is valid, whence
lovPrr. g1t = 92Pir. 03 |y
o0
= > 9P or* = 9:Pu,93") el
n=1
1 2 2r P27
) [

holds, which implies the assertion of the lemma. =
This lemma shows that R, is of trace class.

0 () [ (¢*) — 2 () Jgn () |
et _ eip

dodep,

Lemma 6 A necessary and sufficient condition for Ry to satisfy ker (I + Ry) =
{0} is g7 W € Gr®)(H). In this case, the A-operator corresponding to g~ W
is given by

AQ—IW = PHfgilAW (I + Rg)_l g.

Proof. Since R, is a compact operator, ker (I + R,) = {0} implies the existence
of (I + Rg)f1 as a bounded operator on H. Therefore, the operator

Ag=Py g 'A(I+Ry) 'y
is of trace class from H; to H_. For f € H, an identity

g(f+Agf) =gf +gPu_g "A(I+Ry) ' gf
=gf+ A(I + Rg)_l gf — Rg (I+ Rg)_1 gf
=(I+Ry) "gf+A(I+Ry) 'gfewW

shows
gW={f+Ayf; feH}.

Hence we know that ¢~ 'W satisfies the property(iii), and ¢='W € Gr®(H)
holds. Therefore, the A-operator for ¢g='W becomes A,. Conversely, if f €
ker (I + Ry), then, from an identity

9 f+Pu, (¢ Af) =0
it follows that
Pu (97'Af) =g " (f+AN—(g7" f+Pu, (¢7'Af)) =97 (f+Af) e g™'W.
Therefor ='W € Gr®(H) implies Py_ (97 'Af) = 0 and
gHf+Af)=0= f+Af=0= f =0,

which completes the proof. =
Since R, is of trace class, 7-function is defined by

w (g) = det (I + Ry),

which was introduced by Sato to describe solutions of completely integrable
systems. 7-functions satisfy the following cocycle property.

12
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Lemma 7 7-functions satisfy
(i) The property Tw (g) # 0 is equivalent to g='W € Gr?)(H).
(ii) For gi,g2 € I, if g7 'W € Gr®)(H), then
w (9192) = Tw (91) Toolw (92) (cocycle property). (18)

Proof. Since R, is of trace class, 7w (g9) # 0 is equivalent to Ker (I + R,) =
{0}, which shows (i). (ii) follows from

(g192) " A= 95 ' Pr,gi ' A+g5 ' Py_gi A
= 09591 'Ry + 95 Agug1 (I + Ryy) (Ag = Agrw),
and
Py, ((9192)_1 A) =95 '97 'Ry, + Pu, (92 A9 (I + Ry,)),
hence
I+ Ryg, =1+ g192Pu, ((9192)_1 A)
=1+ Ry, +9192Pu, (95" Agr91" (I + Ry,))
=T+ Ry, +guRY Vo (14 Ry,)
=g (1485 ™) g7 T+ Ry,).
Consequently, if g7 *W € Gr?)(H), then
mw (9192) = det (I + Ry, 4,)
= det (1 + RggIW) det (I + R,,)
=Tw (gl)Tg;lw (92)

is valid. m
We compute the 7-function for a special g, which is well-known..

Lemma 8 For || > 1 set

Then, it holds that
w (q¢) =1+ ¢w (¢).

Proof. For f € H_and 1 < |z| < |¢|, we have a decomposition into H_ & H.

s o= (1- <> o= (1- 4) s -ren+(1- <> 70,

which implies

(i s) = (1-2) (1-2) 10 =50,

13
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hence, if W € Gr?)(H), then for f € H,
(acPrac " Aw s ) (2) = Aw [ (Q)
holds, which implies that g¢c Pg, a ! Ay is a linear operator of rank 1. Thus

w (q¢) = det (I+ Q<PH+qglAw) =1+ (Aw1)(Q) =1+ ow ()

follows. m

3.2 Monodromy matrix

In this section we investigate a kind of monodromy matrix under the group
action I'.

Lemma 9 Suppose u € H satisfies

o0
ZnZ |un|? < o0.
n=1

Then for any f € H_, v = Py (uf) satisfies
- 2 _ 1 2% o 2
> nlual” < 5 171 > 0 fun|? < oo.
n=1 n=1

Moreover, if u is holomorphic on |z| < R for some R > 1, then v is also
holomorphic on |z] < R.

Proof. Note

Zunzzn kfk"‘ZUn Z 2" kfk
n=1

n=0 k=n+1

= ZZ“Z%M]% + Zz Zkan+k
n=1

n=0 k=1

This gives the decomposition of uf into H; and H_ respectively and we have

Zn Zun+kfk

n=1
If w is holomorphic on |z| < R, then

2

1 o0
2 2
< SIS0
n=1

|, < Cr™"

with » < R. Therefore

oo
Zun+kfk

k=1

—n

< |IAl

Z Junsnl” < \/7 [f1l7

14
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holds, and we see that v is holomorphic on |2| < R, since r can be taken
arbitrarily close to R. m
Set an invertible matrix

X 14 9e(2) Ye(2)+a1 (1+@e(2) \ [ alz) b(z)+aia(z)
Aw (2) = ( ®o(2) 1+ ¥o(2) + a190(2) ) - ( )

and, for g (z) = e"*) € I' define

O o) = By () (20 23 ) Bwe? a9

on |z| = 1. Then the identity(19) is equivalent to an identity

14 41w (2)
9(2) ( z2+ Y1 (2) +ag-1w (1 T Pgw (Z)) >

- ) 1+ ow (2)
=Uw (2%,9) ( er?/JW(z)Jra:VV(lJFSDW(Z)) )7 -

where aw N

This Uw (z, g) has analytic continuation to the inside of the unit disk, namely

Theorem 2 Assume g~ 'W € Gr®) (H). Then the entries of Uw (2,9) are ele-
ments of Hy, and the determinant is given by

det Uw (z,9) = g (V) g (—Vz) = e2he(2) (21)
Moreover Uw (z,g) has a cocycle property
Uw (2,9192) = Uynyy (2, 92) Uw (2, 91), (22)

and, if g is holomorphic on |z| < R for some R > 1, then Uw (z,9) is also
holomorphic on |z| < R.

Proof. Since dg (eie) /df € L?, the condition of Lemma is satisfied. There-
fore, the H-component of g(z) (1 + ¢,4-1yw (2)) holds the condition (16), which
implies that there exist elements {a,b} of H; such that

W 3 g(2) (14 ¢g-1w (2))
=a(2®) 1+ ew(2) +b(2°) (z +vw (2) + aw (1 + ow (2))) -

Similarly we have elements {c,d} of H; such that

W 3 g(2) (z +pg1w (2) + ag-1w (1 +@g1w (z)))
=c(2%) M+ ow(2) +d(2*) (z + ¥w (2) + aw (1 + pw (2))).

Therefore, to obtain Uy, we have only to set
_( alz) 0b(2)
Uw (z,9) = ( o(z) d(z) )

15
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on |z| < 1. To show the identity(22) notice an identity

(Uq;1w(22,g2)UW(22791) _UW(2279192)) ( Z‘H/JW (Zl)——ti£ ((f)+ ow (2)) )
=0.

Hence, replacing z by —z yields

(Uql—lw(zag2)UW(Za91) - UW(Z,9192)) Aw (2) = 0.

Since Ay (2) is non-singular for a.c. |z| = 1, we have
UQIIW(Z,QQ)UW(Z7Q1) =Uw(z,g192) forae. |2|=1,

which gives (22). To see the determinant of Uy (2,g), we use (19) and obtain

det Uy (2, g) = det Ag—lw (z) det ( Zg;o(é)) gzgz; ) det Ay (2)7*

= 61w (2) 6w (2) " g (V2) 9 (—V2) - (23)
For

gn(2z) = exp (thzk>
k=0

we know that

0u(2) = gn (VZ) " gn (—v2) ' det Uw (2, 95)

is entire, and takes value 1 at z = co due to the identity(23). Therefore, the
entire function ©,, should be constantly 1. This leads us to the identity(21) by
letting n — oo. The analyticity of Uy beyond the boundary |z| = 1 under the
condition on g follows from Lemma9, which completes the proof. m

We call the matrix Uy (2, g) monodromy matrix for W € Gr®) (H).

Corollary 2 For any g € I', 6,1y (2) = dw (2) is valid.

Proof. The corollary follows immediately from Theorem2. m

3.3 Baker-Akhiezer function and Weyl function

Let ¢ be a smooth function defined in a real neighborhood U of the origin.
For a positive real number R, a function f(x,z) of two variables x € U and
z € {z € C;|z| > R} is called a Baker-Akhiezer function for the potential ¢
if f satisfies as a function of x

—f"x,2) + qx) f(z, 2) = =22 f(z, 2), (’ = jx) , (24)

and as a function of z the expansion

u() | o)

Tz =14 2 2
e f(z,z) Tt T (25)

converges on R < |z| < co.

16
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Lemma 10 Let f(x,z) be a Baker-Akhiezer function for q. Then, for every
k > 1, ay satisfies identities

2a1(x) = —q(x),  2a34,(2) — ag(x) = —q(x)an(z). (26)

Moreover, f(x,z)/f(0,z) is also a Baker-Akhiezer function for q and q deter-
mines uniquely f(z,z)/f(0,z).

Proof. Taking derivative of (25) yields

e:z:z (7.]0“(‘%3 Z) + Z2f(xa Z))
2a5(z) — af(w) | 2a3(x) — a5(2)

= 2d)(z) + +

z z

This combined with (24) implies, for k& > 1

201 () = —q(x), 20j4,(x) — aj(z) = —q(2)ar(x).

It is easy to see that f(x,2) = f(z, 2)/f(0,2) is also a Baker-Akhiezer function
for g. Since f(0,2) = 1 holds, then, for every k& > 1, we have a;(0) = 0. Hence
from (26) we see that {ay(z)};~, can be determined from ¢. m

Let W € Gr®® (H). As we have seen in Introduction, fi (z,-) defined as a
unique element of W such that Pgr, (e; Lf ) = 1 satisfies a Schrédinger equation
with potential —2a](z). This function clearly fulfils the condition(25), hence
fw (z, 2) is a Baker-Akhiezer function for the potential —2a}(x). Since fw (z,-)
can be expressed by A-operator for e, 1W as

fw (@,0) = e {14 (4,41) O}
replacing W in Lemma8 by e, 'W, we see
e S (2,€) = 1+ (A1 1) () = 7oy (ac).
On the other hand
ar(@) = lim ¢ (" fi (@,6) = 1) = Jim ¢ (Teglw (qc) — 1)
is valid, hence, from (ii) of Lemma?7

4 _Tw (ea:QC) 1w (erC) — W (em)
e v o i AT

follows. Thus, identifying g¢ (2) = e=*/¢ for large ¢, it holds that
. . d
Jim ¢ (1w (exae) = 7w (e2)) = Jim ¢ (7w (ersy) = 7w (e)) = Z-mw (e

Consequently we obtain the theorem below. For W € Gr() (H) define
2

aw (x) = —2@ log Tw (eg) -

17
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Theorem 3 There exists a Baker-Akhiezer function fw for qw. In this case
fw and its first coefficient are given by

d
fw (2,¢) = "7y (a0), () = ——logmw (ex).

qw is defined by W e Gr?) (H) . However, gy does not determine W, hence,
the next problem is to find a quantity from which gy is determined uniquely.
Let fw (z,2) be the Baker-Akhiezer function for W € Gr(?) (H) and define

fw(0,2)
fW(Oa Z) ’

which we call Weyl function of W. Since fiy satisfies the identity(25), for a
k € H_ we have

fiv(0,2) = —2 <1 + alz(o) + “22(20) +> + <a11(0) L 20 +)

z 22

= —2—a1(0) + k(z).
Since f1,(0,-) € W, setting ay = a;(0), we see

fw(0,2) = = (z +¥w () —aw (1 + ow (2)). (27)
The identity fiw(0,2) =1+ ¢ow (2) shows

CztYw (z) taw L+ ow () z2+9w (2)

My (2) = 1+ ow (2) T 140w (2)

— aw. (28)
We have

Theorem 4 For Wy, Wy € Gr® (H) an identity qw, = qw, holds if and only
if My, = Myy, holds. Moreover, in this case, if g € I" satisfy g~ *W1, g~ W, €
Gr® (H), then

UW1 (ng) = UWz(zﬁg)v My’lwl = M9’1W2’
and hence

qg’1W1 = QQ*1W2

is valid.

Proof. Suppose qw, = qw,. Then Lemmal0 implies that Baker-Akhiezer func-
tions fi(z, 2), fo(x, z) of Wi, Wy satisfy

filz,z)  fo(x,2)
f100,2)  £2(0,2)° (29)

Therefore
(0,2) _ j3(0,2)
fl(O,Z) fQ(O,Z)
holds and My, = My, follows. Conversely assume My, = Myy,. For W €
Gr® (H) set

(30)

fw(z, 2)

Jw(@2) = 200.2)

18
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Then ]?W satisfies the condition in Lemmal0 by setting ¢ = qw, and the coeffi-
cients {ay (z)},~, arising from the expansion

fw (z,2) = e % (1+alix)+a/22(2x)+...>

fulfill identities
211 (v) — @y (x) = 2a; (x)dx (v) (31)

for every k > 1. Since f{,v (0,2) = fiy(0,2)/fw(0,2) = Mw (2) is valid, noting
fw (0,2) = 1, we see that {a}, (0)},~, can be determined from My (z) uniquely.
Noting here @ (0) = 0 for every k > 1, we see from (31) that {@}(0)},,
can be determined from My, (z) uniquely as well. In the identity(31), taking

derivatives, we can know all {E,(Cn)(O)} - Since {ay, ()}, are holomor-

n>0, k>1
phic in a neighborhood of 0, we see that {ax ()},-, can be determined from
My (z) ,which implies that qw (z) (= —2a}(z)) is determined from My, (z2).
Therefore gw, = qw, follows from My, = Myw,.

In order to show the last statement we assume gy, = qw,. From the identity
(30) we have

f2(07 Z)
f1 (0, Z) ’

f200,2) =7(2)f1(0,2) and f5(0,2) = r(2)f1(0,2) with r(z) =

which implies

z+ 'l/}W2 (Z) + aw, (1 + oW, (Z)) z+ ¢Wl (Z) +aw, (1 + wWEE}(;))) ’
On the other hand, we have

1 + (pg’I 1 (Z)
r(2)9(2) < (2 + Vg1, (2)) + (Lg—lm;/l (1+ ¢g-1w, (2)) )

B ) r(z) (14 ow, (2))
=Uw, (2%,9) ( 7(2) (2 4+ Yw, (2)) + aw,7(2) (1 + ow, (2)) >

B L+ pw, (2)
=0 (9 (et () o o ) )

Assume g is holomorphic on {|z| < R}. Then so is Uw, (2%, g) , hence the entries
of the RHS are elements of Wy, which implies

r(2) (1+ @g-1w, (2)) € g~ Wa.

The property r (00) = 1 shows

r(2) (1 + ©g-1w, (z)) =14+ @41, (7).

Similarly we have

r(z) (z + Pg-1w, (z)) =24+ Vg1, (2) + 11 (1 + Pg-1w, (z)) ,
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hence
r(2) (z + thg-1wy (Z)) + ag-1w,7(2) (1 + Vg1 (Z))
=2+ Yy, (2) + (7“1 + agflwl) (1 + Q-1 (z))
=z+ wg’IWQ (Z) + Ag—1W, (1 + Pg—1Ws (Z)) .
Thus
1+ ow, (2)

— 1 + @g*l 2 (Z)
=902 < (2 + Yg-1mw, (Z)) + ag‘sz (L + @g-1w, (2)) >

B ) L+ ow, (2)
=Uw, (¢%,9) ( z+w, (2) + aw, (1 +ow, (2)) > ’

which concludes Uw, (z,9) = Uw, (2,g) . For a general g we have only to ap-
proximate it by its Taylor expansion. Here it should be noted that g,-1y as a
function of ¢ is continuous. ®

Remark 3 If q is
m(m +1
a(x) = M)
(x — x0)
then its Baker-Akhiezer function is of a form
fx,2) =e"%h,, ((x — x9) 2),
where h,, is the Hankel function of half integer defined by

d m 67 m
B (2) = (=1)™ 2mT1 () = e*ZZakz*k
zdz =

The coefficients oy are defined by ag =1 for k =0 and for k > 1

)

k-1
a = chkﬂg ((Qm +1)2 -2+ 1)2) :

In this case, setting

m

0(z) = Oz—l—z:a;€ —x02) ",

m

(z)=—f(0,2) — 2+ ﬂf (0,2) = —%Z (ps1 + kap — agag) (—woz)fk

Zo Okzl

W € Gr® (H) can be constructed with its characteristic functions {@,v}. This
W is an element of Gr®) (H) which was considered in Section4.2, namely for
this W, Pg_W s finite dimensional, and the T-function can be computed by
determinant. Moreover, in this case, the M -function becomes

m

Ekak —x02)"
Eozk —x02)~

_ f10,2)  zem™%hy, (—woz)
M(z) = £(0,2) e ®0h,, (—x02) e
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On the other hand, if xo is a real number, f{ (m, —22) can be determined as a
unique solution of

Lif = —2f, f(0)=1, Amuum%x<m,

0
vf=-2f 0 =1 [ |f@fd<w.

— 00
Set

~ d \"shz 1 1
_ . m+1 [ 2 e _ —h .
hn (2) = 2 (zdz) ; 2hm (—2)+ 2hm (2)

Then N
fi(z,—2%) = M, 7 (22 f(z,2)

B (—x02) f(0,2)
are valid, hence the Weyl functions for LY are

nl, (— "0

z m( (E()Z) mq (_ 2) _ f ( 72) —

mi (=2%) = f9(0,2) = = %) =
+( ) +(07 ) th (7$02) ) — f(O,Z)

Namely if q is real valued, the relationship between the Weyl function and the
M -function is not trivial.

Lemma 11 Suppose Wi, Wy € Gr® (H) satisfy My, = My, Then

)= e
becomes holomorphic on 1 < |z| < oo and satisfies

r(z) #0 for any z there and for a.e. z such that |z| = 1.
Proof. From (32)

S = (79 70 ) Bw,

Sw, (2) =7 (V2) 1 (=V2) bw, (2) -
follows. The second identity comes from
Sw (z) = det Ay (2) = det Ay (2).

Then (i) of Theorem1 shows the non-vanishing property of r. ®

4 KdV flow

In this section we construct KdV flow on a certain class of potentials 2. For
W e Gr® (H) set
d? .
q(z) = —2—logTw (e7*).

dzx?
For g € I we would like to define a new potential by
d? d?
(K (9)q) (x) = —2-— log Ty (e7) = —2—— logmw (9e™"),  (33)

dx? dx?
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2

d
for ¢ (z) = —QW log Tw (e77").

Let = be a subset of Gr(®) (H) satisfying ¢g~'Z = E for every g € I'. Then,
denoting

d? e -
Q= = {q; q(z)= 72wlog7'w (e ) , dW e :},
Theorem4 enables us to define KdV flow {K(g)},.p on Q= by (33). In this
case, from (ii) of Lemma?7 it follows that, for gi,g0 € I’

d? ,w,
(K (g192) q) (z) = —2- 5 logmw (9192¢7"")
2

=2 togr,y (917") = (K (1) K (92) ) (2)

is valid, and hence the flow property K (g1g92) = K (g1) K (g2) holds. The
purpose of this section is to construct KdV flow on the space 2 of generalized
reflectionless potentials by this procedure.

For a fixed Ey € (0,1) let ¥ be a set of measures on [—+/Ey, v/Ey| satisfying

oo (d€)
[ Flest (3
By this o define )
d
Mo’ (Z) = _Z_/_lz(_i)v

and set
Wo = {1 (2*) + Ms(2)f2 (%) fr, o€ Hy}.

We show W, € Gr(® (H ). To apply Theoreml we compute the inverse matrix
of A. Since L
o (d)
p(z) =0, Y (z) = / —
(2 0= T

are valid, we see

o
Ju—
+

|\H

L

~|Q
N~
1S
N e

and

Ja
N
X
1
>
—~
N
X
L
1
-
+
\\H
mla
N
N@

Since the denominator is a Herglotz function, so is

1
- Lo (dg)”
1+[1§2_Z
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which is expressible as

B 1 _ 15 (d€)
Yo(dg) 0o £—2
1+/—1§2—Z

Since the support of o is contained in [f\/EO, \/EO} , which is strictly in [—1,1],
the entries of A (z) are holomorphic on {|z| > Ey'}. We prove that

! zo (d€)
1+/1252_1

has no zeros in {|z| < Eal} . Suppose for some z satisfying |z| < E; ' the above
function vanishes. Then, in the identity

L /1 20 (d§) /1 o (d€) (35)

1262 =1 B 282

taking the imaginary parts, we have

0= (Imz"") /1 o (dt)

alr-ef

which is valid only when Im z~! = 0. Hence z~! becomes real. However, we
have |z’1| < E;*" and

)

/“ET 0 (d€)
—vE B =& 7
whence it is impossible for (35) to be satisfied. Therefore X (271) is holomorphic

on {|2| < E;'}, and the conditions (i),(ii) of Theorem1 hold. Consequently we
have

Lemma 12 If o € %, then W, € Gr® (H) is valid.
Define a subgroup I, of I by
Iy={gerl; g(z)=g(—2)"", gisreal on R and g(0) =1}.

The next task is to show g~ 'W, € Gr® (H) for every g € I';. The property
Tw, (9) > 0 shall be verified.

Let X4 be the set of all o € ¥ having a support consisting of finitely many
points. For o € X4 we compute Ty, (9). In this case assume {—x;},_,,, be
the support of 0. Then they are distinct real numbers and are contained in
[—VEo,VEy] . M(z) is meromorphic and takes a form of

In this case
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hold. Every element f of W, has poles {—x;}, <j<m of at most 1 and holo-
morphic on {|z[ < 1}\{-#;}, ., - Therefore, in this case the dimension of
Py W, is m, which is finite, and T has eigenvalues {512}

tors {(z + nj)fl}

1<j<m and eigenvec-

. Moreover
1<j<m

m

5(2)=detA(2) =140, () =1+ 2

2 _
Ky — 2

j=1

holds. Since, if Im z # 0, then Im 6 (2) # 0 holds, § (2) has zeros only on R.
Moreover, the inequality (34) implies that é (z) has no zeros on (Ep, 00) neither.
It is clear that ¢ (z) has no zeros for A < 0. Therefore, § (2) has zeros only on
(0, Ep). Tt is easy to see that every zero is simple, and there exists exactly one
zero between two consecutive poles. Assume

and let zeros of 6 (2) be
0<p <po <+ < lm,

which are eigenvalues of S. Choose w; such that wiz = p; and w; > 0. Then, set

Lemma 13 m; > 0.

Proof. Since § (z) is a Herglotz function, so is —6 ()", whence

-6 (z)71 =-1+ ZN.X_i o with x; > 0.
i=1""

On the other hand

m 2 m 2
J J

zZ — K5
57 =11
lez_uj Jj=

is valid, hence

x; = lim (z—,ui)é(z)fl = (ui —Iﬂ?) | H

2=

m
= (wi— ki) (wi+r) [] iRy iRy
g:Lj;ézw‘ — €jWj Wi + wj
2
=m; (wi + Ei)2 ﬁ wi + Ry .
2w; Wi + Wwj

J=Lj#i

Since w; = /p; > 0, we completes the proof. m
When the condition (36) is not satisfied, we have only to approximate o by
other os satisfying (36). Then we cite a result from ([11]).
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Lemma 14 For o € ¥4 and g € I',, with some positive m; depending only on
{wi, k;} the following holds:

0o et (85 X0 g ) g )
o () )

This lemma implies particularly ¢='W, € Gr®® (H) for ¢ € £4 and g €
I',. In this case the potential ¢ associated with W, is rapidly decreasing and
known to be described by the scattering data. Namely, the reflection coefficients
vanish, {—wf}KKm are negative eigenvalues of L?, and {m;},.,.,, are the

normalization constants for the Jost solutions corresponding to {fwiz}l <i<m "
By these data o

d? T
q(x) = *2@ log det (611 + he(wﬂrwj)x) (37)

wi + wj

is valid.

Here we identify the M with the traditional Weyl functions for a 1-D Schrédinger
operator. For a real bounded potential ¢ on R, it is known that for every
E € C\R there exist uniquely functions f1 (z, F) satisfying

Lify = Efy with fy € L* (Ry) and fy (0) =1,

The classical Weyl functions m- are defined by

d
m4 (E) == %fi (x,E) -

the last argument shows that, for ¢ associated with W, for o € ¥,, identities

fWg' (IE,E)

my (—E?) = £M (£E), fi(z,E?) = o (0.5)

(38)

hold. Now define

Qq = {q; ¢ is associated with W, for o € X4},
Q ={q; g is a compact uniform limit of some ¢s from Q. } .

Then, without difficulty we see the identities (38) are valid for ¢ € Q.
In the context of the Grassmann manifold the results by Marchenko[10] and
Lundina[13] can be stated as follows.

Theorem 5  coincides with the set of all potentials associated with W, for
o € X. Moreover q € §2 is holomorphic on the strip {|Im3:\ < \/Eofl} having

a uniform bound
—2
lq(2)| < 2E, (1 —VE, |Im:1:|) .

From Lemmal4 and Theorem5 the theorem below is expected to be held.
Although the proof of this theorem was given in ([11]),the proof contains an
error and the detailed proof will be given elsewhere
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Theorem 6 For every o € 3 and g € I', we have always Tw, (g) > 0. Namely
g W, € Gr® (H) is valid.

Now let
E:{g_lwg; ocEey, gEFO}.

Then, this theorem implies that ¢7'= = Z is valid for any g € I',, and KdV

flow {K(g)},cp, can be constructed on Q.

Remark 4 [t is not clear for which W the identities (38) are valid. Properties
of the Baker-Akhizer functions with respect to the variable x are hard to know,
whereas properties with respect to the variable z are rather easier to see. We
have to know asymptotic properties with respect to the variable x, since f{ (x, 2)
is defined as a function belonging to L*> (Ry). Therefore, in Theorem26 of [11]
the author made a wrong statement and it is not clear if the theorem holds or
not under the condition.

5 Properties of KdV flow

5.1 Iso-spectral property

Several facts known in KdV integrable system are valid in this framework as
well. For instance the following iso-spectral property holds if we find a suitable
Lax-pair.

Theorem 7 For q € Q, g € I, there exists a unitary operator U on L? (R)
such that
Li(gq =U'L,U.

5.2 Invariant submanifolds

{K(9)},er, has many invariant submanifolds in 2. The simplest one is Q¢;. To
introduce another type of invariant manifolds. In quantum physics potential ¢
is real valued. Therefore we define a notion of "real" in Gr (H).

(iv) W € Gr(® (H) is called real if the Weyl function M satisfies M = M.

It is easy to see that the associated potential takes real values on R if and only if
W € Gr(® (H) is real. We introduce the following notion of reflectionlessness.
We call a potential ¢ is reflectionless on f (€ B(R)) if its Weyl functions
satisfy

my (E+1i0) = —m_ (E +140) for a.e. E€ [,

or equivalently

M(\/—Tg—io) :M(—\/?§+i0> ae. E€F.

and set
R(F)=1{q€ Q; qis reflectionless on F}.

The theorem below assures that I', acts on R(F).

Theorem 8 R(F U[0,00)) is invariant under {K(g)},cp, -
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Proof. Assume for some f C [—1,0]

M, (\/Tg— iO) = M, (—\/Tgﬂ'o) ae. E€F. (39)

Since
MK(Q)q (2) = MgﬂWq (2),
from Theorem?2 it follows that
Mic(g)q (/=€ = 10) = Mic(g)g (—v/=€ +10)
@M, (VE-i0) +d(©)  —c@M, (VEF ) 40
a(§) My (V=E€—1i0) =b(&)  a(§) My (—v=E+i0) —d(&)

where we have used the fact that U (£) is real for { € R. =

5.3 Almost periodicity

M.Sodin - P.Yuditskii[12] proved the almost periodicity of potentials if the as-
sociated Schrodinger operators has a homogeneous closed set as their spectrum
and are assumed to be reflectionless on the spectrum from the point of view
of harmonic analysis. We would like to apply this KdV flow to give a general
condition on the spectrum under which potentials are almost periodic.

An approach to this problem is as follows: Set

Q={K(9)g; g I}, Iy={g9€lo; K(glg=q}.
Then, denoting the natural map from I', to I, /I, by
Io3g9-—g€el,/Iy,
we define
Io/Ty2 9 — K(9)q €y,

which gives a bijection
I'/Ty = Q. (40)

We introduce a condition on q :
Condition 1 I’y /I, is compact.

Define a continuous map from I', /Iy to R by

©(9) = (K (9)q) (0),
and a one-parameter group on I, by
ex(z) = e "%,
Then
q(x) = © (&)
holds, and for any sequence {z,},-, of R we have

g(z+ z,) = O (€z4q,) = O (egwy,) With w, =€, € I',/I.

Assuming the conditionl on ¢, we can find a subsequence {wy,, } of {w,},~, and
an element wy, of I'y /I’y such that w,, — wee. Since © is uniformly continuous
on I'y /Iy, we easily see that ¢(z + x,, ) converges to O (€;ws) uniformly on R,
which implies the uniform almost periodicity of q.
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Condition 2 Let F be a closed set of [—1,0]. For any Herglotz function m
satisfying
Rem (£ +1i0) =0 a.e E€F,

the representing measure o is absolutely continuous on F .

For such an F set
Qr ={geR(FU[0,00)); spL!C F U[0,00)}.

Then Qf is closed in 2, and Theorems7,8 imply that €y is invariant under
{K(g)}gen . Let

[-1,0]\F = L]j (Ans ptn)  disjoint union.
n=1
Then N < o is valid. The Green function for L7 satisfies
95 (0,0,q) = — (M (V=E) - M (—ﬁ))_l,
-1 —1\ ~
= <M(ﬁ) - M (—V=F) )

82

lim ——
lim ey " (x,9,q)

x>y>0

Therefore, from spL? C F U [0,00) it follows that the representing measures of
the two Herglotz functions vanish on each interval (A, 1) . On the other hand,

ME-MED [ e =6
is valid, hence
- (o (VB) -3 (+7E)) = o

holds, which implies that § (—E)~" is increasing on each (An,jtn) and has at
most one zero in (A, ity,) - Now set

En=X, 1if 6(—E)>0 for E € (Ay, fin),
En=pn if 6(—F)<0 for E € (A\p,un),
£n is a zero of § (—E)™" otherwise.
Since ¢ (—F) has poles at /=&, or—y/—&,, of order 1, o has a mass o, there.
_ 1y -1
Then the representing measure of (M (\/ —E) "M (—\/ —E) 1) vanishes

on (A, ) as well, hence o can not have a mass simultaneously both at £v/—¢&,.
Now set

en=1 if o({V=6})>0
en=—1 if a({—\/—Tn}) > 0.

If &, = A\, or p,, we define €, to be £1. We are identifying here with (A, 1)
and (A, —1), and (n, 1) and (un, —1).
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Proposition 2 Under the condition2, QfF corresponds bijectively to

. ,u'n, - >\n

Now, if ¢ € €}y, then Theorem8 implies 0, C €2y . We propose a conjecture:

An + phn
2

z —

N
{(fmen)nzl i€n € Ay ln] s €n = il} = H {Z € G

n=1

Conjecture 1 Under the condition2 Qy = Qp and I'y /Iy is compact.

This conjecture implies the uniform almost periodicity of q. We show how this
approach works in case N < oco. In this case Qy is homeomorphic to an N di-
mensional torus TY which makes it possible to introduce a differential structure
into €, . For each g = e" € I', a 1-parameter group e!” acts smoothly on
through the KdV flow K (g). Let X be the vector field associated with the one-
parameter group et on Qy The vector fields {Xj}, ..« are commute.
The classical theorem by Liouville shows: T

Lemma 15 Suppose {Xy} .y are independent at each point of Qp . Then,
for each q € Qp the map
@ : FO/Fq — Qr

induces a homeomorphism. This, especially implies that Q, = Qp and I', /Iy is
compact.
Consequently, a potential g € )y, which is given by
q(x) = © (&)

becomes quasi periodic. Therefore all we have to do is to prove the linear
independence of {Xj};..cn. To describe {Xi}, ..y we use the parameter

{€nticnen € TN. Let {&, (t)}1<n<n be the parameter representing the poten-
tial K (e—tz2k+1> q. Then Dubrovin[15] showed {&, (t)}, <, < satisfies an ODE

on TV. The vector field X}, precisely corresponds to the ODE and we can know
the linear independence of {Xj}, )< -
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DHEHZEDTWS (1, 2, 3], ZOREHITH 2 THEEFRFEMOBNDO R T, 12DV T,
bbb EZ T LICHERBICE LD TAH S,

DB T 2 HEFFRIFEA OB L (X, 2 04FIF EHIIC Tversky 725 [4] I kK> THA
SNHDOT, ZODEMH (0). (cl) ZNZNDH & T, AT DDWIE (d0). (d1) A3H]
ERRDUCBIT 2, ROKIBBIRTHSL, THhOLHLEM (c0) DB L (cl) Db LD
FIZdH 5T, HE (d1) 2SR S N BREEEDE O & T UL, 54EDS (c0) TH B> (cl) TH 2
AN ZEAE S TERY ) ZHIW Tl MRIE (d1) 2B S NS LIRS LS
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fE Al 2 DT B &L (c0) RADEOLEE L (cl) RADB L WGET, By 770
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DWTIE, ZNEALIICEALE 57 DEH ) E V) HEHSTE2DHTHY, ZDXH=
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e, BERFE. EFFH

BRI DD 5ZN0Z R L <, #EEERE o0 5 REZ T 2 0855
BaflET 5, 54 (c0) 352 607 & EWREDIRE (d0), (d1) 21T) R E2 ZzhZ
1 p(do; c0). p(dl;c0) EFWTH S, I 5IZHM (c1) DD & THE (d0), (d1) 2479 AR
ZNZN p(do;cl), pldl;cl) EFEIZ I, T3S DHEFRIZ YT p(do; c0) + p(dl;c0) = 1.
p(d0;cl) + p(dl;el) =1 £ ) BfRZ R 72T, WELL (c0). (cl) DERT 2fERNZNE
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N Po. PaB e L X9, U Po+ P = 1 ThoH, ZORBTYE (d0) 2% S N5 HER
Qao~ 7 L THIE (d1) 237 SN BHEE Qg 13

Qa0 = p(d0; c0) Py + p(dO0; c1) Py,
Qa1 = p(dl;c0)Peo + p(dl; cl) P, (1)

EEZDDD, BROMEROEIEME L I AN TFHZERL T3, ZOMFEROANIL YA
BIS EOEEDS Qi+ Qu =1 %> TWw3, Tz 2Tld TP, #E e IR
HIZT 5,

ZDRD—DDIFFEIFAZE R

Max [p(d0; c0), p(d0; c1)] > Qg0 > Min [p(d0; c0), p(d0; c1)],
Max [p(d1; c0), p(d1; c1)] = Qa1 = Min [p(d1; c0), p(d1;cl)] (2)

T, I THERFHRFE, oRc Xk 3EHIck>Tw 3,

EVIOREBIR T 2 SO I, FEROBEICHIBICNE T2 D Tldz ., MED log
WX L THRRIEDINEG & 7 B HD3% 0, SR T 2 HBHT LT, BADSA KM E I
EL RO THBD IO T, 2D L9 % log IR L TRIBDIGE D H 5 & HEHI 2 HiznHE
Thd, TOHEDODEHADENZ)IBE L, HINEE T % HTEEY

21/p(d0; c0) Puy p(d0; 1) Py
2/p(d1; c0) Py p(d1; c1) Py (3)

DRIGT2LEEZDIENTE S, EEOANMOHMWIZZ DX I & TEHERIG, (3)ICk>T
CRIGEE DM, (1) DSHIES N2 EHEHIL TAH K I, 29 T % EANEGHTDOIRE (c0).
(cl) DHERBZDDFEERTA—=F a, Do

Qa0 = p(d0; c0) Py + p(d0; c1) Pey + 2\/p(d0; c0) P,y p(d0; c1) P,y a,
Qa1 = p(dl; c0) Py + p(dl; cl) Py + 2\/p(d1; c0)P.op(dl;cl)P, B, (4)

THIZONBLEEZBLILENTEX S, 22 THINEY & HEEE O KRR

p(d0; c0) P.g + p(d0; c1) Py > 2+/p(d0; c0) Py p(d0; c1) Py ,
p(d1;c0) Peg + p(d1; c1) Pey > 24/p(d1; c0) Peg p(d1; c1) Pey (5)

EMRDBEFEL > Qqo >0, 1> Qg > 0267 A=Y DHiH1 >a > -1, 1 >8> —1
DEE D, Z LTI SICERNERE Qoo+ Qa1 = 10256 DD /8F7 X =% DT IE

V/p(d0; ¢0) p(d0; c1) a = —+/p(d1; 0) p(d1; 1) B, (6)

EWVITHIRGEED D22 2 LD, a b fIFMIITIEZR L (4) e T uRXNE RS %
Vo WEINDDDNRT A =FRFICIURIET 2D 24580 % D DIRDLEE Z %
ZEMTE S, 213 p(do; c0) = p(d0; cl). p(dl;c0) = p(dl;el) D EE, £713 p(d0; c0) =
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p(dl;cl). p(dl;c0) = p(d0;cl) DT, a=—F & EUT Qo + Qa1 = 1239 F {7z S,
ANEGA T T OMERIZ
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Qa1 = p(dl;c0) Py + p(dl; cl) Py — 2\/p (d1; c0) P p(dl; cl) Ppy cos b, (7)

ERMBIZICETZ2DOTH S, ZDORTIZ a=cosd VI HBERNIST X —% 912 & 5 REEFR
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T Ob 2B LERNE L TICHTL2bDTH S, cose—()f%ﬂﬁ EQEES
TE5DT, TNRHMPWRIGEITRIGL TV 5, B IHOFHED DI, MEHEFERF %2
TAENX (2) F—RICBE o NG, ZDhbhICAENX

V/p(d0; c0) Pey + p(d0; 1) Py > Qao > +/|p(d0; c0) Pag — p(d0; 1) Py |
\/p(d1;c0) Py + p(dl; c1) Py > Qqr > /|p(dl; c0) Py — p(dl;cl)Puyl, (8)

DR D ZOFITTER L & 9. A (7) 2 THEFHRH 2 8- 7 DBEAA SRR 2 fRhT L 72
B OHd ), —EDBREIIEI) 2D T %

—HRDIESICERTE 5EFF1

HIEtD (7) Xlxb2 D LT VIEEZ L Tw 5203, diizEbtE 2 7 OICIE SR O VT
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EOFMICHEHAL L) LT EMTHENEL S, 22 TH@) B> T, ZOAAIE
Qao & Qu PHZEZTH DR EMMLEL THS, ThbbERBLER N ZHEAL T
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Qu =N (p(dl; c0) P + p(d1; c1) Pey + 24/p(d1; c0) Peg p(d1; c1) Py ﬂ) : (9)

ELTHDL, HEROIEARETFE1> Q>0 1>Q:n >0, TLTQu+Qui=1%28<L &,
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—~
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Py p(dl;cl) P cos by ’
dl;cl) P,y cos 0q

0 p(dl;cl) P, cos 0,

Qdao =

~—

—~

Qa1 =

\_/
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~ 1+ /p(d0; c0) Pop(dO; c1) Py + 1/p(d1; c0) Pop(dl; c1) Py

> Qo

> Qi

(11)

»Rons,

EFFIIOEH
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Quantum algorithm for EXPTIME problem and
Computational Complexity

S.Iriyama and M.Ohya
Depertment of Information Sciences, Tokyo University of Science

Abstract

We have studied a computational complexity of quantum algorithm
for several years. A mathematical model of quantum algorithm, which is
called a generalized quantum Turing machine(GQTM), is introduced by
Ohya et al., and we discussed the relationships of language classes defined
by it.

In this paper, we construct a quantum algorithm for the Pebble Game
problem, which belongs to the class EXPTIME(i.e., it requires an expo-
nential size of resources to solve), and discuss the computational complex-
ity of it.

1 Introduction

We have studied on quantum algorithm for several years. Ohya, and Volovich
discovered the quantum algorithm with the amplification process which is de-
scribed chaos dynamics, and it is called the OMV quantum algorithm which
can solve NP complete problem in polynomial time[l, 2, 3, 4]. We applied
this algorithm to the other problems, for example, multiple alignment of amino
acid sequence, Hamilton closed path problem, and protein folding problem[4].
Therefore we found that OMV quantum algorithm is useful for many problems
in several fields to search the objects which satisfy the given conditions.

In this paper, we review mathematical foundations of quantum algorithm.
A generalized quantum Turing machine is introduced by Ohya et al., and we
can discuss the computational complexity of quantum algorithm rigorously by
using it.

Then we show a quantum algorithm for EXPTIME problem, Pebble Game,
and discuss the computational complexity of it.
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2 Quantum Algorithm
A quantum algorithm is constructed by the following steps:

1. Prepare a Hilbert space
2. Construct an initial state

Construct unitary operators to solve the problem

-~ W

Apply them for the initial state and obtain a result state
5. If necessary, amplify the probability of correct result

6. Measure an observable with the result state

In the first step, we define the Hilbert space depending on the problem. Let
(1) > and |1) = ( (1)
vector ) = a|0) + B|1) on this space is called a qubit. Since we can use a
superposition of [0) and |1) as an initial state vector, the quantum algorithm is
more effective than classical one.

One can apply Hadamard transformation

(1)

to create a superposition. For |0) and |1), it works as

C? be a Hilbert space spanned by [0) = ( , a normalized

1 1
H|0>:E|O>+ﬁ|1>

1 1
)= 210~ 2= ).

Hadamard transformation has a very important role in a quantum algorithm.
Here we introduce logical gates, which are NOT gate, C-NOT gate and
CC-NOT gate. We call these gates fundamental gates. We can also construct
AND and OR gate by considering the product of fundamental gates and some
imprementations. The NOT gate Unor is defined on a Hilbert space C? as

Unor = [1) (0] +0) (1]
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It works for an arbitrary qubit as
Unor (a[0) + 8[1)) = a[1) + 310)

C-NOT Ugpn gate and CC-NOT Ugen are given on two and three qubit Hilbert
space as

Ucn =10) (0| ® I +[1) (1| ® Unor
Ucon =10) (0| @I QT+ |1){1|®]0) (0| @ I+ |1) (1] ® |1) (1| ® UnorT,

respectively. The unitary operator to solve the problem is constructed by these
fundamental gates. Let @ be a set of states including an initial state ¢y and a
set of final states {gr} and X a set of alphabets including a blank symbol #.
We denote a set of all infinite sequences of alphabets in X as

E*:EXEX...:EOO.

Let A € ¥* be a sequence of alphabets representing the tape state. Each
tape alphabet has a unique index. We write the k-th tape alphabet ay as A (k).

GQTM

The GQTM My, is defined by the quadruplet (Q,%,H, As), where As is a
quantum transition function from C = Q x X X Z to C. Q and X are represented
by a density operator on Hilbert spaces Hqg and Hyx, which are spanned by
canonical basis {|¢) ;¢ € Q} and {|a) ;a € X}, respectively. A tape configuration
A is a sequence of elements of X represented by a density operator on the Hilbert
space Hy, spanned by a canonical basis {|A) ; A € ¥*}. A position of tape head
is represented by a density operator on the Hilbert space Hz spanned by a
canonical basis {|i);i € Z}. Then a configuration of GQTM M, is described
by a density operator p in H = Hg ® Hs, ® Hz. Let & (H) be the set of all
density operators in the Hilbert space H.

Here, we define the transition function

61 RXQXEXQXxEXxQXxEx{0,£1} xQ x X x{0,£1} — C.
A quantum transition function is given by a quantum channel
A51 :65(71) - 65(7{)7

satisfying the following condition.
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Definition 1 Ay, is called a quantum transition channel if there exists a tran-
sition function 81 such that for any quantum configuration p = A |¥) (Vg !,
k

V) = S i lars Artying), YoM = 1,V > 0, 3 Jagul® = 1,Va, € C it
7 % 7
holds
As, (p) = > 01 (Mo @i Akt (k1) s Grms A () s 05 0, ds p' 0 d)

k,l,m,n,p,b,d,p’,b",d’
. / I !
X |p7 szk:,l + d> <p 7B s bmyn +d ‘

N b J =1k,
B() = { A1 (j)  otherwise

B’ (j)

v .7 = Z.'m,,n
Amon () otherwise
so that the RHS is a state.

We defined a LQTM(Linear Quantum Turing Machine) and unitary QTM
(UQTM), see [10, 11]. Moreover, we can define a classical Turing machine as
follows.

Definition 2 We call M = (Q, X, H, As) a classical Turing machine(CTM) iff
As, is well defined on a subset S of state space & such that

k l

= {p;p €6,p =) (W], 1) =Y law, Awsix), Y lowl” = 1, Yoy € C}
and 6. satisfies the Turing machine conditions as follows.
e 6((¢g,a,i),(p,b,i+d)) =0 if |d| > 1 for all q,p,a,b,.

o > 6((g,a,0),(p,byi+d) =1
p,b,d
2.1 Computation Process of GQTM

Let M = (Q, %, H,As) and py = |¢g) (¢o| where |¢y) = |qo, 4, 0), we call this
state an initial state and A an input of M. The computation of GQTM proceeds,
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applying As to py, till the processor state becomes q¢ € {qr}, then it halts. This
process is described by the products of As asAs o --- o As (pg) = py

Let 67 (H) = {plp | 6 (Hg) € {q;}} be the set of final configurations, where
| means the restriction of a state on & (Hg). p is called a final state if p is in

the form
p= Z)\kpk +Zﬂlal
k l

Z)\k+ZMl:17 YAkt =0
% 1

where 0, € &5 (H). We call p =) p; the halting probability.
]

3 Language Classes

There exist several classical language classes defined by a deterministic Turing
machine.

Definition 3 Let M be a deterministic Turing machine such that halts for all
input. For a length n of input, let f (n) be a maximum length of tape cell of M.
We define a space complexity of M as f.

Definition 4 PSPACE is the language class which is recognized by a determin-
istic Turing machine in a polynomial space.

Definition 5 NPSPACE is the language class which is recognized by a non-
deterministic Turing machine in a polynomial space.

Definition 6 EXPTIME is the language class which is recognized by a deter-
ministic Turing machine in an exponential time.

The following relation is known:

PCNPCPSPACE=NPSPACE C EXPTIME

4 Pebble Game

Pebble Game is the two players game using a play board and stones(pebbles).
Players move one stone at a time along a given rule alternatively. A player wins
when he moves a stone to the winning position on the board given by the rule,
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or he loses when he cannot move any stones. We want to know whether there
exist strategies such that a first mover can win every time. The computational
complexity of this problem belongs to EXPTIME. Then we propose a quantum
algorithm for the game.

4.1 Representation of a Game

Let T be a set of players, M a set of moves(or strategies) available to those
players, and P a set of payments for each combination of moves. A game G
is given a triplet (Z, M, P). The set of moves is given by a rule of the game.
Players choice their move in their turn alternatively, so then these choices are
described by a sequence of moves. We denote this by a position p; where a
player ¢ € 7 has the move. A set of ordered pair (p;,p;) where p; and p; are
positions such that p; — p; is a feasible move implies the rule of the game.

The game is finished when there does not exist any moves in someone’s turn.
When the game is finished, the payments are given to each players by a function
of the position. In this study we assume that the game must be finished so that
the length of position is finite.

We say a player A wins if the payments of A is greater than a player B.
Then we consider the following problem:

Problem 7 Does there exist a way such that a player A wins independently of
how a player B plays?

To answer this, a winning position of A was introduced by Konig.as a set of
positions where A wins in finite moves in spite of moves of B.

A set of winning positions of A is constructed inductively from a set of
positions where A wins by only one move. Let p is a winning position, ¢ is also
a winning position if there exists a move r4 of A such that for all moves rg of
B, it holds

qraT =p

Therefore, the Problem?7 is equivalent as the following:
Problem 8 Determine whether an initial position of the game is in a winning

position of A?

4.2 Pebble Game

Let n be a positive finite integer denoted by a size of Pebble Game. n-Pebble
Game is given by a triplet Gpeppre = (Z, M, P) where T = {A,B}, M =
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{r = (r1,re,73) € {1,.. .,n}3 ;7 is an available move} and P = {f : MF — {0, 1}}
M is a set of available moves depending on a situation of the board and positions
of stones.

The rule of Pebble Game is the following:

e Prepare n lattices denoted by a board and put m (< n) stones on nodes.
Each nodes has a unique number ¢ = 1,...n.

e Players move one of stones alternatively if the stone so chosen can jump
the neighbor stone.

e If a player puts a stone on the node n, he wins. If a player can not move
any stones, he loses.

Let = (x1,x2,...,x,) be a vector of Boolean variables denoted by a situ-
ation of board, where x; has one to one correspondence with a node :

S 0 no stone on a node ¢
! 1 node i has a stone

We prepare m stones on the board xg arbitrary and call it an initial situation.
And we call a finished situation x if there are no available moves.

A move r; (i € {A, B}) for a player i is represented by (r1,75,73) € {1,...,n}"
where 7 indicates a position of stone, ro the neighbor and r3 a position of des-
tination. If there is a stone on 71 and r9 and there is not a stone on rs3, the
move 1; = (r1,72,73) is available.

After one move, the situation of board is changed by

Ty 1=Triori=rsg
Ti = .
v Z; otherwise

we denote 7; (z) by a situation of board after a move r;.

If there is no moves available or he can move a stone to the node n, the game
is finished. Then we have a sequence of moves of each players. For a sequence
of moves p; (i € {4, B}) = (r},r%,...,rF) a payment for a player A is given by
a function f4 € P:

fA(pi):{ 1 z:i

and for a player B is by

fBGPifB(Pi)Z{
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The Pebble Game problem belongs to EXPTIME if m is not fixed[8]. We
check whether an initial situation is a winning position of A for all number m
of stones.

Problem 9 For all finished situations xy determine whether there exists k such
that
Ikt 33 (2s) =

where xg is an initial situation.

4.3 Computational Complexity of a Classical Algorithm
for Pebble Game

In this study, we assume the following Oracle Mq:
Mo : {z;x is a situation} — NU {0}

For a finished situation =y, Mo outputs the time of it immediately, just one
step. If a situation x is not a final situation, Mo outputs 0. Then a classical
algorithm solving the problem is the following.

Stepl For all situations, we run the following steps.
Step2 Calculate time k (x) for a situation x

Step3 If z is a final situation, construct a set W; (i =1,2,...,k (z))of winning
situations:
Wi = {y; Irly,Vrp, Ira, ryrpray € Wii}

where Wy = {x}
Step4 Check whether x5 belongs to Wy(,). If no, go back to Step2.

The number of all situations 2. The upper bound of number of available
moves is 4n.Therefore the computational complexity of a classical algorithm
Tc (n) is

Te (n) ~ (4n)° x 2" ~ exp (n)

Even if we assume the Oracle, this problem belongs to EXPTIME.
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5 Quantum Algorithm for Pebble Game

As we assume the Oracle Mo, we use a quantum Oracle Uy, which works as
same as Mo. Here, we construct the following quantum algorithm for Problem3:

Stepl Create a superposition of all situations.
Step2 For the superposition, apply Oracle Uyy,,.
Step3 We construct W; (i = 1,2,...k(xf)) for the superposition.

Step4 If x5 € Wy(,), make the final qubit [1).

All situations are represented by a binary form, so then we can create a
superposition of them using Hadamard transformation. Step3 is achieved by a
product of unitary gates. In Step4, AND operation is constructed by unitary
gates|9].

If final qubit of superposition is |1), there exists a way of winning. Using the
chaos amplifier, we obtain the result.

6 Computational Complexity

Here, we define the computational complexity of the quantum algorithm as the
total number of fundamental gates. Stepl is constructed by n Hadamard gates.
Step2 contains only 1 Oracle. Step3 has the same complexity as the classical
one. And Step4 requires n gates for taking AND calculation. The upper bound
of |Wk(z)| is (:@) where m is the number of pebbles.

Therefore, computational complexity T (n) of quantum algorithm of Pebble
Game is given by

To (n) ~ {n—|— 1+ (4n)? + (;)} y E)l (n— 1)} ~ poly (n)

7 Conclusion

The computational complexity T (n) of a classical algorithm for n-Pebble Game
with Oracle is
Te (n) ~ (4n)° x 2" ~ exp (n)
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This is a exponential time of input size n. We constructed a quantum algo-

rithm for this, the computational complexity Tg (n) is

To (n) ~ {n+ 14 (4n)? + (Z)} % B (n— 1)} ~ poly ()

Using this quantum algorithm, we discuss the computational complexity of

quantum algorithm of Protein Folding problem in the sequel paper.
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Abstract

We study a class of discrete time quantum walks with inhomogeneous coins
defined in [Y. Shikano and H. Katsura, Phys. Rev. E 83, 031122 (2010)]. We also
discuss the localization or delocalization of the discrete time quantum walk by the
eigenvalue spectrum.

1 Introduction

Let us recapitulate the discrete time random walk in classical probability theory. First,
we prepare the particle, which is located at the origin at the beginning, and the coin.
We then repeat the following procedure ¢ times:

1. Coin flip which has two possible outcomes (head or tail) with the same probability.
2. Shift to the left or right according to the outcome.

At the final step (t), we calculate the probability distribution Pr(n;t) at the position n.

In a manner analogous to the discrete time random walk, we define the discrete time
quantum walk (DTQW) [1]. First, we prepare the quantum particle, which is located at
the origin at the beginning and is labeled by the position state as |0), and the quantum
coin with the orthogonal basis; |L) = (1,0)T, |R) = (0,1)™, where T is the transposition.
We repeat the following procedure ¢ times:

1. Quantum coin flip: This operator is generally defined as

Ct - Z [(an7t|n7 L> + Cn,t’nv R>)<n7 L|

n

+<dn7t|n7 R> + bn7t|n7 L>)<n7 RH

-y {|n><n|® ( e e )] =3 [Intnl @ €] 1)

Cn,t
n

where C, (€ U(2)) stands for the coin operator at the position n and time t.

! This proceeding is for the talk at YITP Research Meeting “Duality and Scale in Quantum-Theoretical
Sciences” held at YITP, Kyoto university and is based on the work [2].

2e-mail: shikano@th.phys.titech.ac.jp

3email: hosho.katsura@gakushuin.ac.jp
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2. Shift according to the outcome (head or tail): This operator is defined as

W=> (ln—1,L){n L| + |n+1,R)(n,R|). (2)

It should be noted that these operators are unitary processes. The one-step time evolution
of the quantum walk at the step t is defined by U, = W(.

2 Main Theorems

In the following, we assume the spatially inhomogeneous coins as
C,=0C:= Z [(cos(2man)|n, L) + sin(2man)|n, R))(n, L|

+(cos(2ran)|n, R) — sin(2ran)|n, L))(n, R|]
:; an % ( Cos(gm)m) — sin(2ran) )] | 3)

sin(2ran)  cos(2man)

where « is a real number (o € R) and corresponds to the inverse period of the coin
operations.
The limit distribution for the DTQW with the inhomogeneous coin has been obtained:

Theorem 1 (Ref. [2]). For any irrational o € R\ Q and any rational o = % € Q where
P and Q are relatively prime, the limit distribution of the inhomogeneous QW divided by
any power of the time variable is localized at the origin:

— =1 (t— ), (4)

where Xy is the random variable for the position at the t step, 8 (> 0) is an arbitrary
parameter, and “=" means convergence in distribution. Here, the limit distribution [
has the probability density function f(x) = é(x) (x € R), where §(-) is the Dirac delta
function. Note that, the limit distribution I is independent of the parameter 6.

This means that the DTQW with the inhomogeneous coin in almost all cases of the
inverse period of the coin operators is localized since the irrational numbers are dense in
the real numbers.

3 Localization/Delocalization of Discrete Time Quan-
tum Walk and Eigenvalue Spectrum

In this section, we discuss a criterion for the localization or delocalization from the view-
point of the eigenvalue spectrum of the one-step operator WC'. Analogous to the [In
analogy with the?] discussion on the discrete Schrodinger equation, which is called the
Ruelle-Amrein-Geogerscu-Enss(RAGE) theorem [3], we obtain the following theorem:
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Figure 1: The self-similar and fractal structure in the DTQW with the inhomogeneous
coin. Arguments of the eigenvalues of CW (vertical axis) are plotted as a function of the
parameter o = % (horizontal axis) with @ < 40. Note that, P and @) must be relatively
prime.

Theorem 2. The distribution of the DTQW is not localized if the quantum walk operator
W' has only continuous spectra and does not have embedded eigenvalues.

This has been proved as a corollary in Ref. [4]. It is noted that the necessary and
sufficient condition on the localization of the DTQW remains the open problem.

To study the eigenvalue spectrum of the DTQW with the inhomogeneous coin, we
numerically plot the eigenvalue spectrum in the case of the rational numbers in Fig. 1.
There holds the following theorem, which reflects the symmetries of the spectra in Fig. 1.

Theorem 3 (Refs. [2,5]). For the eigenvalues of the one-step evolution operator WC, the
following properties hold:

(P1) All the eigenvalues at o are identical to those at 1 — a.
(P2) For every eigenvalue \, there is an eigenvalue \*.

(P3) For every eigenvalue A, there is an eigenvalue —\.

(P4) All the eigenvalues are simple, i.e., nondegenerate.

(P5) There are four eigenvalues X = £1,+i for any o = % e Q.

£

(P6) Every eigenvalue \ at o = io € Q corresponds to an eigenvalue i\ at o+ 1/2.

These properties are also used in Ref. [6].

3
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4 Summary

We have introduced a class of the DTQWs with the spatially inhomogeneous coins. In
almost all cases where the inverse period of the coins is irrational (or o = % € Q), the
wavefunction is localized. On the other hand, when « is rational and cannot be written

as a = %, the limit distribution still remains an open problem.
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R R BEE & 5 e

Husimi function and weak measurement,

HARBET TR $RED

1 [ECHIC

FOMEZ BN U T, EHEEHRRINT 5, COBIick->TELbNBEHH
PIZUI R AR TH D, T ORIE Naimark ERD—DIcix>TWA T LER Uiz, REH
BF e —L Y MRENOBBIERICK > TERS A BFRONHEKTE S, T O
BEZUS IEMESRMEHIE (POVM) TH B 72t LB FET 5. ChidReiikdh
T OBPFNRIGT 5 HBEREIRITTE B HNAIENTVB72HTH S (1], BFR
DOIFHE Y RO SHERIIE T RONE TH S THEED SHmICHEENOEE L >,
O, EHERZNTNOYHREIEAHTH 5 - DICFARBERIN TR, HREEE S
LESICBIEAETH B 7eDICRD D HDENE L BB EW,

Tepb(s — 2)6(5 — p) # Teb(p - p)o(e — o) e

COIERHENREIC RS, T THEET (@ — 2)6(p — p) Bl ¢ &EEE p OXH

(Weyl ordering) IZ UTziEE T & (z,p) 215, T OHETHLERE NB MR W (2, p)
% Wigner BI$ & BT 5 [2].

W(z,p) = Trpw(z,p (2)

)
/dxdpd;(;v,p) =7 (3)

Wigner BISUTHELF-ONEFF I R 72 5 O NHELT O(x, p) AREIEEEIC A B
728, Wigner B AT IEMZ &5 LIRS, HMBEKE LTI R#ESTH S, 72721,
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K B)BROIIDEV I BEHRICBW TR 1 L2350 T, 2 RO MEEEMz Sk
WIRTB RV, F/z. BIARRFME (Anti-normal ordering) % U7zi#E 7 X D R RN E S
N5, RARBEEIT Wigner BIE & IFBWER 2 TIEMEZ & 5, RRBEROFEHIC DOV TIZE
9 %, LUEEHERDMOFETHBH, EERKICIEr Y & O EBERO — DD I3 HlE
TH5 [3]o 55D Wigner BIEID & S I IEATHREE T ORI P IEEE M2 372§ LSR5 7%
W, HABEBIEHIEEE BEL A, BfED &0 5 5 5MIGERE OB TAE L
AFFOAGEIRIEE U T DEOERIZE Z TV 5, FHOHATEEBNNS L EZE 2 HE
fEFHE ¥ % Von Neumann fIEZE 2 %, —MRICEN & ZBIH S & SIS E ZHEER &
B, BREREZ BN R ORBICET S IRBICELE S, ThEENIT 5, @, AN
ECIRBIEEE ORZ DR HEMES D RORENHFIFTRETH S, L L., BHHARSED
TR E T NEBR R ORI — B ORIE TR LN B EHWHI DAL AL ZROBINE
2RO T NEBIAST R OREDHIHIHR A < KB EDS, BHINRICHT 28I X
ROWHEN D555, TOXSRIKRICHBO T, FEr#ix 2 DOYIRE O [FRFHIEIC BBk
MHTL %,

2 ARBEEESEVAE

K EHETIEFZ RS S > TRRBEEMNE S NS T LICER LIS ENIZRER
BEae—L Y MREDLSOERT S, TR A=1 LTERPEDS, db—L YV
MNREEZERT A7, TTROERER T 6. EREE T o ZEET %,

2,8 =

a = (2 + ip) (5)

S=s- T

it = (@ —ip) (6)

CTNEOEEFOIZHBERIZ

[a,a"]

1 (7)

L%, COEETOEAIRE
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i|z,p) = %mip) o) (8)

ZA—L Y NREEEEET B,
e, MOERLE U THEETOEEIRRED—DTH B HINREE L N1 B2~ Y EH
EONEREEET D(x,p) HhBRDE S ITERT B LHHKS,

alo)y = 0l0) 9)

le,p) = D(x,p)0) (10)

BB DERINE ZETEZRRED I FIRABIINIE. EHE & &I FRICHOEREOYH Y 2455
fTHsD, ab—L v MNREOHEIEEIMNE. EBHRICEHSZEOHY ANHIc k>
TWVWBT ENTMhD, TOa—L Y MREDEEIREEHE D XD POVM EE v v M 2E
%6—%0

{Q(xap)}z,p = {|z,p) (z,P|}2p (11)
COEEFE Y KD IRRE p OREREEZ ERT 5,

Q(z,p) = TrpQ(z, p) | (12)

UERROWENBIRD 5K AEBANDOEBAIRD L 31CE 5,

Qo) = = [dw'ds exp{ — Sz =) = Sle = o —iple ~ )} @]ple) (13

REBEIE POVM IC & DBIIE NTO BT MgR, ROMER L LT OREZRICT
dzd

—Q@p) = 1 (14)

Qz,p) =2 0 (15)

RABEED Wz T OME L UTHEE R EHRICBET 5 FAI 0 MRERDKX 31 &%,
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;%< 2,7) 7 / as'exp{~(s — 2} (&' p1) (16)

5rQ(@.) = = [ ' exp{=(o =)} 01518 1)

Z DR ABBONEIC BT % B0 5% BB L ATBOWBIEEE N A0/ THEL Lizd
DICTZE>TNB T ENON B, TORGLZHZENET BITIERD K S IOHEI R U TH0il
EZ2TUIE. TIADREHEOTDMMREDHZEEZ 5, £T . BHINROSR & BT
EE (FHEIFERNEEENEZREEIC R > TB D IEEIBEBN A Y A0k > T 5 ERE)
ZRARBLZDORZHEFHE RS, HEMFRANIV 2T VIEROX S ICHRET 5,

Hit) =6t -tz o (I ®p) (18)

C OEFOEEE 05 5 ¢ X TCOREIFREEE &

ﬁ:exp{—zo dtH (¢ }—exp{—z(az@I I®p)} (19)

EBF B, BHNNG [v) L BHEEEOWKBIEE (HZHREE) ¢o(z) DA KRR ET
g

U1) gola) = [ da' (a/|) ol — ') o) (20)

L0, R (20) I EZHREEDR

1 1
Po(z) = mexp{ - §$2} ' (21)
ZH TS, HAHED 2§z &g

Ple,p) = 10 1) do(@)f* = = [ dr'expl~(o — )] (1) (22)

WMo, REBEBOMEDELI L —HT 5. LILEOHETIFRER 2 EE LAV E
WHIETH B, RICMEDOFNAEDRICESRZ FHRBINT 2 ELEZ 5, FOHlES
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170 TR DBER DU U TR (20) Wi UCEBIEZ JIE T UERORIE SN B,

(b0 14) 6(z) = [ do’ (ple') (&/|) ol — ) (23)

BRIE N5 MBI C OMENED 2 /L 2B 728

1 1 1
ﬁ/dx’dx” exp{ — 5(36 —z')? — 5(33 —z")? —ip(z’ — x")}| (|9 | (24)
MEHNC L 0B ENED, ChIARRBEZFOLDTH B, 2 BHITIIMNERT HI
ELZE D%, Hig & BEHBERITNEE LN OMERIREREEEES S L THB, D
HEREZFINUED—FETH BNREILA LRREABOHIER LTV 5728 Naimark 5
KO—DIZIZ> T3,

Q(x,p=1)

35F

1 1RO R AR OES R p = 1 IKEE Lz EDOAE « D mBEE (R
LTWaEY) ., SVEDOSETE 2 HEEIR p = 1 ZHERER Ui L & DM « D1l
Bexs,

F 1A EEEMICHORIERIT - e DR TH 2 HBHRIZEEOEF RO Z + /NS T
BT Lo THMEEIIEIC K> TRA T EMNAIEETHS (FH. F5EZBINIT B5MAEAR
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BTRBVTEHEIET S, 7 LVEMISE S [3] 2281, TORED L5 5N 5 55EE

o (plZ|)
o = o) 25)
TH5, TOREERTNE
@) = WW@IW)
v | {pl) |2 |
_ z (Y| 0(p — p)o(& — z) [¥)
ol ety (26)

MEoN., HBIED p DRFORMT & OMEDHFRHEIC /XS, T D5l & Wigner BI%D
BRDPKUCR B LT ATH SN, T DOFHESEFNED p DEFOMIE & OHFELZEL TV S
A, 2 (26) FEBIR & ABOEEFIEFICERIEL TV 5 A, EEC DO5MEE Wigner B
OO 5 T EIEHREV, Fiz, REBEBBEARIE, EEHEONEC X SRV 53EIIE
FILE Bz > T3,

3 &

SHE, R E TN AEDBIRIC OV Cisan LTz, FERE U CIIAIEERE I B ONIE
(B DITORE) 2170, BEROBSERITORFNUE @RIFRIEERZY) RE
BBOEASEME DN, & DICHBBINET ISR ABEKBEENMEENS, FIUOTE
W DI RREBE RS HEEI R p = p EEETNERABEEQ(z,p =) BHEIE p = p ZHLE
RUTZGDAEDOTHOHED A HER L B> TW0B, TN ORERIIRREEEEET 2
5 Naimark JERDFEERIC X 0 TEZ BB D, T OHERDFHOAERIEOZEM G L
TVBHREHEZRUTVS, Tz, REBEE. Wigner BA% & S9EDO BRI & HIH 5
AW UTe N, BUBREEC ARG HIR B Teb 518, IR RRBIB & SO BB L REL <
w9 A TETH 5,
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Algebra and analysis on ternary systems

wH o & ek EL(HORSCERD)
AT AT BRILAR G, TR B HL (e i 0 %)

(HBE)
ZOWRICIE 3 SOEHRE L5 LHIOERBOLOEESHENERAOND, AT, Fi

CRONDFE, FRFRICROND 7 A —27I1CL D80 A O, RNAIZKDEAZ DA
B3 DORERN 2B TH D, AWFRIZBNTIL3 DOEFENL 2 5% (T % Ternary system
LIS EZBAL TEOMEELERT D, KOFEMNEEZDL ZENEHELRANTHS, (1) Z
AUCAHRES 2 E (Z 4% Ternary algebra & J.55) & 2 TEDORBIER LMK T 5, (2) Ternary
Dirac fEFZEALTIOZ U 74— N 2525, (3) EROHZ, FlFE7A—27H
LA DEELHER 2T 2,

1. BFFEDBhH

%9, Ternary structure &L HEMEIC OV T~ 5,

Bex DHEDEIVITIE I DDERICH L TOLODHIRBEHREED D Z LIZL DY
NOBENL L R HLDH, ZiLE Ternary phenomena & 59 Z &b, Z2TEVH
FT2EG RO~ D, £XD, g, BEREOAR(Z RUR), 74 —712k DN
VAL DAERTH D, ZbDOERITH 2EIRIGR O Z D 9,

arvE
2nd base
1st base U G A a 3rd base
UUU Phe UGU Ser UAU Tyr UGU Cys u
u UUG Phe UGC Ser UAC Tyr UGC Cys (¢
UUA Leu UCA Ser UAA end UGA end A
UUG Leu UGG Ser UAG end UGG Trp G
CUU Leu CCU Pro CAU His CGU Arg u
c GUC Leu GGG Pro CAC His CGC Arg o]
GUA Leu CGA Pro GAA Gln CGA Arg A
GUG Leu CGCG Pro CAG GIn CGG Arg G
AUU Tle ACU Thr AAU Asn AGU Ser u
A AUC lle ACC Thr AAC Asn AGC Ser C
I II I 1v v VI VI AUA lle AGA Thr AAA Lys AGA Arg A
AUG Met ACG Thr AAG Lys AGG Arg G
GUU Val GCU Ala GAU Asp GGU Gly u
a GUC Val GCC Ala GAC Asp GGC Gl o]
GUA Val GCA Ala GAA Glu GGA Gly A
GUG Val GCG Ala GAG Glu GGG Gly G

(Ternary number puzzle)

INHDOHREERD E (D) MFEETO/EEHS, (2) A v v —RNA L 64 FHEH
NHR-TEY, ARENDEAEOREIZ 20 THhb, (3) 74— 1% 3R L%
ENTEY, FHRII3FEHDO I A —7 0 bleoTnD,

I I) 2 ZICHNABOARRZEIED L HIZHA SN0 ?
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(Binary structure & Ternary structure MDILfF)
TENCFRL R R S DR & BB 7 & OBHE, DN AIZR S A MfitEZ R LTz,

B )
\‘\ 3 | :
A

. AR /
MWAANKL oA \
P \

A\
/' Photon ™\,
~ _ Anti-quark

.'| R e= | III—T_J
positoron cich
Z D X 912 Binary structure & Ternary structure [FIHEFEL TW5, &2 CTROE
AT A ERHERD,

(988 II)Binary structure & Ternary structure OIAET A2 ET L2 L TV
F—2 « FFNLHLHVNEIDNA-RNAET LR X,

2. BF3E D 5t

EDOXHITHHEEZED =L DL WDTEA I 0?2 £7-, BIfE Ternary structure {2
WTED XD RPN IR SN TNDDTES 9 D22 FeATHIGEIL Prof. Kerner (28257 —
CHERNHDLDOHRTHDL E Vo TGRS TIEARW([1], [2]), & Z TIEBESRED 6 FPEH
72> THRY , #EHITIRY bt TRy, o TELZIZHT- Y, Ternary
structure OIEFENOHERMR L7 < TEZR B2V, Z Z Tid Ternary system Z3E A L.
ZDOVAT LEFERE LTI OMELITV., 7 — VBRI T3 Lo, ;%12 Ternary
Clifford algebra ZBALZD 27 U 7 4+ — FETZHWES 2 ([3]), ZhaxbizrsF
— 7 P CIAD R ORI H TS S A2 BT,

3. Ternary system

Z ZClZ Ternary system &AL CHEAFEHEZDD, KREITTIIRHBIR 7 7 A%2E D
W\ composition algebra ~DInHEEZ 5,

(Ternary system DJEZR)

£ 9. Ternary system ZEFRT D, Z 2 TIEHEA{L,2,.. 252 d32D5T
ED . INHDOTEDOIEBNEFEES % ternary element & S\, 215 DES % Ternary
system W) Z EIZT A, b RKEZ Ternary system % Full ternary system & X
ST LT D,

(Algebraic ternary system)

Binary algebra NZE 5 Ternary system [Z-DOWTiR5, ZiUTHx /NI W Ternary
system LB, FHELIFKREDETH D, e,e,,.e, DEMT D EHRIEZEM %

& Rlee,,..e,] & LEMENERINTND LT 5. 6¢,=6(,]=12..n) 5L EZD
%% mononic algebra &\ 95, ZoRHEUTKE L T{ee; e}l j=12.,n) LI T
Ternary system WEZEIND, ZNERBMDED D Ternary system &9,
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(Ternary system D43¥H)

fﬁf F Ternary system (DWW TDOGEEITITR2DIL TV RN E NS THIBE TldZewn, H
2B D ternary BIGOFIR A B L CEDO M EHET 5, Z 2 T3 n%E

%ﬁ&o_&_&&ba

(1)Degenerate system & Non—degenerate system: %% {i, j, k} D& T i, j, k T XT
70 % L X Z D system & non—degenerate &\, £ ) TRWVWE X, DF VAL
b ODOTENE L RDERNAIRE L 72D & & Degenerate system &9, IROHITIE
Non—degenerate system & & ¥ 2729, Degenerate system DFIIEZ < FHEL TV 5
%5 1 (Full ternary)Full ternary system /% degenerate system T 5,
5] 2 (Full matrix ternary)

1(1 0 1(1 0 1(0 1 1(0 1
e == e, == €= & =7
20 1 20 - 2{1 0 2{-1 0

(2)Exclusive system & Non-exclusive system: ZEFE{i, k] DI H OO LF w52
HEFRDOXLFENM—DIFFET HE X, 2D system % Exclusive system & W\, F 9
T7pUy & X Non—exclusive system &9, &OFl 2R 5
$ 1 (Algebraic ternary system) N2> 5 4R X415 Ternary system % Exclusive
system T 5,
%1 2 (Generation of m—RNA) DNA 72> 5 m—RNA 23E 5 4L 541513 Exclusive system % ZE
B2 ERNbb, ATGC OIES DNA OMMINIE T rE—& —IZL VIS bh
ZOICHMTEES Z LICRY mRNA BMELN D, IHIEFHRADOFETH D L
{1, %1 LT, i%, i 23S SED L FE O FNTE D, 22T ixd i O
TH D,

YN\  /DNA

mRNA

(Binary-Teranry coexistence system)
FF3C Tk _7= X 912 Binary structure & Ternary structure 233:{F9° % system %

Binary—ternary coexistence system & 5V I HLZ Coexistence system &9, &2

TIROMBEEZEZHZ ENRHkRD
(5988 I1I) X T Ternary system | Coexistence system ([ZHLRT B Z & NATHED ?
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4.Complete system & perfect system

Z Z ClX Binary structure (2RI EMRT D system IR - THFSET 5, Z 2 TIEIKRD
system [ZRELTERD T LT D, (1) {i, j,klE2ZOEHRLTDHLE, 4, 5, kiTT
RCEARDZbDOETH, (2) £ i, 5,k OWREZbFA—OEEZLTH, 2FV
order—free 3%, (3) i & j#&#HZTZ& X element {i, j, kHINAFIZHIEE 5 2 7=
EELREOLESTHD LT D, FIAF{L2, 6l It o> T L3 2HMT 2 L&
{1,2,4}, {1, 2,5} - 1TFF SN2\, EHIZ@) T _XTOIL kTR LT, jH T, j, k} 4%
KT 2HD(—DEIERORV) BFET D, ZOFEMF%E 2T Ternary system %
Complete ternary system W9, (4) ZRDOFM(4) EDKIZHOWTH FREAED
Ternary element ZHERKT A, ICTE X2 7-H D% Perfect ternary system & U9,

WOEBNE Y SLHOZ ENTPRIND, FEI b D THRENE Bbh b,

FEH (1) M2YA$72 5 Complete ternary system WIFET D, (2)M B2 DEMNS 1 %
WU THDH L &, Perfect ternary system & 725,

EE MOMBEHD L = Exclusive system % Defect system (2725,

LU E R A E Z U Quternion, & AV X Octonion,

Triangle realization  Sederion & 275 2D FIN A LT 5 = L B4 T
Ed, FEEE M=3 TIE{L, 2,3} THH | M=T TiX
{1,2,3}, {1,4,5} - CTHOVRDODFA T VT LATrER S D
ZENGI D, T ternary element OFEARAI (1, j, k)
ARBUHBEI AR 2 5 & Octonion DFEFR ALK+ 5 =
ClZ e, THEVIRO SO EELRFEIEE R
N N

(1) 9T D Perfect ternary systemiZZ U 74— FERIORENEKRHTE 3,
(2) > THEFZERB DT Z D system THHEEL 725 ([3]),

Z 3L dH & T Ternary analysis Z W THOHGmAZRBETA L EICEELR S, T2
TROZENDLZMBEICT DT ENRHKRD -

(FHRE IV) 9T ® Perfect ternary system %7 V 7 4 — RO DOEHZER & 72 5
N2 ZHaE MW T composition algebra X4 fHEE LMW 2 EDGEB TX 7200 v 2

5. Cubic AR
Z ZTlX ternary element {6,,60;,6,} % matrix &2 % cubic RIZHEBTHZ L4525
25, ZIZTIE3WDITHNG H\NE 3IRD cubic DHEEZ D -
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g 0, 6
6. 6 o, o
ﬁ 6, 6, 4 Matrix /R
{6..6,.6.}
66,8
g1 ala Cubic R
A

(Cubic DERERR)
Z 2Tl ternary element @ cubic EBLZEZX L5, L DHIZRL L EIRD cubic
WZHIND type 1ZIRD 2FEFHE A5 LV, Zb a2 £ DT cubic BEHEWVWD,

0 0, 6 o, 0, 0,

6, 6 0, o, o 0,

6. 6, 0 0, 0, o,
Diagonal type Anti—diagonal type

cubic DFIRIZOWTIHARW R FHAZIRD, 3D cubic X2 7THOEALNLIR D,
PITFEeLNDZ A TS LIEEREYE 25

(1) Cell @ type

1 1 1 2 1 1 2 1 2 5
1 2 3
1 2 1 4
one color two colors three colors six colors
(2) Coordinate
AR
ﬁk gx 9} L
AEAR
g 8| 6
6.6.61= a8 4 ;161918 8] % % & &
{“f”%f;é o |6, 16,18] @] @6 6] &l
: £ L . ] ; gl o & &, i 9}

Z DL X cubic DERE Q) & FTORRIZE L, —fiX®D full ternary system $ L ¥ <
D~ ABZF;Fo7- cubic (TR T Z EAHKRDINERBEIZCT A Z &b HEKD,
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111+ | 121e | 131e | 211e | 221e | 231e | 311e | 321- | 331-
o 8, ¢ HJ_ E 8¢ 0.+ 8¢ 8, ¢ 8.« 8, ¢ G e

‘(Q)jjk):“ 1120 | 1220 | 1320 | 2210 | 2220 | 2320 | 3120 | 3220 | 3320 [

“ 0.+ 8, 8, ¢ 8, 8, ¢ G e g, ¢ G e 8,

J

1134 | 123¢ | 133¢ | 231e | 223+ | 233 | 313+ | 323- | 333¢ ¥
8, 8, ¢ HJ_ E 8, ¢ G e 8, (-?J_ E 8, 8, ¢

6. Associaitve cubic algebra(Basic cubic algebra)

Z ZTIEXOE £9 Kerner [ZfE - T Ternary algebra O &2 E AT 5 ([1]), Z DK
IZOWTIRERDHTZZ O TWD T TEEMICITRAEO ST LS 25,

(Ternary algebra MEA)

MIZZE A TRIIEM: A A® A— A% FFO b D% Ternary algebra &5, RO
ERBNTERZDZLIFHEARTH D, ROMBEELET S -

(FAEE V) m(e.e;.6)=2Ci8  LIWTREZWES L, 22 TRET 5 & ITFEEm 2
FEED BN ED LI L TEZIRAET 2N DG ELRET L & &8
9 %,

Binary product ICK VN ERIN TS, TROLM(X,Y,Z)=XoYoZ LD EZ
Ternary algebra 7% pure TdHDH EII XY g AX,YeA) ERDTE LTS, LAT pure 72
REDHEZEZDZ EIZT D, LLETHEGLILE ternary algebra % ternary system b
ICEBT A RBGREMEKT 5, ZIUTHD X ternary system 0T 5 2 LITHLED
HRIETH 5, T8I EE € 0e; =D clley LBLTRALELHIZT LD L LTH
bId, ZHUCKHET A b DERDITHZ ENHFETH 5, BIEEOHEME IR Eh
TUW 72U, Prof. Kerner IR OFE % EUER) 72 f& (Standard product) & FESZ & AL
LTWg

m(x ,Y1Z) = inquperprk

ZIIZT X=D X,e®e®e Y=)Y,eRe 8 Z=) Z,6®e Q6 Th D, THIREUKS
oA HDE LT Cubic algebra, DE Y cubic I(CEH T A2REEZ RAHIT & 2E %
5, Z ZTl¥associative cubic algebra DHZH V9,

(Cubic algebra & A)

Cubic type DL HAEMRINDRDOEERBEEE XD -

00 0 0

el: e2:

r O O O O B
o O+ O+ O
- O O »r O O
O r O O O B

o O r O O -
_ O O O k=

10 0
01 1
01 0
10 1
00 0
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€, a & & Py %5 g ¢

e, 2, & g g5 B &y 3

e. g 4 & Z S 5
3

e
4 g & & g & &

e. Al *
5 g 8 & 5 &y & 1(1. K

e, : 3
6 g Py & Fe 8y

EHOZHBEARZG 72 e, (1=123) DEMKT D subalgebra K, &HFE, Tk
Ternary algebra ZEAT 2 Z ENHKD, e (i=456) OEKT HHIELEMZ K, * &
ERARN

KK, < Ky, K* K*, c K,
{KﬁKﬁﬂU}&KﬁgKﬁ

o TK* K K * TH Y| K * K * KK, * &R0 2 LICHERT D, ZHIEK,* 1
Ternary algebra 735 pure ternary algebra THHZ A RLTWDH, ZOREIT EFD
cubic RELTET Z LBR[EETH 5,

Tl
6.6,.6,)= 6, 8] @

72770, ZOLEEOESDBNOREOEEITISHE LR S>TWVWD I EICEHEET D,

7.Coexistence system DFERK

FrCik 7= X 9122 < @D Ternary system (ZFWT% Binary structure & Ternary
structure ERHAFLTWNWDHZ LZRT, ZZTIEZOETAERZITRY, £T,
Binary structure {ZFEHL X5 Ternary structure WiFEfET A Z LIZHEHRT 5, IRD
EFRLBL

EF% Binary structureK 2 Ternary sub algebra & & -2 & XK D45 fiE K =K®K %
HORFTH D -

KK, < Ky, K*, K*, K,

1 Ky K* BRI 57 2 N o 2
(1) (IMIEER 2= TH D, ( >{K*3 Ks = K™, KK* K™,
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WoT Ky *Ky*z Ky *Th, Ky *K,*K,*c K, *ToH Y Pure ternary algebra
ThDHZEICHEET S, K% Ternary algebra K, *® Binary extension &FEUN, K, *
% K @ Ternary sub algebra FFERZ L35,

ZD LD BBEMRD TN,

% 1 (Full matrix algebra) Full matrix algebraM (2")IZZ OfFIE 72> TS, EEE
K, =R[e,,e,], K*, =R[e,,e,], £ B & EOFRMZEGRmT-L TV D,

5 2 (Quternion, Octonion)

Quaternion Octonions

!

e, e ¢ % €, €3 € &5 e &

2 2 > 2 2 2 z] > >

el e ¢ ¢ e el e, e e, e, e e e e
el Lo )4 el e, —e, €;—e, & —e—&e, &
1| T h € 6 el e,—e, e, e e, &e,—e,—&e.
I O30 €3 ;=€ — € & & sy

e, e,—ges—e, —e,—e, e &, e
es| es ge,—e, —e,—e —e —ge, &,
el e; e, e,—e;—e, e,—e¢—ge

e, | e e—e—¢

e, e,— 88, €5 e, €; —e, g8, €

5] 3(Associative cubic algebras) & % Ok L 7= associative cubic algebra IZ
standard product O F{FEZ 7 LTV, L2>L. non-associative algebra X2 @
HORMFANMTZT 2 2o 0BG ROMBENEH SN D ¢

(B VI) 4_TCT? Ternary algebra % Binary algebra (ZHEIR S H 02

8.Ternary analysis DAL

Ternary analysis Z#§Rk9 5, Prof.Kerner |2 & Vi& A X7z Ternary Dirac algebra
WK D Binary Dirac algebra & (735 Z £I12 LY Ternary analysis 2Rk L C
W5 ([2]), mIZICROFENZ LW D, ZHUIFERFPERFOREEIEO—2TH H

50
(R VII) Ternary system LICHOBEGRZMER L T2 A — 27 CIAD R AT 5
ZENHRD M2

(Binary analysis D#&RXK)
GOBEFHIZBWTIEE 25T 257 4 7 v 7 OFEKXD L OFRFH B E D
JIA s D) R OIFRERRAITEARN TR TH S -

.0 4 0 4 0
|al//:Dl//’ Dl//:zi:]-}/i&l//'i‘ml//’ D*(//:Zi:1}/*i &[//-‘rml//)

So=04: Ap=Y O himg

= ox’
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ZIZTy(i=1238)F7 14 7 v 7 OITHITH Y | IROZHBURE H T2
VivitVivi :25ij(i =12.34)

T4 Ty OHENTZ TA AN R HTRAOY T2 &5 L) BEZNGENND
ZENDND, DFE Y DD*=AL RV O, ZHULZ DR D binary 2akEid & B EIC
HHPLTND,
(Ternary analysis DAERL)
RIZ Prof. Kerner |Zfi > C ternary Dirac algebra ZE8A L TZ 4 — 7 OF-D IR,
Ternary Klien-Godon Ffa: %A E AT 5,

QQ,Q +Q,QQ +QQ,Q, =31, (i .k =123)

\Z%F LT Ternary Dirac equation &2 T8 Ternary Klein-Gordon equation %K™ X 9 (Z

: o d o° ol ol
3 3
—v=2.,Q v —=0=2. 93—
ot lel 6Xi atS ¢ lel aXIB ¢ axlaxz axs ¢

(Binary analysis & Ternary analysis)
Binary analysis & Ternary analysis & OBREZ % 2 5, WEIDSANERIZILEL S AL72 0
EWVOFENBAUIADSEMFZRET 5, Eilo FRRNITROIT5No&E ke LThH
AONDZ EICHEET 5!

6, 0, 6
X(@)=6, 6 6,(=6+6+6°-36,0,6,)
o, 6, 06

X (0) =07 +6°+0° ~30, 0,0,
=(6,+6, +6,)(6, + 00, + 0°6,)(6, + ©°6, + 06, )

EXEIDO 2 REAOIEEITIEET S

WHE FO)=60+67+67-6,0,-6,0,-6,6, HELEHICLVEER LT DL
F(0)=07+07 ks

o TT7 =V ZBWT 2L ZAUT2KILD T 7T ZAEMETH Y | 3T 5 Klein
—~Gordon FEERITEENFERIC /725, 2O Z LiL Binary analysis & Ternary analysis
WEDI IO DB ED LI ICERTRETHLINEZHA TV DL LD LS
b, ZRHOFELWERIIASHOMERETH D, HEICIDOIFREDEL DD
Binary analysis & Ternary analysis & Oxfnza T RKA2BITF TR,
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Binary analysis

Ternary analysis

Dirac 7:(i=1234) Q:(i=1273)
matrix . .
Yivitvivi = 25ij(' =12,34) | QQ;Q +Q;QQ; +QQ;Q; =27, (i, j,.k =127
Dirac 4 0 3 0
Dy =) ri—w+my Dy =), Q_w+my
operator X X
Conjugate 4 0 0 . 0 .5 0
D*y=)>_ 7% +m D*y=Q —w+jQ,—w+ —wy+m
D =7 Y V= Qo VI v Qi wrmy
operator - 0 5 0 . 0
Dy=Q —w+ —y+ —y+m
v Qlaxlt// ] Qzale// J Q38X3l// v
Klein—Gordon A §: 02 . o° s 0° o°
4([(4_ —_
operator VT Ly : v o T A ox’ e OX; 0%, 0% v
Hurwitz |xy =[xy X(0)=X(0)X(6)
condition
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Enhancedinding for the generalized
semi-relativistic guantum field model.

Toshimitsu TAKAESU
(Kyushu University)

1 Introduction

In this article, a system of semi-relativistic particles interacting with a massive
Bose field is analyzed. The dynamics of the semi-relativistic particles is deter-
mined by the free relativistic Satdinger operator. We consider the total Hamil-
tonian with a generalized interaction. By imposing generalized ultraviolet cutoff
conditions on the Bose field, it is seen that the total Hamiltonian of the system is
a self-adjoint operator on a Hilbert space. We are interested in spectral properties
of the total Hamiltonian.

In the last decade, the spectral analysis for the quantum particles system interact-
ing with Bose fields has been successfully analyzed. In [6], the detailed survey on
the recent progress in this subject is given. The main problems of spectral analysis
for quantum field models can be classified into (i) ground states, (ii) resonances,
(iii) scattering theory, (iv) non-relativistic limits, scaling limits, and so on. In this
article, we are mainly interested in analysis of the phenomena, catlednced
binding which is related to the ground states problems. For a self-adjoint operator
X with bounded from below, it is said that has the ground state if the bottom

of the spectrum oK is the eigenvalue oK. For quantum field system, it is said
that there is the enhanced binding if the total Hamiltonian has the ground state
even if the free Hamiltonian does not have the ground state. In this article, it is
proven that under some assumptions including a binding condition, there is the
enhanced binding in the interacting system. Historically, analysis of the enhanced
binding for the quantum field model is initiated by Hiroshima-Spohn [7]. They
analyze the non-relativistic QED model, and this model has also been analyzed
in[2, 3, 4, 5]. Arai-Kawano [1] analyze the enhanced binding for the generalized
guantum field model, and Hiroshima-Sasaki [8] investigate the Nelson model. Re-
cently, the absence of the enhanced binding of the non-relativistic QED model has
been investigated in [9].
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2 Main Result

Let us define the state space and the total Hamiltonian for the semi-relativistic
particles system interacting with a massive Bose field. The state space is given by
H = L2(RIN) @ Fp(L2(RY)) whereFy,(K) denotes the boson Fock space over the
Hilbert spaceX. We use a natural identificatio ~ [5i Fo(L2(RE))dxy - - - dxn
Wherefﬁ9 du denotes the fibre direct integral with base sp@€galu). The total
Hamiltonian is given by

H(k) = Hpo®!| + 1 @Hp + KHy.

N
HereHp = Y <w/—Aj +M2? — M) is the relativistic Schisdinger operator with
=1

the rest masM > 0 andH, = d'p(w) is the second quantization of € C(RY)
satisfying infow(k) > 0. To assume the condition iaf(k) > 0 is called the massive

N
condition. The interactiohl is defined byH; = 5 [san @(uy; )dxy - --dxn where
=1

p¢&) = % (a(&) +a*(&)) denotes the field operator fgre L2(RY), anduy is a

multiplication operator oh?(RY) satisfying the following condition :

(A.1) (Generalizediltraviolet-cutoff condition)

sup [ |ux(k)[Pdk < oo.
xeRd J/RY

Let us setHy = Hy® | +-1 ® Hp. Under the conditior{A.1), the interactiorH,

is relatively bounded tdé ® HQ/Z. Then,H, is relatively bounded tddy with in-
finitely small bond. Hence, from the Kato-Rellich theordgf{k) is self-adjoint
onD(Ho) = D(Hy® 1) ND(l ® Hp) and essentially self-adjoint on any core of

Ho.

Our main interest is the ground state of the total Hamiltoigr). Here let us
prepare for some notations. For an operaforo(X) denotes the spectrum of
X and setEp(X) = info(X). 0gp(X) and ges{X) denote the point spectrum and
essential spectrum of, respectively. It is noted that, the ground statélgfdoes
not exist, i.e.Eq(Ho) ¢ gp(Ho), since any external potentials are not turnedign
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To derive an potential of the particles from the interaction between the particles
and the field, let us use the unitary transformation, calledsing transformation
defined by

U(k) = exp(iK z/ dxl de),
=

wherer(&) = \/Lé (—a(&)+a*(&)) is the conjugate operator fére L?(RY). We

introduce the following condition.

(A.2) sup [ra|Oux(K)|?dk < o, sup Jra|Aux(K)|?dk < oo,
x€Rd x€Rd
(S f) eR, x,yeRd

Then from the canonical commutation relations, we have

UK)TH(K)U(K) = (Hp+KkNVer) @1 + 1 @Hp + Hp(K), (1)
where
1 N Uy ( uX K)
Ve = —= ) 2T 24K g 2
P L. 2)
OHp(k) = U(k)~ (Hp®') (K) —Hp®l. (3)

It is proven thabHy(k) is relatively bounded with respect iy in a similar way
to ([10], Proposition 3.1).

Let us introduce the following assumptions :
(A.3) Thereexist constantl > 0 andt > 0 such that

sup |ux (k) — ux(k")| < clk—K'[".
x€Rd

(A.4) (Binding Condition)
There exists constart, > 0 such that for O< K < K,

wherev (k) > 0 is positive real number.

3
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Theorem (Ground states in massive condition)

AssumégA.1) - (A.4). Then Hk) has purely discrete spectrum|iio(H (K)),Eo(H (K)) +
m) for sufficiently smalk > 0. In particular the ground state of k) exist for
sufficiently smalk > O.

(Outline of the Proof) Let us setHY (k) = U(k)"tH(k)U (k). By applying
the methods of the finite volume approximation (refer to e.g. [1, 7]), we can
construct the Hamiltoniarid] (k) andHp (k) such that (LH (k) has purely

discrete spectrum ifio(Hy . (k)), Eo(HR . (k)) +m) for sufficiently smallk > 0,
(2) HY . (k) andHY (k) converges tHy (k) andHY (k), respectively, in norm
resolvent sense. Then the proof is obtained.
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Weak Measurement Ik D AEHBE{ERADHEE!

HERRN i1 R

A SERERTE AT TR RT3 €2 — s Pie ¥ —
B U THA BT SR Bt
C o a—k vy TRKVHE LR

BEHROH 2 BICEBT 272012k, BTEy MEICE CHEMEAAN IV =7 v 2 IEREIC
WET H20EDDH 5, FAIROBEHLEGAGLE LT, 2HOETEY F2LRERDAEY - A
YA 2 ZFIICHEE T 28 L W HE2IRE L 2 [1,2], A DTFIEIX, Yakir Aharanov 512
£ o THREI N weak measurement [3]| ZEHEEL L7 bDTH S, FRELLFEZHWT,
FAXEY FHDONVHFLONIV =T UHEEDTEV A P L= a Y E2EEIICT Y, 20

BHMZMEZREL -,
1 A

aT7DO7NITY XL A BRESNTLE, BAERUBLOER 2 BIF L 72E08% {3
TETWV3 [5,6), BTERLEZFEET 270121, GAoNEMEZERTZANIL =T Y
DIEFEICER I N T 202 MR T 2 2 EDPREAARTH L, ZNNTEHh0E, FHLTW
Z2ETFEY ML CHEOEEZ T2 2 LARAEETH S, 2F D, BFIFEEZEHT 2%
DDORNDFEMEE LT, 220DF2—Ey b2SREZDAE Y « AV VHHANEM % IEMEICKD
BN D D,

BPFXEY—ICRESIN S, BPEREZEET 2 754 ATRTERUEICE W CRHEATXR
TH2 7, BFERZEMT 274 ZOEE»OBEAN R LR E LT, Fak—L Y RIC
NLUTHETH S, [HRORAHEEVESGTHL L) ZEnEIToNnd, ZOXIRTNA A%
EZ7DICZ, RDEI B 2ODRELZBETEY b o2 R%2E20ENHZ, 1 DOETEY
MIEEDES T, OoEROEAT LR TH 2D, b)) 1 DORTFEY PETFake—1L
VALK LTHBETH S, Thbb, BRZENHZOEFEFEITBLILNTELDLDTH 5,
¥, FADEFEY 2o b IR HDOETE Y PANERPIEETE 2 2 EbMBESFMNFTHS, B
TFHEMZEE T 270121E, 2208 FE Y FMEOAEY « 2 VHAERDPEEEC 30> T
LRHEDH 5, BFAEVHEE (ESR) O X)) REHED NIV b =7 VHEETFIEICE W TE [8).
b LFEBKRP S, 2O00BTE Y FMEOHNALEZE L 724, BTFE Y FEOMHAE/H 2R

LZ oJFfRIE, 2010 4F 11 A 4 H~ 6 HICEERR ALY BRI 72T 12 CHfE S N2 BHFZE S TR TRIRIC BT 3
BORHE E 27 —v ) OMESMEDFERTH 3,
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ETHOPHEETH S, LIA0, BETEY FOHENEEZHEET 28I, Tae—L vy RAD
WE, D5 CERMOFRN AT 7 —DRIREZERIRET 22 ENTE R, 20D, BT
vy MEICE A 258 RICRET 2 2 LI EDOTHL WHETH 2,

ZITEAEB2ODBETEY b pob, AEY - AV UMHAMEMZHEET 28 L WFikzb
¥L7, £7:44 Y€V FHdD NV(Nitrogen Vacancy) HLOMHANEHZHIIC, Fx DIRET S
FE2BEGIRIC L >TTEVA ML —Yav Lk, AV - AV VHAMFHZHEE T 5 Tkl
INFTICHBEE CIRESINTE T 508 [9-16], FAx DF kL weak measurement [3] & XL
ML L TBD, ZORICBLTHEOFIEE 2T 5,

AT B HTIC, fliHIC weak measurement IZDWTHANLTE I I, =7 v PRI LT
weak measurement % F{79 5 &, BlHIE A D weak value ZL D X HICEET L I LTE S,
(£]AJi)

(£]3)
7272 L 22T, i), (f] B Z2NZAIIIRGE & AIRRE 2 297, Weak measurement O 72 ik 12
DWLTUE, 3R [17,19,20] Z 2 S 172\, Weak measurement (Z & - T, Hardy ®/87 F 7
A [21-24] % Leggett-Garg DAER [25] IcfESI N2 L) LR IFDOIREFEO PR X KD
HILEDBTELLNICRDDOH S, £/, BFNHEDOHEEROAL ST, THICRZA %) Hidk
BIR DY weak measurement TEHHA[EETH 5 2 L3302 D DD dH 5 [26-28], A X Tld, weak
measurement DAY, FIFEFEY b Fﬁ@i‘ﬁfﬂ’?ﬁﬁfﬁm V) FEMANEREICB W TOHEHTDH
5 LT, RUMEIZRTFE Y FEOHAERHEEICE T 28 LWTFEL W) 21 TH L weak
measurement D L VR & 9 WiflHIASH 5, Eﬁgﬂ"ﬂi\ weak measurement (2 X 2 AFH
e FEORNZXETHTHWI ),

(Aw =

(1)

2 Weak measurement IC k2B EERKEEFE
KfFFETlE, BETIRICHLTUTD 3 OOENZIKRET %,

e 2ODETEY Mo AEZ2ZHET S, 1DODAE YR =4Sy AV, 91D
DAEVE T7a—7280) LS, ZEEKONIILEFZT7 ViF,

Hiot = Hy + Hp + Hing (2)

E95%, CITHIEPSEIHEITENEFN, Y=Y PAEY, 7u—7RAEY, ¥—
o PAEYyETB =T AEVYOMHAEEHDONINLV =7 TH 5,

o 1IKDNINVE=ZT YV H, Hy DFAF I ARBEAITH S LT 5,

o ¥—7 Y PAEVEBIETEZZEICKD, 70—T7RAEVOBMINRTESL LTS, MEHEDAR
Yy OEZN BN AT L HBETIER Y, [HHZ 1 ODDRAEYDLLH IR HTDAE VI
FRk L 7%, [29] TITON TR B HIETZDAE Y 2HIET 5,

2
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WHAED B ISR M OERIC X D, B ED 3 ODREIZE DD RTEBEIELR S DT
Hh., ZHUEERLL WEETIE RO,

N6 —ry PRV ETa =7 A OBOMAEFHANI V=T E LT, LT
ST vERZEZL), HAERIEIRATHS ET 5,

Hint = Z g,ul/(o-# 05)7 (3)
M7V6{x7y7z}
9zx Yoy Jzxz
[Q;W] = Gyz  Gyy Gyz =: (ng, ny»nz) (4)
9zx Yzy YGzz

ZITol ®oyldZNENS =7y bAE Y 7R=FAEYDARTIVTITH S (u,v = x,y, 2).
£72 g BARTH2 EIREL LI THBDE, g =09, THD, ZHT 2L, MIZHEHIL6
ffEs, gu 2HETETIHEEL T, HADPRELZLZDBFLUTOEY TH 5,

Step 1 IRAEEE LT, &1 =p pp EVIREBZHET S, ZZLIIT, =7 v FRAE Y,
70— 7 AV DEETH py, pp 1FZNZEN

I+r;-7 I+r;-o
mz#, PpZ% (5)

TRINZNRETHD LT, T IFEHFHEEFTHD, WHREZHEL TWBEICIZ, M
HAEH Hine D352 0 EWIREZ B L,

Step 2 K 6t 22 RFD, ZOBRBET, RHEDOREY - AEVHAEMICK 2 T5OHALE
Hy 3005 Z Ll 5, 6t DRFEIFIER DIRTE &y 12

@2 — e_thOt(St@lethOt(St (6

~—

LFRING, ZOREIZ, Y=y PAEYETOR =T AEYREL Y 7V LR
Thbd, TIT. AT I7ADOHITIE IEDNI NV =7 ¥ Hy, Hy 225 DEENH 5,

%ﬁ

Step 3 ¥ —7 v F AV DRARAE py = Tr, @ 2R IR ES T 7 4 2179 T ETRET %,
Step 4 g HAIT7R—7AEVEZHET S, Thbb,
Ex(q- dp) = Tr(P(q)pp) (7)
ThHhsb, 7L TT,
pp :=Tre®,  P(q):=q-0p (8)

Th 5,
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Step 5 1ADNINVF=Z7 Y Hy, Hp 6 DFEZRET 2, Z2D7DIT, rp, P(q) ZATD X
IICERT 5,

. . I .G . ,
ez’)—[t&ﬁte—z?{tét —. + ;f Ut’ eszétP(q)e—z’Hpét _. P(q) (9)

TR R a Y F— - BRSIRD S DIFHETH B (31,32,
Step 6 HlfHIN[AEZ 4 DD /8T X =% (r;,p,0t, q) ZZLI T, Step 155 Step 5 Z# DR T,
Step 7 Step 2 & Step 3 1 weak measurement & H72a¥ 57225 Step 4 TF 5 1 5 WFHilE Ex(q-0p)
W1 ZGERITRT I ENTE S, Thbb,

[{(q xmn,) p}ri+ry)-e,
1+r;-ry

Ex(q-dp) ~q-p+ 20t Z

U=T,Y,z
[ a— (o p)(a-p)lri x rp) - ey (10)
I1+r-ry
&%, e lF p i (p=m,y,2) DRI PV TH S, T I T, weak value (F
(0w = r; + r¢ +i(r; X 1) (11)

1+r;-r¢
THZAONS, ZHEE &) E B DERBIKRICE>TWS, 2O Ern, K (10) 13
weak value Z HARICE LI > T\WB 2 E 033025, Step 6 TEEDMAT 22 Hl#H 5 X —
Yy bEHETSZZEICED, XA0)ZHWT, AEY - A VHAEHD 6 fH0RAE
B [g) 2132 2 EHTESD,

6 18 DL 2 T A7 R
£=A7Y¢ (12)

DEYCREDL DD, AlZ6x6DIEFITHITH S, 22T, AT K SHIHIATRE RS 7
A=y bDTXNVETDHE,

§ = (gmxagyyagzzaga:yagymgzm)T? (13)

= [Ex(qy - op) — qk - Pr)(1 + 155 - Tr) (1)
o 20t} ’

[A]; k= Pk X ) u(Tisk +Trp)p + [Ar — dr(ar - Pr)lp(rip X Tre)y (15)

THb, 7o, TIFIOWEELZ RS, HELCHOONIBTFT0RANES T 7 4 DELH
B 5 &, xDITEIZ

o 2ODEFTE Y FMEDMHMALEZMS % { TH R [34].
o RIMZA F 27 A% MBELE L, DFDFab—L Y ARKH LT ET7 TlEA\» [35],
o Bell HllE % § 2 AEH 72\ [36],

R EDNRLH 5,
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3 HEHRICLBTEVAML—YaY

W LT, 547y Fho NVl [34] ORI HEE M L7 S i e w s, &7
AXEY FHONVHLOEE, =47y FAE Y ETu—T AV EZNENn, NVOETLEZ
BT 2 BOCOKAE Y TH D, BIHGITRICK2TEV AL —va v Z2THIRDITEVT
1. Step 5226 1HEDNINV P =7V Hy, Hp ZTHLTEWY (Hi=H,=0&L7%), 26N
TMAEMEANI V=7 v 2 HOT, Step 1 THE L Z2WIHIRED & ORFEFERZFTHE L 72, 6t
BDY =7y P AEVOIRER O, Ta—T7 2D q KA TOHEHIEDMRHEZFR L 72,
I THRADGZTMAEN 7 A =513
04 —-22 —21

gw=| —22 26 -—04 [MHz] (16)
—21 —04 35

ThHhd, HARBERIDE) %6 D>DHHNA T A =82y b2 TREZERZFHEL 7,

ri p q ot
(a) (0,1,0)7 (0.77,0.59,0.25)7 (0,1,0)7 0.294[s]
(b) (0,0, —1)T (0.18,—-0.95,0.25)" (—=1,0,0)" 0.129[ps]
(c) (-1,0,0) (0.48, —0.59,0.65)" (0,0, —1) 0.085[us]
(d) (0,1,0)7 (0.25,0.95, —0.18)" | (—0.25,0.95,0.18)7 | 0.064[us]
(e) (0,1,0)7 (—0.25,0.95,0.18)" | (—0.57,0.59, —0.57) | 0.052[us]
(f) | (—0.25,0.95,0.18)" | (0.29,0.95,—0.10)" | (—0.25,0.95,0.18)7 | 0.041[pus]

£ 1. AETHGTRFIA—F 2y b

Ihz Tl onkfRlz e R oA THEEMmM, X,

0.56 —2.43 —2.22
gw=| —243 331 -022 | [MHg] (17)
~2.22 —0.22 3.8

Elol, TITHEZDUTODXIIICERL 72,

(g) :== Z @ng“”), o= \/Z(w)eﬂ[@w — gu) — (9)]? 18

5
(m,v)EQ

W

22T :={(u,v)} = (z,2),(y,y), (2, 2), (z,y), (x,2), (y, 2) TH b, #AEIL (g) Loy =011+
0.36]MHz] £ 70, TABKENIHTHS 2 EW0h o7,

AMETDOTEY A L= a T, MAERBDPP-> TR SRR 6t 2 ED K 5 IZiRD 72h,
oW TREICHN S, K11k, X (7) &KX (10) DAHLEDAEDHMAHE AEx(q - o) DRI Z
FL T35, MRRHGEETIE AEX(q - op) IFBIICIR 2889 23, & 2RHIC < 1X A (RETOHERST)
DEL TV, ZaUI (10) TEEL ZEXOHOWETH 2, SHOHMNIREL 2 FEo T
EVALL=yaryThHEI e, ZOLIERADETORME 6t LML %,
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_ 1e+00 F(a) -
o
©
S 1e-03 |
&5
< le-06 A
_ 1e+00 F(c) ' Y ) '
o '
Z 1e-03 | +
&5
< 1e-06 | A I A
. 1e+00 F(e) ' 1 ' '
o 3 |
© |
:: 1e-03 i T
< 1e-06 | A 1 A
le-04  1e-02  1e+00 le-04  1e-02  1e+00
8t [us] S t [us]

1: (a)-(f) EZNZNFE 1D (a)-(f) ITHEL TV 5, RHIDONLER 6t L L7,

CDEIBNRIA=FDFEVHFIIZBENTH S L) IcBbnshrd Lk, Lo LERICHERA
DHREL e FEZ MO THAEFHOREZITIBRICIZ, DRI X—=F Ly MOV THIER
o, HRRXEROCHERZRD 2, T3ICEBDAATA—=F 2y FTHREERT, #EEZE
Kb B 5Bz, RIKMICIZZ OHEEEDBPER L T I T Th 3, 2D, REMIZIZZIT
TEVAI L=y a v LIRBEORKENES Z 03975,

4 FERESEROFRE

Tcld2oo@ETE Yy FREICE S HAENZFZBCHEE T 2 L LFEZRE L, 20
13 weak measurement ZFMEE LTE D, MHAFHHEEDH L WFEORE LT I LI TR,
weak measurement DFEHZIGHBIO 1 D207 L b F2 57259, RFETIE, (1) 22
DEFEY F»SHS, (2) 1EDNINV 2T Y5> Tw%, (3) i TORTFEY F2#
T 52 LI2ED, bORFTOERTFE Y FOBMNETE 5, DIEFITHE 3 DDFEMFDAZIKE
LT3 HETHD, A RRICENTETHS LEZL6NDL, COFHEDAY y FELT, (1)
22008 T Ey MEUDHMMEZETD > THI> TE S BE TR\, (2) BREOY A F 7 2%
MEEE L7, (3) Bell liEZ T 208D\, &9 3ENEIT o5,

Fa DREL - FRICIFEINTZHEP WO H 5, OEEAMEE LT, @R 7
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A=y b2 EDLIGERTZ, EVWIRETH S, WDDDRIXA—=FLy 265
LN FERD S, HEEMBEZH L, ZOMRE» DY 27 X =72y FRES, LWbIE T4
BHE NI ENTERVD, 2H3DIE—D0HEL LTHIToNns, £, AFHEIZ2D
DETEY MIRELLFHETH B, A7r—7EY T4 —DBMIS, ZOTFEEZLDETEY
Fr 5% RICHN L COEANEE R FIRICAEIE S 2 L3RS AHETHE EEZONS, C
NODHEZRRT 5 LX), AETRELZTFENIDFEMNICRZ LEZONS, K
FIEDOEEF 25 FBUHIRE L 72\,
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0000000 weak valuel O O 1O U

goooo
0000000000000 00000000000

g0
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gbobobobobboobuooobobobobobobobooboboboood
goboboboboboobooobobooboboobooboboobbonbo
00000 weak value [1)00000000000—000000O0O0O0O0OOO
Uobodboodb0—D0O0O0bbouoboboobOWeak value OO ODOOOODOODODO
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Soryushiron Kenkyu

KRB R BREBEHES =T WA OB EMEITONT

(UNIETS SN 8
* () TS B SERRAR BRI SR T
U RS AT T SR T

M
BRSO L LT bid Maxwell J7RER0E, ZBALET & WV ) $p sk s
MR EAEATLHHICLY, BELLMGER—T oEMEE L TORBERL 5 2
DEITHRII LTz, 22T £, MRG0 RB I EEZ VT, XL
BIHER & BEA T B ai &) NFEOFEEZE R L. TNUDREZET 2R 5E
s L R Ch D HAERT, ERIKIZEIT % Lorentz gauge OHIZHIND AT T —
%1% Sugawara form @ mass-less scalar field & GfgdH N TE, ZDOAH T —1
Z LRLOW AP AT 2 —25R & RIS K o T, S & Z ISR oD
Ga JIFHICREE CE 2 FE AT, BIZIE, 2o (2HORRT Y LV) oF v
INFEINHIELID AFEDT >/ ViE Riemann ORISR T > VLT E 2 2
Tz T HAZFEN L, FAuc, SRS ICINb o7 Z 0BG L Lo/ A
ML, EZEPICBWCENGOZR L — bR 2 ESARELHEX G F LT
T TROL, ZOANT Y%, B EENGBR ARG L2 D09 BIRIC
BWT, B W Z OO T BB & RO REIZ IR O FIETHL I & &

e 9 Do
Bk
1. 1ZCHIC
2. XOVHIHIER & i
3. WY & D
4. fRIEITKHET 2 BEOWRFZEDILE~ Y h Va5 2 2 im8& )5
5. Riemann O > VL& OBEM%
6. RIS EED < Bl - B =1L X —
7. fhek
8. ZEIHK



Soryushiron Kenkyu

1. IXCHIZ

HULEERLS L AR X, BB & LT 20 b ARl & R o A1
ZORIZBET A OV TITE < B E % <AThbiu, &l \—Eﬁ)ﬁb\*ﬁ(uﬁf%é
EEZDN, BMKFEMAOHREND “HEEA)E O—oL L THMETE S
FaR LA HMotFEETZ ICE R LT FHIE, UFICERT 2 EMEO
FEXER TR 15 7 L OB BT ICR LZ O BERIIRE W EBbh s, K
NI AR DT —~ Th L TEFRFAICBT D28 & A7 —)L ekt LT,
INETIZHE SN TWRWEEME ORENG, A RTRFZEDOKRIRELZHIET D
FTCEBEREEAME Y (4 RTRFZED A T) WAL IR B U & Z U TiEd
D XVRIHBITIE R U, ERS & EAOSEHBOH OR—HIFLBR ORI & 5 KA O E
T D — D DEEIITT VA, Bl & sy & OB Z X VIR D {05 & H
WTHFINZHLRT D HIC & Df*ﬁb@f‘&;é

Fo. BEwmA il L TG e. TONEEBEN RS b0 L LT, MED
P &R0 “EMEE WD ?6@7533?350 E M ElEbHAARR D IRTILD 523,
Zo NE#E & TR Lo BEERBEERIT, W&V D HIL ARG o T
HHERIC NE & Rk & LTIREFELTWD, FRZ, EfamDAFEDO]

ZiE, W HER & kFEEd AT Einstein — de Broglie BHRANH THRT, =31
X—OBfE L & iz, TR 74720 o= X — (EBE) SREE () (2
BT 2ENTREND, BIEIELDAVEFMICEAGRFHTIEH L8, HBE TR
ML L L ORREHEHESN DS 1HIE LT, ZO/MaXOTEEHRTHAIEAL
eI FET VAR Z ISR T 5, IO F, PR OFEMIL, SHEIZ
NN %®%E%X%@Hﬁuﬁﬁbkﬁ —EBIEEIE L, 2 OBIEE S OFEM
WCHBR D B 2 1%, RO —DIZZB S 1B R OFE O LA 2B L CIHE
72U,

2. XOVHIHR Y B
B OB X, ST A4 s ZHMEICR TR S ERTETH L,
x*=x%(s) ; U?=dx%(@s)/ds ; ds*>=g,dx*dx" (1a, b, ©)

iR DI
d?x® /ds? + T2 (dx /ds )dx® /ds)

0 (1d)
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L72BM, (1b) TEREIND U OB FREMS & (1d) 1%

U°v,U,=0; V,U,=0,U,-T5U, (Levi-Civitaconnection) (1e, f)
L0, (le) HEICUTORICER SN,
Uv,U, =U°(V,U, -V,U, )+V, (U0, /2)=0 (1g)

(1c) 12XV, (1g) OFADE HIHALZ FL UP OEST +1 &40, X
NI OG AL s LITRAR DML T A—2EHnbH L, 0 LbENRYE
HDT, BT (1g) X, A/NgwCITHIT 5 “canonical form” & FEARXLLF
DZEI D,

s,.U’=0; s,=V,U,-V.U, =6,U,-0,U, =-S5, (2a, b)

a

(1g) & (2a) o, BEEIN—EOMERY MUVEHHRE RSSO Th o F
MEGIZH TN,

WIZ, BLET DR 2[R O AR~ E RESBITEITT D, HERED
FXFRREI SR AR UL, Landaul2] 12k 5 &

é/abvb :T Van ; gab = vb(WVa)_Va(V\Nb) (38" b)

L7 2T, TEMHEE, n & ow X, R specific entropy KO
enthalpy. (3b) D/ TEFR SNDLRT o VT HRGHARET v Y LV Th 5,
—IZ, WEIIFICRB N TR, = e B EDNEERE & & 5 TR ME
JEWAR & W 9 53T, JiE O%a OB RN, (2a) &[RRI 5HER3
bbb, £l-. ZOEA. RIKTIFO H(Hamiltonian)-#1E ORFZEIC B\ T, S
ZUUFOETERET S

V,=AV ¢+V_ x (4)

Clebsch Parametrisation (CP) i, Lamb[3] (Z X 2 i )220 s Zkh E LIk L
% < DIFZER/ SN TWT, BUFIZRLERIC, A/NRILITBWTH CP IR ICH
BARREZHE S DO THD, L, 22T 4) OFBOH 2 HIIAENZR S
DOTFRVWDOT, LFZOHEEZEMK LT D% CP LS &35, K (1g, 2a)
IZBWT, HMRORITEERZ Mtk > TRtk S5 H A2 22, CP Zf# )

3
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LMERS MLTIEAVEBBIFET 5 B LT T HNTE 5,
ZOFETFTHIC, BRMR B ORMDCFNRTLEEZE R 5, THRDL, Kol
2 X VIR VR - TEN B O HIARL - & B2 D, ZOET /MIEN T,

mass-less @ Klein Gordon i &2 :

9*°V,V,¢=0 (5)

IS AN T = ¢ MW TUTIZERT D2 X7 MUZE > T ek "
DHENT FADFEIRTE 5,

C,=V,¢; C°C,=0 (6a, b)

T T, HIZCP TEREISNDANY b
U, =AV,¢ 7
wE x| EvE SOV DN 5 2 5 5 (1g, 2a) I2fRA L, (6b) #FIHT 2 &,
(8a, b)

S,U’=0 — C",1=0:C"L,=0 (L, =V, 1)

LR BENEBICEIND, (ZZTEZHORY hL C° & L° BS—wahsr e
HHRBAEOREEZD) o —o>D%MEX (6b, 8b) 1%, LLTFOEEIC, &MTH)
RERZEMEE N EWRST L, CPIZEND 28 ¢ & A ITXAPHIRIZIH > T
BET 5 kit OF7 7T Va7 L E AT ERTE S L0 ) ZOOfifR

ZiFTbD Lo TND,
LA SR TR NZHIRIR (T 75 22T ~)L)

C°C, =0 CV,¢=0

C’L, =0 — L, % space-like C’V,1=0

X (1g,2a) OEHIZEAL T, BECRAR7=FETIEH LN, BEEIR—FEDOMME~RY I
SRR O X Z BRI 7290 T, 5L (7) 123D CP OEKD—>ThH D 4
I372RAEY (space-like) JIHIGEED <5 2 —% L B+ HNTX 5, /bbb, 3
\ZB37" % signature % (+1,-1,-1,-1) &35 &,

gV AV, =L L =-1 (9)
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L0 (9) HMEERZ PLORE ST AR THLDIZK L, (8a, b) 3%
DOFENCETHHRMETH DO T, WMHFIIFETIERIFETE, (9 1T#%kT 5
BIHAR O FED BN D =R F— - EHBNET > VY )VORIFIZE L CEER %
FlaeRl-TEPREND, U EOEmRAHEICE L DD & XUV R OZERA R HARE
DREVBER D ZDDRFTA—=2%K (7) D CP DT —/_F A= LR CTiE
HINDLHELN I, XVHHBRIC BT DR )P AR TEDL LV S FIIRD,

3. BRE L DR
BRI T AT VL B 3 4557 MARTF U x L AL N
T\

Fab EVbAa _vaAb (103-)
LERIN, TRLVX— - EFET VL O—RIEIX

T)=—F,F™ +g.F,F* /4 (10b)
LB N, T TRBEIZL TW D EBSHICE L Tk, AUOFE 2T L7

0. ZHIXES L ESEOERIIF URE S THHE VI FICHELTWD, 3T
D7 MLELTERSNIBEREMEEZZNEN E & M L LTERTSH L.

E :(Fov Fozs Foa) ; M :(Fz3’ Fau FlZ) (11a, b)

LV | BRSSO 2L ¥— - )R A #5195 Poynting vector PP |

P=ExM; PRP"=0 (11c)
TEFSN, F, &P 1Z3HORK (2a, b) ICB L Tik~7~ “canonical form” %
W73,

F,P’ =0 (12a)

(2a) K% (12a) DD % ZATHI L FIR Y bAOREE BT & <7 kv PP A
AW R TRVEN EFSOBDEMEE LT, RRATHIOTHIANRE R TH D &
WO IRRENEA N D, T OLMRE, BREFETRICE O TIRES L BSAEAR LT
HENHIBESHBNTSAME: ELM ([CHIET S0 THY ., (2a) e LTH 4L
[ 72 551
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S01923 + Sg253; + 5935, =0 (12b)

PENND, ZOFKME (12b) X, CPOERNTH LA (7) 28 (12b) LHMHTH
%LU T ot
Sabscd + Sacsdb + Sadsbc = O (120>

ZHBWICHE T END LENAN D, 2L, Hugget & Tod [4] IZBWTE LS
TWOLLUTOEHRDIFRICL DD TH L,

S4Sys+ 50,8 +50S, =0 © S, oD MDA (12d)

L. CP OEFN (7) MHELND S X, C* & L* LoAFETERSINS,
WIZ ., BRSSO 3 VX — « EEET VY LIZHEL T, CP O fiZflc k4
BHIEIBEDT VLU F ORRIZEFRT D,

TP =-8,,5" =—(C,L, - L,.C, \C"L* —-L’C?)=—(L,L)c,Cc’ =C,C° (13a)

FEORER D% TIXZEM e B OX (9) ZHv -, Klein Gordon FfEA %
£ (B) FIXAAHANZ L C* DEBNRERTHLLEVWIFELZEKRLTND
DTZOHFEEELMH & ERHEAYS EFRKIC, LEROoT v Y VORBRER THD
FERRGIZATEND, T7hbb,

beab =-V, (Sadsbd ): _Sadvbsbd = (Vbcb k:a + CbeCa =0 (13b)

Maxwell D ERFRFHIZIBW T BE22HI2B1T 5 (10b) OREMN T v & 72 R,
BZE BT OMEAE LWV SR

J9=V,F*=0 (13c)

Tdh b, (13b) DENS 3FHORIZBW T H R RE AT 23X TE 57,
Zhid (183b) NEw LR DFNEETIEH 2 NMBERSEMETITRY, 22T
AR OH LR Em A BT 2 I TERWVA, ZoAICET MO BN E
UTFIcELwsrHLT5, £7, REMAOZNGT2E (13b) ZHi-T7T v
Vb SM OREBIILTLHE Y e TIEARL, KIS

v, S =aC? +K"* (14a)



Soryushiron Kenkyu

EWIOTRIZEIT S, 2212, a 1ZA B T—, K XL/ Y FLT, CY N
THEZEERE (2a) CFUERAEMZTHDOTHD, L, EIC K 2Nmd~
M Z TN D L BRI, D LEIRENTZLL O’

v, S™ =aC’ (14b)

NELNDHEIREND (Sakuma and Ojima[5]), (14b) OENOWZ T d 1B
THRENIEECEr L7220 T, TOHEKXOMELRFHELD, LT 20N E
ARV VSN

c’v,a=0; C%,S, =0 (15a, b)

(15a) I, AHT7— a D CP D2EH ¢ L1 ObLHIEKTHDLHERL
TH5HLOTHY ((6a, 8a) #&M), (15b) 1TT > VL& S & X/LHIHIR Y |
L Cl o TBISN TV A HEETTLOTH S, #imD 2 DBFEICE > T, K
WCFRTE I 2 F 3L, EBREG & CP O XV ) F 2 ek 35 ECHRICEE &
%, FRIE, R (7)) WCHNADEE 1 IToOWnWT, 1 & ¢ L1 OEEEKEL
TERBSINDH LY A=AL,¢) TEEHATH TR LR (5] 2 1354 (8,
b)) TZEDEEDOHTHNITHLLEVWIFETHD, a=a(d g & 1 A=A )
TEIHRI THLHRmOAREHDIIAETHDL E V) ZO0FENL, HYIZEIR LT
A=A, g) (X LTI, EREES & RIS (14b) Ol zE v &3 5505 AlhE
ThV, ZORITREO IR TH@Y THhH, LLTOEmIZBW\WT 4 &, £
DERIZTE SN b D LT 5,

4. FHCHIETHE, YITHEORERERY ML 252 D% %
PLETCRUZERIZ, CP %18 L TES I D XUWAIHIER O ) S X R &
A7 E 2T LT D, o TENIL, BREEICE s TEERFELE VI HED
BREBLHDIZR > TWDIET Th D, FEBE, LLTFICRERIZ, CP D1 FIck
F5 YRIE” IXREZE D TAIREE 2 i /17 L RO 5 L CIFRICEE R H 41
IbDEIRSTND, ZZTIiL, MEOKERE S ZEHPICHIT 2F L2 E L
T, PR Z S PR Z S Zidm T 205, H02807T ¢ 12k L TEIE)
EOVERR AR TR LD THY  £72 4 1Tk L CIIREZE MR O — K B
BThHorDT GELIIZBICRBICEEH) . Mo RERITE &, EERHER
ZXTRTHICT D,
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FP. BIEZR L LT Lorentz % : (x'; 0<i<3) &0, Fmigix xb oHA~
EATHNDEDETDH, THETOFEMTHEAINT CPICETH 2D 7 hL
DHH C* DLEMMEME x' OEDOHE~ L ZWEOK 1Rt & xPe
TR FHWNICHFET DEEIC > TWbHd b0 LT 5, X (2a) & BRSO
(11a, b) #&MiIZ LT, KizBWI =
D7 R Cr L LY DAL RS D
AR Ms EELTWT, RICBIT 8%

B, T OfENEA L Lorentz &2 TlT &

Wb FEERL TS, C & P o—f L®
MFIWENL, EIGOSE ORI

YT 2HDER->TWD, FREEIE
ALENTERTe D 5 5 A2 T OWMIZERA
PELETHLND, M1 TRENATND

kW EDS, MEREEL /DS ) — X!

OOFEE THD, C* Ik C* L ZefIk X1 : Bk

gy & LIRRI C_Z RV TiEd 208, REs

FNCATAEDS 14 W EFHTWAE27 b, 1 1E, b &x2 L TELNDEEN
DZEMMIRRT MV TH D, BFHFOICE, ZOERDY . H25WIEARY O MRF
WBHTF DAL EIELTND, ZOEKRICBWT, CP OIRIFHICB T,
Z O MRS ORAEZ TR I e K0 FEARBYZ0RAE & AL, 2 OdRRED RR2E
DOWITTER U EEZDOMNHSDIELER Y L TRETE ZFIIREIENEEZTH D,
Eo. ZOMHSDORT MVFIELT O, ERERZwmIZTHFI RSN FBATINA
TH<,

"C,C'=0; L,C'=0; "L,C'=0; "C,L*=0; "C,'L°=0; "L,L°=0 (16)

CP OIIFHIZB W THIZHER X ERE L, (183a) THZALNDZRLF— -
TEENET LD AR

Ty =-8,8" =pC,C" (17)

Thb, 22T, “BE” plxkE7var30RETHIILIEZER 15>A ITLo

THEASND AN T —R&TH 5, BRSO Poynting vector P° (ZHEL T CP O

WAFCBVTHEEDONZ bR I° 2EX5FENTE S, 22 Tldigma i
8
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T 5720, PEHEOK 1 oFTRIND —MHOXT7— (C*,LY) mHAERIh5
FHEREDRICHONWTE 2, FAbih (1le) ICHELTELNS [1° DAY ) —
NFEREZERTAUTORMB]TCHFORSEFRT L, 12=11°=0 772D T

\/E‘P( a) (H°+ I Hl+iH2J=[ (503)2 803(_831)J

Hl - |H2 HO - H3 803(_831) (803)2

(18a)

L0 FETo, [Se| =[Sy mOTERAF— - EHET VYT EX LR CEO

fab _ (503)2_303531 _ pCoC? pcoct
_803831 (303)2 pcocl pclcl

Lt FOTo0RIFZ. TP OREEREESERNVALY ) — L fliEH L E 2 S,
Z O TAMFRBICHIL D MO DAY

(\/;CO’ \/;Cl’ _831’ Sos) (19)

XHEVICER T HRFZEOIERY ML i ao>Tnd, (19) IZBWT, F1., 25K
FORT —E F3, ARGONRT —LTlE, Ao ERRITER DR, BE p
IZ_7 bV 2 OREESEBIRENDLDT (A — A kT 5 (9 O—fxib).
ZOEWTHIEIX, C* & L* Lo (Uh) HETEREINLIHEE (X (13a) )
ERIETHD &V FN, A — /L iEBL (18b) OEKRTLHEZATH D,

(18b)

U EORREE L DL L
HHROGM R — BT - DI —  CP O 2RI
(Ca’ L., *Ca’ *La) <\/;CO’ \/ch’ _831’ Soa)

EWVH BT B, (19) T4V —~ U RZEREDRFTE AR LK Z 5 2 5
underlying structure (.7 kL L* OF AT —EMIZITEE L) & LToO (16)
MOAEOR A F 28 U TERSINDIMNF LR TWT, ZnEKD (16) LIF
FRICRFZEDEAZ IR A G52 5 LD U] - 1% S22 T\ 5, ifRica
(17) O MMRBROEED k)7 RBUER L, BE p ZHEMEREICBITS
B3 EREAMICHIRT 5 &, ETE X CHEAFEEICH L TiE, —KEYST
D HO—Ri Y720 O R F—I6 L OEB) BT OIRENEL & WU BT 5 & v
9 Einstein — de Broglie Bf& O T BRAH 2 FEFEM L Z0k' 7 v a3 V&GS,
9
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5. Riemann OpiERT V& D%
BN & OXIGERRDL 512, UTICERINDGAMOT IV EEZ D,

A

Sabcd = SabScd (20a)

T2 LSy DAL D BT,

A A A A

Sbacd = _Sabcd ; Sabdc = _Sabcd ; Scdab = Sabcd (20b1 C, d)

NI, F£72 (12¢) O LEBMIZE—E T X OEZEX

A

S,ped + éacdb + §adbc =0 (20e)
MIFHND RIZVHE BT VX OHEERORE ZHND DB TOEEE XD,
Jobede = Va(§bcde)+ Vb(§cade)+ VC(§abde) (20f)
(20f) 12 (20a) ZfRAL, 1EHZERX V, S +V,Su +V Sy =0 ZFIHT 2 &

‘]abcde = (Sbcva + Scavb + Sabvc )Sde (209)

%%, S® @ Hodge dual "S* [4] ##% %, FFT Lorentz AT "S{) i* S§
IV TERIACTE 255 &
0 s s sy
(s2)- =S’ 0 Si -Sg
-s§) -s& 0 sy
-S)  S§ -si 0
L%, 22T 0 BAEEDAN T —545RT LD E LT EOMERY MLk (21a)
L OWREEED &
+{5890,0+503,0+5L0,0]
(E$¢¢”:-{$?%9+$5@0+s$aﬁ}
—{8{D0,0+586,0+ 56,0}
—{sW0,0+5%6,0+500,0)

(21a)

(21b)

L0 | Ao e +(500,0+500,0+500.0) LRBEEND, S, DE

10
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s (2b) & C, b L, LTELTE: S, =C,l, ~LC, %5 L. (21b) Hb
(sa, +5Ma, +50,)p=0 ; (SLa, +5Ya, +SV0,)A=0  (21c, d)
NI, ZoXE (16b) 2 Z ZCEAL/EAT Lorentz 52 CafAfi L 722X
C%9,58 =0 — S®=SL(44) (21e, )
Z (20g) fRATDHZ Lick ., EKm ks
3ot = Vi Sese [+ Vi (See ]+ Ve (S )= 0 (22)
13%, (20b, c, d). (20e) KO* (22) 7»6 (20a) CTEZESNIZAMDOT VL
X Riemann O >V VAT T E 2 2Tl 72 T HR /RS 5,
6. BxttEICES< Bl - BN R —Ho
BZEPIZBIT 2B OBIT, 450X 7 bART Uy AP T

0=V,F*=—g?V,(V,A®)+(g®V,V,A° + RSA°) (23a)
LEREIND, @E (23a) 2BV TIE, Lorentz gauge : V,A* =0 #FEL T

0=g%*V, V A° +RSA (23b)
EFTAN, I T, b oD EREME LT,
0=(g"V, VA +RIAY) ; V,F* =%V, 4 ; =V A" (24a, b, ¢)

EERT D, (24b) IOWTE, F* ORREENLIRZT ¢ IOV TORBNE
0L/ b 2, (24b,¢c) TEFREINZ ¢ 135 (5) L[F U Klein Gordon % i 7=,
> THIEID CP O IFTHEA L ¢ % (24c) TEFRINDEMLOHEE— K
LRIET DENAREL 2D, ZDOANT—Y ¢ HIFA (17) THRTNFRBHE
HIN, TOMHEITEF#HRICHIT S Sugawara form (Zf1HEd 5 mass-less scalar
field <CHHxf7m, Twistor BREROMFFEIZIT % shear-free null congruence[6] D& &
FEHCERTHLOTH S, (240) Ik D ¢ DRIEIL, BRSO F® L 8%
EERES S, F® 2k % Poynting vector & 4ElC. S* Ikt T A Hi- e
11
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KL X —JEF R A ES R S LT O Poynting vector DFENHR SNDHITR D,
A CR7ZARIC, #3471 Riemann OMiIZET VL ERBROMWE 23720, Z
OFT-7c BHEIIENGBNZH O L O L ORN TE 5, BAERNES & Wy

O F. B2EH &b 5 Bk & T L 728k, (24c) & CP D )22 13 B -
HAOGHE OGFEE TR 5, ZORBOEELYIAAE L, 407 MAVRT
XL A HRET A AN T 8 ¢ OEEMETH D, TSI LT, A

A COPNE L L b [FRR R SUIR Chéim S TV D DI TRV, ST &
% AB Zh RO EBRIGERIL, Z v E ToO Heaviside OFfERMNHHITH L A? OFELE
PEDOFREMEZ R T RER—HTHY . ZTOFERICB W T, Z 2 CTEBSNZG &
BT 2BBENLDOTH D,

7. fr&k
£ @) ITKTD 4 &2 A=A(L¢) TEEHRZ-UTOREEZZ S,

U,=AV,¢=1C, — U, =A(L¢)C, (A1)
L, =V,A(L¢) & LT, B4 8b) : CPL, =0 [CxHET 2 bDEEXD L,

C'L, =C*V,A=C%|(3,A)L, +(6,A)C,]=0 (A2)

L0 RSN EG D, BAET VL S% =CPL, —L°C, 1o LT HIRRIC
S% =C°Ly -L°Cy &#EX T, TOHMEHETH L

v,S% =v,(C°L, - °C, )=C’V,L, -(V,L°)c, - [°V,C, (A3)
Lt Ly SRy freo<T VL =V, L SO H, e (A2) %
g & (A3) 1T RIIC L FORRICETE SN D,

v,Sb =—(v,L°)c, —2[°V,C, (A4)
E N
VoL =V, {0,A) +(0,A)C" }=(0,AV, L + {02 AL, +(0%,A)c, JL° s
— {2, A, +(03,A)c, Ic° = (0,AV, L + (0% AL, LY

12
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EEE I, EEOHIZEHENX (9) #RA LK (A5) & (A4) fRALT,

v,S% =—(0,AfV,L°)c, +2L°V,C, }+ (2%, A)C, (A6)
505, (AB) IZBWT A=1 &95&
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Non-Markovian evolution of quantum systems
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Institute of Physics, Nicolaus Copernicus University
Grudzigdzka 5/7, 87-100 Torur, Poland

We analyze a local approach to the non-Markovian evolution of open quantum systems. It
turns out that any dynamical map representing evolution of such a system may be described
either by non-local master equation with memory kernel or equivalently by equation which
is local in time. Local approach turns out to be more suitable for practical problems which
is illustrated by several examples.

§1. Introduction

The dynamics of open quantum systems attracts nowadays increasing atten-
tion.Y3) Tt is relevant not only for the better understanding of quantum theory but
it is fundamental in various modern applications of quantum mechanics. Since the
system-environment interaction causes dissipation, decay and decoherence it is clear
that dynamic of open systems is fundamental in modern quantum technologies, such
as quantum communication, cryptography and computation.4)

The usual approach to the dynamics of an open quantum system consists in
applying the Markovian approximation, that leads to the following local master
equation for the dynamical map A(t)

d
SA) = LA®), A0)=1, (11)
where £ denotes the time-independent generator of the dynamical semigroup pos-

sessing the following well known representation):):6)
. 1
o= =il )+ 3 VooVl = 5ViVaust) (12
(0%

The above structure of £ guaranties that dynamical map A(t) is completely positive
and trace preserving for all ¢ > 0. It is clear that A(t) generates the following evolu-
tion of the density matrix p(t) = A(t)po. The dynamical semigroup is characterized
by the following property

At + s) = A(t)A(s) (1-3)

for all £,s > 0. In general the external conditions which influence the dynamics
of an open system may very in time. The natural generalization of the Markovian
master equation (1-1) involves time-dependent generator £(¢) which has exactly the
same representation as in (1-2) with time-dependent Hamiltonian H(¢) and time-
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dependent Lindblad operators V,(t). Therefore one gets the following master equa-
tion for the dynamical map A(t, tg)

d
A t0) = L(8) Alt, o), Alto,to) =1, (1-4)
which leads to the following solution
¢
A(t,to) = T exp < E(T)dT) , (1-5)
to

where T stands for the chronological operator. Clearly, A(t,ty) no longer depends
upon ‘t — tg’ but it still satisfies inhomogeneous composition law

Aty s) - As, to) = A(t, to) | (1-6)

for t > s > tg. We stress that (1-4) although time-dependent is perfectly Markovian.
Note, however, that the solution (1-5) has only a formal meaning since the evaluation
of T-product is in general not feasible.

In this paper we analyze a non-Markovian generalization of Markovian semigroup
A(t). Let us recall that A(¢) is divisible if

A(t) = V(t, 5)As) , (17)

where V (¢, s) is completely positive for all ¢ > s. Throughout this paper we use the
following definition of Markovianity

Definition 1 A dynamical map A(t) is Markovian if and only if it is divisible.
Note that Markovian semigroup is trivially divisible with V'(¢,s) = A(t — s). Our
goal is to characterize legitimate dynamical maps which are not divisible (hence
non-Markovian). The problem of non-Markovian evolution was recently analyzed by
many authors.”) 22)

The paper is organized as follows: in the next section we compare a general
approach to non-Markovian evolution based on the non-local memory kernel and
local in time generator and in section 3 we present simple examples to illustrate a
general approach. Section 4 is devoted to general analysis of the non-Markovian
dynamics of a single qubit. Final remarks are collected in section 5.

§2. Memory kernel vs. local generator

Consider now time-homogeneous situation A(t, tg) = A(t —to) and let us fix the
initial time tg = 0. The standard approach to the dynamics of open system uses the
Nakajima-Zwanzig projection operator technique®® (see also Refs.l)’?’)) which shows
that under fairly general conditions, the master equation for the dynamical map A(t)
defined via

A(t)p = Trg [e_itHSEp ® we“HSE] (2-1)

where Hgp denotes the system-environment Hamiltonian and w is a fixed state of
the environment, takes the form of the following non-local equation

9 ) = /0 K(t—u)A(u)du,  AO) =1, (22)
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in which quantum memory effects are taken into account through the introduction of
the memory kernel K(¢): this simply means that the rate of change of A(t) at time ¢
depends on its history (starting at ¢ = 0). Unfortunately, we do not know condition
for the memory kernel IC(t) which guarantee that the corresponding dynamical map
A(t,tg) is a legitimate quantum evolution, i.e. it is completely positive and trace
preserving. Therefore, instead of non-local approach we propose to analyze much
simpler approach which is based on the local in time Master Equation (this approach
is usually called time-convolutionless (TCL)":2%)). Note, that each solution A(t) of
(2-2) satisfies the following local in time equation??)

d
LA = LOAG) , A©0) =1 (2:3)
where the time-dependent generator L(t) is defined by the following logarithmic

derivative of the dynamical map
L) :=A@t)- A7) . (2:4)

We stress that equations (1-4) and (2-3) sharing the same structure have completely
different interpretation: the former corresponds to the inhomogeneous case and de-
scribes 2-parameter family of maps A(¢,tg) with arbitrary initial time ¢y, whereas the
latter corresponds to the homogeneous case and describes 1-parameter family A(t),
where (using homogeneity) we fixed the initial time ¢y = 0. Note, that performing
the Laplace transform of (2-2) one obtains

~ 1

As) = el (2:5)

and hence one finds the non-local analog of (2-4)

K(s) = [sﬂ(s) - 11] A(s)™! . (2:6)

Hence, knowing /A(t) one may define a local generator via (2-4) and non-local one via
(2-6). Note, that both formulae (2-4) and (2-6) are rather formal, since in general it
would be difficult to compute the inverse of A(t) or the inverse laplace transform of
K(s). We stress, however, that we do not know how to construct £(t) and K(t) from
‘first principle’ such that the resulting evolution A(t) defines a legitimate dynamical
map.

The situation simplifies in the case of commutative dynamics, that is, A(t) satis-
fying A(t)A(u) = A(u)A(t) for all t,u > 0. In this case one has the following solution
to the local equation

A(t) = exp < /0 tcmm) , (2:7)

that is, one may avoid to use chronological T-product. Now comes the following
Theorem 1 A(t) defines a legitimate quantum dynamics if and only if fot L(T)dr
defines a legitimate Lindblad generator for allt > 0.
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In particular if the local generator has the following form

L(t)=a1(t)L1+...+an(t)ly , (2-8)
where Ly, ..., L, are Lindblad generators, then A(t) defines a legitimate quantum
dynamics if and only if

t
/ak(T)deO, k=1,...,n. (2-9)
0

Recall, that A(t) is Markovian if and only if ax(t) > Oforallt > Oand allk = 1,...,n.
Hence condition (2:9) is a natural generalization of Markovianity. Hence, if (2-9) is
satisfied but at least one ay(t) takes strictly negative value at some moment of time,
then A(t) necessarily describes non-Markovian quantum dynamics.

§3. Non-Markovian evolution: examples

To illustrate general approach let us consider few simple examples.
Example 1. Consider the dynamical map for a qudit (d-level quantum system)
given by

A(t) = (l/otf(u)du) ]l+/0tf(u)du73, (3-1)

where P : B(C?) — B(C?) denotes completely positive trace preserving projection.
For example take a fixed qudit state w and define P by the following formula Pp =
w Trp. The real function  f’ satisfies:

0 < /tf(u)du <1,
0

for any ¢ > 0. Note that f(u) needs not be positive. If f(u) > 0 (u > 0), then A(?)
defines quantum semi-Markov process and the function f(u) may be interpreted
as a waiting time distribution for this process.®)18) Clearly, A(t) being a convex
combination of 1 and P is completely positive trace preserving map and hence it
defines legal quantum dynamics of a qudit. The corresponding memory kernel is
well known®)1®) and it is given

K(t) = w(t)Lo | (3-2)

where the function k(t) is defined in terms of its Laplace transform as follows

s = ) (3-3)
1= f(s)
and L is defined by £y = P — 1. Note, that Ly has exactly the structure of the
Markovian generator (1-2) with H = 0, and the Lindblad operators V,, define Kraus
representation of P, that is Pp =", VapVJ. One easily finds for the corresponding
generator

L(t) = a(t) Lo (3-4)
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where

o
1-— fg flu)du

/Otoz(u)du — (1~ /Otf(u)du) >0,

and hence this example gives rise to L(t) = «(t)Lo, with Markovian Ly and «a(t)
satisfying fg a(u)du > 0. We stress that «(t) needs not be positive. It is positive if

a(t) (3-5)

Let us observe that

and only if f(t) corresponds to the waiting time distribution.®):1®) Note the striking
similarity between formulae (3-3) and (3:5). It should be stressed that in this case
one knows an explicit formula for time-local generator L£(t). Note, however, that in
general one is not able to invert the Laplace transform of x(s) from the formula (3-3)
and hence the explicit formula for the memory kernel K(¢) is not known.

Consider for example f(t) = eye !, with v > 0 and ¢ € (0, 1]. One finds from
(3:5) the following formula a(t) = ey[(1 — €)e?* + €]~!. Note, that for e = 1 it
reduces to «(t) = -, that is, it corresponds to the purely Markovian case. Hence,
the parameter ‘1 — ¢’ measures the non-Markovianity of the dynamics.

Example 2. Suppose now that H = C?® C? and consider the dynamics of two
qubits governed by (3-1) with f(t) = eye™ 7. The entanglement of the asymptotic
state is governed by

C(o0) = 2max{ci(00), ca(0),0} ,

with
c1(00) = (1 — €)|p2s| — v/p11paa ,
and

ca(00) = (1 — ¢€)|p14| — /p22ps3 -

It is clear that in the Markovian case (¢ = 1) the asymptotic state is always separable
(C(00) = 0). However, for sufficiently small ‘c’ (i.e. sufficiently big non-Markovianity
parameter ‘1—¢’) one may have ¢1(00) > 0 or ca(00) > 0, that is, the asymptotic state
might be entangled. This example proves the crucial difference between Markovian
and non-Markovian dynamics of composed systems. In particular controlling ‘€’ we
may avoid sudden death of entanglement.25)

Example 3. Consider the pure decoherence model defined by the following Hamil-
tonian H = Hpr + Hg + Hggr, where Hp is the reservoir Hamiltonian, Hg =
Y n €nPrn (P, = In)(n]) the system Hamiltonian and

Hsp = an®Bn (3-6)
n

the interaction part, B, = BJL being reservoirs operators. The initial product state
p®wr evolves according to the unitary evolution e~ (p ® wgr)e’t and by partial
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tracing with respect to the reservoir degrees of freedom one finds for the evolved
system density matrix

p(t) = Trale ™ (p @ wr)e™] = 3 conn(t) PupPa

n,m

—iZmt z‘Znt)

where ¢, (t) = Tr(e WRe , Zn = €xllp + Hr 4+ B, being reservoir operators.
Note that the matrix ¢, (t) is semi-positive definite and hence

A(t) p= Z Cmn(t)Pman . (37)

defines the Kraus representation of the completely positive map A(t). The solution
of the pure decoherence model can therefore be found without explicitly writing
down the underlying master equation. Our method, however, enables one to find the
corresponding generator L£(t). It is given by the following formula

E(t) p= Z amn(t)Pman ) (3'8)

where the functions ay,,(t) are defined by aumn = émn/Cmn. It shows that the pure
decoherence model may be defined by local in time master equation (2-3) with the
non-Markovian generator (3-8). Note, that for d = 2 one finds

,C(t) p= a01(t)P0pP1 + Qo1 (t)P1pPo . (39)

Using
1 1

P0:§(HQ+O'Z), P1:§(H2_0-z)7

one obtains the following formula for the local generator
2t It
£tp =i~ W (opo. — ). (310)

where

Q:Imcm, F:Re001.
which has the standard Lindblad form.

§4. Non-Markovian dynamics of a qubit

In this section we analyze a general dynamical map for a qubit

1
A(t)p = Z Cmn(t)Pm an + dl (t)UerU, + dO(t)O-*po-Jr ) (4'1)

m,n=0

where the positive matrix ¢, reads as follows

Cran(t) = ( zo(t) (1) ) 7 (4-2)

7r(t) ()
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and
do(t) =1- 331(75) 5 (43)
Cl1 (t) =1- Q?Q(t) . (4‘4)

Note, that A(t) is completely positive if and only if

l’o(t),l‘l(t) S [0, 1] . (45)
and

zo(t)z1(t) > [y(1)]? . (4-:6)

Finally, A(0) = id iff zo(0) = z1(0) = v(0) = 1. We use standard notation: if
|0),|1) denotes an orthonormal basis in C2, then P, = |k)(k| and o are raising and
lowering operators in the qubit space, that is, o4 = [1)(0| and o_— = [0)(1]. The
corresponding dynamics of the density operator p(t) reads as follows

poo(t) = poo To(t) + p11 [1 — z1(2)] ,
p11(t) = poo [1 — zo(t)] + p1121(t) , (4-7)
por(t) = por (1) -

One easily finds for the local generator

1

I'(t)

L(t)p = —i— " los, p] + > k() Lrp + —5 Lap (4-8)
k=0
where the generators {Lg, £1, L} read as follows
1
Lop=o01po— — 5{0—0+7P} ;
1
£1P:U—PU+—§{0+G—7P} ; (4-9)
L.p=o0.p0,—p,
and
. ToT1 + .fl(l — .%'0)
B 1-— Trog — T1 ’
. (1 :
y = DEZ T (410)
—x0— 11
o _Y%tyn Rel ,
2 gl
2 =1Im X ,
v

where for simplicity we skipped time dependence.
Corollary 1 Qubit dynamics (4-1) is Markovian if and only if yo(t),y1(t), I'(t) >0
for allt > 0.
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In particular taking x¢g = x1 = 1 one recovers pure decoherence model with

cwp=-i20 1+ B2, (411)

where

F:—Rel, Q=Tm? .
B 8

§5. Conclusions

In conclusion, any non-Markovian quantum evolution may be described either
by the non-local equation (2:2) or by a time-local equation (2-3). Local approach
is more simple and well suited for practical purposes. The Markovian dynamics
corresponds to divisible dynamics maps. Note, that divisibility may be checked on
the level of the local approach — it corresponds to the time dependent Lindblad
generator. We stress that the problem of necessary and sufficient condition for the
local generator which do guarantee that the corresponding dynamical map gives rise
to the legitimate quantum evolution is still open and it deserves further studies.
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Who has seen a free photon?
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Abstract

While the notion of the position of photons is indispensable in the
quantum optical situations, it has been known in mathematical physics
that any position operator cannot be defined for a massless free particle
with a non-zero finite spin. This dilemma is resolved by introducing the
“effective mass” of a photon due to the interaction with matter. The
validity of this interpretation is confirmed in reference to the picture
of “polariton”, a basic notion in optical and solid physics.

1 A dilemma

Who has seen the wind?
Neither I nor you.
But when the leaves hang trembling

The wind is passing through.

This famous verse [15] reminds the authors of a fundamental dilemma
about “localization of a photon”.

In the recent advanced quantum-optical technology, the notion of po-
sitions of photons has played indispensable roles in the experimental situ-
ations, as is exemplified by the most familiar Mach-Zender interferometry
consisting of the beam splitters and of the photon detector to specify the
position of detection of photons. Theoretically speaking, this is the contexts
where the localization of a photon is to be described by means of some po-
sition observables associated with the quantum electromagnetic field. Here
we encounter the following serious difficulty: since the paper of Newton and

*E-mail: ojima@kurims.kyoto-u.ac.jp
TE-mail: h_saigoh@nagahama-i-bio.ac.jp
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Wigner [11], it has been known in mathematical physics that any position
operator cannot be defined for a massless free particle with a non-zero fi-
nite spin, in sharp contrast to the cases of massive particles which can be
localized. This statement is clearly in contradiction to the above familiar
situations where almost all physicists have used the notion of “position of a
photon” as one of the basic ingredients of theory and application of quantum
mechanics.
Then, who has seen a free photon?

2 Strategy

We propose the following resolution: while a massless free photon is
not localizable, a “real” photon can be made localizable by its
dynamical interaction with matter such as media or devices (for
its detection). To be precise, this simple picture can be shown to have a
sound basis as follows. First we see in Section 3 that a photon can be
localized only if photon-matter interaction provides a positive ef-
fective mass, by our reinterpretation of Wightman’s theorem [16] following
from the arguments by Newton and Wigner [11]. Then we show in Section
4 how the photon-matter interaction can be reduced in this context into the
picture of “a free particle with positive effective mass”. This interpreta-
tion becomes clearer if we refer to the picture of “polariton”[6, 5],
a basic notion in optical and solid-state physics.

3 Formulation

3.1 Newton-Wigner-Wightman analysis

In 1949, Newton and Wigner [11] raised the question of localizability of single
free particles. They attempted to formulate the properties of the localized
states on the basis of natural requirements of relativistic covariance.

Physical quantities available in this formulation admitting direct physical
meaning are restricted inevitably to the generators of Poincaré group Pl =

R% % Ll (with Ll the orthochronous proper Lorentz group) which is locally
isomorphic to the semi-direct product Ha(C) x SL(2,C) of the hermitian
(2x2)-matrices and of SL(2,C), consisting of the energy-momentum vector
P, and of the Lorentz generators M, (composed of angular momenta M;;
and of Lorentz boosts My;). The problem is then to find conditions under
which “position operators” can naturally be constructed from the Poincaré
generators (P, M, ). In [11], position operators have been shown to exist in
massive cases in an essentially unique way for “elementary” systems in the
sense of the irreducibility of the corresponding representations of Pl so that
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localizability of a state can be defined in terms of such position operators. In
massless cases, however, no localized states are found to exist in the above
sense. That was the beginning of the story.

Wightman [16] clarified the situation by recapturing the notion of “lo-
calization” in a general form as follows. First he has reformulated the usual
approaches in terms of unbounded position operators into the form of gen-
eral axioms (i)-(v) involving projection operators,

(i) To each Borel subset A of R3, there corresponds a projection operator
E(A) in a Hilbert space $), whose expectation value gives the proba-
bility of finding the system in A;

(11) E(Al N Ag) = E(Al)E(Ag),
(lll) E(AIUAQ) :E(A1>+E(A2), if A1 NAy =0y
(iv) BRY) = 1.

(v) E(RA+a)=U(a,R)E(A)U(a,R)~!, where RA+a is the set obtained
from A by applying a translation a after a rotation R, and U(a, R) is
the corresponding unitary operator in $).

Note that the notion of localizability discussed above is concerned with
localization of states in space at a given time. If we consider the axioms
like (i)-(v) on the whole space-time, it would imply the validity of the CCR
relations between 4-momenta p,, and space-time coordinates =", which would
imply the Lebesgue spectrum covering the whole R? for both observables Dy
and Y. Then, any such physical requirements as the spectrum condition
cannot be imposed on the energy-momentum spectrum p,, and hence, the
notion of localizability in space-time does not make sense.

According to Mackey’s theory of induced representations, Wightman’s
formulation can easily be seen as the condition for the set of operators
{E(A)} to constitute a system of imprimitivity [8] under the action of
the unitary representation U(a, R) in §) of the three-dimensional Euclidean
group SE(3) := R? x SO(3). In a more algebraic form, the pair (E,U) can
also be viewed as a covariant representation

E(T(a,'R) (f)) = U(a,R)E(f)U(a,R)_1 for f € LOO(RS)> (av R) ESE(g()a)
1
of an action SFE(3) ~ L®(R3), [rar)(f)](x) = f(R™'(x —a)) on the

algebra L>®°(R?) generated by the position operators in the representation
E:L®[R3) > fr— E(f) = [ f(x)dE(x) € B(9), s.t. E(xa) = E(A).
Thus Wightman’s formulation of the Newton-Wigner localizability prob-
lem is just to examine whether the Hilbert space $ of the representation
(U, ) of SE(3) can accommodate a representation E of the algebra L>(R3)
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consisting of position operators, covariant under the action of SFE(3) in the
sense of (1) .

Applying the general theory of Mackey to the case of three-dimensional
Euclidean group SE(3), Wightman proved the fundamental result below as
a purely kinematical consequence.

Theorem 1 ([16], excerpt from theorem 6 and 7) A Lorentz or Galilei
covariant massive system is always localizable. For the Lorentz case, the only
localizable massless elementary system (i.e. irreducible representation) has
spin zero. For the Galilei case, no massless elementary system is localizable.

Corollary 2 A free photon is not localizable.

The essential mechanism of (non-)localizability in the sense of Newton-
Wigner-Wightman is determined by the structure of little groups defined by
Wigner as the stabilizer groups of standard four-momenta on each type of
Pl-orbits in p-space.

On an orbit p?> = m? > 0 under Pl, we can choose a standard mo-
mentum pg := (m,0) which specifies a rest frame of a particle with mass
m # 0. Then, the little group at pg is the group SO(3) of spatial rota-
tions, corresponding to the degrees of freedom remaining in the rest frame.
As a consequence, “the space of all rest frames” along the orbit becomes
SO(1,3)/SO(3) = R3. Here the coordinates of “rest frames” just play the
role of the order parameters (or, “sector parameters”) on each Pl—orbit as
the space of “degenerate vacua” associated with a symmetry breaking of
boost invariance, which should play the roles of position operators appear-
ing in the imprimitivity system as follows. Denoting by A, such a Lorentz
boost as transforming pg into p = Appy = (v/m?c? + p?, p), we have for each
boost A € SO(1,3) such a relation as A = Ay, R(A)A, " with the so-called
Wigner rotation R(A) € SO(3) stabilizing pp. On the other hand, we have
for pp = Apo a relative veloc1ty uy € R? = SO(l 3)/S0(3) between the

up
) uj = 1.
\/1—u2/c2 \/1—u2/02
Thus, the homeomorphism R? 2 SO(1, 3)/SO(3) physically means the rela-
tion between a Lorentz boost A = A(u) transforming pg into pp = App and
a relative velocity u = u(A) € R? 2 SO(1,3)/S0(3) satisfying the relation

1 u
PA _ ( ), which describes a non-trivial action of

m V1I—u?/2 /T —u?/c?
u € R3 on p belonging to the Pl—orbit p? = m? > 0 via the Wigner rotation
R(A) = AX[%AAP. In the limit ¢ — oo, this action yields the imprimivity
system used by Wightman.

In sharp contrast, there is no rest frames for a massless particle and
the little group becomes isomorphic to two-dimensional Euclidean group

Lorentz frames (1, 0) and 22 =,
m
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SE(2), whose rotational generator corresponds to the helicity. Since the
other two translation generators corresponding to gauge transformations
span non-compact directions in distinction from the massive cases with com-
pact SO(3), the allowed representation is only the trivial one which leaves
the transverse modes invariant, and hence, the little group cannot provide
position operators in the massless case.

Since Newton-Wigner-Wightman, many discussions around the photon
localization problem have been developed. So far as we know, the arguments
seem to be divided into two opposite viewpoints, one relying on purely dy-
namical bases [4] and another on pure kinematics [2], where it is almost
impossible to find any meaningful agreements. Below we propose an alter-
native strategy based on the notion of “effective mass”, which can provide
a reasonable reconciliation between these conflicting ideas because of its
“kinematical” nature arising from some dynamical origin.

3.2 Wightman’s theorem as the “basis” for localization

Our scheme of the localization for photons can be summarized as follows,
which is essentially in accordance with the basic formulation of “quadrality
scheme” [13] underlying the Micro-Macro duality [12]:

Localization of photons

)

Effective mass of photons = Change in kinematics
()
Dynamical interaction
between photons & media

Once a positive effective mass appears, Wightman’s theorem itself provides
the “kinematical basis” for the localization of a photon. From our point of
view, therefore, this theorem so far regarded as a no-go theorem against the
localizability becomes actually an affirmative support for it, conveying such
a strongly selective meaning that, whenever a photon is localized, it should
carry a non-zero effective mass.

In the next section, we explain the meaning of our scheme from a physical
point of view.

4 Resolution

4.1 How to define effective mass of a photon

Now we focus on a photon interacting with homogeneous medium, in the
case of the monochromatic light with angular frequency w as a classical light
wave. For simplicity, we neglect here the effect of absorption, that is, the
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imaginary part of refractive index. When a photon interacting with matter
can be treated as a single particle, it is natural to identify its velocity v with
the “signal velocity” of light in medium. The relativistic total energy of the
particle E should be related to v := /v - v by its mass me:

WLeFFC2
U2
V- @
Since v is well known to be smaller than the light velocity ¢ (theoretically or
experimentally), mef is positive (when the particle picture above is valid).

Then we may consider mes as the relativistic “effective (rest) mass of a
photon”, and identify its momentum p with

E= 2)

MeffV

T2

Hence, as long as “an interacting photon” can be approximately treated as
a single particle, it should be massive, according to which its “localization
problem” is resolved. The validity of this picture will be confirmed in the
next subsection.

While the concrete forms of energy /momentum are related to the Abraham-
Minkowski controversy [1, 10, 3], our argument itself does not depend on any
specific choice of energy/momentum formulae. The only essential point is
that the interactoin can make a massive particle from a massless one. That
is, while a free photon satisfies

(3)

2 2,2
Efree — C Pfree = O’ (4)
an interacting photon satisfies
E? — p* = mZgct > 0. (5)

To sum up, an “interacting photon” can gain a positive effective mass, while
a “free photon” remains massless! This is the key we have sought for. How-
ever, the argument in this section is based on the assumption that “a pho-
ton dressed with interaction” can be viewed as a single particle. Then we
proceed to consider the validity of our picture, especially the existence of
particles whose effective mass is obtained by the interaction, analogous to
Higgs mechanism: Such a universal model for photon localization exists. It
is the notion of polariton, well known in optical and solid physics.

4.2 Polaritons as a universal model for photon localization

In optical and solid-state physics, the propagation of light in a medium is
viewed as follows: By the interaction between light and matter, creation of
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an “exciton (an excited state of polarization field above the Fermi surface)”
and annihilation of a photon will be followed by annihilation of an exciton
and creation of a photon, ..., and so on. This chain of processes itself is often
considered as the motion of particles called polaritons (in this case “exciton-
polaritons”), which constitute particles associated with the coupled wave of
the polarization wave and electromagnetic wave.

Remark 3 In spite of the similarity in its name, a polariton should not be
confused with a polaron [7] which represents a fermion as a charged mat-
ter dressed by polarization field. In contrast, a polariton is a boson which
represents a “dressed photon”.

The notion of polariton has been introduced to develop the microscopic
theory of electromagnetic interactions in materials ([6], [5]). An injected
photons become polaritons by the interaction with matter. As exiton-
phonon interaction is dissipative, the polariton picture gives a scenario of
absorption. It has provided a better approximation than the scenarios with-
out a polariton. Moreover, the group velocity of polaritons discussed below
gives another confirmation of the presence of an effective mass.

As is well known, permittivity e(w) is given by the following equality,

€(w) =n" = —5, (6)

and hence, we obtain the dispersion relation (a relation between frequency
and wave number) of polariton once the formula of permittivity is given.

Remark 4 In general, this dispersion relation implies branching, analogous
to the Higgs mechanism. The signal pulse correponding to each branches can
also be detected in many experiments, for example, in [9] cited below.

In the simple case, the permittivity is given by the transverse frequency
wr of exciton’s (lattice vibration) as follows:

2 _
€(w) = €0 + 7wT(;St 6200), (7)
Wi — w

where €, denotes lim,, . €(w) and €5 = €(0) (static permittivity). With
a slight improvement through the wavenumber dependence of the exciton
energy, the theoretical result of polariton group velocity g—‘li < ¢ based on the
above dispersion relation can explain satisfactorily experimental data of the
passing time of light in materials (for example, [9]). This strongly supports
the validity of the polariton picture.

From the above arguments, polaritons can be considered as a universal
model of the “interacting photons in a medium” in the previous subsection
4.1. The positive mass of a polariton gives a solution to its “localization
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problem”. Conversely, as the “consequence” of Wightman’s theorem, it
follows that “all” physically accessible photons as particles which can be
localized are more or less polaritons (or similar particles) because only the
interaction can give a photon its effective mass, if it does not violate par-
ticle picture. In this way, the dilemma between Newton-Wigner-Wightman
theorem and the position observable of photons is successfully resolved by
combining useful mathematical methods and meaningful physical concepts,
which were separated before causing a negative result.

5 Concluding remarks

The discussions in the present note has clarified the important roles played
by interactions in making sense of the notion of localization. We can expect
that it also shed some new light on the idea of the “emergence” of space-time
proposed in [13]. In combination with a possible scenario for the mass gen-
eration, we can summarize the argument above in the following quadrality
scheme:

localization
of photons

fr

meg - Effective mass of photon =—- v : kinematics

T

~ dynamical interaction
P petween photons & media

When all the above ingredients are established, the “mechanics of mass
points” becomes meaningful. A photon, which is something quite dissimilar
to a “mass point”, appears ubiquitously since the electromagnetic field works
as a universal medium to mediate the interaction between charged particles
which provides an idealized standard reference system.

Then, who has seen a free photon?

The answer to this original question can now be found in the following
modified form of the verse at the beginning:

Who has seen a free photon?
Neither I nor you.
But when the matter reacts trembling

the photons are passing through.
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Weak Value as Hilbert-Schmidt Bundle
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We present an elegant geometric picture of the weak values in the framework of the Hilbert-
Schmidt bundle over the state space.

I. INTRODUCTION

In the conventional Copenhagen interpretation of quantum mechanics, the value of physical quantity emerges only
after some measurements but not before. However, Ozawa [1] has pursued the possibility to assign a context dependent
value for a physical quantity before measurement, where the context describes outcomes of the measurements to be
performed.

Let a set of observables which act on the Hilbert space H of finite dimensions (dim™ = N) be A. Let V(N)
be the set of all maximal abelian subalgebras of A/. We choose a maximal abelian subalgebra Viax € V(N )inax>
noting that the choice is not unique. Then we can select a complete orthonormal system {lw)}weq as the set of
all simultaneous eigenstates of all elements of Vi,.x, where  := {w1,--- ,wn}. We introduce the probability space
Q,F, P) adopting the standard notation of Kolmogorov’s measure theory of probability [2] as follows. The sample
space is Q := {w € Q| (w|)) # 0}, and the o-field F over Q is the power set of (. P is a probability measure over .

In the recent work [3] we have demonstrated that the context dependent value A, : A" — C of an observable A ¢ A/
coincides with the weak value

max

(w|Alb)

W) for w € Q, (1)

A(A) =

advocated by Aharonov et al.[4, 5].

In the proof we assumed (i) the sum rule:A,(A + B) = A, (A) + M\(B), VA,B € N,(ii) the product rule:
Au(TS) = Au(T)Au(S), VYT, S € Vinax and (iii) initial condition: A, (|3*)(¢|) = 0 for all the states {|))} orthogonal
to the prepared state |¢). (iv)invariance:the expectation value

Ex(A) =Y P(w)\u(A) (2)
weﬂ
and the variance
Var(A) =" P(w)|A(4)] 3)
wefl

should be independent of the choice of Vinax but depends only on the prepared state |¢/) and the observable A. The
invariance has been already noticed in the papers [6, 7].
The bonus is Born’s rule [8]. The probability measure is given by

P(w) = [(w]9)[*. (4)
and we obtain the expectation value
Ex(A) = (Y|Alp), (5)
which is an axiom in the conventional quantum mechanics. and the variance
Var(A) = (| A%|y). (6)

*Electronic address: ahosoya@th.phys.titech.ac.jp
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It is rather straightforward to generalize the previous work for pure states to mixed states. We just quote the
result. Now the initial state is given by a density operator p and let us expand it in terms of its eigenstates |&;) of the
eigenvalue u;,

p= Z pil&a) (il (7)

Let the probability measure for the initial state |¢;) to obtain the final state |w) be Pi(w). The probability theory
says that the expectation value has a form,

Ez(A) = Y Piw)X,(4), (8)

wEQ,i
where A, (A) is the value of the observable A in the context of {|£%), |w)}. The result is
Pi(w) = [(w|e) - (9)
and
Ez(A) = Tr[pAl. (10)

As is well known, the density operator can be alternatively expressed in terms of non-orthogonal basis |™) as
p= Pmlt™ W™, pm €01, Pm=1, (11)
m m

an interpretation of which is that the state |™) is prepared with the probability p,,.
There is an ambiguity of the choice [9] of |/™) studied by Schrodinger long ago. Let us expand [¢™)

[p™) = Zcm@. , (12)

Here the coefficients are given by CT* = , /-Ilf#ugn, where u]” is an unitary matrix. The probability p,, is given by

Pm = >_; iul|?. Therefore the state [¢™) is a non-linear function of the arbitrary unitary matrix u]".
Then we have

Bx(A):= ) Pm(w)A™,(4), (13)

weﬁ,m

where the probability measure P (w) and the value of the observable A in the context of {[¢™), |w)},A™,,(A) can be

written as
Pm(w) = [{wlp™)[%, (14)
Xmu(4) = T, (15)
W =) (wl. (16)

It is important to observe that the projection 7 : W™ +— p defined by
> paWmW™ =p (17)
m .

gives a natural fiber bundle picture of the space of {W™} with the parametrization of the fiber v, v € U(N).

II. . GEOMETRY OF QUANTUM CONTEXT

We will see that the operator (16) has a beautiful geometric feature.
The weak value consists of an observable A and a prescribed context {(w|},['™). The context can be neatly

organized as the W operator W™ = |¢p™)(w| and the weak value is given by %2. The W operator can be
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3

regarded as an element of the principal fiber bundle B over the state P = 2 Pm|¥™)(%™| with the projection
W™ =3 pmWTmW™ and the structure group U(N). The group acts from the right, W — WU, U € U(N).
We call B as the context bundle. The Hilbert-Schmidt inner product is a natural metric in the context bundle so that
the context bundle is a Hilbert-Schmidt bundle [10]. The induced metric in the base space of states by the projection
turns out to be the standard Fubini-Study metric in the pure state case. The picture of principal fiber bundle unifies
the two important aspects of quantum mechanics: probability and phase. It is straightforward to develop the standard
tools of geometry; the horizontal lift or connection, which defines the parallel transport and then the geometric phase
as the holonomy for a closed loop in the state space.

III. SUMMARY

We have shown that the contextual value of an observable is the weak value by demanding the consistency of
quantum mechanics with Kolmogorov’s measure theory of probability in conjunction with the consideration of the
value of obsevables. The crucial requirement was that the expectation value of an observable should be independent
of the way of measurements.This leads eventually to Born’s rule in quantum mechanics. The contextual value has a
geometrical structure of fiber bundle over the state space. The detailed analysis is in progress.

This work is done partially with Minoru Koga.
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Abstract

The Anderson transition is a disorder driven quantum phase transition between metallic and
insulating phases. In contrast to the common belief that two dimensional (2D) systems are
always insulating and that the Anderson transition does not occur in 2D, in certain universality
classes 2D systems can be metallic. We review the recent development of the theory of the
Anderson transition in 2D. There are ten universality classes: three Wigner-Dyson classes, three
chiral universality classes, and four Bogoliubov-de Gennes classes. We report results for critical
exponents and distributions of conductance for the symplectic universality class. We emphasize
that, on the one hand, the existence of a topological insulating phase does not alter the value
of the critical exponent, while on the other, it strongly affects the form of the conductance

distribution at the transition.
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INTRODUCTION

In systems with a periodic potential, the wave functions of electrons are extended con-
sistent with Bloch’s theorem. In strongly disordered systems, however, due to destructive
quantum interference, the envelope of the electron wave functions decays exponentially

on a length scale called the localization length &,

(7) = a(7" = 7o) exp(—= |7 = 70| /€) - (1)

Here, 7 is the localization center and a is a random function with a decay that is weaker
than exponential. As a function of disorder, a localization-delocalization transition, called
the Anderson transition [1], occurs. This transition is characterized by the divergence of

the localization length &,
1

|x — x|V

f'P“ ) (2)

where x is a parameter such as Fermi energy E or the strength of the random potential
W that is used to drive the transition, and v is the critical exponent. (In the metallic
phase, £ is again finite but is there interpreted as a correlation length.) The value of the
exponent v is thought to be highly universal depending only on the universality class and
the dimension (1D, 2D, 3D etc.) of the system.

The transition has been widely studied analytically [2], numerically [3], and experi-
mentally [4], not only in semiconductors, but also in optical [5] and acoustic systems [6].
The recent development of experimental techniques that utilize Bose-Einstein condensa-
tion has shed new light on the Anderson transition [7]. In this report, we describe the
classification into universality classes, and report recent numerical results for one of the

universality classes, the symplectic universality class, as an example.

UNIVERSALITY CLASSES

Random Hamiltonian matrices are classified according to whether the system is in-
variant under the operations of time reversal T" and spin rotation S. Systems with both
time reversal and spin rotation symmetries comprise the orthogonal class, systems with
time reversal symmetry but with broken spin rotation symmetry comprise the symplectic

class, and systems with broken time reversal symmetry comprise the unitary class. (Once
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3
T S Symmetry class
Yes Yes Orthogonal
Yes No Symplectic
No |not relevant Unitary

TABLE I: Wigner-Dyson classes and symmetry

time reversal symmetry is broken, spin rotation symmetry is no longer relevant). These
are called Wigner-Dyson classes [8, 9]. See Table 1.

Recently, it has been found necessary to extend the Wigner-Dyson classification [10—
12] to describe a wider variety of random systems such as disordered superconductors.
The new classification is based on Lie algebra.

Let H be an N x N Hermitian matrix and let X = ¢H. Then, X is anti-Hermitian.
Such matrices X are elements of the Lie algebra u(NV), and exp(X) elements of the Lie
group U(N). This is the unitary class in the Wigner-Dyson classification. In the absence of
time reversal symmetry (or any other special symmetries) the Hamiltonian of a disordered
system is in this class.

Any Hermitian matrix can be decomposed as H = Hy + iHy, where H; is a real
symmetric matrix and Hs a real antisymmetric matrix. The matrices H, are the elements
of a Lie algebra that is a subalgebra of u(/N). The corresponding Lie group is SO(N),
which is a subgroup of U(N). The tangent space to the symmetric space U(N)/O(N)
is the space of real symmetric matrices (up to a factor ¢). The Hamiltonians of systems
with time reversal and spin rotation symmetry are of this form. This is the orthogonal
class in the Wigner-Dyson classification.

When the electron spin degree is included in the description, the number of degrees
of freedom is doubled and the Hamiltonian is a 2N x 2N Hermitian matrix. We may
decompose the Hamiltonian into 2 x 2 blocks ¢;; containing matrix elements between up

and down spin states and express each block in the form
Cij = (a(z’)j + ibgj)T‘J + (az'lj + ib}j)Tl + (a?j + ib?j)TQ + (a?j + ib?j)73 . (3)

Here, 19 = 15 the 2 x 2 identity matrix, 7, = ioy (k = 1,2, 3), where the o} are the Pauli

k pk

i Ui (k=0,1,2,3) are real numbers. Since the Hamiltonian is Hermitian,

matrices, and a
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4
the coefficients a; ; and b; ; must satisfy the following conditions

Using (3) a general Hamiltonian may be decomposed into H = H; + Hs where H; is a

matrix with ¢;; of the form
0 1 2 3
Cij = Q;;To + Q;;T1 + Q3;T2 + ;573 (5)

and Hj is the remainder, i.e. involving the bfj (k=0,1,2,3). We may define X = iH,.
The matrices X satisfy
JX+XTJ=0, J; = i, (6)

and are the elements of a Lie algebra that is a subalgebra of u(2N). The corresponding Lie
group is Sp(2/N). The tangent space to the symmetric space U(2N)/Sp(2N) is the space of
matrices H; (up to a factor 7). The Hamiltonians of systems with time reversal symmetry
but where spin rotation symmetry is broken are of precisely this form. (Incidentally, this
means that the Hamiltonians of such systems can be expressed as N x N matrices of
quaternions, which can simplify both analytic and numerical calculations.) This is the
symplectic class in the Wigner-Dyson classification.

In certain physical problems in disordered systems we encounter Hamiltonians of the

form
On h
H=1 " . (7)
ht Oy
Here, On denotes the N x N zero matrix, and A an N x M matrix. This describes the
situation where the diagonal elements (potential energies) are vanishing and hopping is

allowed only between different sublattices. Such a Hamiltonian satisfies

1 0 1 0
H=—|" o™ . (8)
0 —1y 0 —1y
This property is called chiral symmetry [10, 11]. We may decompose a general (N + M) x
(N + M) Hamiltonian into the form H = H; + Hy where H; has the form (7) and Hs is
the remainder, which has the form
hy 0

Hy = . 9)
0 hy
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Class T S Symmetric space Symbol
Wigner-Dyson|Yes|  Yes U(N)/O(N) Al
Wigner-Dyson|Yes|  No U(2N)/Sp(2N) All
Wigner-Dyson| No | irrlevant U(N) A

chiral Yes|  Yes SO(N + M)/(SO(N) x SO(M)) | BDI

chiral Yes| No |Sp(2N +2M)/(Sp(2N) x Sp(2M))| CII

chiral No |irrelevant|  U(N + M)/(U(N) x U(M)) ATIIT

BdG Yes|  Yes Sp(2N)/U(N) CI
BAG  [Yes| No SO(2N)/U(N) DIII
BAG  |No| Yes Sp(2N) C
BAG  |No| No SO(2N) D

TABLE II: Ten universality classes and corresponding Lie group (symmetric spaces). The last

column is the symbol for the symmetry class.

We may then define X = iH,. The matrices X are the elements of a Lie algebra with
corresponding Lie group U(N) x U(M). The tangent space of the symmetric space U(N +
M)/(U(N) x U(M)) are precisely the Hamiltonians of the form (7) (up to a factor 7).
In disordered superconductors, quasi-particles are described by a Bogoliubov-de
Gennes (BdG) Hamiltonian of the form [12],
h A

H = : (10)
—A* —RT

which satisfies

ON 1N HT ON 1N

H=— = _TIHTTI7 (11>

Iy Oy 1y On
where 15,0y are N-dimensional unit and zero matrices, respectively. By a unitary rota-
tion of the basis we may define H' = ¢'Hg, g = (1oy +i7,)/V/2 that satisfies H' = —H'".
We may then define matrices X = iH’. The matrices are elements of a Lie algebra so(2NV)
with the corresponding Lie group SO(2N).
By imposing time reversal and spin rotation symmetries, in addition to the chiral or
BdG symmetries, we arrive at the ten universality classes listed in Table II.

Random Hamiltonians can be mapped to non-linear sigma models [2, 13]. Reflecting
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the symmetries of the Hamiltonian, the non-linear sigma models are associated with

different symmetric spaces. More details can be found in review articles such as [14-16].

ANDERSON TRANSITION IN TWO DIMENSIONS

The scaling theory of localization [17] predicts that all states are localized in 2D. The
argument rests on two assumptions. First, that the conductance g (in units of e€*/h) of a
system of size L obeys a single parameter scaling law

o) = SoEAD). (12)
And, second, that this S-function is monotonic. For a d-dimensional system, perturbation
theory in 1/g gives 5(g) ~ d — 2 — a/g for large g. While for small g, where g(L) ~
exp(—bL/E), we expect log(g). (Here, a,b are numerical factors of the order of 1.) If we
interpolate the beta function between large and small g, assuming it to be monotonic, we
find that 3(g) < 0 for all g, and hence that the conductance always vanishes in the limit
of large L.

However, this argument applies only to the Wigner-Dyson orthogonal class and, in
fact, this is the only symmetry class where in 2D the states are always localized and g(L)

scales to zero. All the remaining universality classes listed in Table IT permit the existence

of delocalized states in 2D.

Wigner-Dyson symplectic class

The Wigner-Dyson symplectic class is realized in systems with spin-orbit scattering,
which conserves time reversal symmetry but breaks spin rotation symmetry. One of the
model Hamiltonians used in the study of this class is the so called SU(2) model [18],

H= Z €C) Cio — Z R(i,j)g’g/cj»acjol : (13)

0 (i.5)o,0’
with 7, j the site indices, o, ¢’ the spin indices, (i, j) pairs of nearest neighboring sites, and
R(i,7) a random SU(2) matrix uniformly distributed with respect to the group invariant

measure. The on-site random potential ¢; is uniformly distributed in the range

BLAPINA 14
5 <6< (14)
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In contrast to other models, where corrections to scaling need to be taken into account [19],
the SU(2) model in 2D exhibits vanishingly small corrections to scaling. This property
enables high precision finite size scaling analyses of the Lyapunov exponent [3, 20]. The

critical exponent v for SU(2) model has been found to be [18, 21],
v =275+ 0.01. (15)

At the transition, where the length scale & diverges, the correlation function of the

local density of states (FE,7) has a power law decay
( (B,7) (B,7) ~ |7=7"7", (16)
while in a quasi-1D system it has an exponential decay,

( (B,7) (E,7"))qp ~ exp(=2[7 — 7| /&qp) (17)

It follows from the assumption of conformal invariance at the critical point that these
decays are related by [22, 23] ,

2 (18)
with L the width of quasi-1D strip. In numerical simulations of the Anderson transition,
the finite size scaling analysis of the Lyapunov exponent A, which is estimated using the
transfer matrix method [3, 20, 24|, has proved to be the most powerful and precise ap-
proach. For the Lyapunov exponent it has been claimed [25, 26] that conformal invariance

implies a different relation of the form
AL = (a9 —2), (19)

with ag the position of the maximum of the multifractal spectrum f(«) of the distribution
of the wave function (for a review, see for example [16]). There is strong numerical
evidence in support of this relation [18, 27]. This suggests that the critical point in the

symplectic class has conformal symmetry.

Zo topological phase

In some systems in the Wigner-Dyson symplectic class, there appear edge states in

the insulating phase that are stable against perturbations that preserve time reversal
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FIG. 1: The product of the second smallest positive Lyapunov exponent and the system size
versus energy for the Zs network model near the metal-topological insulator transition. The
lines are a finite size scaling fit, with different lines corresponding to different system sizes. The

critical exponent, v = 2.77 4+ 0.06 [30], is consistent with (15).

symmetry. Such edge states carry current, resulting in quantized conductance 2¢?/h,
which is observed experimentally [28]. If there are even numbers of edge states at one
edge of a system, they are mixed and back scattered, resulting in vanishing conductance.
On the other hand, in the case of an odd number of edge states, one edge state survives
and the conductance is again 2e%/h. This insulating phase is called the Z, topological
insulator.

The critical exponent of the metal-topological insulator transition was conjectured to
be the same as for the ordinary metal-insulator transition [29] and this has recently been
confirmed by an analysis of the second smallest Lyapunov exponent [30] (Fig 1).

In disordered systems, the conductance is a statistical quantity and not the value but
the distribution of conductance is important. (In this sense, the conductance that appears
in the [-function should be regarded as a suitable average.) The distribution function,

P(g) should obey the scaling form [31],

P(g) = f(g,L/§). (20)

At the Anderson transition £ — oo, the distribution becomes system size independent.
This size independent distribution is called the critical conductance distribution and is
denoted by P.(g). It has been demonstrated that P.(g) is universal, i.e. model indepen-
dent (see, for example, [32]). However, the form of this universal distribution has been
found to be different depending on whether the adjacent insulating phase is a topological

insulator or not [32] (Fig. 2).
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FIG. 2: Critical conductance distributions at the metal-ordinary insulator (M-OI) transition
and at the metal-Zy topological insulator (M-TT) transition. The distributions shown are for

the Z; network model (solid lines) and the SU(2) model (x). See [32] for details.

DISCUSSION

The properties of the Anderson transition in 2D systems in the Wigner-Dyson symplec-
tic class (multifractal distribution of the wave function amplitude, conformal invariance
of the critical theory, universality of the conductance distribution etc.) are conjectured
to apply also to other universality classes. The most important case is the unitary class
where the Anderson transition is the quantum Hall transition [33]. The quantum Hall
insulator is a Z topological insulator, where the current is carried by an integer number of
edge states. Confirmation of conformal invariance, however, is still pending. The central
difficulty is that corrections to scaling vanish only very gradually with increasing system
size [34]. Further efforts, both numerical as well as analytic, will be needed to understand

the quantum Hall transition quantitatively.
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W34 Pr{A = a, B =b|||[¢)} TXRDBEHR

(W1f(A, B)[¢) = Zf (a,b) Pr{A = a,B =b| [+)} (11)

A E B OEBROSER f(A, B) ’ﬂLTﬁEDJID%@’C“f)% 2ODREMERAREL L F O
TRREZE, B & F ZNEFNOEBROLBRTDO EANOFE KA DL TH2, -7, HE¥
TRFISR 1A (a) A BB(b) 1%, SAZEME {|v) € H | Alb) = ald) 5 Blg) = bjyp)} & _E~DEEAE
mifﬁé.%é%%ﬁﬁu,ﬁﬁm IR ZBERTH D, bbb oG LI f
#lzR7-F. Gudder [5] V&, JPD OEFEICEET 2 ROBBATT % 572

EHE 1 (Gudder 1968) fEROYHER A & B ROERORE |¢) LT, ROLH MM
TH5,

(i) A,B DREE o) o5 2 JPD BEET 5.

(ii) A, B 2MRRE |) THHTH B,

(iii) IR [¢) 12 A & B o@OBEBEREOERADLETH 3.

(iv) FEEDWE p(a,b) = (Y| EA(a) A EED)) &, a,b KT 2 2RITTHERSHTH 5.

(v) Yap (G114 (a) A EB(B) ) = 1 DKL 5.
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VR A L B, CORBCBEOTLAHMTRVLE, Z2noik, EZMCHTRTH S L
BI. L, ZNOMLEOEGREBERIA LG LEMBTHE. B HADRE VRS
i3, ERBFTCHAETH B,

6 RERERIH

EOMESHEPEICEET S LIRS 20T, WHEBOEBEONICN L CEEL, ALy
BREONICHL T, HAMRIMEICRE T 2RPNOEEnH 2 LENTH 2, 22T, &
WERD, WD, 220IHRBEEEZEIY LT3 [6).

WER A & B ORE |v) 1CBI) 2 BESREERMEE, £8D a,beR ICHLT,

Prs{A=a,B =b|||¢)} = (¢|E4(a) A EB(b)|4) (12)

KXo TEESIND, WEHE A L B ORE |¢) B 2 BESREESR L, TED o,beR
LT,

Priv{A = a, B =b|| [)} = (|7 (a) 4 (b)) (13)
&> TEEI NS, BREATHERSMA OBZE, Birkhoff £ von Neumann [7] D{LHEIcHk T

5. %5k, “A=a b0 B=b L) aEICHIERE BA0) A EB(D) 2GS ¢, B
AR 13 Kitkwood [8] iIC ko> THAZI N, LD 200M&E, A L B »YRE |[¢) TX

WATRE S © 1, REOHERDMIIRE T 5.

TR 2 {LROWER A, B ROMLRORE [v) (AL, YR A, B 25 |¢) CHRTH B 7
DB A, B OB SRR KT3I L, Thabb,

Prs{A =a,B=1b|[¢)} = Prw{A =a, B=0b]|[¢))} (14)
PHEED a,be R ICHLTHRITZZETHS.

EH 1 (iv) X0, WHEHE A B ? |¢) KB 2REHEESTD 2 ROTHERDHRTH % 720 Db
BHa5MEE, AL B2 ) THHTHEZLETHE. L Lidrs, 12fiTH#madak)i,
A,B D [¢) KB 2 FEARERESA X, ARG B2 |[¢) TAHATR WL E ISy 2 KouERsy
MBI EH 5,

7 FENESREEEIN

WERER T, & 2HERER A OMERER B BT 2 &M SHERIA 1L, BB A LR B ORA
MRS OLEE B ORIASARINT B E U TEBRI N, Sl SHIHEE, S SR AR
NI AHIRHEE L CEBEINDG, 2N oh s 0L LT, BRFUBBOSMF(T SHRIAR & &4+
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R EHRIFRHMEDS R D X ) BRSNS, b L, YR A, BY»RE |¢) CHHAT, Pr{B =b[/|)} >0
261X, B=bDTTD A DM EEESTH
Pr{d=a,B=%
'mmsz:WWH=IEﬂ;:wwﬂw} (15)

KXo THRICERINS, Z0LE, B=bDTTD ADEREMEEEFED

Ex{A|B =b| [¢)} = Y _aPr{A =a|B = b|| [¢)} (16)

TERIND., ST, Pr{B=0b|[¢)} >0 THNIE, Aoy BERETZI L%, W, RO,

FWHRMN SBERDHPRDOL ) CERING., B=bDTTD A DBEM S REES %

Prs{A=a,B=b|[4)} -
Pr{B = bl [}

Prs{A =a|B=b|[¢)} = (17)

IR oTERS N, WEMGE REARFE

Exs{AB=b][¢)} = } aPrs{A=alB =b||[)} (18)

X TREEINDG, —7%, A BOBMEEEHERSME, AL BIBLTHNRTE RV, H
BN & BEBFUNE T 2 20D Rz 2 RN SEHEEDHROHEET 2. 20o1E, —FH» o
T NGEB RSN Z DT, DT T, BRBRICHET 20X 28AT 2, BEBR
B=bDTTD ADBRGENERERIGN

_ Prw{A =4, B=1b||¢)}

KXo TERING, £/, BHRERB=0D FTD A DIFRMEM = HEAFED
Exw{AlB=0b[[[¢)} = Y aPrw{A=a|B=0b||y)} (20)
WKLo TERINS, HEHIT,
(Y| EP (b)Aly)
Exy {A|B = b =7
ThHY, Aoy BRI, EHI12506
Ex{A|B = b|||¢)} = Exs{A|B = b|| [))} = Exw{A|B = b| )} (22)
D3R D 32D,
8 55f#

Aharonov-Albert-Vaidman [9] iZ & > TEA SN 7= HEDHERIE, T D& I s #R4k
THILWPTE S, YHR AL 2ODRE |¢), [vp) I800T, BERRIVRE ) RO BEEER
KR8 |¢y) iCBIT 2 A DFED

_ (r|Ali)

(W [Al i), = RODE (23)
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ICE->TEEEINS, Steinberg [10, 11] i k> TS X i, BEOIHBRWER L, X
AR TH 3 & T A DFBRBIICBIT 2 LM SHOEAMEIC 5T 3. BF i, Kirkwood [8]
DR EEHER i & HRICER I N,

EHE 3 (Steinberg 1995) YPR B = 3, b|B = b)(B = b| I L T, HAHBRIFRE |oh) = [)
L BBRBPURE [oy) = |B=0b) KBIT 28R A OFHEE, BRBRB=1DTTD A DEFZ
AT S BRI I —Bs 5. HlE,

(B = b|A|4), = Exw{A|B = b|| [¢)} (24)

DI D 3D,

9 RERFVEFEYE

2O DYEEXH—DOEZRFODIELE ) W IFE» LI L, BTFHZICE O TEANZM
BTHB2, BRI LR ow {BRpBonTuldrol, EHEOREDMLE [12, 13 KB W»
T, I ORFEDH N2 BRI ARSI E TV TE 2 6N,

2ODYHE A, BVRE [¢) kB, BFR—EMEE: 2 3BFR2ER2R> (4=, B)
L, a#bRSE

Prw{A=a,B="5|[4)} =0 (25)

BROVTOZ LRSS, YR A B LIRE [p) LT, A, B,|) THER S 15K EE 2
C(A, B,|¥)) %
C(A,B,|4) = {f(A,B)|) | f+ ZHKX}. (26)

TEETS. ZOR, A |y) TERSINZKEFRTEMC(A, ) 1F, C(A, ) =C(A,I,]))) i<
XoTEBEING, ROEHEE, Z20YHERORTH—MEHEBE 2R % 12, 13].

EE 4 TROWHE A, B RLURE [¢) I220T, ROFHEIIFEMTSH 3.
(i) A=y, B.
(i) A <y B2 5 Pr{A=a,B=adl|y)} =1.
(iii) |y 1%, A & B OMKBOBEFBEICTT 2 LBEOBEFEREBOELREDLETH 3.
(iv) A= BWC(A,p)) ETHY D,
(v) BB D z 1T LT BA(z) = EB(z) 23C(A, |¢)) ETHRY LD,
(vi) Pr{A = z| |¢)} = Pr{B = z|||¢)} PMERD z LERD |¢) € C(A, 1)) IKDWTHY 322,
(vii) ||A|p) — B|o)|| = 0 DMERD |¢) € C(A, |¥)) IZDVTHY 32D
(viii) 3, Prs{A = a, B = a| |¥)} = L.
(iz) (B = b|EA(a)|9)y = 0qp 25 Pr{B = b|| |0)} > 0 7 5 1ZH Y 3D,
(z) Prs{A =a,B =b|| |[4)} = Prw{Ad = a, B =b||[¥)} = dap Pr{A = a| [¢))}.

BTA—-WHE O BEEREE IHBHRTH 5 (12, 13]. AHRER Z OWEZ R LV,

9
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EE 5 BR =) 3WHBOMOREBERTH 2. Lhb, L A=y BPD B=, CkS
X, A=y C ORI,

10 HIEBE

HIZNT RIEBRE 1L, 408 (K, |¢),U,M) DI &£ T, Hilbert 2 IC, K DIREE |¢), HOK £
DL=FIVERFU, RO, K LOHCERIEAZE M »057% % [14]. JIEREM = (K, |¢),U, M)
&, HCEREINABHESRS L L THBEhs7O—T LRIN 3% P oMOAEHRERER
EMENZHEAFRC X > TiT b 2 EEZFTART 2. 22T, PIEAEDOERTICIRE |¢) 1K
WS NE, 2=y VEAR U &, WEHEEAOE (MR 02»6RZ At $TLT2) DA
FS+POREFKELYES. HLOWHR A B LK LoWHE M oL <, Heisenberg Hifst
TAW0)=A®I B(0)=B&I, M(0)=I& M, A(At) = Ut(A® 1)U, B(At) = Ul(Be DU,
M(AY) =UN I @ MU L &7, n RIGPOVM & i3, (21,...,2,) € R*ICNT 2 H EOEEA
RI(z1,...,¢0) PERT Y, o (1, zn) =1 ZWZTHOTHZ, WEBREMICHLT,

MI(z) = Tex[£ME9 (2) (1 © €)(€])] (27)

K& > T1IXRILPOVM BERI N, M O POVM &MEFNn 2, HiEBE M OMHEMEE, X—4%
YIEE L FENA2YHE M OREMEFAEROEEZIET 2 LickoTHEON 3, 5T,
ERDOATRE |¢) Ic BT 2 HHEEEDR Pr{x = «| |4)}, M5, ZOHIEDHIER x DHER
SADNERE M O POVM IZ X 5T

Prix = z|||[¢)} = Pr{M (A1) = || [1))[£)} = ($[TL(z)[+) (28)

t5Z2on5,
H LEOWBER A LR ) I LT, MIEER (K, [€),U, M) 23 |[4) T AZBIET 2 L1, A(0)
& M(At) BEFE—MMHEEEZRE> L, BB,

M(At) =Jy)le) A(O) (29)

DROSIDOZEZRED [12,13]. ROEHE»S, D EiX, HIED POM Z3h 658 % 2525
A% [12, 13].

EE 6 WEBR (K, |¢),U, M) 23 POVM {ll(z)} K> L &, ROFZMIZHE ICEETSH 3.
(i) (K,1€),U, M) 23|¢p) T A ZHET 3.
(i) a £ b %% 51, (W|I(a) EAB)|p) = 0 DL D 32D,
(iii) I(a)|p) = EA(a)|¢) DMERED |¢) € C(A, ) I DWTRD 377,

COEHD S, FiZ, HIED POVM D3l E R DB ONE EA 1%L, %Y, HIEEE
DVHERDAEBRMEZ RO 4% 61F, EREOWHIRE [v) KB THHR A BHEZINS 2 LR

10
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N5, THICK>T, POVM 2 B4 1K L Wi 51F, BEEAGEZIT R, BllEE0Es B
SN2 I EPEPNG, LI 20, WEEROMELE VIERICE, BFIENWSCIRME O RE 8 H -
T3, OISV, BOMITHERT 2 FETH S,

2 2T, von Neumann BOHZEICE VT, A(0) & M(At) PEFR—EHBE 202 H~ 2
LT, WEOVHIREE, |¢) @ [€) = 3, caldn) © |6) TH b,

A(0)|on) @ |€) = Alpn) @ [§) = anl|dn) ® 1£)

THZ20, |P)@|¢) & A(0) DEFME a, ICBT 2EERE |4,) @ |¢) DEREDETHS. <
IT, ARROLZ Y VBB U 95 (5) REWLTERET S &,

M(A)|gn) @ 1€) = UT(1e M)U(|¢n) ® |£))
= UT(1e M)(14,) ® |&.)
= aUT(|¢1) @)
= anlén) @ [¢)

THED0, |¢p) @& 1 M(AL) DEEE a, BT 2EERETLH D, EHAGH) 205 A(0)
& M(AY) PEFE—-EHEBEIZ2HEO LRI NS, TIT, bitbiudgElt (1) X hHES
FGtE (5) LBRKEL o7, TD I L, von Neumann OHIFEEAEZ T TR, (7) R
DRRICE o7 S 2V F v TN R+ 2B LB WHIEIKE TS A(0) & M(At) BT H—HEH
B%ERD Z Lt ang,

Z T, Heisenberg iR T A(0) B LT M(At) &

A(0) = A+ A L —[&ED, (30)
M(AY) = A+ Y. amUN|$n ® &m)(dn @ EmlU (31)
n#m

LREND, C(AO), [0) @ [€) C H@ {E} L) BRI D 2o DT, C(A(0),|9) ® ¢) ET
A(0) = M(AL) PSR D L, EHAGY) »5REURREZEC 2 LB TE S,

11 ETENAREEEERE

2 BHEAEBE &, WEBER (K10, U,M) EEEEOM f,¢ »57%2 6 2 M =
(K, 16), UM, f,g) D2 tx2FD. Znix, HIEBRE (K €),U,M) DREMELN uTHS L E,
(x,y) = (f(u),g(w)) ZREME ¥ 2 EHEZRT, WEBRE (K, |¢),U,M) D POVM % II
L3 L, 2EBMEBEM = (K,|¢),U,M, f,9) ® POVM I(z,y) i3,

Oy = Y T (32)

uw:f (z)=u,v:g(y)=u

11
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ko TERS NS, 2RBIERE (K, €),U, M, f,9) DEEHHERD L, HIEE X,y D
BEHERIMmTH D,

Pr{x =z,y = y|| [¥)} = Pr{f(M(At)) = z,g(M(At)) = y|| [)|é)}. (33)
TERERIND, TDLE,
Pr{x ==,y = y[|[¢)} = (¥[Il(z, y)|%) (34)

N AVRYASH
YiPEs A, B LIREE |[9) Ic LT, REE ) KB 2 ARE L BHEIEICET 2 M OREABREY
2 5E (rms) 87 ¢(A) KU ¢(B) 23

«(4) = [N, (35)
«(B) = [IN(B)D)IEM, (36)

WKLo TEEZND, 22T, Eﬁﬁf’ﬁﬁﬁi N(A),N(B) X, N(A) = f(M(At)—A(0) KU N (B)
9(M(At)) — B(0) THEZ 6%, ZOK, o D#EEE, ROELEHYICELZBFRR (15, 16]

e(A)e(B) + e(A)a(B) + o(A)e(B) = 5 [(#][A, Bly)| (37)

bo]ha

W T, TIT, o(A),0(B) X AB D |[y) LB EEEEERT, L L, FHBRE
(NN (A))[E) BTk (E[(|N (B)[)|€) 2571 — 7 DAIHMREE |¢) 2> & HU32 7% 5 18, K OBIR

(A)e(B) 2 3| (414, Bl|w)| (39)

D515 [15, 16]. Z#LlE, Heisenberg O 4 v < SREEMEE D ML EE [17] TRB X N7 BIR T
B5. ZOBREIHS ICEENZYERR B0, BERS, (A) = 045613 ¢(B) ~ co 2
(V[[A, B]lp) # 0 Z2Wa7z SR TR DL BT E % 6 %\00s, EBroWsLR kI, —
IZe(B) < 1B+ lg(M)]| < co BB DIZDDT, THUFIEL v, L L, HLWER (37) i,
Bt Ll o (A)e(B) > 5 (&[4, Bllw)| 8L (15, 16]. Hall [18] i, (38) 2RIZL 2Bl B
V7 3 RHIEH O E % fafg L 72,

12 [RIEFAIE AT AEE

HE A B LRE [v) KNLT, AB D [¥) B3 EEEE L &, 2 BENERE
(K,1€),U, M, f,g) T

F(M(AY) =g A0), (39)
g(M(AL) =y B(0) (40)

12
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EWITHDOTHS, DHEME, WEBE (K,(6),U, fF(M)) 23 |[¢) TAZMEL, HEERE
(Kol€), U, g(M)) 23 |4y TBZRAET 2 L LRETH 3. 200WHEE A, B 23RE |v) TR
AEABETH2 L1E, A, B ) KB 2RAAENFEETZ %2,

B4 (viD) 5, A, B OEROFERE, €(A)=e(B)=0%HkTDT, (|[4,Bllp) =0
WD, BiZ, A, B OFROREKREE L, BB BA(a), KB (b) ORERIECEHBTE L D
T, (Yl[EA(a), EE®)][Y) = 0 BHERED a,b KR L THED D, LdL, THE AL Bot|yp) T
AHACH 2 Z L 2ERL B, RS, THEMEE (Y|[E4(a), KB (0)]2jy) =0 L EfE7 D5 TH
5. #€-T, EBPFFETHUL A & B OFERBHIEE, (Y|[EA(a), EED)]|¢) = 0 2MEED a, b it
LTHERD LY, ()[BA(a), EEB)P1Y) #0385 2 a,bic ML TR O EDBAICBO AIRETH 2.

ROEBPRT &9 I, FIRGHEATREME & Wi, REBEENERLIC B T RER S
TlE v [19].

B 7 (i) 20o0WEE A, B HMRE |) TRHATH 2 72 D 0B rEME, 2RIt POVM 11
PFEL T

Y H(z,y) = EAx) #° C(AB,|4) T, (41)
Y N(z,y) = EB(y) # C(A,B )T (42)

BRSO ETH B,
(i) 2DODYPER A, B HREE |o) CRRHIEFRETH 3 72 0 O BB EME X, 2RI POVM
M2 EL T

Yl(z,y) = Ez) #° C(A¥) T, (43)
Yy
Sli(z,y) = EP(y) » C(B,|¥) T (44)

BRI DZETH B,

(i5) 22> DYPERIE, R |) THHLL 61X, FREARTS 5.

(iv) 220 DYIEEIMERDIRE |¢) TRFEHIEETH 3 2D OBBEFFEZN 3 H LT
BThsl L Th3,

ROEIE, 2 0F 3 s PR RN T B a5 2 2 L 2R LTV 3 [19].

EE 8 (i) FR D Hilbert ZZHIC BT, FEROVBEDNE—H OYEEROEAIRREIC KV TH
RHERTRETH 5.

(i) 4 RICE EDOIER D Hilbert 22T BT, B3FFEAHLYERON T I OYHEED
BEHRETH B VIR CTHBIEIRE LD D035 5,

dim(H) = 2 DEFEE, ROKHEET 23R D 320 [19].

13



Soryushiron Kenkyu

B9 dim(H)=2Th3 L&, EROYWHE A B ERE |¢) KL T, ROFEMHIEFEETH 2.
(i) AL Bid[y) CRIRHMEETS 5.
(ii) Prw{A = a,B =b|||¢)} > 0 PMERD a,b I L TEKD 32D,
(iii) A & B3 |o) THHTH B2, £7203, [o) X A %7213 BOEBRETH 2,

EoZf: (1) & () PMERORITICBLCHHEETH 25 L9 2k, RFRTH 3.
TERDOBRRTIX, 2 ODFHLYEE A B DRE 1B 2 ARHEE O H IHER G H
o DREAHESACEZ oS, UL, 3L A BWHBRTEWZSIE, ZOBRIEEH P
Bz R, ROEMIC XD, FARHIEORKESHIERSMIE, HiC, 205 0Bk
BofHELTEZ513 [6].

EIE 10 VR A, B ORE |[v) KB 2RO RRHIEER (I, 1¢),U, M, f,q) OR&HHHESR
A, BRI MREEE S, Wi, 2N OBMEAEHER AIc—3T s, L,

Pr{ix=z,y =y||[¥)} =Prw{Ad =2, B=y||[¥)} =Prw{B =y, A=a|[4)}  (45)

KDL D, Eo, y=y DT TOx =z OFMASHERIL, FIPRE |¢v) LBEEEIRB =y i
B3 2 BEA(z) 0, XU, BHHER B =y & BHBIRE |v) icBT 2 EA2) OBMHEIC—%T 2.
His,

Pr{x=zly = y||¥)} = (B=ylE4@)|[¢)w = @|E4@)|B = y)w (46)

N AV RYASS

13 HAlGEDRIE

OH) TH LOYEBODEAZ2RT, HIET2HASEZUTOHRAITED 3.

RVEEDX cOH) LtzcRICHLT, XX =z 3BHGETH 2. Inr2EFHUGE
LIRS,

(R2) ¢1 BT g B 518, -y KT ¢y A o LEIGRETH 2,

T, TTCOBREGHEE, RAEHGEY? S BFREOHET - KON ko THREI b D
THZ. WEEHSPICT 27200, FERIEHIEHAT2 2 LicT 3. FI2E X1, X2, X3 € O(H)
POz, x0, 20 ERBOIE, (Xy =21 A KXo =20)V X3 = a3 FBHIGETH 3, FBAEFVEXRD
EETHEAT S,

(D1) ¢1V ¢ := ~(—1 A =b3).

BINGE (p1 A\ d2) N3 % d1 Ao A g3 ERT. RROEERNE X O BOBRGESHEAT VI
DVRTHRET 5.

H EOEHEAEMEDP S 52 HE H LOBFRELIEY, Q(H) TR

LR OBIHGE ¢ 1IN LT, Q(H) HOEME [¢] € Q(H) 2L T OHRRITED 3,

14
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(T1) [X = z] = £X(z).

(T2) [~¢] = [¢]*

(T3) [¢1 A 2] = [¢1] A [2].

(D1), (T2), (T3)»o5Xk%E2.

(T4) [p1V ¢2] = [¢1] V [¢2]-

[elle) = |) DRILT % & &, BRGE S DRE o) CTEHTH D, Tk, BUITBEEY.

14 MIREIESH

BRE 1, .., ¢ LT, BHIGEY, ¢, 2 V0 =d1 V-V, LEETS. Sp(X) T
X OEAEBEOESERT.
EROYER X1,..., X, I LT, BHGEcom(X,...,X,) %
com(X1,...,X,) = \/ Xi=ziN---ANX, =2z, (47)
21 €SP(X1),-..,2n ESP(Xr)
L XoTEET L. WHE X1,..., X, PRE |[v) TRABRENTH 2 L1k, 86 E
com(Xy,...,Xp,) 23 |W) THRALT B ZETHS, OB, ROEHIED D,

EE 11 MHERE X,,..., X, DRE |) TRKRENTD 2 720 0 BBE3581E, ) 2
X1, Xn DIEEGREBOEBREDLETHE I LETH .

n RICHERDHE u(z1,...,0,) DYRE [¢) KBTS X1,..., X, € OH) DEBEEPHTH 2
L,

pn, - mn) =Pr{Xy =z A A Xn = 2| [9)} (48)
BT ILTH D, MOHRIMOFE, WHROFRRREEL RS TH 2 [5).

THE 12 HE Xi,..., X, PRE |¢) KB THBREN TS 2200 BB+ %4,
X1yooy X O Y ICBIVT BEEAMHERSHPEETHILETH S, JONK, YHEX,,... X, Dff
BOSHER f(X1,...,X,) KHLT,

(z1,...,zn)ERRP

S AIRVASN

YR X.,..., X, 2ECEIGE 6(X1,...,X,) 29RE |¢) TXREGICESHTHS L1, R
B |Y) TXyq,..., X, PARENTHZZLEE). BFEGWOBTFEE([20] 225, UTOE
B D AL,

il

15
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TR 13 6(Xq,...,X,) 8 Xy, ..., X, ZETENGET, AT A, - KB U THMERED »— b
° Y —ThHiuk,

[com(X1,...,Xn)] < [¢(X1,...,Xn)] (50)

DY ILD. KIS, &(X1,...,Xn) D3 ) 1B TRMICEATN 2 513, ¢(Xy,...,X,) & |¥)
THTH 3,

EEOYHEE XY ICNLT, BHGEX =Y %

X=Y= \/ X=zAY=2 (51)
zeSp(X)
KR TERT S, BNGEX =Y 23 |[¢) THRAEZTB I L s, X =) Y 2RZT 2 2 LIXFE
THH[19], ZHOLEYER X LY ZRE |v) IKBWTE—OEEEBDEWVWS. BFEAH,S
BT D@HEHME 5 5 [20],

FE 14 LEOYHE Xq,..., X, TNL T,
|[X1 =XoA---ANX, 1 :Xn]] < IICOIn(Xl,...,Xn)]] (52)

DI LD, B, EEORE [¢) IS/ LT, Xy =) Xo,.o o, Xnog =) Xn %51, X1, X,
& |Y) I BT ERBFRENTH 5.,

15 AIE & 3CHR

Db N OB TIE, A(0) & B(0) DX —% M(At) 2 X 3 ARHEIEX, RD2ODFMTESE
ST,

(i) A(0) = F(M(At)) 2REE [4) © |§) T 3L,

(ii) B(0) = g(M(At)) 2REE |[4) @ |¢) THL D 32,

(i) 2256 A(0) & F(M(AY) W |[¥) @€) KB THRHEENTH 2, (i) 5L I £28B(0) &
g(M(AL)) IZDWTED LD, UL, ZDIZ L A0) & B(0) 23 |4) @ |¢) TRRENTH 2
ZErERTV, fE-T, A(0) & B(0) OFIHIEE. 2D 2 0 0RIEESEE I EEREL T
W3 ZERRAEL B, JhiE, RRIEZERT 2 2 oD% M48, — MBI SR ICEA T2
WwZlitkas,

FAF () &0, BHGEA0) = f(M(AY) 28 |[¢) ® |€) TIHRINICEANTH b, & (i)
£, BfaE BO) = g(M(AY) KoV THEKTH 5. BRIGE TA0) = F(M(AY)
B(0) = g(M(At)) s i3IREE |zp>®\§> THETHS., LaL, A(0) & B(0) 2 |[¢) @ |¢) TRIRER
TR, DD, TRV R G, HESURKICEANTIE R, 5T, L, 23T
FERIA G YBER A(0) & B(0) DFERHIZE 24774\,  A(0) = a 2> B(0) = b & v 3 HIEME % B 7
ETIUE, A(0) =a LI HEEE A0) AL —ODOURT, Hizd b HHEREICHE S EEOM
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BLLTRROFHUAZE I AL, £k, AR, BO) =t WIEERFEHATLILITES
25, UL, TAQO)=a»D B0)=by L wIiF—SNxBEL2ELEOMEL LCFEHTS 2
LIETERY, TDX) 7%, XREBZEHGRPEOMAIIEE 13 K XoT, HoricHlRIn
Tw3, ez, YEEONOR—EZ,

(A,B) = (C, D) := \V A=zAB=yANC=zAD=y (53)
z€Sp(A),yeSp(B)

TERT S LTE 5, HEGRIICHEZ S,
(A=CAB=D)= (A B)=(C,D) (54)
Fh—tuY—TH2, BFmBl TOEEEEFICEL IR 2w, B 13 i ki,
ﬂmmMJlQDmgMAzCABzLDé@&Ez%QDﬁ (55)

L3, L, BFRETO =X, 8, ¢ = do:=(=¢1) V(d1 A o) LEEI NS,
BRI, BTH%20 200fIHICKEZLST T3, BFREIER, BRIGEO L ITHO Lo
MRRE L LTERING. E-T, BHlGEICT 2 5RO BIEE R OCHER D HE X,
Born DEFHAR L BENTH D, URICKEE T, LREORBORE OREROMEHCEET 2H
NbnoEB23ET 2, 2 O, Ballentine 21] K k> TERMLE N, LIELiE, BFHE
OREFHAEIR & X 5. —, BHlGEICT 2 2 HOMEESURNTH 223, B—oflED
BRICOWTORL OfRBE, SURIC X > TEE 2 BRIGED b 2 50 % b EERE O R % 8
AT22bick-T, #H7T2. o, HEYERZCX > Uo7 YWENERLCHET
2hbNbNOHEBZBFHENNRICED X ICHATRE»ZIHPL T3, fl2E, RER
OHERIZ Z ORI TR TE 2. Z D351, Bohr DAMIMEEEE [22] Ic X - C, HAIRIC T S
NTE%,
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Space Time Noise
OO0o0oooooo

00 OO (Takeyuki Hida, 0000000000 00000
Sisi(00 OOoOoO)

oo

First we explain the idea of using noise to discuss the analysis of
random functions, and we explain the role of a noise. We then come
to introducing a new noise depending on the space parameter and
discuss its application.

1 Introduction

The main purpose of this report is to introduce a new noise, As
an application, we can discuss decomposition of a compound Poisson
process into infinitesimal Poisson type random variables which are
mutually independent. Those independent variables form a system
of idealized elemental random variables, often called simply a noise.

We can roughly classify various noises according to the parameters
on which noises depend.

i) Depending on time t € R*:
White noise (Gaussian) B(t)
Poisson noise P(t)

ii) Depending on state variable u > 0:
New noise P'(u).

This noise is exactly what we are going to introduce.

Before we come to the main subject, some of the motivations of
our work shall be presented.

1) From classical theory.

We refer to the literature [18], where the elementare Gruppe acting
on parameter sets, time and space, is considered and discusses the
matter depending on them. We may, with this in mind, change the
matter with the noise and discuss how the noise is parametrizes by
those parameters.
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Another Weyl, what we should like to mention is P. Lévy’s original
work on the decomposition of Lévy process. See [8] that was published
before his famous book [11].

He takes an additive process, actually the Lévy process L(t). It is
understood them as a continuous analogue of a sum of independent
random variables. The sum is equivalent to the sequence of indepen-
dent random variables. See Redunction, that we shall propose in the
next section.

We can see there the so-called Lévy-It6 decomposition of a Lévy
process L(t). To establish the decomposition Lévy introduces a vari-
able N (t,u), which describes jump u at instant ¢, intuitively speaking.
It is the key notion of forming the decomposition. It should be noted
that the relationship between the time ¢ and the space u is illustrated,
although implicitly (from our viewpoint).

2) From quantum dynamics: no need to be mentioned in this report.
3) From the present viewpoint.

We have been trying to discover significant relationship between
space and time, when we discuss a representation of them as systems
of independent random variables, i.e. within random world.

Again, we remind the Lévy process L(t), as a continuous analogue
of a sum of independent identically distributed random variables, so
that it should be taken to be a typical subject when we think of the
reduction (see next section).

The approach to randomness by D. Mumford [14] has encouraged
our study; in particular, his idea to appeal to the decomposition of a
Lévy process.

2 Preliminaries

2.1 Reduction, Synthesis and Analysis

Our approach to stochastic analysis starts with a system of ide-
alized elemental random variables (abb, i.e.r.v.) which are indepen-
dent, atomic, identically distributed,infinitesimal random variables,
parametrized by a point of an ordered set. To fix the idea we assume
the ordered set is either R' or its subinterval. In such a case, we often
call it noise.

Given a random complex phenomenon. We wish to find a noise
such that the phenomenon in question is expressed as a function of the
noise so that it is ready to be analysed. This is the step of reduction
and synthesis.

Then, follows the analysis of the functions, actually nonlinear
functionals.The setup of the analysis involves the choice of the class
of functionals. In fact, we propose to take a class of generalized
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functionals of a noise and come to introduce operators acting on
them. Thus, we are ready to carry on the analysis.

2.2 Systems of i.e.r.v.’s; Noises

We have a quick review of the typical noise. It is the (Gaussian)
white noise and is realized by the time derivative B(t) of a Brownian
motion B(t).

The probability distribution p of the system {B(t)} is given on
the measurable space (E*, B), where E* is the dual space of a nuclear
space E dense in L?(R"),and where the sigma-field B is generated by
cylinder subsets of E*.

There is another noise called the Poisson noise, obtained by taking
the time derivative P(t) of a Poisson process P(t).

Although i.e.r.v.’s are idealized variable, they can rigorously be
discussed in mathematics. They form a base of a Hilbert space
and form a total set in the space of generalized linear functionals.
Naturally, approximation by ordinary random variables would be re-
quested.We may use the technique from discrete to continuous.

2.3 Birth of noises

One may ask what kind of noise can exist naturally. Some details
on this topic, we have reported in the monograph [16] and the paper
[5], so we do not go into details, but just state the results.

1) Gaussian noise

To fix the idea, we take the unit interval I = [0,1] to be the
parameter set. Follow the idea of reduction and use the technique
that from discrete to continuous. And we take a partition {A7,1 <
kE < 2"} of I with |A}| =27". Let X;,1 < k < 2" be a family of
independent random variables subject to the same distribution with
finite variance o, and assume that each X} is associated with AY.

With this setup, we are ready to appeal to the Central Limit
Theorem to have a Gaussian distribution. For any partial sum of
X1's associated with consecutive subintervals A}’s, we also have a
Gaussian distribution. The collection of those Gaussian distributions
forms a consistent family. It can be proved that the family determines
a Brownian motion. Its time derivative can be associated to each
point of I so that a white noise is determined.

Since atomic property is required we have finally come to random
variables indexed by u € [0, 1].

2) Poisson noise

Interval I and the partitions are the same as above. The X' is
now atomic:
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PXy=1)=pn, P(Xy=0)=1—p,.

Since those random variables are independent for any fixed n.
Hence their sum is subject to the binomial distribution. Assume that
n is large and p,, is small. Then, the law of small probability, we have
a Poisson distribution. If 2"p, is kept to be constant, say A, then the
intensity of the Poisson distribution is A. Further we see, as in 1), the

consistent family of Poisson processes determined a Poisson process
with intensity X, denoted by P(t, \).

Important remark is that different intensities determine different

type Poisson distributions.

3) For each A we may define a Poisson process with jump u = u(\).
Or we may consider a function A = A(u).

Such an observation has suggested us to consider the characteristic
functional that appears in the next section.

3 A noise depending on space param-

eter

3.1 Noise P'(u)

The idea is to choose a parameter different from time ¢, say space
variable u.

Let us start out with a functional C* (¢), where the variable £ runs
through a certain nuclear space F, say isomorphic to the Schwartz
space S;

C"(©) = expl [ (5 ~ Dan(u)] (3.1
where dn(u) is a measure on (0, c0), which is specified later.

To fix the idea, we assume that the measure dn(u) is equivalent
to the Lebesgue measure, i.e. it is of the form dn(u) = A(u)du with
A(u) positive a.e. and integrable.

Theorem 1 Under these assumptions, the functional C¥(€) is a
characteristic functional. That is

i) CT(€) is continuous in &,

i) CT(0) = 1.
i) Positive definiteness is shown by noting the fact that exp[(e*** —
1)A] is a characteristic function.
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Proof is easy, so is omitted. See e.g. [16].

Applying the Bochner-Minlos theorem, we can see that there ex-
ists a probability measure v¥ on E* such that

cfe) = / ) O (). (3.2)

We introduce a notation P’(u, A(u)) or write it simply P’(u). We
understand that v¥-almost all x € E* is a sample function of P’(u),
more precisely, a sample function of P’(u, A(u)).

Theorem 2 The {P'(u),u € (0,00)} defines a system of i.e.r.v., in
fact the system is a noise.

Proof. Suppose &1 and & have disjoint support; let them be denoted
by Ai and As. Then, the integral in the expression (2.1) can be
expressed in the form

/ (eiuﬁ(u) _ 1)dn(u) +/ (eiuf(u> _ l)d’I’L(U)

Ag

This proves the equality

CP(&+ &) =C"(&)Ch (&)

This means that P’(u) has independent value at every point u.
Also follows the atomic property.

3.2  Observations
We shall see intuitive meaning of P’(u).

Start with the characteristic function of Poisson random variable
P(X) with intensity A:

E[eizP(A)} _ ex(eizﬂ).
Consider uP(\) to have
E[eizup(k)] _ e)x(eizu’fl)'

Let A = A(u). Take independent variables u; P(A(uj)),j =1,2,---
and have a sum Y u; P(A(u;)). Then we have

E[eiz zju; P(A(uy)) _ eZ(ezj“j —1)A(uy)

Now, set A(u;) = N (u;j)du; to make P(A(u) to be infinitesimal,
and let z; = £(u;). Then, we have

E[eiZg(uj)ujp(x'mj)duj)] _ eZ(eW“j)%‘71)>\’(uj)du]»_
Set P(\ (u)du) = P'(\ (u))du. Then, we have the limit

E(eifg(u)uP'(A/(u))du)
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which is equal to the C¥(¢) from which we have started, where A(u)
is replace by A (u).

Now we have the intuitive meaning of the symbol P'(u).

Remark 3.1 In the case where the parameter u runs through the neg-
ative interval (0, —00), new noise can also be discussed in the similar
manner, It is, however, noted that the single point mass at u = 0 s
omitted.

4 Representation of generalized func-

tionals of P'(u)’s

4.1 Space of linear functionals

We now come to the discussion on the linear functionals of P’(u).
(For P'(u) the symbol Py, was used in [2]) although there are some-
what formal expressions.

Anyhow linear functionals are ordinary random variables and they
for a space Hi(P).

Compute

1d

2L OP (€4 tlumo = / e u (A (w)du - CT(E).

Up to the common factor C¥ (&), we are given a representation
(similar to the U-functional in the Gaussian case) of H1(P)-functionals
expressed in the form

/ (™€) _ yun(u)A(u)du,

by subtracting off the constant (expectation) from

/emg(")un(u))\(u)du.

This is linear in 7. We are, therefore, given a linear space

F) = span {/(ei"ﬂ“) — Dun(u)A(w)du,n € E} . (4)
which is isomorphic to H1(P).

Note that A(u) is chosen so as the above integral converges and
continuous in 7, in addition to the condition that A(u) # 0 for u €
(0, 00).

We know that (z,£),£ € E, is viewed as a sample of a ran-
dom variable (P’ £), the characteristic function of which is given by
LpPl(z) = CT(2¢). Hence its mean value is fu{(u))\(u)du and vari-
ance is [ u?&(u)?N(u)du.
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The bijection

= (P¢), EcE

leads us to have

fe= (P f), uf € L*((0,00),dN),
where d\ = \(u)du.

By using the representation, we can rigorously define the random
measure p(du) (which was briefly mentioned before) such that for any
Borel subset B C (0, 00) with finite dA measure

p(B) = (P',Ip)

is defined, where Ip is the indicator function of the Borel set B.

Stochastic integrals based on p(du) are defined in the usual man-
ner, and the collections of the stochastic integrals forms a Hilbert
space which is in agreement with #:(P).

Also, as in the Gaussian case, we can define the extended space
H1(P)"Y | where each P’(u) is a member of the total system in
H1(P)Y. Again, we note that P’(u) corresponds to the kernel which
is the d-function, except u = 0.

There the P’(u) has rigorous, and the definite identity.

4.2 Linear processes and their canonical rep-
resentations

Define u
X(u) = / F(u,v)P'(v)dv, (4.2)

which is called a linear process cf. P. Lévy [13]. His theory is con-
cerned with X (¢) depending on the time parameter ¢, not on u, but
we can discuss in the same mind.

Like Gaussian case, we can discuss canonical representations. The
idea is the same as in the Gaussian case, but the definition is slightly
different. The representation 4.2 is canonical if

B.(X) = Bu(P").

It is our hope that the canonical property can be discussed in the
sample function level. For one thing, the jump finding problem can
be discussed in the Hgfl)—level (see [7]). For another thing, P'(u)
noise depends on the space variable u, so that the value of u should
be concerned directly.
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4.3 Nonlinear case

We can also consider multi-linear case in a similar manner, and
the spaces F, with n > 2 can be defined similarly, and of course,
there is required to have functionals renormalized.

We will not enter the general theory of nonlinear functionals of

the P’(u), however we should like to emphasize the significance of
quadratic forms of the P’(u).

oo
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BN FRDEFELDNICDONT

IMAY B Oy ¥a— sty 2— R
WEARFERE G BEERZeR (RARK HE
LRV — DRI SR Blaat s 2 — fEiH =

1 EC&IcC

R FIEICE DD BIRELL VD DI, BTHOKRELIEK, BABRVEBEINTELOTREEY
hEEbND. 2L ZLETRAEROEREL Ko BARESN 5%, K FRCEDDSMET
BY, TV OBPRROBENSR-RIC LB ZFDI 7 akirih b OEBRMNIFEIIFIFNY
FHEZBEL TS, N TV—TF5TY « VA ZARICE DO BHZER AT IE, DX 0H
ENH T EWNHBEAS (L, 2, 3].

BFE DN 4] BN TR V. BFEERRIZOERIC S GEEBAICIIEN R E N, FHRN

BELRINDDHZLDD, FNIRBH FRICR-RATH D, AN FRICHEZBEE

BRFRTHS[5,6,7,8,9,10.. Lr»EFWERC LIC, BFBERER CTEDNIYHERIZIZIESR
THFRPETFRZEDOAMUTRTHRZICEIDDLT, BENFRTOEBTLONDERL
BENEZDOTHS. DEOZgh 5T, ) FROBEREWTEL, i) BENTFRTOEFED
NOEFZNUT SEHD, R FROBFEDNITIEEE L.

ARG TEREAD 11, 12] TRE U HEROBEZ ARV, Thdti) & i) ZHRETHEDT
BBHTLEHELUFTHHAL T L.

2 EERFRITEOME
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Wﬁ% |0) € HIZDWTIRIELAARE [); € W WL, ) = [§)1 © [o)s LB TENT
. =7, A TIRBEVIRER BT 5 DIIREE (entangled state) &5, DED 1 RIFIREED
_ﬁfﬁ& LTEORWRENEFEDNIRRETH 5.
D EOFEZOYBHNRREZEH L TALS. ZODICREFYEELZEAL, FOMHELZEZ
5. H; LIEHT 2NV I—MNEREFZ O, LBL. FIMERE H; LOEFEE 1, ZHWT

01=01®1s, O3=1180, (1)
LEHL, TNEOHEE 0% 0= 0,0, TEDB. ALMIC
0 = 0,05 = 0,0, = 0, ® O, (2)
THY. RFYEEEOR 5 RIRICE T 2 /H8E
(|O1T) = (¥]0: [W)(T|Os(W) = 1(3h1]01]th1)1 - 2(462|Oaltha)o (3)

LERD RDRHMEDE TEZ 5N, —HDEZROBHRIGMTOERICIERE LN T LA
. RUTEFEONRET O OFRHER L > a8, R B) BT, HgDEHROMT
BHVMHERTERY. ThDBEFE DNVRENRDIER Fﬁ HETH5.

FERFROEENGE CTETOHERTHNZ DR, BFEONREBICE XRFRYERICE
X, BRI FROKBEMOERET VY NVBEEZAVTERIN TV WS L THDE. —
HIFAER FROGA, FEEDND d; =dy = dTHY, RY VDOV TRMMEEEFS %2, 7=
IWRF VDV TR RNPMEERE T AZHWS T & T, REEZERIE

Ha = {19)|X|0) = W), W) e H} cH, X =AS @
TEZENB. S KU AREKIICE
S=(11®1a+m)/2, A=(11®1y—7)/2 (5)

THY, nBIIVI—FT, LRFIREEZEM H, DT NIUADHMEE (1,2) € 6y IKHHT BHEE T
Hy & H OEDZEMTRB BN, (R) WMFMEZZ) TWaih, 7V VESEDEEIZIEE
BHETHS. XoTHATINIAVRVERELTEELS BB S L, BENTRTO
EBZHAVTEFLDONOEELZHW T2 LRBERN RN LIChD. TOF VYV IVEREED
BROIEFIREDN BN FROBETEDNICET AL TH B L V> TE I,

3 TUVIVIRIBE & % DY E L

BIEN T, AR FROEFE DNWHOIIESNREZEEOT >V VBRSO A EICRE X
NBT LR U, COMEANDOWRE LT, REE TIE Ha(DEDZER) 107 v VLRSS
ZANNBHERBERNICEZ BT LILTS. COFETIR, ABT7 Y VIVEBEICEEENES
B, THUSDWTE BRI TTEETH 5.
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3.1 BEXRHMESICEESVEEFEON

ARG TRER T B 1R & LT, WONERSREMEERT S, £ 1k FIRREZER
H; =2 C DEREAZEEOESV #

V={WW}, WlW, Vcc? (6)
TEHTS. COVZEMBELTRCLICTS. H; OEAEMELTOV, % Vi(H;) LEEZ,
H(V) :=Vi(H1) ® Va(Hs) C H (7
BBZEME, 0 (R) XFMLE NI 22
Hx (V) :={[9) [ |¥) = X|®), [|2)eH(V)}CHx (®)
%%%ﬁ%.HXW7é%mTﬁ@ﬁ¥%®%%§%Hx@
Hy = Ha(V) ® Ha(V)* (9)
CEMDHETE, THTSCTRE|D) e Hy
) =TV + V)Y, (V) € Ha(V), [T(V)') € Ha(V)* (10)
ERRTEBT LICKRB.
D EDMEFDE &, FIEALFRORE V) € Hy NEFEDNRETHELOEREEGZ LS.
EEL (V) eHy EVHER (10) 12X > TEINS |T(V)) € Ha (V) B
(W(V)) = V2X (|11 ® [vh2)2),  [¢a)s € Vi(Ha) (11)
EEIRVEE, DR VIEODVWTETFLDODNRETH .

COEBEDHIEOMERROL & THEYIREDTHEDICTOVTREIEHARELSZ S, |T(V)H)
BEBULS TEOVHEBREET S L LT, TTTHOHE-> TOBZEIZAENICIE Hy (V) TH
Bh5, Ha(V) KT VY NVEEERSH D, ZIhDOR (11) BT |U(V)) BZEDOT >V VS
BOE L TEREEAZENR, BEENTROBFEDNERBLMENRD 7oh, BUIRERL
WAB. UTTHEEZS o TWB T LERT.

3.2 [EEMIE
T, Ha(V) T VI NBREENR D B T LERBEREATRED. ¥,
Fa (1)1 ® [th2)2) = V2X (1)1 ® [t42)2) (12)
TERINSHREER
fx :HV) = Hx(V), (13)

BEATSD. TOBBRICOVTLYUTOFEENKILTS.

3
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R 1 ED |¢i); € Vi(H,) ITHL,
1 (11)1 @ [9h2)2) | = [[[¥1)1 ® |9h2)a]l. (14)
R, R (5) &3 (12) &b
Fx (11 ® [2)2) = ([91)1 ® [tha)a £ [2)1 ® [ihr)2) /V2. (15)

i) € Hi(V;) THBMND, Vi & Vo DERMEICKD ;(h1|ha); =0. Ko T Vi(H1) = Vi(He) 2
Wi

12 (1)1 ® [2)2) P = (1)1 @ 22| + l2)1 ® [pr)2|®) /2 = [[leb1)1 @ [ba)2 > (16)

BANZ, EENRERE. =»
HBELIDBIEBICU TS .

%1 fyldHE

SHH. H(V) DRERE LT, Vi(H;) DIERESSEER {leie); 13V B SRR LK {|er(a) ®

lea(B))otaps ZEBTENTES. COEKRT H(V) DEEZEMUME 1 2ZHVNE, fr D

JIVINBETH BT VRS, Ko T fr ZBE. 2L fr DFEBLOVEALS. n
FR1ED Hp(V)IZH(V) EFERL. H(V) REABMICT YV IVEZER RO T,

EE 1 Ha(V) GT VY NVERERRFD.

E5IcK (12) &b, K (11) DELADREN DT VY NVIEBEEDE L TOBERRETH B ki
BRERIEBEVWESD. BR1ET VYNVEBGIKILL T, TOBRKTEBNTFRICBI 3
BFEDONDERLABDEDE R H>TNEDTH 5.

RIZSAAEEDOMBNC DWW T AR TR TORGHIEERK L L 5. 0; & LT Vi(H,) Lot
HEPRALTR (2) TOREHL, ThRFAMER fr T

0= fxO0fl =2x(01®02) X (17)

EEL, FAENFRTOMHBEEET LT 5. FIANEDHEHETRTOEBR TNy MIEDOHEE
FEBLIEEDLNRT S, COL EEMDE (10) X0

O¥(V)*) =0 (18)

MO ILD. ThiE [ U(V)L) PHEEEIET 2ERICRFSLAEVT EERLTVS. BFED
NOFRIMHEDOFERMESHNDT, BEFEONEHET IR |O(V)L) 2EET 2 HE
BEV. TUHERBITYV)Y) ZEEBLEVEETHS. T, ERICBVTRELNTRT—
R B FBED R ENS. KDELEND, V) ICBOTEBRICIDBRIE |(U(V)) THD,
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[TV =1 2E2L5 BEBEEREE LAV, COBERBREOLE, [U) 5V IEOWTAS
BIRRED & &, D BE

(T|O]T) = (¥|0: | ) (¥|O,|T) (19)

MHEILT %, FRICDWTE, £9 fo DABERRET R LE2EEL LRAROFETRL, KIiC
O R |0) BARY bIVARRT 5. §5 LIEODNAROTICET 20T, ZhB5IC fr BAHERE
FTBCLREZFIVIL]. TN TEERRBLEZHEAD, 525Nk V 0L L TREN TR
DETH DONOEM L ZRITHIGT B T LARE T

3.3 HEFEEDBR

C T E TCABNFROREEMICAET 5TV VVBEBEIC DOV TR L. COFETE
BT 21 Ha(V) BERA D EEICRIRTEERISE V ICiEL TRY, BROTENENS &
W T ETHD. TOEEMELIRTNEIVEBI D ?

CHEEKGIEEZZZ LA ORTV. AR TROA Y LABIC DUV /M LT Fik
EBALTHZDTHS. MBSOV TREESIEL, £FEZHPNICRIEL TVAIREE|L),|R) A
FHESEEZESLOLTS. COLE L ETREZMR

M; = span{| 1), | 1)} ® span{|L), | R)} = C* (20)
LB, CTTV ={WK ELT
Vi =span{|a) ® |[L) [a =T1,]}, Va2 =span{|B) ®|R)|B =T, 1} (21)
BT LITTNE,
Hx (V) = span{fx(lo, L)1]8, R)2) [, B =T, |} (22)

D, —HORFWEL, fMADORFHEICVBIRNDAEZEZ T NBT LILkD. EiiHH
HET O & Ha(V) DRICEZRFEDDT, [ERICHIEREZBE, ZNFNPKR T2 —EEN L]
CRITHIBT 5. i, LTICRTE LR

U) = (L) +|R)) /2,  |D)=(|L)—|R))/2 (23)
BEAL, BIOELREE V' = (VIV} LT
Vi =span{|a) ® |U) |a =1,1}, V3 =span{|B) ® |D)|B=1,1} (24)

ZHRALTRACESRZ TNE, Hay(V) L TOMBEEEFR T ETCEHRZBEE, ZNTOH

TEREERIL) LIRTES. COfIND, VAEEASLHHEBORBESERZEXSTL

T BT LBINBIREAD. DED V OFBMERHEERLERZ EOX STV T30

DEFEMIIELTHD, BFEDNRBMILEROLY b7 v TTLICERINZDTHS.
2|L), |R) 232 V75 o, DEFREHIEE BN, |U),|D) & 0. DEFREBICHIET 5.
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3.4 EEWICRISEIREE

RENOCLEDEZONTEEFE DN FNE I TRRES T, ey 7w FICikEL
TEIT D, TS ETOFERTELNEZERNR T, Tty N7 v IS UEEF
EDNDEIZ EARIRREBICERCAZDTHAI D ? TOBWVIT DWW TREHIENELN T WA,

WA 1 RE|D) = [¢) ® [¢) BIEED VISR L THZ.

SR, V2525 & |¢); i

V)i = [r)i + [W2)i + (19)i — [¥1)s — [W2)e) . |by)s € Vi(Ha) (25)
CEMDRTES. Chz Lo |v) icfATE
[B(V)) = V28 (|11 ® [¢2)2) (26)

D, ER1LD V)R VIEDWTHS. COFRIERDOVICOWVTROZDOT, EEMN
~EZ. =

T OMBTEROMWORANCZ > TWD, £z, VOREBREEZBICANIES, KEgZe
NIERICEDLBBEER OIS IKEB T EERBLTVA LLBIRTE LS.

4 F&&

ARETE, FAENTFROBFEDONELEDLICERT AN DOVTEH LK. BENTFHR
DEFLDONUCRT VYNV L 2 EXEA R INTVWAE T LICERHL, FERTFRO
RREZERIC TV VY NV IEE R AN HiEE5Z 35 C LKV BFEONEER L. COERR
RIBN FRTOERLTREMGER>THD, BHTBRNLE i) 2l LTWA.

RIRICEL OEXE L HOEREDOBIRERRTIT 5. KL DEBEERMNICIE Ghirardi B
M7, 10] TEATEROZBRETE DNAD—RtICE > TWB. %72 L Ghirardi 5i&7Y VL
REEDFHEIC DV TERLTHESY, EPRMAN 4] TREI NI EEEOHUEEAER BN L
TEFLDONOERRZEZTWAS. —7, [6,9 TRTVVIEBEEHAWT, BENFRICHD
Z—RICENTEEBFEDONEERL, FRICEEDVTRALREBTF 7V I XLOBIE - f@ki%
TaoTWV5s. BADERE O DOWMEE AN FROXRICBNTH—-LEEDE N
. E5IC, [10] T Ghirardi 5DOWMBTORFEDNDEREL 5, 8] THZ SN 5% CHIEE
BECBHEND B LNREINTVDS. T OMEEZERL DERILICBI BHELY 7y S
NOETEDONDIKEN & BT 2 T LD ARETH D, [5, 8] bERADEREAWOAATNS
VST Licias [12]. Lk s, HaLOERRLEEHFED 3 DORBEEATED, SHOEE i)
LMEL TR ENZ 3,
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FEYNMAN-KAC TYPE FORMULA WITH CADLAG
PATH AND SPIN Z,

go gd oobod

1 Uogooobootdd

OO0O0D00ODO Schrodinger 0O DO OOOOOODOOOOODOODOOOOODODOO
gbbbuoooobbboodbb,goobobboooobobod.

OO00000D00D0ODO Schrodinger 000 HODODODODOOOOOOOOOOO
00000000000'0000000,000000000000 % 0000
O000000000000000000000 V(z)0DOOO Schrodinger O 0O O

1
H= —§A+V(x) (1.1)
OO0000. Schrodinger O O O
i0V(x,t) = HY(z,t), Wo(z)=T(x,0), (1.2)

000 v=ey,000000. e ®y,0000000000000000000
ObOob00OR. P Feynman OO 0OOO0OO0O0OO0O0O0OO. OD0OODOOODOO.

H(p.0) = 3" + V(0 (1.3

000,0000000000
) i 1,
f@wzw—ﬂm®=§f—ww (1.4)

0H
DDDDDD.DDDq:a—:pDDD.DDDDDDDDDD q:[0,t] = R*00O
p

000,¢000000000

t t
. 1.
/z@%m=/§ﬁ4mws (15)
0 0

1H* = H, ie., Dom(H) = Dom(H*) 00 Hf = H*f 0000 HOOODOOOOOOOO
HCH*OODOOOHOOOODOOOOD. 00 infjepomn(f, Hf) > —cc000000000000
ooo.
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000000, Quy={q:0,t] 5 R¥gy=2,¢ =y} 0 200 y0000000000
0000,000000e*# 00000

(e (z,y) =00 ></ et Jo (365 =V (a:))ds I da (1.6)
Qay 0<s<t
Joodooo. odd Feynman OO0 ooo. oooo H0<S<tquDDDDDD
DDDDDDDDQDszDDDDDDDDDDDDDD,DDD_D_DDDDDDDD
I A 6
doooooooooo¢tobooolD —g4000000oooo,oo0o0o0ooo
000000 e«e¥OoOOoOOoOooooo3ooooog

e M (r,y)=00 ></ e~ Jo Vig)ds =3 [y a3ds I da (1.7)
Qay 0<s<t
OO0oo0o0ooog. ogo Q%DDDDDDDDDDDDDDDDDDDDDDD
ooo nyDD
t
exp (—/0 %cjgds) Oysgtdqszoxoo<oo
O0000000DoO0oooDOo0Od. 00, 00000b00dooooooon ¢ =
C([0,00)0000000. 000000O0DOODOOOO. (¢,%,PHY0000000
O00. 000 0¢000000000000D000O00O0ODOO0ODOOO c0O0O,
pPPO0O00ODDODDO Biw)=w(t),we?,0x200000030000000000
O.E*---]=/---dP* 000D

(Frettg) = [ ot [(o)g(Bye Vo] (18)
00000.0000 e (z,y) 0
)= [ BRI =) (1.9)

ooooo
000000000000 «0000OD0O0ODO0ODOO.0D0D0O0ODO0ODbOObOObOODOO
O000. Schrodinger 0 0 0O

H:%(—N—a(az))uwx) (1.10)

2(Q,#)00000000.000 Q000,40 000000 c000000000000.00
00 P:#—-ROO0O0O0 (a) 0<P(A) <oo,VAe Z, (b) P() A,) =5, P(4,), A, N A, =0,
() P)=000000000000000. P(A) = [,14dP000,000 [, fdP, f>0,000
gd fgzjaledeDDDDDDDDDDD.

3000000000000000000000000000000

{0000 1,000 000 o(B,)0000000000 P(A|B)00000000000O0O0.
OO0 R*000000 h(y) D000 P(A|B,) = h(B,) D000O0OO0D0DO00O0O. OO0 Ay)
0O P(AIB, =y)U0O0O,000 P(|B, =y) 00000000000 0O0OOO (regular conditional
probability measure 0 O O).
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gobooo )

H(p.q) = 5p—a(a)* +V(q) (1.11)

gbooo,ggbooodgdd

L(.0) = 3@ ~ V(@) +ala) g (1.12)

0000000000 e (z,y)000000000000000O,t——t000
gbooooog

@_tH(q;7y) =00 x / e~ f(f V(QS)dS_ifot a(Qs)‘jsdse_%fg qids H dq:; (113)

D
QL 0<s<t

DDD.DDDDDDDDDDDDDDDDD—ifga(qs)q'sdsDDDDDDDDDDD
gboboboogoboobbeubbbuggbbbuoooobbbooognoon
gboo,000b00d

a(Qs)Qst = a(Qs)dQS (114)

gbooobooogoon,

€ >5q— (/Ota(qs)dqs)tzo (1.15)

D00 00000000000O000DOOO0DOO. 0000
e_tH(x, y) _ / e fot V(Bs)ds—ifg a(BS)OdBSdPI('|Xt _ y) (1.16)
4

OO000.00000,00000000000 Schrodinger 000000 OOODO
gboobooooboobooooboobog.

2 0000 Schrodinger [0 0

2.1 OO

0000000000 ae: R - R¥ 0000 1/2 0000 Schrédinger 0000
[A(R%C) 000000000

h=5(o-(p—a))’ (2.1)

gbobobouoogon
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ArO0D00OD0OO0ODOOO0ODOO0ODO0ODbOO0

1
hzﬁ(p—a)2—§a~b, b=V Xxa, (2.2)

OO000.00000D000000000 Schroadinger HODOOOO0OOOOODO:

heao =V (0-(p—a)2+m2—m+V. (2.3)

V00000000 (6-(p-a))?+m?00000000°00000. 0000
Schrodinger D00 hg O A O0O0000

Pyt = V2h+m2 —m+V (2.4)

00000,00000 V(u) =+vV2u+m2-—mO000000: (1) ¥ € C=((0,00)),
(2) U(u) >0, (3) (-1)"¥™ <0, n>1. 000 (1)-(3) 0000000 Bernstein O
ooooo
D00D000YOOO0O Bernstein 0O ODOO0O0OO00000000000O0OO0OO
0000000000000000000

H@:w(ha«p—@f)+vm (2.5)

2
0000 HYOOOOO Schrodinger 0000000000
1000 rKOOOOODOOOOOO0OooODoooooooboOoooooobD w0
00000000000 HYOOOOODO0O0DO000D0000D00D000000000
O,00000000000000000 subordinator0 00000, 0000000
O00000000,000000000000000 (cadlagpath)yD0O0O0O0O0OO.
obobbobooboobo0 FKOOOoboobooboooobooobo.

2.2 Bernstein 0 [, subordinators 1 [1 [0 Lévy [ [

Bernstein 0 OO O0O000 K O0000000%, ={f e #|limysos f(u) =0} Ay
0000000 (a) ¥(u)=cu*, c>0,a€ (0,1, (b) ¥(u) =1—e* a>00000
0.00,#0R\{0}0000000NOO0O0O0ODOOOODOOOO0O

(1) M(—00,0)) =0, (2) / RZERUEES

ANeZ 0 LévyDDODODOODODOOR, =[0,00)0J00000 Bernstein 00 ¥ e %,
O0000,00 (bAN)eR, xZ0000000000000OO
\I’(u):bu—i—/ (1 —e")A(dy). (2.6)
0

0000000 HOODOOD Exy(\) 00000 (f,Hg) = [, MdEr(N)f,g)D0DOD.
(fre="g) = [, gye Md(Er(N)f,9) 00000,
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00 (bA)eER, x 20000 (26)0000 % 000000000 % — R, x.2Z,
U (hbA)010100000000000000 Bernstein00000000000
0D0000.0000(Q,.%,,/°) 000000 (1)) 00000000 subordinator
000000(1) (T)eeD 00000000 Lévy0DO,(2)7,0¢t00000000.%
0 (Q,.%,,+°) 00 subordinator 0000 0000000,00000000000
00000 m 00000000 ES[--]=[---dn*0000¥ € 4000000
00 (T)se€.000000000000000000

Eo[e "] = e~ 4 > 0. (2.7)

00 Ty e 000000000V Ee%, 0 (27IOD0O0O00O0O0O0O0OO0OOO
0 %, R, x 0000000000000 000OO

S E2HBy =R X L, (,Tt)tzo<:>\lf<:>(b,)\)

O0TYes0Ve%OO0ODODO subordinator 000000000

00000 Schrodinger 00 0000000000000 00DO0ODOOOOO
Elle~ 7] = ¢ 000000000, vd Schrodinger 000 AOO0 OO e t¥™ O
D0000000000000 700000, %0 700000000000
0000000, 000 7% 0 Bernstein 00 v/2u +m2 —m 00000 subordinator

oogd
(e VST B (0T )

000NOOOODOOOOOOO0OO0O,NOOOOO subordinator (T¢ )50, j = 1, ..., N,
oooo

(f, eftZ;V:IQ/fAjerQ*m)g) — RO [(f’ e~ ZLTE(*A/Z)Q)] _

V1 X+ XVUN

O000.0000000000000 Schrodinger 00O 0O

H = /(p— a(2))? +m? —m

D0000O0FKOOOOOOOOOOOOOO. et2e<@)’ 0 FKOOODO 100
O0000000000 e O FKOOODOOO

1 — . Ty o
(e M) = BY(f,e "0 g)) — [ doBYE; [FBrlg(Br)e o o0

gbooboogogoooo.
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3 Ubouogd

3.1 000000 Schrodinger O 0 0

0000000000
00 31e¢0000a,0000000000
(A1) a € (Li, (R%)).

(A2) a € (L2 (R})?, V-ae L. (R%).

loc

(A3) ae (LE (R, V-ae L (R®) 00O V xae (L}

loc loc

(R))*.

(A1) O Schrédinger 000 h=1(s-(p—a))?02000000000000000
0000(A2)0 FKOOOODOOOOOOOO(A3)0 ADDO00000000000
0000

D,=p,—a,00002000¢0000000

3
1
a(f,9) = 5 D _(0uDyf,0uDyg). (3.1)
pn=1
0000 Q(q) ={f € L*(R%C?) |o,D,.f € L*(R%C?), n=1,2,3}. (A1)0DDO0ODOOO
0000 ¢00000200000000,000000000000 ROOOOO
ooooo

(hf,9) =q(f,9), [f€Dom(h), g€ Q(q). (3.2)

000 Dom(h) = {f € Q(q)4(f,) € L*(R* C*)'}.
0000000000000

1 1
h=—(p—a)*—= 3.3
L B A —by (3:3)

by by — i62]

Oo0o.gb0aAbO000b00OO0O0O0ODOO0OO0ODOOO0DO0OODOOOD,000 A+V
gbbobooogbbbuoooobbboooon

etV = g iy (e~ Emhe—/mV)"

n—oo
0000000000,000000002x2000000000000000,00
0000000000000000000000 A0 LAR3xZ,)00000000
0000000 [ALSS3, ARS91, HIL09|O O 00 Zy = {—1,1} = {6y, 65}. L2(R® x Zy)
00000000z eR*0000000€Z 00 L-00000000L2(R? X Z)
000000000 h, 0000000

(h2af)(2,0) = (1) (2,0) = 3005() 1 (2,0) = 5 (o) = i00(0)) (2, =0). (3.0
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00 3.2 (A3)0000000000 hg, O 2(Z,)®Dom(h) 0000000000,
00000000 F: L2(R3%C?) — L2(R3 x Zy) O

000000 FRFt=hg, 00 0O

hz, 0 Zy —7,0000000%Z,01000p000000000
Z, = {9§p),...,9](3p)}, 0P) = exp (27rig). (3.5)
p

000p>200006Y00006;,0000000006A(Z,)={f]Z,—~C}00

0000 (f,9)e@,) = 21 f(05)9(6s) 00ODOD
000 Z,0000 Schrédinger 000 0000000

00 33 (1) (0000) U:R¥xZ, = RO maxge, [U(z,0)] 0 p>000000
0000000

(2) (DODO0O) W:R*xZ, »C,1<8<p—1, 0 maxpez, [Ws(z,0)| O 3p* 0
00000000 000000U;:R¥*xZ,—-CO000000O

Us(,00) = 5 (Wal Buss) + Wy 50,0 (3.6)

3) (00DD0DD00000) My, : LA (R® x Z,) — L2(R? x Z,),

p—1
Mz, : f(2,6) = U@, 00) f(2,60) + Y Us(w,00) f(2,600:5) (3.7
B=1
O00o0oooooooobono oooo
1
th = §(p—a)2+MZp (38)
ooono
034 (000 1/2) p=2000 Wi(z,0) = —%(bl(x) +i0bs(z)), 0 € Z, OO OO
0,000000 34 0000000000000
|:| |:| |:| uﬁ(gj) _ nlaX@EZp |U(:C76)‘ lf ﬁ :p7 D |:| |:| |:|
maxgez, |Us(x,0)] if 1<pB<p—1
L,
lus fII < esll5p° Il + bsll £ (3.9)

000 c¢;>00bs>0000000



Soryushiron Kenkyu

00 3.5 (A2)000000Y% ,¢<1000000000 hg, O 3(Z,) ® Dom(h)
000000 0000000000

0000000 HOODOOOOOOOOOOODOOOOO0OO000000EH) =
info(H)DOOOOO0OO.

00 3.6 (AQ)DDDDDDZZ:165<1,@€%ODDh_Zp:th—E(th)DDDDD
000
Hy =V (hg,) +V (3.10)

0000000 Schrodinger 0000000

VOR, 000000000000 ¥(he,) 00000000000000 ¥ (hg,)0
000

00 3.7 (A2) D000 Y ¢ <1000000 ¥ € %000, 4(Z,) © CF(R?)
0 U(hy)0DOOODOO

3.2 FKOO

D00000030000000000000000 < 0000000000
0000000 [HIL09) O OO [Hir09, Hirl0a, HLOSb| OO O OO O

(B0 000000 = -A/2000000000
(-)M 000000 (M) = O0O0DODODODODODODOOOO
(T,¥)i>0 Subordinator — ¥()000000000

(NP )is0, B=1,...p—1,0 (Qy, Fyn, )00 p—1000000000000 intensity
0000000000 (NS =n)=¢%"/n. 0000 (V)0 O

p—1
N, =) BN/ (3.11)
B=1
00000000
w+
[ avoavi= 3 g (3.12)
T

000000000 E, [ g(N, JdNZ| =E, [[ g(N,)ds] 000D D
00000000000000000000000000000. 00000000
00 % =0((Bs,N?),0<s<t,f=1,.,p)000.00000

t p—1 Ly
Li= / fi(s,w)ds + /gi(s,w) -dBg + Z/ h%(s,w)de, 1=1,..,n.
0 B=1 0

8
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000° fi(,w) € Lig(R) as, ¢" € . 000 hi(s,w) 0 0000000000,
s00000000 ;7 |hi(s,w)|dNf < oo as. Fe C3R*) OO0

mmw@w=24m@ @+Z/ Fi( ) - ¢’ (s)ds

’L]l

+Z / B, +Z / F(Lo— + hy(s)) — F(L,_))dN?

DDDDDDDE:&FJ%:&@FDDDDDDDD
, 1 . .
dF (L) = FdLj + 5 FdLidL]

0oooo.
R x Z,-00000 Q0 Q= (B, 0y,)0000.

00 3.8 (0000000 Schrédinger 0000 FKODO) Y2, ¢5<10000(A2)

gooog
t
/ ds/3 dy(2ms) Y2 levP/(29)| Jog ug(y)| < oo (3.13)
0 R
ogoooooood
(F.ether g) = (oDt Z / s, [TQ0g(Q)e (3.14)

0000000 S==5,+ Sepin U,

t
Sa:—d/idBQodB&
0

t p—1 Lt 5
Sspin = _/0 U(Qs)ds + ;/0 lOg(-Ug(st))st :

OOO0legzO00000OO0ODOODOOO

00:000000000. (3140000 (f,S¢ 000000000 5,0¢>00
000000. 0000000000000 Osubordinator 00000000000 S,
0000000000000 00000000000000 Stene00000000
000000 HO S, =¥ 0000000000. 00000000000000
00000000000 —H =lim(S:f — f)/t00000 H=h,y 000000

00000 Sf(z,a) =EpS, [f(Q)ef] 0O DO,

Sif = Sof =B, [f(Q1)e® = F(Qo)]
Oooooooooooo”
f(Qe® — f(Qo) =df -e° + f-de® + df - de®
Ddf,deSDDDDDDDDDDDD. HEN

Sf € Goc 00 P([f)|f(By)|?ds <o00)=100000.
‘000000000,
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gooboogao.

00 3.9 (000000 Schrédinger 0000 FKOO) Ve Z000007Y0R
00000 p(r,t)0000us € L®(R3), Ve L®R)OO, (A2)000000000

/drp(r,t)/ ds/ dy(?ws)_dﬂe_‘“c_yl?/(%)|loguﬁ(y)| < 00 (3.15)
R 0 R3

oboboboobooboobod
(f,e " Mog) = Z / daBps s, | F(Qo)g(Qre)e™ | (3.16)

000 SY =S¥ +SY +S%.,0 St =— [ V(Brs) — E(hg,)ds, SY, S¥.. 0 Sa, Sepin U

spin spin

t0TY0000000.

ObO:0000V=0000.0000

(foe M g) = BO[(f, e o g)]

O00,0038000FKOODODOO.VF#OoOOODDODOODOODODODOOO. OO

h%pD hz, D a0 UgODODO 00 [Ug|0000000000000O0DOOODO3.90
obooboobobo

0 3.10 (DO0OO00)00 890000000000 00OO th—E(hOZP)ZODDD,
gbobooboogobobogd:

](f, et<“’<thE‘h%p’>+V>g)] < (1. CEyg)). (3.17)

4 000000

0000 Schrodinger 0000 FKOOOOODOODOOODODODODODODODOOOOOO
0000000 Schrodinger DO DOOOOOOODOOOOODOOODOODOSchrodinger
go00oooObOo00o0ooooooobboodoooooobobbooooooooooo
OO hypercontractivity U D OO0 ODOO0OOOO0O FKOOOODOODODOOOOOO
Sim04|0 0000000000000 0000OO00O0O0000O0OOOOOO00OO
00000000000 [LHBNOODDDODDOOOOOOOO0OOO Schrédinger O O
gooboobobobbooooboodooooooboobbooooooooooboobooboobo
O0000oooooooonon thresholdDOOOOOOOO complex dilatation [
gooobobb. oo oooobobobboobbobbboboboobbo
Oo0oo0bOo0o0oooooobobobbooooooobobobooooooooooo
O00000000 Pauli-FierzOOODOOOOOODOOODO Schrodinger 000 00O
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Z 0000000000, Aw(z) 0000
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000000000, e(k1),....e(k,d—1)000000,H 0000000000
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Hi= Y [ Iklal (. fatk. )ak
j=1
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On Robust Quantum Control

EHKRY IV a— st v & — PR R
MHRY BRIV Ea— sty 4 — i)l 2
T AR T iR R

i PN S M HrEl B R

1 XLC®HIC

AMESHTIEONZA MRET T — N ERET D80, KRNZHMAOEREZ 525, &B17T—
MIBEFIVEL-RIZRIDIEARFTHY, HEEREREFTERING, >oTEFIY
Ya—&20FEBIZIE, EMARFHENBERATRERZS, TI—IZHLTANA MR TFT —
FODZEREFT B, L0 S ZEREELMETH D,

BH® NMROSE TR, #HE/OVALREEINDGEONRUIELIFHVWSNT WS (1], ZHUdTT—

DB ZITIIKLKT242D, HD 1 DDA VEEEZZDEETODTIERL, EHEOHBHZR
A VEEEMAGDETITO L WO EDTH DL, AL VEETRMEFEIC L >TITHDNDEDT,
BEACVEEIE T T — NIBWTEAMTHD L IfFI NG, D2FEVARLIDOETT— b
. BEROETT—FEHAOTESZ LT, T —DEEZTIIKWVWETT—NEEHTLHZ
EMTELD, TOEDRETT - NE2EAERTT — NEER, TNETITHE DM NMR &1 3
UV a—REATII LA, OAZ NS LRTEY NOBART S — M@ TATUS 23, L
MU, TNODOEEERT T — FOFEHIBWTEZ I —DEKRBIKGFEL T Y, kD) —HuR,
RO —ITHIGFRE A AZ R L & 5 L WS EAFR L TE <IFARW,

BxlE, M—WBREEET T — NOBFFEEELI L EZ2HNE LTS, — ., ZHETOD
9 CH 4~ 1k, pulse strength T — L FEENDZ T —IZ{H U CONA NREERE T — N &Gt
BRI, BIFAIAH (4] A0 IXRB KD IZE T — M ERGEITTNIERWI L 2R U B, Zh
X2 T DORFEIAAT T — B AY pulse strength T —IZ U TCHNARNTHD ZEERLT VD,
pulse strength TJ — & LHIHINT A =R DK EIANDRMHAZLT —DZ & T, off-resonance T
T— I NMR 273V a2 —RIIRWTRICERERTL T —H D,

AREZF TR —2EBHRIZE) D, “TI7—DO—ROEEZTHHET I LA ARELESGE T
TR 2RET 2 ROBRNBHMAEZEZ S, ZORRIERDTT =12 U CGEARET
HY, BL2DEDEELH < DOLITHFEZ HRIZEHTE S Z L 2/RT,
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2 EFF—hEONRME
2.1 ONZNBREFHF—K

ZOMIERTT— N OREIE 525, BT — N L IBEREEE T CHE, —BFEY M
12 SU2) . N BTy Nr— & SURN) THRIND, =2 CRIEIRBHET U (t,0) € SU(n)
2ERB, ZOWNERERET %

Uxmo):ﬁTmm[—éA&ﬂﬂA@»] (1)

HA®)) := Au(t)7s (2)

ENINEZT Y0 A = (A1), A2 (1) 1En? — 1 RIGDINT A =R LRE M 2B 5
JERE, 7, 3 n? —1 ROGEREET p=1,....,n* =1 THY, h=1L T2, flZlEdn=2T
iE 7, & SU2) DAERTE T, =0,/2 8D, 2IT o, WU VITHITHD, ITH, t€]0,1]
A ON

U := Uy(1,0) (3)

PEAZDRODDZETT— 2RTLEUED, BMAFETT— D U 21872000 FEERIZIE A@E) 2
HUTHOENDITT —5A\t) oY), ELETFT—NZOEDEF/LIENTERY, LU E
FANTA=ZN\{t) 2EIZLIZEST, KEIDDONLRV, ERALNEZTT—D 1 ROFHE
2HHHTIENTEZLANHD, ZOLE, DFY)

Unisn(1,0) = U + O(5AP) (4)

YRHEE ZDESB AL KEoTELNG U 20N NRBFS — h LILE,

2.2 ONARNBREFTI—MNOFEHE

K (4) BWATONZ NRRTY — N2 BT 5810, 2 0ORU %I VTS

B &,
Unt6x(1,0) = UUL (1,0) (5)
£RB, T
s
UL, = Texp {—ijﬁdthh(&A(ﬂ)} (6)
<HY.
Hi(A(1)) = Ua(t, 0) H(SA(1))Un (£, 0) (7)
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B EFASGICB NIV N7 U THB, £2R (5) DAL
Unioa(1,0) = U — iUAW + O(|6A2) (8)
CIBT A 2L MMTES, 22T
AWU:AEHA&@» ()
THD, R(4) LR (8) RHARZZ LT, ONRANRTY — N &ZHT 5 72DD%ME
AW =0 (10)
ThHdIeWbnd, ZHE—MBOTT— 6\t IZHFUTEFT— "NPONANTHIEM4ETH
%, REIMOITRFHNALT —ITERE YT, ZOZRMFEZ EDL D ITHFETNIEIRVONZHFHND,
2.3 IS>—OHNHE

DABIZFE D 72 D12, RO B OVEIP T, \(t) R EHBIKET 2K E, BIZA DX IcE
KZLIZT D, 6N \NDRMNARLTT —ThDGE.

Ay = Fu(N) (11)

LELIENTED, ZIT, F = (F,...,Fpe_q) RO, Un»UIRERNZEBTH S,
Fu(\) %

FN(A(t)) = fu + f,ul/Al/ + fuyp)\u)\p (12)

YEBT B0 Lo fuvs fuwps ... BETF VYN THB,

1 1 1
/dt%u =0, /dmxy =0, /dt%uxyxp =0, ... (13)
0 0 0
DO L X, R (10) JEEDO F ISR UTHTT 5, 22T, 7,(1) BHEERHGICB1 5
Vrxl—H—
Fu(t) == Ua(t,0)T7,U(t,0) (14)

Thd, A(13) 22Tizde, TORTT—MIHOWIRMWRLTT —IZHLUTHNA RN
25N, TIFBHERTIER, KIEOYHRIZEROH D RFENZRTT —Ik, X (13) D2DOH
DEMEZEENTVD, BLFTIE 20X (13) D2 2HOERMHERITEHT S, f. %

f f v _’fL f v +‘jL f
hyz%fﬁlk“ 5 E4|=£ 5 “—@Vﬁ’ (15)
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CETAILIZE ST, T

1
/ dt7. 0 = 0 (16a)
0
1
/ dt (Fhy — B A) = 0 (16b)
0
1 ~ ~ ~
TuAy + T ToA
ﬁ[“” b _§,EE =0 (16¢)
A 2 N

E3DDERMFIIRTEIENTED, ZITLDOHDEM (16a) 1&/37 A=K \(t) D/ IVLAITH
THRLIT—IINUT, =M ONAMIBRDIEMETHL ZENIND, 72 ZDOFRMERIKX (14)
"o

/Enaumﬂﬂpuwﬂa@m):o (17)
0

YR ZENTESD, ZHUE () = Un(t,0) [1(0)) & LT [p(0) THIRHER L 5 &

- / dt (1) HA(®) [$(8)) = 0 (18)

Y%, ZOR (18) ODIFBINNA 4] OEHBZOEDTHD, 2EY 1 DHDOZKMR (16a)
&, BIFAIAHDY 0 128D KD ITHER I BT — ME, XD/ VAW T LTI =Tl Tr
NARTHZ LD L ZFELTND, AL DBUFOMETHLMZLAEZZETHS [5).
2 DEHDEAE (16b) &, /8T A= A D, NI A—XERTHE2TEEIRTT—ICHLTE
T = MNP NANBEETH D, £723 DHDFEM (16c) IZFA UK /8T A= N IZXHT B0
DEOIBRILT—IZHUTENANREMETH B,

3 ANAKNGEESEFT— MDKE

RIETIE, BMABTI—IZH U TCRTFTZF— MDA NA M REMEZ2EH U2, EBIZZDORMEE
AWTETFTF— Na2#aT2I10d. BAET7 — b D VELL TEBO MG E 7 — b
OMEE L UTHEFHT 2 HENEHETHD, ZOFETIE, 77— IPANANTHDZ5M4 (10) %,
HERUL U 2 IR 128 U CEA 9 5,

3.1 BEut
F9. A=Y N RBZI=RY)—[FH U %
U = Uye(tp, to—1) ... Uy (t1, o) (19)

CHEEBET D, I T 1=ty >tp1 > >t >to=0THV, N IFi ZFHOI=RY —F75]
DINTA—BTHD, £2DI=KY) —4T5%

U)\j (tj, tj_l) — R(m]) = exp (—imim) (20)
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YEIETILIITE, S TIT—DHBLZR Y —{TH] Uysy %
Untox = Unipore (s te—1) - - - Unipsn (1, 20) (21)
CHEEALTED L L&D, TT—DENE LA, RADIZX) —475 %
Usiton (tj,tj—1) = R(m? + 6m7) := exp [—i (md, + 6m,) 7,.] (22)
LEIHEY, ZIT,
Wi .= mfﬁﬂ , oW = 5m‘LT# (23)
LU, 2200178 A, B IZBT 3 & <HHN72BRR
eA+B:iAIdxéﬂ——mkA$+lAI¢vljdy5ﬂ——x—yﬁﬁmBéw4ﬂ.. (24)
ZHWD &,
R(m? + d6m?) ~ R(m?) — iR(m?)sW7 (25)
L85, 2T
6W§::L41dxe”W"6Hjé”“Vj (26)

Thd, 2T, R)ATEHELL AW &

k
AW =) viTHswivit! (27)
j=1
Y %%, ZZT
V7= R(m?)... R(m") (28)

THY. RmF)...Rm/) = UVI-1 ORIREMo72, 2O AW R0 IXA5 &SI mI ZPET
HIET, ANANBRRTT— M EREIT2 I LN TES,

3.2 fl

e UT, BifiE TOHEEZHWT n=2, k=3 T®OD, off-resonance 77— L TH/NA
NREFT— NE&ET 5, DA,

R(ml) = R(m3) . oml = 6;(cos ¢j, sin ¢;, 0) (29)

DFEEZEZ LD, ml=0 L VI HIEIE, NMR 73V Ea—20HBEFALTHD, HitL
WETFTr—NE

R(m) := R(m*)R(m*)R(m') , m = 6(cos ¢, sin ¢, 0) (30)
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[olm [olm |00

110 110 110
(a) (b) (c)

L 77— M X DREBORMFEE % Bloch BR EOWMBFTRUZZED, (a) ¥V TINVEETT—
k. (b) CORPSE KT (c) (37) RNDF LWERMAENSERREF U ZEART T — b INE 0 = 7/2,
off-resonance T7— ¢ =0.1 T, Kl t =0 TlE o3 O +1 OEAHEIZTINT S EARE |0) 2 &
%, BAIFT T —f, FAKLE T — N EAWZ5EOMEZNICA Y 2 2 RE, (b). (o)
DEEE T — ME off-resonance T7 —IZHLUTHONARNTHD Z LN D,

&<, off-resonance TJ— &% m! M,
m? = 0;(cos ¢;, sing;, 0) — 6;(cos ¢, sin¢;, €) (31)

LBRBTLS—TdHb, Riml) = exp(—im)o,/2) Tho=IlzENHTEL, 27)AN6LED
LT —D—RDIHEIZ

UAW = ¢ |sin %R(ml)R(m2)03 + sin %JgR(mQ)R(ml) + sin 02—2R(m1)03R(m1) (32)
LRBIENBNMB, mh =0 b
R(m?)o3 = o3 R(m?)T (33)
OBEHNDH 5D THEfR., BN NRE 17— NOZ&ME
)

. b 61 .t 0o . by
2sin 5 [cos 5 €O —sin -sin = cos(¢1 — (]52)} +sino = 0 (34)

EBB, pr=g2 X pr=da+m. d1=¢a+7/2DEE, (34) NGRS ZEMTET,

O +0o+03=201+0=0, ¢1=2¢ (1 = ¢2) (35)
0 . (1 .0
0, = 3~ k, 0y=—-2k, k:=arcsin Zsing | p1=209 (1 =2 + ) (36)

. 0 . 1 .0 3
61 = — arcsin (tané) , 02=2arcs1n(ﬁsm§> , ¢1=¢+17T (p1 = P2 +7/2) (37)

8D, 01, Oy IZBETDEMMEIE mod 2 ZAMKL TWD, (35) RDFEMZZTEHDITIE,
Bang-Bang 1> b O—)L% MLEV-4, MLEV-8 £\">72 NMR CT&L<fEONTWV2EDNEZE
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Nd, 72 (36) RDFEMIE, BEIZ off-resonance TT7 —IZX U TCHENA N REHERETT—hEL
THISNTWS CORPSE [3] D&RHTH D, (37) RDFEMFE, TNETIZHOENTHARWVEH LW
ZMhThHd, M) Ix0=7/2. e=01DLIDYYFIVIEETT— b, CORPSE. Z LT (37)
ROFLOEMEPOERH U EEETF T — ML B FREOHMEELZ2RLZEDTHD, O
NANBELT— M 2T 2 HI2E. ZOEDIQ27) ANS6T T —D—ROHEE LR,
INW0IZKRDEDITELZDIINT A—=RERETNIZE,

4 FE&H

ONANRETT— N e#itd 2 2O DERRN BRI AZER L 72, 3 5IZHERLd 5 Z & T,
ZORMEEZHCTIETFEY MIBTEAETFT — MR TED I L 2/R U7, THhid NMR
BTAVEa1 - TREIZHSNTWS CORPSE BREDEEE T — MERRETRER, &V —f#
MBEEETT— NOREFIETDH D,

Z& 3R
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A XT b bRV AR R X VR TR
Bl OUNTHAFAE WHTARRED) | I Ik BT2)

PR 23 4E5 H1 H

B =

JARBBID AT AT v THRT VY VTIEA VAT vV b v HID b v VIR FRERIC
ELENE, ZOBEICBIIENEIEL v AY v by by rAEIROEIE L VBRI
LRz A7, BEHREEZZIE S E, Py RABERE, w— 0Lt w— oo DHRTY
QIZ% 503, ZOHEFETE L S RERMEEZIND, ZOMIBEGRE L & HITHKT S, hw
WRT Vv VOEI LD S TTINIREDIES v A5 v b v by bR, i
FRE « NELESREFE S v 2VIRCHHTE, Bfmiici, 8%E74 b7 X b
VIR EBIREING. —H, hwdBET VI e LOEI LD HRZIVELSD v R LEE
i, BT hw ORI L 2 232 VX —BECHHTE, BEmIETH 5,

1 Introduction

W2 0FEDM, HHMIMCIEMRES 20 b v 2LshifiE, BFA4 A8 D 5% OifEH
& THMES T, AR RICIBE S WML & v R VBRI D)o TET W13 (1, 2, 3, 4].
T, BMELR Y Y RVERICYBNRERE 52 285 E LT, AA AT AL PR
HBOLYF VR TR YRR, 22U 7Ry b 7Y A - b Y RASIEEDOMGD
RELRINTELI6,7,8,9).

Tald, MFEDRLT, A VA Y Py TEBHTE RO b ¥ FOVEIRZ A H-ICHAT 2
T2z, LIE « NEELIRETFL b > 2V ROBERZ L L (10, 11). 0L, EHEE - b
HOY 27Xy b« 7Y AL« YRR ERBENICFRAL D EEZSNDH[8, 9], oD
BRSO AR IR SN T 2 DITK L, DE - NEESIREFEYE b~ 2 VR ERIE, X0
— MR 2 G e RIS A RECTH 2. A v A v ME, BIREORREFREIC L > TERE N
5 DT [12, 13], HERFEITFREITEERED T E 2 WHEBCR T #) T EE L v, —JF, IR
BHRTRREZEZMTETHD, AV 2AF L b 2EDLIWTEHHBERD b v 2V %Y
d R 2 VG THO) ) HSHEETH % [14, 15].

COHETIE, A Y AZ Y VO b FOVIIRDFEEIICEIE I N A BB DO A >7 2 T v
THRERT Y2V ZHOT, ALV RAZ Y by by RVIROEHNE X OB T2 @R %
A D, BE - NEESRRTFE b v 2 VR B HSEH ATRE 2 T 2 R 7 v e L L LT, F
HEEIZ AN OB ATy 7RT VY VRE2EAT 3 [16]. 20K T, BEFEEEZ 2
VWD by 2 NVMERDOELZ R, KE - NEELREFEL - v VIR E DI T E DR
BB ZH ST 5, £72, BUENICTIZD 2 DE ICR IR REETE 2 RE L
TEHOASKAT Yy 7RT VY Y VREZEAT S, Z0RICIE, EEENMERIEHAATE T
H D0, FUPOBRTIENR N FVEHKRPEE 2 FBMGFTES, ZoREHOT, ZE -~
LIELGIRIRFE v 2 VIR O BT ANz AL, ZOXHILT, A RAF VbV
BD b v 2OVEIR O MG & BT h 6 ORI @R E 5.2 5.
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2 EFIEEFHULGHER

AVARZ Y VIO by RVIIRDBFEENICE LI ET L E LT, UTD L) LREMES)
EANTW OV BMERORAT Yy TRT VY Va2EZ 5 [16).

(1)

ZORT v e )VICHEBE Pr(< 0) 2RO VHES G 6 AR S ¢G5 0MEEFIRELE 2
% (17, 20X ) RUHEEHIRER, DTO& ) ICkBHE T QF 2 HwTHE 3.

N 1 -
H(Q,P,wt) = §P2 + (1 —i—esinwt)m

A P . o N 3
< QolQf (to)|Pr >= lim ’IaﬂQﬂﬁ/ ds < Qo|U(wto wto — ws)|Qr > exp{ - Ers}
Q1|00 V 27h 0 h

(2)

22T, U RRHSERE - U0 +wt 1 0) = Texp —1 fo (O +ws) (7 :KEEFE <bH

5. WD L0, ANREBHNOYMETH 2 F2RT

M1, AHZRLX—% Ej(= P?/2) ICILY, BEEEE ¢ % ¢ =0, 0.05, 0.1,0.2 & L 2D HE
EFIREEZ TR T, MEH (e =0) DEFAIIE, br2LBA v RAZ Y PUBRITHD, b oL
RIZRT V¥ v LN TRRIC ﬁﬁtb/$wki%ﬁﬁu% TN EE LI N TR EEZTL W,
LL, E#3Mbs e, by 2URIIEBERTIZIFEDMHEEZILD, ZOMHEIZEIRED
BNE EBITERTZ, DX by RABRIL, KE - RELESRREFE v 2RI L -
THHEETH 2 [16].

10%
-50 -40 -30 -20 -10 0 10

Qo

X 1: BmNEHEIC X > TR N EBHEEE € = 0, 0.05, 0.1, 0.2 DRFOHEE HIRE, 87 X ¥ —
&, By =0.75, w = 0.3, h = 1000/ (3w x 2'0) ~ 0.1036 TH 5.

3 KENEEFOFEHHKR
WERHE O IR I T L ) 52515 [17).

| [| 'LPIQI/E 1 8259 12 3
< QolQf (to)|Pr >~Z Jim /o e B, 95,000 exp{zSa(Qo.to,Qr, EN} (3)
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22T, Sa(Qo,to,Qr, Er) I, TEHRE S

Qo to
Sa(Qo,to,Qr, Er) = / PdQ — ) H(Q, P,wt)dt + Er(to — t1(Qo, to, Qr, Er)) (4)
Ths, B)NckTF2 Y, &, FHIELUCHFS T 2 T XTOWHMPEIC O WTHIZILS H2
BRYT 5,

EHIE SQ(Qo,to, QI,E[) DEEE, BEFIFNRENEICR 5D T, Qr1, Er, Qo, to 3, *H
BEZ IS Uiz o v, N6 N¥EEZEET 5 LWBOWREEIEE 5. —77, ¥
WIREZ 7 1%, Ep EIRMERBR RO TAEETH 5. Miller 12 X > THZ L NTAEERFTIE, T
ER N PRIIEBEOEEMEINS FFI N5 [13]. L7di>T, EERVIHRL ¢, 2 BEREMt%
W7 THEZ RO 27O DEBRE NI A—F L LTI ) ERTE S, PIHRZ t; Y —F 7
Y EL LA TS

I={Q,Pt/|Q=Qr, P =Pt €C} (5)
ThHzZohb, —J, Bm F I,
F ={Q, Po,t|Q = Qo,Po € C,t =to} (6)

THEZoN%. Qp, Er, Qo, to ZIEET AT LI, t; 2L T 2L FICEET 2 (BF)
B2 ROIUL, Z 0P HENEE TS § 2081240 5 (1 B 1213 Stokes [z %
W8S 2503 %) . WEEHBGELIREOWEIBIEZ Qo DB L L TR®D %1213, i BLHIE % [
EL Qo ZEKMICH>TEHD L, FRITEICHL T IHEZROIUT I,

4 TBE  ANEEZHREFTEN VXRILEHR
41 XH=X L

B () ICHET 2R 2E2 5, WEBHRE (e =0) TlX, 22V ¥—2 F=1I1Cl->7%
LBOOWIEIZL N7 Py 7 AL, ALEBERD Q — —0 IZH B EZEZNIE, ZhIC
WHET 2 RESIRIKE 7 IR LELHRIREEZ oD, DX ) REE - NEESHKEIL, BH)
WA-TH, BIEINDEDLEIHIELRET S, Lad>T, FEER TV ¥ VTR O N LE -
PLREGRRFE L Y 2 NVHREFALC DD, ATy 7R Ty vl b 6N (10, 11, 16).

212, RHESSI NOWE OB AT v 7RT V¥ v ILDOEED Poincare G4 (&) =7,
Ws & Wy lE, ZNENEELHRIE EANRESLKETDH S, AT OWMHZ58 L 7:bD% T
TRT., ANZRVX — B 23 3/h S CGERTISEOMERED b v 2RIk > ToAafEon
256021%, ReZ & ReW 13587487, ReZ 2547 3 Ll OEMBCTHID NI AL L1k ik %2 A%
BXOREHEEICED T, Lo L, EEHEEKTIE, W IdRRIORSIN X IcEEIn, 7k
DR ZFRFD, ZRUIINZ L 7o fit =t ISR DERAUR EEIEN S (10, 11]. ZE - N LES G
FHE L U RVIRICES T 2 (B HIERR, BRI OREICOlE 2R, HELES
BRIR W 12> T Q — —oo IZAD o TiEdr, 216 O THMNIIZZ 2L X =2V X WlE i,
BT LA ZESRE W, ITih> TRD, RENRICHES T 205, Z0LSolE R, ZE%
Befk W 12ify > GEAMIRE ST (Q — —oco) IHEBEL, ¥ R UHERZED T,

DI PR, A VAV F VRO RVIRE LS ELRZDDTH S, K
TV VN ZEL A VA v b BN, R TICEE T 5 D ICE O IER K D REIR [ & 46

3
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FEL, 20%D, b ¥ RVMERIEEBEEIRD L, RF 22 v 0fgs o T\ iEEEc
FEWIcXa ki3, ZOBEKT, A7y 7HORT Y LTIE, A VA Uy BIO R
WRIRIZHENCEEILEN TV B 7o Tk, 20X BBEATYH, BEIBNDL S ELE - A
BRESIREFE b V2 VIRIC L 2 by RVBIRDEH S 5,

4.2 Melnikov BT & DEEFRE S DR S O

EESL R DAAAELE, Melnikov {7352 W CHEHT 2 2 3T E 5 (10, 11]. £ 9, LELHkE
W, EOBE Q,(t) D=3 NL¥—13, UTDkIcGAoN%.

H(Qs(t), Ps(t),t) = 1 + esinwt + AHp(t) (7)
ZZT,
t OH t
AHp(t) = / oy T coswt'dt’ = / (Vo(Qs(t)) — 1)ew coswt'dt! (8)
T, Vo BIEBIRORT V> v L (Q) = a5 CH 5. Melhikov DFIETIE, W, EOWE
Qs(t) & BB R DO fiE
V2(Y2—Y)
_ — 2 A S
t—ty = »/7 (4)f 2 4/Y2— ) — 9)

EEWATHEDZIMEIT S, 22T, VY=14+expQ T, to ZEEHREORHOJF N T, Hul
Wﬂﬂﬁ N (tr, Q) EMUT D X5 BRI 6 s,

tr =to— Qr/vV2+v?2 (10)
B %#FETT5E Ret; — —00 & LERDZF VX —E IO LI IRkF 5,
Er =1+ eA(w)sin(wto. + ¢) € R (11)
Z2T,
_ WXcos
tan ¢ = T o xem (12)
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BLU

Aw) = V(1 = wxsin)? + w2x 2 (13)

T, Xcos & Xsin &, Mo OTERINS,

0
X{cos,sin} = / [‘/O(QSO(T) to = 0)) - 1]{COS, Sin}(m' dr

o)

+ /—00 Vo(Qso(7,to = 0)){cos, sin}wr dr (14)
0

By D3RR R I3 B2 5355 5 &, WO KU fo, 1FAN L2 E LCRED, (10) & b kb
T2 17, ST E 2D, G T & LESHER W, L% (R KA %, B <1— cAw)
DB L, FRERICEIE 2D, 2 OBAT S MEFIRICMIEFEL, ZOES I,

Imt;. = %coshfl((l — Er)/eA(w)) (15)
LRI NE, w— 0 DMRTIE, Aw) —>1 &% 5DT, WHLIFIL,

1 1-F
Imt;. ~ —cosh_1<7l>
w €

1 (2(1 — Ep)

(16)

~ —lo

), (e 1—Ey) (17)

€

E%, K312, w 2SR Imt,, DELZRT, w < 1 DFETIE, (16)X (713
(A7) R) X BFHIBED, w ISHHEIT S, —F, w — oo T, el & o3l r/v2 I L
TW3EIHICHAS, BERTF VT v LIcB TS, [FAROEREDOIR 2 HCEIN S 3 [15).
L7eho T, BRAOBES OB AL T 22803, WEE»H 2 LEZ 6N,

100

Imt,

0.1 1 10
w

4 3: EESREDOEI D w it T 5234 (e = 0.05, 0.1, 0.2) .

4.3 TE - FNRESHRAEFE b 0 RIVNRERZ B\ o b > RIVER O

3ETHAL MGREE G279 5 &, M1 ISR H¥EEFHELREZ (2ITLFICHEITE
% [16]. ZD7diclF, 5§ 2EHEEHELZ TXTHSOUHL, 206 ORI EAZ G
BLELADELR TR 6%\, JHUdd TNEE TR D 27 2 1T H H BIFENTIE 20,
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TITIE, XOMREATETRKEDLL b RIUVIHERZTHITT 2 552N T 5. LE - ALES
FRIRFEE b o 2 VR TIE, R At IR & LB RESRRIE W, L2 8 < A EEDS, 8
FEUyRVERZFEL, ZNoOREPRMWEZIET 2D T, b ¥ FOUHER % [ FhE %2 H
Wi % 2 L A3A[HETH B [14, 15, 16).

BRI, b 2 VED RS (4) ZERAWIED Z 1V CRHMid 5. Bl T o ik

B (3) T, IR /5258 OFGEHTIU, by RVHERIZUTO X ) IS0 5,

1 2
Wsumaer ~ Py eXP{*ﬁImSQ} (18)

kv FOVEE DRSS ZERHE D 2 B E#12, Melnikov @ S % W CREMi§ 5.
Melnikov D HESEH LT WEIIZ, SqZB TDOLHICESHEZ S,

to

Sa(Qo,to,Qr, Er) = / (H —2V)dt + Er(to — tre) (19)
tIc

22T, V(Q,wt) =a®)Vo(Q), a(t)=1+esinwt TH%. Melnikov DJTHEETIE, HFFHLE%,

(11) X TH 2 5 N 2 DM to, Z RO MRS 22 W, LOWOE Qo () ICIE SHZ, 5y % i

T 5. M FRRIZARKT 228, KRELTUTO L) LiHIIRHo N5,

€
ImSq(Qo, to,Qr, Er) ~ (1 — Er)Imtr. — ;Im cos(wtpc)

tre tre

+1Im t ¢ dt/t/ ds a(s)(Vo(Qoc(s)) — 1) 4+ Im " dt/ ds a(s)Vo(Qoc(s))

t! toc
—otm [ 7 dt esinwt(Vo(Que(t)) — 1) — 2Im [ dt esinwtVi(Qoe(t))dt  (20)
toc tre
22T, ty 1 Rety = to, Imty, = Imtr. 27 RTH S, (20) ANz BAEEIHECRHEE L, (18) 3\
AT UL b v R LA T X 5. (80 RO HI (v < 1) TH, (20) ROELORS)
D2 ODEILIMICHE DT, (16), (17) REHWV3 &,

ImSo ~ 1_TEIcoshA(#)—gsinh(cosh_l(l_fEI)) (21)

1-FE; 2(1-Ey) 1-E;
~ log( ) —

€ w

(22)

LEHIIS NG, L7dioT, kv RUHERIE o« exp(—Cw) 31, w — 0 ORIRCIERME
(IS 5

5 MYRIEERDwICKBDZEI

4 c:%?ﬁ?ﬂ@ﬁﬁkﬁfﬁéhk k ‘/Z“ﬂ/ﬁ%?z‘; (max_50§QO§_3o| < Qo‘Qi‘_(toﬂpj > |2)
E(18) R & (20) R 5 FHE & N2 A BRI X 2 PR Weparar D w 2 & 220 % EE)H1E
e =0.05, 0.1, 02 IS L TR, RTD we, = 55013, Pl BT & #li 7 2# R O BIR
2RO 2 BT, CORMBEBZBZ 5 & AHRT I3 1 DDO8EF hw OWINTET v v LA
Ty T RBEZDIENTE S,

W < weg DEIRTIE, Y RIUHERIE Wepnmer & &2, Flcw <1564, (18) Ric
(21) AF i3 (22) A2MNAT 2 L, U RVHERD o exp(—C/w) EFHli SN w — 0 THBBIEL

6
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MICIEAD T2 2 LD3b 5, e<1—Er OEEICE, (18) e (22) R& D, elcxtd 27D
oc e2ealw LGP A, ARRIEECTIE b v ROUHEROBEEREIC X 230K T 2 2 L3bh 5.
W > weg DFIKTIX, 1DDET hw DIINT, KIGK IR T Y VAT 7225 2L
DIAHE &&5.u@i?w7@ﬁﬁ§&£ﬁfi¥ﬁﬂm(%E‘$%ﬁ%&%%§FV*W%
FHE) 13 b IFRAERTIE R, EE, by ROVEERIE, w OB E & S IR BRI ISR T
503, Wsumer & e ICHEBIHRIC—EMEICPURT 5. 2D X9 BEAICE, BN EEED
BHTH S [15]. F 2 AMERIE, 1 DOEF hw OWIGERRTIZIZRE D, DT O X I ICHHE S

ns,
lim ‘ < Qo‘Qf—(to)’P[ > ‘2 ~ lim 627T2Dw‘ < uEI-l-Fw"/O‘uE[ > ‘2 (23)
Qo——0o0 Qo——o0
22T, up ZEEIROBILEAIRET, RE D, 1%, BN Q = Qo TD up, 4+po DHERIRIF
TUTD L) IchEZ505 [19].
D, = lim | < Qolug, +hw > |2
Qo——00
1 sinb(a(Pa+ |Prl)/h) — sinb(r(Pr — | Prl)/B) o
~ 2mh|Pr| sinh?(n(Pg + |Pr|)/h)

ZIT, PR=\2E +hw)BXO Pr=—2(E+hw—1)Ths. LEh>7T, (23) A TH
Z6N5 YRR, 74 b T AR PRGBS B, K4IRT X, &
FEBNEIC X 2 (HGBER) 13 v 2RO Z e X CEBIS 5. D, 13 hw — oo DIRFRT
DwaﬁﬁﬁqaﬁawT,%ﬁ%ﬁm&ﬁ%u,im,%@%ﬁ|<u&MA%m&>4H:;5

10°

Tunneling rate

0.1 1 10

Quantum £=0.2 —¢ SUMGT £=0.2 —x¢—
£=0.1 ¢ €=0.1
£=0.05 £=0.05

Quantum perturbation £=0.2 --X--

B 4: b v ROVHER L LGE - NEESIRIRTEE v 2 VR R ;%%M%X@&@ﬁﬁ%ﬁ
19,(0.03 <w < 10) ICBIT B L. 3 DDEEIRIE € = 0.05, 0.1, 0.2 DEEER T, MO IE
e = 0.2 DR D TR T E#EG (23) DR TH 5.
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6 FAVRARIYVKNYENYERIVHIRDOEFHRIVEIR
6.1 TETFIEEEHBFIREE

ZDETIX, LE - NEESRIRFEE b 2 VROE TP REREZAA L, 207D
ATy TRT VY VIBEZ ANTR%E2EZ D,

qu,Ruﬁy:%fﬂ+m1+egnwwﬂ(—Q) (25)

2 I, H(x)!lE, Heaviside B TH 2. ZDRIFKRT V¥ v VOMDESM DT, HEHRFEHIC
fEiTHRC T 2 HIIAFRETH D, HELEHMHRZEH T 2HITE R, LarLl, BT 2N E
R2FENIZIZIFFECTH 2 EWIfF SN, F7, BEEmz b9 ICEEFEELREZ EET
¥ 20T, BFNFNRERZEZ 2 DIHERR,

IFRNVF— Er R0 ABE U 1

U,(Q) = e #ErteniQ (P = —\/2E) (26)

LETFE, KTk, IRETA2ET VI v L EDHAEFEHICE 2B TFDLEWIN - B
DI, KK T2V X — E, = B + nhw GEE)&E:Pgr, = 2E,) OVHEDELEGHOE T
HIr 5.

Z Rye 1 Enter PrnQ (27)

ZZT, R, IR TH L. —T5, Bk

2 :Tne%f coswte—%Ente%PTnQ (28)

EEHIT S (18], 22T, T, EdfriT, ##hkt Pr, (& Pr, = —/2(E, — 1) THAbN 5, L
0o, EEIIE, WET 2 KTV v L OB AL en & o5t 2 521) 7 EB) & P,
DFHBEDEREHE TEE S,

B, <17% 61X, iR Pr, (JADHMEHICED,

lim  enlmQ -0 (29)
Q——o0
E% b, Lo T, QPRELRADFEBEZINS 72 6 1F, FEHEPIZ
N, (Q) ~ Z Tne%f coswtefﬁ'Ente%PTnQ (30)
n>n
c‘:iﬁfj“(“? %5, 22T, n*=min{n|E, >1} TbhH 5.
Q= BT 2 ROEHG A0 & IR R, LEWRE T, 23k E 5. £, KEHBEKZDD
@@%ﬁﬂiﬁ“ Uy +Ur=Ur & D,
1+ ZR e —inwt ZT eerOS“)t —inwt (31)

s, Rz, —REMGy oM 2 \Ilj—i—aQ\I/R— 8Q\IIT 1%,
Py _’_ZRnPRnefinwt ZT Prye %icoswt —inwt
n

(32)
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i — ]
multi-photon

tunnelling

Ei

5. FMWICEZE T2 ATy 7RT V> v,

E%, TIZT, —Pr=Ppy TH 5.
Bessel B%L J,,(2) Z F\v % &, IRFREIZSERE ehws? 3

r#E, (31)RAE (32) R, 2hER,

%£+Rn=§:ﬂmW%L#ﬂG%) (34)

n

! €
_5n70PRn + RnPRn = Z/ Tn’PTn/Zn an/fn(a)
n

(35)
E%, Lo, (34) A& (35) X o, {T,} DEENTE
Z Tn’(PRn - PTn’)Z‘n/_an’fn <i> = 2PRnon,0 (36)
hw I

n/

BRons,

6.2 ZEETIRE S EBRE

(36) Xz fi< &, FBRBAT, Kx 5. Zhz (34) NITRAT 2 &L RERE (R, } 3K F
5. K6(a)lc, ZOXHCLTRDZA{R,} LT} ZHOTHIL 2 w = 0.3 DEEEHFIRES 4
DOEEEREE € = 0, 0.05, 0.1, 0.2 12K LT, X 6(a) DIEIBIEUEZ, K 1ISRLAIESD2HRA
Ty TRT Ve VORBBIEIC R A PR 2 B2 LTw 200350025, € =0 DIEHE LG
ik, A VAZ Y P UMD R 2T, b RKERIZR T VY v ) )LERED th TR BB I IR
HT5, —7J, BEPAS L b RAMHERIILE - NLEELRRFE b v 2RO b v 2OUHE
KEIZIFFRICIRZEE 2R L, Q <0 DEBRTIZIF~EMEICRD, ZOffiZe & &EBITHMT S,

B 6(b) 12, €=0.05, 0.1, 0.2 DHEADFEBRRE |T,|? 2 =2 V¥— EOBIEKE LTRT. (T,
&, PO E=E THEX 2 D77 =85 Mmicns, LarLl, 77 F—EooariE, (28)
KOMTIFEALEFG LW, B¥%6, 77— L0V X—E, 3 E,<E+e<1®D
FEIRICH 5 DT, enlm@ CREliZ NS b v RAMERIE, (20) RTRLAL I Q — —oo DR
THRBEIBNICHET 206 TH 2. Zhds, 4 Y AF v bR b v 2OVEHRBFE ISR
INDANDZALDERTIIENBIRINTD 5.
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L7232 T, n>n* DTV FVICEHEGET 2D, n=n* DRIV R S, hdhs
i, (30) R& D, FEHTOFLEZ |T,? DREZITIRIZRED, n>n* BT S|T,)2 DF T,
1T, ? Sieb RKERMEEIS 6 THD (K6(b)). EBE, K6(a) & (b) ZHEKT 2 &, KEHH
JEICBWT|T, |? & P Y RVHERBIZIE—EL T 200800 %, BERE c 02ick>T7
7 b =DEDL D, bV FVERIENT D, n=n* DRSICIGT 2 HHELEIX, n>n* D
fLED T, RL/NIBAOHEEIRE Py, ZFb, LE  ALESRETHE b ¥ R VIRICH
H32EHFE 2VHUE LR CREZ T2, 272, ZOBAIEESREE L ORERE I FE

L7,
(a) (b)
5
% 10 10"
a E £20.2 =
—3 | —
5] £=0.1 ——
S = |
& £ 10° o
g
107
10
10°®
-50 -40 -30 20 10 0 10 0 02 04 06 08 1 12 14
Q2 E

X 6: AT 7R TV YLD w=0.3, e=0,0.05 0.1, 02I1CE T 55EHEE o7 x—%
i, M1 ERUCTHS. (a) BEEFIRGE, (b) EBIREL

6.3 MYURIEERDwWwICKXBEL

K712, b Y RVHERE (max_socg<—20 |P7(Q)]?) D w ik 32Mt% 3 D DEHEERE ¢ = 0.05,
0.1, 0.2 IOV TRTY, w< weg DTEIMTIE, b+ Y RIHERIT w — 0 DIERT, o exp(—C/w) D
O ICREBIBIISIRE L, MA4IXRTHEOD2HRATy 7R Ty vl EIRIERECEAIZTRT, L
7e3oC, AT 7THRORT Y Y VD IZDFHEETD by FIL A DA LIE, RT vy v LR
DFIC LG THLTH S LHFEZTI ., TOFEBDREIT, hw<1-E EEZTELDT,
BTWEY 2V E, >1DIRNX =25 T2-0121F, 2 SADBTZRINT 208 23H
5, Tk, BEHEZ7 AT AL - b URVEIRICE S v, T O % s SR I AR
T2E, WESKREICEZ P 2 NUEOFEBIC L > TR PRI IV — 2R T2 LR
MTE3%.

W > weg DEIETIE, b Y RVHERIE wey DAL ETRAMEZ IS 7214, €2/w? IZHBIL 72 *
MR EZRL, K4DWonRAT Yy 7RT VY vILTH S N AR 2= L 135 3,
ZDEVZERT VI Y LDIBRICEZ2HDT, TD2O0DRT VY v LOHRINARTIRO X T v
> YL TlE, RBEIBINTIEH 2 0NEEEINSI KD, FREINAIREICE S, &/ OXX
WEIIFHERT vy L THRSN[18], RT v 7PHIBOLEOHE EEZ 6N 5,

10
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Tunneling rate
& 5 B
8. a1 o

=
e
&

10—20

w

K7 A7y 7HRT e VICB TSy 2NVIERDO wiT X 224, 3D DOEEERE ¢ = 0.05, 0.1,
0.2 DEEZRT.

7 Discussion

COMETIE, AV RAZ Y P VBD b 3VEIEDBFEENEIE S N2 FMIEBEIO A > 72 AT v
THRIRT vy 2T (16], A Y28 v by by 2OVBIROPEHIE X O 7 i
Waikar, Fric, BEAEEEZELIELLEEZD v FUEROZE(LZ TR, ZOfEE, b
VEIVIERIZ, w— 08w —o oo DIEETERICR D, ZOREETE L { KREREZED,
BERRE L E DI KRTE I Ebolk,

PHHER 0 < we(= (1 - Ep)/hw) O b v 2VBEIE, FMEBEIO Ao 2B ATy 7
BTV ¥ VTIRLE - NEELRIET ﬁrzxwﬂ%fﬁ%bﬁ ETH 5 [16]. w — 0 DGR
T, b Y RIUVIERIE o« exp(—C/w) O & ) ITHRBEIBINITIRE T 228, ZaUd, EEFHOMER
Mitre CERHLTRIOWIEIG 7 & LESRE W, D) 25w — 0 DGR T Imty. o< 1/w DERIC
HEL, 207, BEZESHREICHELEINS b v 2 VB OEARESY Sq 2% ImSq o< 1/w D
X HWMT 270 THS, MPEBEHIDOAKLATy 7R Ty Yy L EH0E L, BF¥ENR
R AIRETH 5. ZOHAED w — 0 DIRIRT, ¥ RVHERIE o exp(—C/w) D X I ICHEEES
BRNSET 2, by roviafiz /1 Amic iz &, K23, BEIC X D L8R TZ2RINT
22ET, MHZALVX—E <16 RT VY VAT 7EX D RELIINVF—FHKE, > 1
N YU T HMBEEMRINS, Lo, BEET7 A - TU AL - Y RVRIR LR
ARETH 5. b v RIVHERIE, BRRE|T,|? CikE 25, HIWICEFI NS = 2L ¥ — A HhH
W E —e<E,<E+e2B2BELRDT, T, &ndNE & HITHEBEMINS S &
D, n* = min{njnhw > 1 — Er} TRkE % n* IREEBOBBRE T, |2 3 F v 2 VHERZ RS 5.
n =n* DRTICNIGT 5 i fE X, n > n* OWHEO TR L /NS RADMEEIE Pr, %FF
L, LE ALEGHREFE S V RVIRICEFGET2HE R L VANV HE LR CEHZ T2 L E 2
55,

MR AR W > wey T, 1 DDETF hw OWINT, KFREATY Y VAT y 728
2%1%»? 2T 20T, G (LF - AMEESREFLE b v 2VBIR) 13G3T% L
%%, ZogE, BTIFENEBEEIE T Er 205 Br + hw ~OBBMEEZFIE UL b v 2oUHER
%ﬂﬁf%%.FViw%$®§ﬁﬁﬁﬁwK;%%ﬁ@ﬁ%yva@%%k%ﬁb,ﬁ%#
B ATy THRT V¥ v )VTIREEIBINISIRD T2 DI L, ATy 7RT V¥ v LTl o 1/w?
DEIICRFCHHET 5, WTNIE L, w—oooTERIZES,

RIBIC, A VATV PV EIEA VAR Y by by RV T 2 RS A o 7 EEER 5

11
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— 1r
n
é 1024 £=0.4
104} £=0.2 jqu:‘ﬁ‘
T
£=0.1 / :
106
108}
10-10
0.l
Weia (.l)uz(.u 1
Quantum Semiclassical (SUMGT) Ws Semiclassical (Instanton)
¢ €=0.4 —— e=0.4 —— Unperturbed Instanton Wi
€=0.2 €=0.2 —— Averaged Instanton  Wav
= £=0.1 —— €=0.1

— £=0

8 BEBEE T Y v v LIS B b v ROUHERD ST & 2 21K [15].

YYD LI THA KD [15]. BEEER Ty LT, KSIKRTEIICw —0&w— 00
DIRIR CHBOMEIZIURT 5, w — 0 TD b ¥ FOVHERIE, BB ¢ (IS5 U 72— @l BUR L,
Z OfEZGHEA v A8 v P v o RO b v R VERZ BT L b L RS —ET
%, —H, w—o0o® b vUMERE, HENEEICHEEIRICMEEIR O Z UPUR L EEER A v
AY NV THHTETH S, Lo TC, w—08&w—ocoDBRRTIE, AV RA¥ > i
b Y ROV RIS 72 523, WHEEE T, ZE - NEESIREGEE b v 2 VIR SR
220, ZOREE LV RVMERDSRT S5, 2D L) BBEAORTIENREREZ KA S Z LT
MO CHEAVIETH D, FHEHBIASLEER TS Y LDBRVWET VRS EEZ NS,

A
Z OIFFEIFRIAT R B H B SR (B) No.20340100 O#fighd b & Tirbii,

SE X
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Abstract

We propose a parametrization of the family of all physically admissible couplings in quan-
tum graph vertices. With the help of this result we solve the longstanding open problem of
approximating by regular graphs all singular vertex couplings in quantum graph vertices. The
approximating graph is constructed as follows. We begin with a star graph with n arms and
a general coupling in the vertex - the approrimated system. Then we consider a system of n
half lines whose endpoints are connected by lines of a length d such that there are 6 couplings
and ¢ interactions placed in the endpoints of the half lines and in the centers of the connect-
ing lines; at the same time, the connecting lines are supposed to support vector potentials
- the approximating system. It turns out that the approximated system can be considered
as a limit of the family of approximating systems as d — 0, where the convergence is in the
norm-resolvent sense.

1 Introduction

The concept of quantum mechanics on graphs was firstly used in the fifties of the twentieth century
in the paper [RS53] where it had been suggested as a model to study the spectra of aromatic
hydrocarbons. The basic idea is that the graph represents the configuration space of the system,
in other words, motion of a quantum particle is confined to the graph. However, at that time the
model has not come into practical use. This changed a few decades later, when the quantum graph
concept turned out to be very convenient for the study of physical properties of nanostructures. It
has two natural reasons, namely:

e a graph represents a natural model for a graph-like structure,
e these models are relatively simple from the mathematical point of view.

The mathematical simplicity arises from the fact that the graph may be considered as a quasi-
one-dimensional variety, thus its spectral and scattering analysis is reduced to solving ordinary
differential equations, whereas in standard two- or three-dimensional problems, partial differential
equations have to be solved.

With regard to the expansion of the nanotechnology expected for the near future, the impor-
tance and application potential of quantum graphs is going to grow rapidly, and their theory itself
will probably widely develop. For now, despite of the significant progress that has been made in
the last two decades, the theory is still far from being as complete as the theory of one-dimensional
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Schrédinger operators. There remain many open problems, often of a fundamental character, that
will have to be solved. In this paper we address two of them: the problem of parametrization of
vertex couplings, and above all, the question of physical meaning of quantum graph vertices.

2 Preliminaries

Let us consider a free spinless particle whose motion is confined to a graph I' having n edges
€1,...,e, of the lengths f(e1),...,¢(e,). A wave function ¥ of the system has then n components,
U = (¢1,19,...,9,)T, and the corresponding Hilbert space H is given by @?:1 L?(¢(ej)). The
Hamiltonian, denoted by Hr, acts as a minus second derivative on each wave function component,

(1 —y
Hel| | =|
wn _dﬂ

In this definition we neglect values of physical constants, i.e. we put i = 2m = 1, because they
will play no role in our considerations.

In the more general case when there are potentials V1,...,V,, and vector potentials Ay,..., A,
imposed on the graph edges, the Hamiltonian action is given by

(0 (*i%*Al)leJer'l/)l
He| ¢ | = z
Un (_ié%'_AAn)2¢Mz+'L%/'wn

The pair (T', Hr), where I' is a graph and Hr a Hamiltonian on T, is called quantum graph.

In order to have the Hamiltonian fully defined, it is necessary to specify also boundary conditions
at the vertices. Consider a vertex v € V of degree n, i.e. there are n edges going from v that
may be without loss of generality enumerated as ey, ..., e,. Let us denote for all j € n the wave
function component on e; by 1, and suppose that its variable x; runs over the interval (0, ¢(e;)),
where the value 0 corresponds to v and £(e;) to the other endpoint of the edge. By boundary values
of the wave function in the vertex v we understand the two vectors ¥(0) and ¥’(0) defined by

$1(0+) $1(04)
wy=| |, vo=| |
¥n(04) ¥ (04)
ie.
e U(0) is a vector from C™ which contains limits of the values of ¢ (z), ..., %, (x) in the vertex
v,
e U’(0) is a vector from C™ containing limits of the first derivatives of ¢ (z), ..., ¥, (x) taken

in the outgoing sense.

Since the Hamiltonian is a second-order linear operator, the boundary conditions in the vertex
v of degree n have the form
AV (0)+ BY'(0) =0 (1)

for certain A, B € C™™.
The boundary conditions have to be specified in such a way that the Hamiltonian Hry is a self-
adjoint operator, or in physical terms that the probability currents at all the vertices are conserved.
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A standard form of the boundary conditions was derived by Kostrykin and Schrader in 1999 [KS99];
they showed that Hr is self-adjoint if and only if for every vertex v € V' the corresponding matrices
A and B satisfy the following two conditions:

e rank(A|B) = deg(v), 5
e the product AB* is a self-adjoint matrix, @
where the symbol (A|B) denotes the matrix deg(v) x 2deg(v) with A and B forming first and
second deg(v) columns, respectively.

However, the pair (A, B) from (2) is not uniquely given, because it can be replaced by a pair
(CA,CB) for any regular matrix C' € C4¢8(v)-dee(v) _ it is obvious that A¥(0) + BY'(0) = 0 and
(CA)T(0) + (CB)¥'(0) = 0 define the same coupling. To make the matrices A and B unique, one
has to impose an additional constraint on them. The first unique (constrained) version of boundary
conditions have been found in 2000 independently by Harmer [Ha00] and Kostrykin & Schrader
[KS00]. They showed that for any vertex coupling there is a unitary matrix U € Cdesg(v),deg(v)
uniquely given by the formula U = —(A +iB)~! - (4 — iB), such that the matrices A and B
in Equation (1) may take the form A = U — I, B = i(U + I), where I is the identity matrix
deg(v) x deg(v). Hence, the boundary conditions can be written as

(U — D)W(0) +i(U + 1)¥'(0) = 0 (3)

where U is unambiguously given.

The formulation (3) of boundary conditions can be in fact called a parametrization of the family
of vertex couplings, since for any boundary conditions in a vertex of degree n there is exactly one
matrix U € U(n) complying with (3). Consequently, the family of vertex couplings in a vertex of
degree n has n? real parameters, because the same is true for the group U(n). This fact is, however,
well known already from the analysis of quantum graphs in terms of self-adjoint extensions [ES89].

3 ST-form of boundary conditions

We have explained in Preliminaries that the matrices A, B in quantum vertex boundary conditions
AT(0) + BY'(0) = 0 are generally not unique, but can be made unique by requiring them to take
the special form A = U — I, B = i(U + I). Let us present other special unique forms of A, B,
which are in certain applications more convenient.

3.1 ST-form

We demonstrated in [CET10a] that the boundary conditions A¥(0) + B¥’(0) = 0 can always be
rewritten in the form

where
o m = rank(B),

e S is a self-adjoint matrix m x m,
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e T is a general complex matrix m X (n —m),
o 1™ [(»=m) are identity matrices m x m, (n —m) x (n —m),
e P is a permutation matrix.

Note that the presence of the permutation matrix P means nothing but a renumbering of the
edges. Equation (4) thus implies that the matrices A, B from (1) can be converted to

S 0 ™) T

_T* | I(nfm) 0 0

Compared to the constraint A =U — I, B =1i(U + I), (5) has the following properties.
e Advantages:

— The elements of S and T represent the coupling parameters in a straightforward way,

— the matrices involved are often sparse, i.e. many of the matrix elements vanish.
e Disadvantages:

— The structure of (4) is complicated and depends on rank(B),
— (4) does not allow arbitrary numbering of the edges, i.e., sometimes the numbering has
to be “corrected” by a permutation matrix.

From now on we will call the form of boundary conditions (4) the ST-form.

3.2 PQRS-form

The matrices A, B constrained according to (5) are structured according to the rank of B. One
can symmetrize them, so that they depend on both rank(A),rank(B), see our paper [CET10b],
but this is done at the price of their increased complexity. The symmetrized boundary conditions
take the so-called PQRS-form

[(pta—n) 0 P S | —SR* 0
R I [ Q+ RP | ¥(0) = 0 0 0 v(0),
0 0 0 —pP*| —@Q* [ 1@

where
® p,gENy,p+qg<mn,
e S is a self-adjoint matrix p x p,
° I(erq*"), I(”*p), 1= are identity matrices of the given sizes,

e P Q, R are general complex matrices of the corresponding sizes.
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3.3 Kuchment’s projector form of boundary conditions

Another formulation of boundary conditions, quite different from the “standard” form AV¥(0) +
BU’(0) = 0, has been derived by P. Kuchment in [Ku04]. He has proved the existence of an
orthogonal projector P in C™ with the complementary projector @ = I — P and a self-adjoint
operator L in QC™" such that the boundary conditions may be written as

PU(0) =0
QU/(0) + LQU(0) = 0. (6)

Note that (6) yield 2n equations, some of them are linearly dependent, whereas the standard form
of boundary conditions A¥(0) + BY’'(0) = 0 contains just n linearly independent equations.
It can be shown that the S7T-form is related to the Kuchment’s formulation. It holds:

-T
e P is a projector onto the linear span of the columns of the matrix ( 7(n—m) ),

(m)
e Q is a projector onto the linear span of the columns of the matrix < IT* ),

e the operator LQ acts as

(m)
Lo = < IT* >(I<m> + TSI 4 7T )T (1 T )

For the proof see [Tu09].

4 The ¢-coupling

As we have seen in Preliminaries, the family of vertex couplings is plentiful: if deg(v) = n, it has
n? real parameters. However, there is a couplings that plays a prominent role among all of them,
namely the §-coupling.

4.1 oJ-interaction

Let us consider at first a “vertex of degree 2”7, i.e., a line on which we choose a point z and call
it a vertex. We say that there is a d-interaction (or equivalently d-potential) in the point x if the
wave function obeys the following boundary conditions:

blag) =dle-) =),  P(ay) =P (@) = ap(x), (7)
where oo € RU {+00}. We remark that

e the special case a = 0 corresponds to a free motion and is sometimes called Kirchhoff bound-
ary conditions,

e the case o = 400 leads formally to the Dirichlet boundary conditions, i.e. ¥(xy) = ¥(x_) =
0, the line may be then regarded as a pair of two independent half lines with Dirichlet
endpoints.

We observe from Equation (7) that the d-interaction with parameter « is characterized by continuity
of the wave function and discontinuity of its derivative such that the discontinuity is proportional
to the wave function value with the factor of a.
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4.2 $-coupling

The d-coupling is a generalization of the d-interaction for vertices of degree n > 2. It is described
by the relations

¥;(0) = ¥r(0) = (0), jken, Zw;w) = ah(0) (8)

for & € RU {+00}; the derivatives are taken in the outgoing sense. Similarly as in the case of the
d-interaction, o = 0 corresponds to a free motion and o = 400 to Dirichlet boundary conditions,
i.e. the vertex may be regarded as n independent vertices of degree 1 with Dirichlet endpoints.
We stress that it is the continuity of the wave function in the vertex which characterizes the -
coupling and the §-interaction and make them important. Both of them, the d-interaction and the
d-coupling, are sometimes called regular in order to be distinguished from singular couplings that
do not have this property of continuity.

4.3 Explicit boundary conditions expressing the /-coupling

To demonstrate the use of the various forms of boundary conditions, let us show how (8) can be
expressed in the form (1) in the three unique forms that we have introduced above, i.e. in (3), (4)
and (6).

1. The form (U —I)T(0) + (U +1)¥'(0) =0

The unitary matrix U needed for expressing the é-coupling in the form (3) has the form —2—.J — 1,

n+ia
where J denotes the n xn matrix whose all entries are equal to one. Hence A =U—1 = nfia J—21I,
B=iU+1) =257, ie,
2 2i
< _J— 21) T(0) + —— JU(0) = 0;
n + la n + 1o

note that none of the elements of A, B vanishes.

2. The ST-form
The matrices S, T in the ST-form of §-coupling with parameter « is characterized by
m:]_7 S:(a)e(cl,l’ T:(111)€C17n71

Therefore, the boundary conditions are written as

111 1 a 00 0
00 0 0 -1 1 0
00 0 0 [wey=| -1 0 1 0 | w0
00 0 0 1.0 0 1

3. The projector form

It is easy to show that to express the §-coupling with parameter « in the projector form (6), one

has to set P as the orthogonal projector onto ( 11 - 1 )L, ie, P = ﬁ(J —nl), Q
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as the orthogonal projector onto ( 11 --- 1 ), ie, @ = ﬁ], and LQ = 7\751. When we
express the boundary conditions explicitely, we obtain the system of 2n equations
1
———(J—nl)¥(0)=0,
n(n —1)
1
— JU(0) — ~=TT(0) = 0.

Vv Vi

5 Approximations of singular vertex couplings in quantum
graphs

The wave function coupling in the vertices is an essential component of quantum graph models.
The most significant type, the d-coupling together with its special case of free matching, is defined
by the continuity of the wave function in the vertex. Let us take note of an important fact, namely
that the §-coupling has a simple physical meaning;:

Theorem 5.1 (Ex96b). Let H,(V) denote the Hamiltonian of a particle on a star graph with
n infinite edges supporting potentials V1, ..., V, and with the d-coupling with parameter o in the
center. Suppose that V; € L (R™") are below bounded and W; € L*(R*") for j =1,...,n. Let us

define the scaled potentials

Then
Ho(V+W.) — H,(V) as € = 04

. +oo
in the norm-resolvent sense, where a = Z?Zl o Wj(r)dw.

In other words, the d-coupling may be considered as a limit case of properly scaled regular
potentials in the norm-resolvent sense, similarly as the Dirac delta function is a limit case of
properly scaled regular functions in the sense of distributions. For this reason we call the J-coupling
a regular vertex coupling.

However, the subfamily of d-couplings, parametrized by the value of its parameter, represents
only a tiny subset of the whole family of vertex couplings. To a major part of the couplings,
although they have been mathematically well defined for a decade, no simple explanation has been
given for a long time, or even no explanation at all. The question whether and in what sense
one can understand and/or approximate all the singular couplings by regular ones depending on
suitable parameters had become a longstanding open problem. In this section we give the answer.

The key idea how we attempt the problem comes from a paper published by Cheon and Shige-
hara eleven years ago [CS98], in which the authors showed that a combination of regular point
interactions on a line approaching each other with the coupling parameters scaled in a particular
way with respect to the interaction distance can produce a singular point interaction.

5.1 The approximation arrangement

Our aim is to explain the meaning of vertex couplings using suitable approximations. We express
the matching conditions in the vertex in the S7T-form,

( 1((7)7» g )\P,(O) _ ( _i . I(,flm) )\II(O); (9)
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Figure 1: The scheme of the approximation. All inner links are of length 2d. Some connection links
may be missing if the conditions given in the text are not satisfied. The quantities corresponding
to the index pair {j, k} are marked, and the grey line symbolizes the vector potential A(; x(d).

note that the sensitivity of this formulation to the edge numbering mentioned in Section 3.1 plays
no role, since one may rename the edges if necessary. As we will see below, the ST-form will help
us significantly to simplify the design and tuning of the approximation arrangement.

We are going to show that the star graph with the singular vertex coupling given by the bound-
ary conditions (9) may be understood as a limit case of certain family of graphs constructed only
from edges connected by J-couplings, d-interactions, and supporting constant vector potentials.
The detailed description of our approximating model follows, cf. Fig. 5.1.

e We take n halflines, each parametrized by = € [0, +00), with the endpoints denoted as V;,
and put a d-coupling (to the edges specified below) with the parameter v;(d) at the point V;
for all j € fn. The exact values of v;(d) are determined by relatively simple functions of the
matrix entries of S and T in the boundary conditions (9).

e Certain pairs Vj, Vi, of halfline endpoints will be joined by edges of the length 2d, and the
center of each such joining segment will be denoted as Wy; xy. The pairs {j, k} for which the
points V; and Vi, j # k, are joined, are determined by the positions of zeros in the matrices
S and T.

e At each point Wy;;y we place a d-interaction with a parameter wy; y(d) which is again
given as a relatively simple function of the entries of S and T from (9). For convenience we
regard the connecting edges of the length 2d as being composed of two line segments of the
length d, on each of them the variable runs from 0 (corresponding to the point Wy, ;y) to d
(corresponding to the point V; or V).

e On each connecting segment described above we put a vector potential A(; xy(d) which is
constant on the whole line between the points V; and Vj and determined mainly by phases
of the entries of S and T.

The expressions for v;(d), wy; k) (d) and A x)(d) and the dependence on the parameter d are
calculated in [CET10a] by expanding the wave function components into Taylor polynomials.
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5.2 The norm-resolvent convergence

According to the previous sections, any vertex coupling in the center of a star graph may be
regarded as a limit of a certain family of graphs supporting nothing but §-couplings, §-interactions
and constant vector potentials. Let us take a more detailed look at the question of the convergence
of the approximating scheme.

Let us denote the Hamiltonian of the star graph I' with the coupling (9) at the vertex as HAd
(referring to the approximated system), and Hﬁg will stand for the approximating family of graphs
that has been constructed above.

Our aim is to establish a convergence of Hﬁg to HA4 for d — 0. Both HAY and Hﬁg are
unbounded operators, therefore we will examine and compare their resolvents. Let the symbols
RAY(E2) and RdAg(k2) denote the resolvents of HAd and H:?g at the points k2 from the resolvent
set. Needless to say, the operators act on different spaces: RA4(k?) on L?(G), where G = (RT)"
corresponds to the star graph I', and Rgg(l#) on L?(Gy), where

Ga = (RT)" & (0,d)== N,

where the symbol N; stands for the subset of {1,2,...,n} containing indices of all the edges that
are joined to the j-th one by a connecting segment. In order to be able to compare the resolvents
RAY(E2) and RdAg(lcQ)7 we need to identify R44(k2) with the orthogonal sum

R}k = RM (k) @0,

where 0 is a zero operator acting on the space L? ((0, d)zaw":1 NJ') which is removed in the limit.

Then both the operators R34(k?) and Rgg (k?) are defined as acting on functions from L?(Gy)
which are vector functions with n + 2?21 N; components; we will index the components by the
set

IT=nU{({,h)|lenheN}.

Let us now use this setting to state the main theorem of the paper.

Theorem 5.2. The family Hﬁg converges to H(?d in the norm-resolvent sense as d — 04, i.e.

lim
d*>0+

Ry5(K?) - Ry ()| =0,

where || - || is the L?-norm in Gg.

The main tool used in the proof is the Krein’s formula. For details see [CET10a).

As the Hamiltonian of the approximating system converges to the Hamiltonian of the approx-
imated system in the norm-resolvent sense, it has the natural consequences for the convergence of
eigenvalues, eigenfunctions, etc. Since for some applications it may be useful to know how quickly

the term HRdAg(k2) - RdAd(k2)H approaches zero if d — 04, we add the following remark.

Remark 5.3. (The rate of convergence.)
If the assumptions of Theorem 5.2 are satisfied, there is a number K > 0 independent of d such
that

HR;*g(kQ) - R < K-V
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BT HEE I & B HIEE DA ETHERRD
E N L T OETHREMIZS T D ZRA T
D, I ik, EEEC
(R RFBIERDIR W)

2011 E7H 12 H

1 [FUsIC

1927 412 Heisenberg [1] (&7 > ¥ #REBAME IZ & DR T OALEDRIE D BE LR % ZRT 5
ZXzk Y, I 2 OREEE e(2) LRI X B5EBE p AOBETL n(p) ORIZ ML — RA T

BE %

e(@)n(p) Z h (1)
EREUSZ, ZORHEEEREGZ»S, E & EHEORKHEIZES T SMEREIZDODWTEHE
BRIz

e(#)e(p) 2 h (2)

MDD Z e BRI NG, Hi, BFHEICOWVTOREIIEZBR U TOA» D /72
&, FRHIZFE R X 7z Robertson [3] 3 & U Kennard 2] 5IZ& 2 & 7S FIZOVWTOD b
L— R4 7Bf%

AXIAX, > S|, X)) (3)

M Heisenberg O RHEEMBEROBFENERETH D Li> TRBINA, 2ZL, 22T
(R) = Te[pX] LR TR 5 12 BT 3 X OB, (AX)? = (X2) —(X)* 13 X ORTHED
¥ X, Xo] o= X1 Xy — Xo X BEHBEGREERT, UL, BTES 20 OIRMIARIC
HAF LBV ETHY ., L7zd > T Robertson-Kennard DA% T EFHE DA IZDWVTD
ML — RA 7BHRTIEZR N, Heisenberg (243 X 115 JIE @RI DWW T OARHEE B RIS
#M: (complementarity) &IFEIE#v% [4], — /. Robertson-Kennard D AERITRIRI NS,
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HEBREHRAF LB\, R L BRDETRTDEDDMHEEDA TR I D NiEE M BERIZIER
&M (indeterminacy) & FEEN D (1],

Heisenberg B, fk% RPIEE TV DOV TAMEEEBBRIRINZN, EhEE5%E
JETERVEN L —RATHBTH-72Y [5,6,7,8,9. L E—HoETHIEIZONT
NI U BRWAERNTH o720 U7 [10, 11, 12), SEEORE FHIEFEMORRICE > T, &1
R T RREEBPENEITE S X HICR>TE/ (13, 14, 15, 16), L7zn->T, FE#4
YIEEE DRE A DOV T OREETRERRIIE ZRDNEW SN TIBEN DD,

BPHEOHRETINE THEMOABIZ L > THEMINT S 2, LU, JEMHDDE
ARNILTE, WIBIZE > THRONZBERENZ VN EIF—HRICEZAT, WEEOLEHRTNA
HI3MEDKEE 2 L ITHREIZER L2, BT HEOMMIEX. WEMDDEIZDONTO b
L— RAZBBRTIEARL, JIEIC&>THRLND HWVIZIEIHAYIEE IZ DOV T O HREDM
IR — RATVERAEET D 2L 2R LTV, 1970 £, & HIEHER A Kraus [17] ¥
Davies [18] 512 & > THEFEI 15 —J5. Helstrom [19] X Holevo [20] 512 & > T r-HEE R
AMOFEENTHIE S Nz, ETHEEERIE. FlAIE. RAORFRENGZ 5NGE, E0k
SBPEETAIFETREENLELIHETEIEINEPLNIT D, HEEENGVZEET
HEIZE>THRLNDHREIFS < WIIHEREIMEVE A ITIZREIL L > THE SN L HR
BlIADRY, UEn->T, HIEIZL>THRONDEREIE, WEMDSETIZAL, HEEMED
WEIZE->TERLND,

o B AR O HRAE AT [21] &I AT 2B TR & o Thk % 2 Bl ME AN — I IZ
Hwim I NTVD, HHREMORTFRADIIEE U TR FHEHREMDH V), 87 RHRE G D&M
FhACFENRERIIORND LEFEZONT WD, B THHREHRTITAE 7ot A K<
ZEDTERVEETHD, BPHUEOMAMMIEICES ML — RATEBKZHNCTE Z &I
FoT, BPEREMICBITIDETHEDOE -5 THENHLNIIRD LFEZOND,

ARG T, 5 2 i CHIERGE 2 #HEEHER TRV 513 Fisher H#EIC L > TEALT 2,
B3 HITIX. R [22] TRINAZ, PIERAEDOMICHKLT S ML — RATBKRERNT D,
ZUT, HAHTIE, HIHTRINAZ NV — RA 7 BIRO G B2 B DOV Cafiam
5,

2 RAEREDOEL

ABRIE Hilbert 20 H L0, REOF 2 &ETIRE j 2 n MER5NEETE, TNT
NORTFRIEIH UTH U~ RO RETRE (POVM JIE)M = (M}, 2170, TOHE
FERMN LR X ORI (X)) 2HET2 L35, B L. BTHEDN X DAY MVAR
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X =3, i P ITHIS USHHIE P = (P} ThhUE, (X) OHE Xt %
Xest Z % ng (4)

TROZZENVBETH D, #2720, a; 1d X OEEBETHY . n; IFHEHER i BESN-
M THZ (3, ni =n)e LU, HENETRVHEZITo-HA1C. EOLSICLTHE
FRPOMEMEZFETNIXIONIIEEHTH S, WEREE {n 1, 2 SHEMAN DR
Xest |3 | L EnG, HE 1&@;oa%ﬁf%¢wm&f;a< HlziE, ok
S RPERERIH U TEH A UEARTEDIIFE LRV, HEENEAZTAEIRMEL L
TIZ ZTIRMEN —BE 2 Bk 2,

lim Prob(|X®* — (X)| > ) =0, forall p, and § >0 (5)

n—oo

SR Y TN DO TR S ERAEEAYTR 5 T L R KT 5, SHEHIEOL
BORGER (1) 132 ORMER LTS, JE M IZBWT (X) 1200 COWEG—50f
ERD-OTEEETBEE, —MRICHDEN — S RIS T 5. HE BOHERL

I HEENE D 5 Var[ X Y]
Xest . an17~"7 XeSt(nh._.,nm) (6)
Var[Xebt} = E[(Xest) ] _ E[Xest]2 (7)

TEOLND, ZIT, GtERETD Y ,n; =n Zi2d {n;} ICOVTHEY ., p(ni,...,0m)
WRHIERER ¢ 2 F TN n,; G HER,

P’
p(ni1, ..., ny) = n!HnA', (8)

pi = Tr[pM;] I ZREREE | 2 B2HRTH D, HERONEK Var[X 3R TS X, JE
WP, WREBED 3 OIS TR I NG, LAEDNST, HERDHE,SLBTIED FLHE
HETERT WA 2 MY R 2L TERLI NG, HEEHEEIZHER R S HEEHZ KD D
W®7ijXA®#%$*’iofﬂ%ﬁ:é%éoWiﬁ\nﬂ@%ﬁ%ﬁ@ﬁ%¥ﬁ@
F— RO DAL ETT D i%ﬁﬁim@%ﬁiTﬁU AEIIKREL 8D, HEAE
W, LT ED L D2, BAFIZiAR 2 Cramér-Rao READE S 2 ERKTHHTEEZ VS
ZETHU RS 2 ek S,
K (5) & V). WL — B B O 2 BURIRE R ¥ IR 5,

lim Var[X®'] =0 (9)

n—oo
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UM T, #EBE0OREEIEZIDOINKED A — RIZE>THREIND, —RIZHEED S E
En ! TRADT D720, IHRAE — Ridn Var[ X TSI N d, ZONRAE—RD LR
2522 A8%FXEL LT, BAFD Cramér-Rao AEXDIH SN TV 23],

z-J(M)"'z  (x € Supp[J(M)])

10
+oo (otherwise) (10)

lim n Var[X*] > {

n—oo

22T, J(M) i Fisher B#ATH LITEN, 20 ij Mot BTIRERDRT 255 A
0 = (91, .. ,9d2,1)T %ﬁﬁb‘f (d = dlmH)

[T(M))i; = _ pr(0ilog pr)(9; log pr) (11)
k

LEFHIND, 2EU. 9;:=0/00; ThB, £z, ERZ Mz eRT-1IE

TE#HIND, Fisher HHITHNIFHEEEMITHITH Y, YOEHFEZRED I L2 H 5, Fisher
BHRATAPEOEAHEEREOHE, J(M) ! IE #1751 (Moore-Penrose pseudoinverse)
TEHIND, —MHI75I%

ATTA = AT(AT)_I = PSupp[A]a AAT! = (AT)_lAT = PIm[A] (13)

BT, 272U Poyppra) B & Prapa) BZNZH A DY R— hADHE, A DEAD
W EERT, DY OEGMEEGOTHIPREATHOBEITINEZ O—FEITHTERT S,
Cramér-Rao AEAXDHAMNHHT 5 LIk, W —BHEENTFEL RV L2 KT, il
. WERE X L IEMRAYER D AR NIVARICHIE T B BHIE 2170 2 5 A, RO
Y INBH ok LTEZOMEFERED S (X) Oz ERICHEET 2 2L IZTEAR,
FEE. ZOESBRUETIE ¢ 1F J(M) OV R—MIE&EENTWAEY, —F. Cramér-Rao &~
FEROLGUAPERDOEG S, BAHERZ YD XS I Cramér-Rao NMERDE S 2k T 5 H#
ERP ML, TNH%E, HEERELEERV., BBAHERETD, Lar>T, K
(10) DDA LA ET. BTREL TLUEREDEFHTH S,

A (10) DALIF O D& D HFITHKSBNDT, AN TIZEFIREZ Lie & su(d) DAEKF
A={ 1, A} BHOVT

p=d ' T+ 0:\i=d'1+6-X (14)

YIEHTS, ZoT. [IFESHETTHY . ERT AT
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W4, WELE X X POVM HlliE M OE#E [ UK T

X =aol +x- A, M; =rid +v; - A (16)
LEBT L, HIFHE (X) B EORER p; 1%

(X) =20 +x-0, pi=1i+tvi-0 (17)
LRING, INLHEAVD L, Fisher [HHITHIB & U0 —Hif7511%

J(M) = pilowf =vPvT, (18)

J(M)~! :Z(VT)*l[P — PA(AT'PA) APV (19)
Lkoond, ZITTREEZRL, 78V LT PlEThTH

V=(v1 - vn), P = diag(p1, ..., pm), (20)
TEEIND (B2 —1) xmBEOmx mFFTHY, £/, 1751 A X

VWV =T1-AA7, AtA=1 (21)

795 TH D, 2FD, 75 Al Va=0 %5297 Ml a DD BIIEHNL RS D
LTEMZLTUEARZEDTH D,

Fisher #1741 POVM I # 2L X ¥ 2 Z & TE(LT B2, ZOHIE KT L 2\ EFR
PHIGNTWD, TD ER%E5 225 REXIEE T Cramér-Rao AER & IFIEND [24],

J(M) < Jg (22)
= w-J(M)_lwzw-Jélw (23)

ZDIFHDRERR Jg — J(M) WEIEEMITITH 2 L 2 BKRT D, 174 Jo & T
Fisher {1751 L FEIEN S, & T Fisher [EHATIIZIEN < D& OB H 54 [25]. T D
THHREE LW LR % G 2 2 W FOT 85 (symmetric logarithmic derivative, SLD) Fisher
WHATS % Z ZTIEHAWS Z 21295 [26], SLD Fisher 1E #4741,

[Jqlij = sTr[p{Ls, L;}] (24)

TE#HINDG, ZI2T{, } IKZHBEGEERL, L; 13 SLD fEAZLIFIEND TV I — ME
AZTHY . IFOEARIIOOCTOMEHRRDOME L TEHIND,

oip = 51h 11} (25)
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SLD fEfi#% L; = a;l +b; - X LEBITHUE. (25) & V.
a; = -0 - bi7 bz = (Gg — HHT)_lei (26)

PEOND, 72720, € & i BHOBDDAN 1 THIHEANRT MLVTHY, Go i

(Goliy = 5 Telp{v. Ay 1)
LEHRIND, U7WB->T, SLD Fisher 1H#®17511
Jo = (Ge —06")7" (28)
LRd LN, TOHATHNE
X)? (29)
(X7 = (X)) = Gl T) (30)

:L'-Jél =(A
1
BT, 22T, ColdFMEI BB TH B, Lan-oT, (23) 1F
- J(M) 'z > (AX)? (31)
rERIN, Zhid, EOESRHERHEREAVTE, (X) OHEDKEIXRTIES TOW
BMEVRLRLEBRVENDS ZLE2REKT D, BB, @Uwﬁviszmﬁh»ﬁ%&ﬁm
UZBHBHEIC o TRRI NG, DY, (X) 2HD 2OCIEEBRE 270, 2 ORIER
%#b()viofﬁiTé\twv?ﬁ#?ﬁf%é:tﬁmﬁmtoﬁ@D@Eﬂﬁ%
AL BTRLIIERLUZDT, MIEEEZU RN TELET S,

e(X;M):=x-J(M) 'z — (AX)? (32)

DFY, HEMEEWEIZE > THESLND Fisher [HHE (DFE) OEHERIGEMN DDA TE
#U7~,

3 AIERZE(CEAT DAETEIERR
T Tl MIHiTESRINAREIEICH LT YD & S BARREE EBIRASE D LD AN D0
TikR 3,

T 1. LEOETRE p, WHE X, Xy, POVM #IE M 12T FOARERAE Y 37

p%

J

e(X1; M)e(Xo; M) > —|([X1, Xa])|? (33)

»MH
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EM 1 &Y, ED&DAHERIT>THHTERZEMD Heisenberg D AFEEMEGRE KD Z &
HISRZR W, ZHUEETEICTH 2 SLD Fisher 11751 Tld7%4 < RLD Fisher t5#1751%
52 THOTHEBEINAZ, LML, Wk [22] TERMINTVD D12, ZOLRERDES
F—BIIER I N, LR T, KOEBUCAERNHEREZDEICOVWTHING Z
ENRFRINDG,

DR THBARZEHD/ZDIZ, KOFEFE2EALTE <, POVM HIED2EKE M.y, SHH
EDREE P LT5d, £/, 2 DOYIEZHERMIIHZAE T D HEDLEE Mrandom-
ZHU) A ADD > b DE Moy £ 5

Mrandom = {Q1P1+Q2P2 | P1,P2€P, OSQMQZSL q1 +Q2:1} (34)
Mnoisy = {FM ‘ M ¢ Mrandom; Fij > 07 ZFZJ = 1} (35)
J
72770,
0P+ P = {q PV, P PP, P (36)

P%l:{E:EM%} (37)

RS D, 175 FIZBHRAITH & iEn, JERRIzsTd /) 1 X&2RT, ZUHHlE
DELEDMIZ

PC Mrandom C Mnoisy C Mall (38)

NI ARVASR

KT, WEEO [RENZ] BFEL T LORTHBEZROES ICEATSE, £, X,
B LU Xy DU R A REIBD 2% Hi, Ha, ... 295 (GgHe =H)e TUT, BTIRE
p DETNTNDIEDEF AN DI %

Pa = pglpaﬁpa (39)
Y45, 22U, Py ld Hy ~NOBE, po = Tr[pP,] £ Uz, ZOE X, AEMERTES H
FURTHEZUTO LS ITEHT 2,

(AaX) == > {Tlpa X2 - Trlpa X} (n=1,2) (40)

a

Co(X1, Xp) := Z {;Tr[ﬁa{f(h X5} - Tr[ﬁaXl]Tr[,éan]} (41)

RIZ, 1 OOYEEDHA, U IBEWICHTHAYHEOAIIHENH L L &, ThdH &
{69 % B TR FIREZZE U 22RO R 0 IZYEIC LS. T ORISHERNICIRS 5

7
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SRR E KM% DI REIFR, ETEALL [REWR] BTES S L0YHE
IE, BIRORRE R >TVD 2 DOWHEZFRE 7O 7L, & REOETOY 75t
AR EBHELZE XOBTRELIBLIOBTHE L R->TH Y, HlMEZRTIEENEZD,
IR THARIZEZREERS>TVS, A, X1, X MAKEZTOY 73 TERVGE
ES

AgX, = AX,, Co(X1, Xy) = Co(X1, X3) (42)
YRY. E X, Xo WHHRAEEIIE

AgX, =0, Co(X1,Xy) =0 (43)

729,
ROEILIE, EEORE M € Migisy [ DWW THIEFAEDMAER T DRAE 525,

FE 2. (RO TIRE p, YHLE X, Xo, POVM JIE M € Mopoisy 122V T FORER
M LD [22],

e(X1; M)e(Xo; M) > (AgX1)*(AgX1)? — Co(X1, Xo)? (44)
E. ZORERDES2ERT 2 HEDFIET .,
Proof. {L7® POVM JIE M # & OF#AIITH] F I2DWT, Fisher 1847510 ¥
[21] &),

J(FM) < J(M) =  g(X;FM) >¢(X; M) (45)
MEDANLD 72D, AEED M € Miandom \Z2WVWT (44) ZmREIX &,

WE, M € Miandom %+ 2 DOYHLE Y], Yo DAY MVARIZHIG U -8 HIE Py,

Py 2 T NENHER q1, o TIFD POVM HllIEZEE T2, Z0& X, (19) £V, J(M) Di¥fF
5l

v, - T(M) "y, = (AY,)? + 2= (ALY, )2 (46)

y1 - J(M) 'yy = C,(V1,Y2) — Co(Y1,Y2) (47)
tﬁ@%ﬂéobtﬁof‘m?—UXZEﬁU%:<w w)%%mf

E(M) :=R"(J(M)™' = J5" )R (48)
&AL,

(AgV1)? —Co(Wh, 3’2)) (49)

= (—cm,ffz) (Bq¥a)?

q1
q2

8
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rRIND, WE, WELAVYEE X, X, %

X, =zu0l +x,- A (50)
L. o
)A(M = Z aW)A/V = x, = Z Yy (51)
v=1,2 v=1,2

YERINEETDEE, HIEBEAR
(X, M) = [A&(M) AT, (52)
LRkohd, 2EU. A= (a,) &L, LEDNST,

e(X1; M)e(Xo; M) > det[AZ(M)AT]
e (AQY1)? Co(V1,Y2)\ 41
e [A <CQ(Y1,Y2) (AQY2)2>A ]

—qet [ (BeX1)? Co(X1,X2)
_dt<CQ(X1»X2) (AQX2)2>

= (8X1)*(AgX1)” = Co(Xy, X5)? (53)

LAY, (44) BRI NE, F HERIEME a, = (au,0,0)T £ LT,
a; - E(M)as =0 (54)
LRIN, INEHATYIE Y, Y BEOWR ¢, g BEED Xy, Xo BLUpIO0T
FAET %, [ ]

FEER (44) 18 M € Mgy KHUTUDGEHI M TE S, —fED Moy KDV THY 7
OME S MIFH LN AE S TWARY, UL, ALHEORED (44) 2729 2 & AUREII R
INTWVS 22, UFOFRISHUCHME 525 2 L IE5BOBETH 5,

Conjecture 3. {LED POVM HIE M € M XU T (44) 2360 32D,

ZOFEMNELTNE, EE2IZBWTEENERTETH D ZENRINTVDEDT, &
R (54) Z WA THED 2 DOWHE X, X, OHEBREORERNMNITIHETH D, X
Bk [22] Tl 2 DDERZ [EAD ALY IZDNT, fil 2 HEDHHF T2 W 72 EE DR
INTNB,
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4 ETFRBEHEMEDREEE

IEWRBAATIEINT AR QI U DD ERDAADOESITH LT, BEEAZEAL, OB
MEP SIEREGRPHERDIMEO XA F IV A% ihind 5., MRS AEMOGRIE Fisher 1%
P THEZ BN, 2% Fisher M & £ FER, Fisher FHEIMERED IV I 7 EHRIZ & > THE
WA 3 [21],

—H. BTEERMIE ST AL 012U 205 B TREBOESITONTORMPAH R NE % 3
WY o, mRBZEMOEHEIZE T Fisher [HMITAICE > THA SN, % & T Fisher &
B LIS, BT Fisher FHEIMEEDBFRIEIC & > THFRAD TS [25)].

B HHRERE B RSN L 5 X5 720101%, BFHIEIC & DIREZER O RS
ZEEANDGHEOMEEFARD Z ENEETH D, BAHIEICKDEH

M : p— {p; = Tr[pM;]} (55)

LEFEFETHDLIDT, ¥ TINHERSAZ2ZH O Fisher FH2I1300 & FRIEZEM O &+
Fisher & & AR THWA TS, ZhdtE T Cramér-Rao R (22) DRMK LRI TH 5,
UM U, AREEMBRICEY ET Cramér-Rao AERIE—MRICHES 2 LTI, L O]
B2 NS T TH D, BxOEHL ZHEHAEIT

eXsM)=a-[J(M)' - J N (56)

ThY., BIREEM L HERSMGZEMO Fisher 5HREOHIEDEIZR>TND, LM>T,
A EBIfR (33) % (44) 1%, B+ Cramér-Rao AER & V) £ifivy, BFIRMEZEM & RS AR
Z2[tD Fisher FHEMH72 X R IFNIER L BVEMERIZBES>TOD Z b hd,

B HCHRZHOTAEEEREREZBRLZZICXY) ., REMOEIZDWTORGED
iz, 5%k, BTREHRZ CMOMERE IS A HENEREHERTI LT, &
ZEEDO T — N TIEBEVKFHEEBEIZ OV TOBBREEITZOTIERV,E FEINSG,

BN
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