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1. Introduction(1)

Casimir force , Casimir-Polder force , Van der Waals force
Forces caused by fluctuation due to microdynamics

@ (nearly) free theory is involved. Main part is independent of the
coupling(s)

@ depends on the boundary parameters and the topology, macro
property

@ quantum effect (zero-point oscillation), micro property

@ highly-delicate regularization is required, IR and UV, Summation
formula

@ Ambiguity of energy origin.
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1. Introduction (2)

Electro-Magnetic field in substance
D=:w)E , B=pwH . (1)

dielectric function (permittivity) ¢, magnetic permeability ;: shows
the substance property effectively. Can we approach it geometrically ?
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2. Maxwell Equation in Substance

2. Maxwell Equation in Substance(1)

Electric and Magnetic Field

Upper-index Fields : D(t,x) = (D'(x)) , B(t,x) = (B'(x)),
Lower-index Fields : E(t,x) = (Ei(x)) , H(t,x) = (H:(x)),
i=1,23 |, x=(x,y,2) , (x*)=(t,x) , ©=0,1,2,3 (2)
Dielectric function, Magnetic permeability (general form)

Di(x) =" (xE(x) , B(x)=pi(x)Hx) . (3)

divD = 9;D' = 0 electric charge density = 0
divB = 9;B' =0 magnetic charge density = 0 (4)
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2. Maxwell Equation in Substance(2)

Ampére's Law
atbi—(fijkaji—\lk =0 or 6t|A)—V X I:I =0
(electric current density = 0) (5)

Faraday's Law
0.B" + é*9;E, =0 or OB+VXxE=0 . (6)

Faraday's law is solved by the vector and scalar potentials.

A A

E ., B - A, ¢
E,‘(X, t) = _at’ai(x7 t) - 8;qu5(x, t)
Bi(x, t) = €9 Ak(x,t) . (7)
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2. Maxwell Equation in Substance

2. Maxwell Equation in Substance(3)

time t to frequency w (Fourier expansion)

B(t,x) = / D(w,x)e“dw . E(tx) = / E(w, x)et dw

é(t,x):/_oo B(w, x)e“ dw | I:I(t,x):/_oo H(w, x)e“ dw . (8)
Di(w,x) = ¥ (w)Ej(w,x) , B'(w,x) = pi(w)H(w,x) . (9

A(t,x) = /Oo A(w,x)e“tdw , (t / d(w, x)e™ da

Ei(w,x) = —iwA;(w, x) 00(9 d(w, x) or E(w,x) = —iwA(w,x) — Vo(w,:
B'(w,x) = €™0;A(w,x) or B(w,x) =V x A(w,x)
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2. Maxwell Equation in Substance(4)

E(w,x) and B(w, x) are unchanged under the gauge transformation.
A — A+oN , ¢ — ¢—iwN where A =A(w,x) (11)
For simplicity, we consider the diagonal case.

=)o, (= W) (12)
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2. Maxwell Equation in Substance

2. Maxwell Equation in Substance(5)

Gauge 1. 0;{iwe + (ep) tdivA} =0
Ampére's law gives the field eq. of A

(A + w?ep)A(w,x) =0 , E=—iwA — wlTuv(diVA) . (13)

Note: When ¢ and j: are constants, A(t, x) satisfies the free wave
equation with velocity of light v = —%

Gauge 2. 0;¢ =0 (Landau-Lifshitz textbook)
The fields eq. of A

E.

AA — V(divA) + w?cpA =0 |
E=—iwA . (14)
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K*)=(w,K") Space(1)

The energy of the substance is given by
1 . o
/d3x/dw E= /d3x/dw§(€”E,-Ej+u1,-jB’Bf)
1
:/d3x/dw§u‘1A-(A+w25u)A S (15)

In terms of (w, k),

/d3k/dw%(gﬁ(w,k)é,(w,k)a(w,k)+u—1(w,k),jé"(w

_ / &k / dw%;fl(w A (w, K) - (—K? + w?=(w, k), k))A(w, k)
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K*)=(w,K") Space(2)
We propose

5ij(w, k) = elg"j(w7 k), u(w, k)U = mlgij(w, k), (17)

where e; and m; are constants and g;;(w, k) is some metric
introduced next.

Under the coordinate transformation:

(K2 = (p(w))%, (K

K= K V=(FWw)? (18

the metric transforms as

, Ok 9k™ o Ok’ oK'

g 2 R m
T ok ok’ 8™ 0 8 T gkl gkm® - (19)
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K*)=(w,K") Space(3)

General invariance of the scalar quantity &, (16), requires the
following transformation of E and B.

ok’

It says the change of the hyper-surface produces the change of fields
E and B.

We would like to define the energy as

_ Ok - _
E=5gE . Bi= (20)

:/d[hyper—surface (23)]4/detg;(w, k)E(w, k) . (21)
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K“):(w,Ki) Space(4)

Let us consider three typical metrics in (w, K') space.

3
1. Minkowski : ds® = —dw? + Z dK?
i=1
3 .
2.dSy ¢ ds?= —dw?+ ey dK”
i=1
3.AdS, : ds® = (dK?)? + e MR (—duw? 4 (dK1)? + (dK?)?)(22)
To specify 3D metric gj(w), introduce 3D hypersurface.
Dispersion relation :  (k')? = p(w)® (23)
The induced metric gj; is given by
k'k/
i\wW) = (5," — = . 24
8 ( ) y (PP)2 ( )
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K*)=(w,K") Space(5)

some examples.

AL j p]_(W) = %u? pl — %7

W (k) = w?/c?

&K i pa(w) = YT
0 — Skipkly, 2w s
PR = g0 (K = (@ (mP) /¢

where c(light velocity) and m(mass) are some constants.
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K*)=(w,K') Space(6)

The proposal of the energy (21) is severely divergent (IR and UV).
We regularize the divergence by introducing the damping factor from
the geometric point of view. The area A of the hyper-surface (23)
{p(w):0<w<T}is

Alp(w)] :/\/detg,-jd3k :/0 VP2 +1pidw . (26)

The following damping (regularization) factor or the distribution
Q[p(w)] is regarded as the statistical ensemble due to the micro
fluctuation.

Q[p(w)]—%exp(—i [p()
:—exp{— / VP2 +1pPdw} (27)

where a new model parameter o is introduced.
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3. Geometry in (K*)=(w,K") Space

3. Geometry in (K“)Z(W,Ki) Space(7)

Hence the system energy is given by

E(T):%/Ooodp/p(o):p gpkf(w) X

p(T)=p
FlAw. W] ex {—g [ vEisa)
where  E[A(w {g'f k)E;(w, k)Ej(w, k)
—i—/[l(w, k);B/(w, k) B (w, k)} . (28)
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4. Lifshitz Theory 1954

4. Lifshitz Theory 1954(0)

Figure: Configuration of Substance e1, e, 2.
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4. Lifshitz Theory 1954(1)

Free energy formula for the €1, e,,,e5 (1t = 1) substance of the
structure: Fig.1 .
Simplified model of the previous Maxwell theory Kenneth and Klich

'06
1 d
= 5/ d3x/ %@;(A +we(W))dy , O =b-u . e(w) =14 x(w)
When e(w) = e1(const.), above is 3+1 massless complex free scalar.
dt , 5 .
2—¢> (x, )(A = e155)9(x. 1), (30)
d(x, t) = / gbw(x)ei”tdw. (31)
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4. Lifshitz Theory 1954(2)
The field equation

(B +Pe(@)de =0, dulx.z) = du(2)e™ . (32)

This system is in the thermal equilibrium at temperature T.

1
Periodicity : t — t + T

2n T

Wy = ”Tn . (33)
In the plane perpendicular to z-axis,
Periodicity : x, =(x,y) — (x+Ly+L) ,
2T 27

A(ne,ny) = (T”xa T”y) . (34)
(—a® + 8.2 + we(w))du(2) =0 . (35)
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4. Lifshitz Theory 1954(3)

For z-dependence, take
bu(2) = AW)e”” + B(w)e™ | —@® + pa’ +wiea(w) =0 (=1

Wave function for each region

z< -l bu(z) = A(w)e”? | region 1

—l<z<l  ¢u(2)=Gw )e’)"’Z G(w)e ™™= | region m
z>| bw(z) = B(w)e "% region 2 (37)
A: 1_ (pl_pm)(p2_pm)e—4pm/:0 ) (38)

(p1+ pm)(p2 + pm)
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4. Lifshitz Theory 1954(4)

Add periodicity to z-direction.

Periodicity : z — z+L |
2T 2T 2T
A(ne,ny,n,) = (T”X7 Tnya Tnz) : (39)

e hx = / D, D eSle" ¢xaxml
= det(A + wzea(w)) =expTrin (A+ w2(1 +xa(w)) ) , (40)

€a = 1+ Xq IS given by

1 2m, , 2 2
In R1 1+X1(W) = E(T) (nx—l—ny—l—nz) ,
1 27
R 14+ Xn(w) = (VR4 402 . (4)
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4. Lifshitz Theory 1954(5)

REGULARIZATION 1

Fc=F,— F—o=—TrIn(1+ %) (42)
REGULARIZATION 2 (Entanglement)
F = Fc(RyURp) — Fc(Ry) — Fe(Rm) (43)
Finally, well-defined (finite) quantity Kenneth and Klich 2008
F=-TrIn(l1-— T1G1nTmGm) ,
2 2
o Lt v
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4. Lifshitz Theory 1954(6)

G and G,z is free propagators:

_ Gll Glm N __
G_(Gml Gmm> ’ G(X’X)_<X|A+UJ2

(A+w?)G(x,X) =< x|X >=d(x—x) , x, X ERUR, .(45)

x>
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5. Final Comment(1)

BZE (—RAENEER) SMERZE, RFICERME. MEERERE
DIEEEHRETRDOBITICIERICKYUTH DI ENRADAN>TET
W5,
|. Bredberg, C. Keeler, V. Lysov and A. Strominger, arXiv:1101.2451
"From Navier-Stokes to Einstein”
V. Lysov and A. Strominger, arXiv:1104.5502
"From Petrov-Einstein to Navier-Stokes”
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5. Final Comment(2)

Figure: Andromeda
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