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1924 Bose Einstein Condensation(BEC), Bose & Einstein

BEC occurswhen de Broglie wave length A of particles
IS comparable with the mean distance. /
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http://ja.wikipedia.org/wiki/%E3%83%95%E3%82%A1%E3%82%A4%E3%83%AB:AatyenBose1925.jpg�
http://ja.wikipedia.org/wiki/%E3%83%95%E3%82%A1%E3%82%A4%E3%83%AB:Einstein1921_by_F_Schmutzer_2.jpg�

“Pure” BEC (99% is BEC)

Cold atomic gases

1995 cold atomic bose gas
87Rb, 23Na, "Li
Cornell (colorado), Ketterlemim
& Wieman (Colorado)

2003 cold atomic fermion gas
JILA(Colorado), MIT

doppler laser cooling
magneto-optical trap
evaporative cooling

Temperature ~ 106,10 " K
Number ~ 109, Size ~10-3cm



http://en.wikipedia.org/wiki/File:Bose_Einstein_condensate.png�
http://jilawww.colorado.edu/bec/�

trapping potential
1 5 5 @ ' frequency
v :EMCO r M : mass of atoms

Mo R? p° 3 -
= = —kgT
2 2M 2
A A R 7
A =—= ~—73 — R=_ [—N°
P MR N Mo
de Broglie mean particle
wave length distance
transition temperature
ha)N 1/3

T = » ~107°[K] for @ ~10°[Hz],N =~10°
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Scalar BEC, “He superfluid

Bogoliubov theory for weakly interactive Bose gas
(with point interaction)

2
H=[av [w* (—f—mVQ + Vext — u) ¢+ % g yty?

I

[’Gb(?“)a WL(T,)] — 5(7" — ’f”) V (r) =go(r) pointinteraction

mean field approximation
w(X) = W(X)+ @(X)

/N

wave function fluctuation (phonon)
for condensation : hon-condensed component



Scalar BEC, “He superfluid

Gross-Pitaevskii (nonlinear Schroédinger) Equation

o h* 2 ok Ah’a
e R R TR 7/ i VES g P
ot 2M oy M
AL : chemical potential M : mass of atoms dg : s-wave scattering length
Vexi(r) : trapping potential  V_ . = % M @?r? V()
Gross-Pitaevskii energy functional
3p g 4
L O S
Reqb /\/(vac=s1

For d=1 with V=0, it is integrable. [Zakharov-Manakov (‘74)]
It is used in optics and water waves. Examples are bright soliton and dark soliton.




/ ®
X real Order Parameter Space(OPS)
Space = U(1)
Superconductors under magnetic field —

Flux quantization k e 7,[U(D] =2 [ s

hc 28
(D :_k :(DOk (DO :E:207 Xlo_ls[weber] “ 3
26 2e | ':h‘-.‘.';{-‘.::.-": LR

U. Essmann and H. Trauble :
Max-Planck Institute, Stuttgart | qpm .-+ s . s o
Physics Letters 24A, 526 (1967) =+ = = m *= 3T

Gallery of Abrikosov Lattices in Superconductors
@ Oslo Superconductivity Lab http://www.fys.uio.no/super/vortex/


http://www.fys.uio.no/super/vortex/essmann.html�

guantization of circulation
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Vortex nucleation under rotation "
Rotation in rotating frame V—>V—i?9xr

Abo-Shaeer, Raman, Vogels, Ketterle, Science 292, 476-479 (2001)

A proof of superfluidity



BEC/BCS Crossover
(a) (b)

: : -- e
Fermions with 2 % 3 Coe
. ..f::lvf "7'___:- 6
pseudo spin ) i % |
BEC superfluidity BCS - BEC BCS superfluidity
of bound molecules > crossover 5 of Cooper pairs

Magnetic field (G)
7.?2 833 852

Zwierlein, Abo-Shaeer,
Schirotzek, Schunck
& Ketterle

Nature 435, 1047-1051
(23 June 2005)

A proof of superfluidity
0.7 0 <25 inall range of BES/BCS

«“+— BEC Interaction parameter, 1/k;a BCS




Artificial Gauge Field A review: J.Dalibard et.al.,
Rev. Mod. Phys. 83, 1523-1543 (2011)
Two-state model

Two states {|g),|e)} e)

Hamiltonian

P
H:(WJFV)“FU coupling |
U hQ ( cos e ¢ sin())

| 2 \ei®sind  — cosh
Eigenstates of U = Dressed states

‘ )_( cos(6/2) ) ‘ >_(ef¢sin(9/2))
Al it sin(6/2) ) cos(8/2)

h()/2 eigenvalues —hi)/2



Full state
Wi, 0y = > w(r.0lx;(r)

j=1,2
Born-Oppenheimer

VIilxpl =1V lixp + iIVx)  approximation

< B Gauge o
P = 3 16,0 = Apwilley @8 9% Ay =in(z;|Van)

Neglecting v,, EOM of ¥;

J P— A) h()
Uy [( ) :I " Gauge fields

L Y A R as Berry phase

A(r) = in{yIVx,) = g(cosﬁ — 1)V, Br) =V X A= gV(cosﬁ) X Vo




Synthetic magnetic fields for ultracold neutral atoms

’ , Lin, Compton, Jimenez-Garcia, Porto & Spielman,
BT" - I Nature 462, 628-632 (3 December 2009)

3 states
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Synthetic magnetic fields for ultracold neutral atoms

,  Lin, Compton, Jimenez-Garcia, Porto & Spielman,
1 Nature 462, 628-632 (3 December 2009)

By-b'y

b ¢/2n=0.13 kHz pm™! ¢ 6'/2rn=0.27 kHz ym™"

BERE

d 6721 =0.31 kHz pm™’ e ¢0'/2n=0.34 kHz pm? f 6/2n=0.40 kHz pm™*

Y position after TOF (Lm)

X position after TOF (um)

A proof of artificial magnetic field
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What is a Skyrmion? 1D Skyrmion

j—%m\\% I &/ﬁ@&j—{t =Sine-Gordon kink
(a) 1
S IO N ﬂl(S):Z
SN V 2D Skyrmion
.-k i
‘ H/ 7C 5 (SZ) — Z
Model of 3D Skyrmion
nucleon 3
73(S7)=Z
T.H.R. Skyrme

3dim
hedgehog

A Nonlinear theory of strong interactions
Proc.Roy.Soc.Lond. A247 (1958) 260-278

A Unified Field Theory of Mesons and Baryons
Nucl.Phys. 31 (1962) 556-569



1D Skyrmion O(2) model (=sine-Gordon model)
Bogomol'nyi completion

2E = Idx :(axe)z + Ccos 9]= Idx[(@xe)z +sin2[§j —1}

— jdx ‘Z 28X6’sin(§j 1} >T,5

SG Topological charge
. (6 Sine-Gordon T = ij dxo,0sin(6/2)
0,0 ¢S|n[—j -0 .
2 KInk = F2[ dxa, cos(6/2)
Lﬂ%m ! %/%Mﬁik c 72_1(81) _ Z _ 12|:COS(6/2)]X=+OO

(a) X=—00

Bogomol'nyi-Prasad-Sommerfield
(BPS) equation




O(3) sigma model 1. (Truncated model of) 2ZCOMponent BECs
S 2. Ferromagnet

_1 2 S(X)=(S1,S,S5)
E = Z(VS) e 1192193 N Ss=+1
Target space = S?

coordinate U 1S,
equivalent to

CP1 model

2
E = _fdrz |§“u|

Stereographic U — S, —1S,




2D Skyrmion (slump, sigma model instanton)

- - P SN S SN S NN BN B
Bogomol'nyi completion M’J T, T S S \QV
(&) - - -
DAY PN A,
E:jd X 24 5 * ’;:/ﬁx)‘;/,«;’/*‘:\ky/
(1 + |u el R W TR G MR S

X

7/@+wff N

BPS equation 2D Skyrme topological charge

SUTFio,u=0 T~ [ d?x i(o,u"o,u—o,u"s,u)
L=

(L fuf )

ker,(S%)=2

uFiou) ilGuau—as,u5,u)

= [T,

Su=0 z=x+iy ok



2D Skyrmion

BPS equation
Au=0 z=x+iy SUFiSu=0 N Ss=+1

7z U—>>® (| z > <©)

u—0 (z—z)




2D Skyrmion Cond-mat examples:
Ferromagnet, quantum Hall systems

- Choi, Kwon, and Shin, cos
Spin 1 BEC, Polar phase PRL 108, 035301 (2012) _1&‘%{‘&{,
G _ U(@),xSO0@), ——

Hp B (Zz)q>+|:x xU (:l-)|:Z

_ S0 8%

N (Z2)®+F




3D Skyrmion O(4) sigma model~Skyrme model

3
& (X) 2 2 > 3 72'3(8 ) — Z
[¢2(x)jec a4+ =1 S
S® = SU(2) uu =1 N: U=1,
} 4 — ) 9V I P+ P=1 | (2.9 (10)3
u=|"'" "2 SU (2
[¢2 ¢1 je ( ) S
Skyrmion ansatz 82
U(x)_exp[l f(rl)rr o

—)—|—12, f(r)—)O(r_>oo)
—>-1,, f(r) -1 (r - 0)
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2 component BEC/superfluid
Gross-Pitaevskii energy functional in rotating frame

. B2 .
-1l S Lol + Ve s+ 3 2 f
i m; 7 2

oy, | R

'h%: _%V + Ve /ui+giil//i2+gijl)”j2_ﬂ°l—:|l//i

Trapping potential
Atomic interaction ., — 27h%a . /m

. kl = m +7nh
0,1 =9, =0 a;;: s-wave scattering length

G.Modugno et al., Phys. Rev. Lett. 89, 190404 (2002) 41K - 87Rbp
S. B. Papp et al., Phys. Rev. Lett. 101, 040402 (2008) 8°Rb - 8’Rb
T. Fukuhara et al., Phys. Rev. A. 79, 021601 (2009)  "Yb -17%YDb



Sigma model representation
K.Kasamatsu., M.Tsubota, M. Ueda, Phys. Rev. A 71, 043611 (2005)

[\Plj=x/7[?j A F +14F=1 S3

LIIZ
pseudo-spin: S = G p = (SX, Sy,SZ)T g2 —1 S2

o : Pauli matrix
Y, =0,¥, =0

E = _fdr{ [(V\/_)Z+ Z(VS )2}+Vn : w.

+lc, +¢,S, + 0283‘}

PELLLL oY (VY o SO &

n
_T[nT (911 + 0, + 2912)_ 4(/“1 + 4L )]’

8
n nZ2
C, = TT[nT(gll - 922)_ 2(:“1 - /Jz)]' C, = ?T(gll + 0, — 2912)

Y, =0,%, =0



phase structure

J>012 9=012 0<012
Anti-ferromagnetic SU(2) symmetric Ferromagnetic
Y, =#0,%¥, =0
| W, [=[ W, [= O
S, S
‘ i y T~ g, =0,%, %0
2 comp coexist S, 2 comp are separated
0.01 ; : . . : : 0.02 T T T T T T T
0.008 | 0015 |\Ij1 |2 //“ |\Ij2|2
.006 - ’, A

0.004 +

0.002 +

(R

0.005 |

0 .




SU(2)symmetric

9=012 Massless
SU(2) symmetric | O(3) model

Coreless vortex
= lump, 2D Skyrmion

7,(8%)=Z

i } § b 4 4 ,
?‘?‘ﬂfnﬂrir%/;y;\‘&\x'
[/b) f .y \i i.__vf ’j e \'\
e - “u, +,-’J Va - A% ‘
| L U A A I S
+ !!f/ﬂ’;‘;’/;*'ﬁx*ly/
} f $ 4 4 } $




Integer vortex 1 U(1) winding

----------

Z,,<0 attraction
singular vortex(~1lcomp)

(.a.] [ 1*

. .o . .. | " ()
£,,>0 repulsion -> splitting -+« ‘s ¢ E{. E Eﬁﬂ F § 3 J ﬁ
¥ 0'\"35..;;3 = i _____5:;:;"0 ¥ r;"I:"-"}!I:_-* N .:._,__-__.::r.r..-_.-i': ’|n 'ﬂt‘ ; ] E ; ; j; ; '
Vortex molecule LR S 1411 il
-J A A
Repulsion balanced with E*’; E;E?"’i‘"‘%;é?'ﬁ&%‘ﬁg
internal coherent coupling *,im ]f M,f

ST W S S B R A A A S 3 e e
B e o

B e o R Ay

‘-4\._‘\' LY
L b

R S LS

— gt

s

e S
: s
R

(Rabi frequency)
AE = (¥, P,e ™ +c.c.)
1,00 (0.1)
® r ®

_ y
SineGordon kink Son-Stephanov(‘02) Kasamatsu-Tsubota-Ueda('05)




3D Skyrmion = vorton in two comonent BECs

3\ Khawaja & Stoof, Nature (‘01)
72-3 (S ) T Z Ruostekoski & Anglin (‘01)

- & Battye, Cooper & Sutcliffe (‘02)
[ 1) — /nT[ 1) 16 P+ P=1 Herbut & Oshikawa (‘06)

W, &,
S® =SU(2) - oY
_(A—0")_ -f(r)r-cj |
U = [¢2 ¢1* j = exp[l 5 e SU(2)
Uiy =1,

detU =g [ +|¢, =1




Topological equivalence to 3D skyrmion

Phase of W, (1
¥\ v, 0]
— - —> - 1> —-—>- 7> @boundary
| | I/ |
/ |
I |
A et —>
DO - :
| / |
«— —— - e

Vorton 3D skyrmion



Eto-MN,

Phys.Rev. A85 (2012) 053645

3 component BEC/superfluid
Gross-Pitaevskii energy functional

internal coherent coupling (Rabi frequency)

Vortex trimer = CP* Skyrmion

0,01)

enegy density



0.05)
0.05)

a)Sl)
.05

0)31)
.05

(0.01,0
asymmetric

(0.05,0
symmetric

(a)lz 1y (U3

a)Bl)

W53,
0

(a)12 ,

! (0)12 » (D3,

.05,0.05)

asymmetric

(0.2,

e i
P
R
il b o of




BEC| \Vortex trimer Baryon =q-9-q QCD

Y-junction of domain walls Y-junction of fluxes
(not A)

i 2 l 0 | 3 3

Eto-MN; PRASS5 (2012) 05364 Ichie-Suganuma et.al (‘03)
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§ 4-1 Brane annihilation

Creating vortons and three-dimensional skyrmions from domain wall
annihilation with stretched vortices in Bose-Einstein condensates

Phys. Rev. A85 (2012) 053639
e-Print: arXiv:1203.4896 [cond-mat.quant-gas]
Hiromitsu Takeuchi (Hiroshima U.)
Kenichi Kasamatsu(inki U.), Makoto Tsubota (Osaka City U.)
Related papers:
@MTachyon Condensation in Bose-Einstein Condensates
e-Print: arXiv:1205.2330 [cond-mat.quant-gas]
@Analogues of D-branes in Bose-Einstein condensates
JHEP 1011 (2010) 068
e-Print; arXiv:1002.4265 [cond-mat.quant-gas]



Brane-anti-brane annihilation in BEC

: : : T Simulation
closed string production by brane pair annihilation by Takeuchi

brane

—

anti-brane

2"d component inside vortex - D e T



Experiments

Watching Dark Solitons Decay into Vortex Rings

In a Bose-Einstein Condensate

B. P. Anderson et.al., Phys. Rev. Lett. 86, 2926-2929 (2001)
(JILA, National Institute of Standards and Technology and Department of Physics,
University of Colorado, Boulder, Colorado)

removmg decay Untwisted
vortex ring

Dark soliton




Experiments Our proposal

Watching Dark Solitons Decay into Vortex Rings

In a Bose-Einstein Condensate

B. P. Anderson et.al., Phys. Rev. Lett. 86, 2926-2929 (2001)
(JILA, National Institute of Standards and Technology and Department of Physics,
University of Colorado, Boulder, Colorado)

removmg decay Twisted
vortex ring
Vorton!!

Dark soliton




Brane annihilation with stretched string

Gj}’zhas superfluid flow inside a vortex ring of ‘{’1
brane stable vortex ring(vorton) S'mulation

by Takeuchi

Fundamental string

—>

Pair
anihilation

anti-brane




0<012 Massive O(3) sigma model
ferromagnetic

1 2
E=—(VS
L(vs)

S(x)=(5,,S,,S;) S?=1
Target space = S?

equivalent to

CP1 model
> ol + m?uf”

br i)

Stereographic U — S, —1S,

coordinate U 1-S;

Ezjdr




Single domain wall

xl = 4
Arrows
viewed from N

- ooj
Il
5 A

: x!
iy
P ! T 5> 20 xl=—o0
A : n; =—1,
Phase Wall solution u@)phase u=0
, |separation ¢, = e -w)ie)



Bogomol’nyi completion for domain wall
c — ot el el -
1+ Juf* |
jdxl é’u F2mu 2m(u*alu +ué’1u*)
R A S
= [Tw| —

Topological charge
2m(u”s,u +us,u”)

(L Juf f

BPS equation

o TW=iJ'dx1
Ju+mu=0

2
- U _ eimx +ig — imfdxlal[%J — im|:—



A pair of a domain wall and an anti-domain wall

LI’]. QA F|XQ n3 — +1,

U= oo

l,v x! U —0
] L\)Plg | |
T phase 20 Approximate solution

—m(z! —21)+ip; + 6—|—m(:171 —x3)+ip2

(dark soliton) Uy oy = €



A pair of a domain wall and an anti-domain wall
“Pl © Fix@ n, = +1,

o U= oo

\Pz® T phase

‘1’1 Xy 0 Unwindin u=0

: 1 . :
T phase T_,xz(s) Approximate solution
(dark soliton) Uy g = € D FiRL 4 pbm(at —ag)tips




A pair of a domain wall and an anti-domain wall
“Pl © Fix@ n, = +1,

e U= oo
> —> —

\Pz® T phase

‘1’1 Xy 0 Unwinding u=0

: 1 . :
7 phase L,xzm Approximate solution
(dark soliton) Uy = @ T FiPL | ptm(a! —a3)Figs
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Wall annihilations in 3 dimensions

UV O YRS
-0
’il N

Vortex-loops formed



Brane-anti-brane  Phase&  GSpjn structure
amplitude

with stretched string




(a) !

(©)

X3

X '}73

domain wall
®
I
1
1

Exact analytic solutions
All exact(analytic) solutions

1 1
u(x',z) = uyw(x uy(z)
’ W RS of ¥4 BPS wall-vortex states
Ly _ M —xhmide g (z) = H]:l( j ) Y.Isozumi, MN, K.Ohashi, N.Sakai
Uw(x') =e , HN"ﬁ( — 2!} Phys.Rev. D71 (2005) 065018

.
I



Bogomol’nyi-Prasad-Sommerfield (BPS) bound for vortex-domain wall

Za\é’au\z + M Z\U\Z

E =|dr
j L+ ]
: Ty =2 Ny
e .U F ié’yU' i(é’xu*ayu — é’yu*ﬁxu) vortex
_I (1+ ‘u)z)Z (1+ ‘u‘z)Z (2d Skyrmion)
charge

[G,uF 2Mul® /2M (u*S,u+us,u”) T,=+ M, 0
H > 2 2 @ domain wall
L+ |uf?) L+ |u)
charge

> [Ty |+ [Ty |




D-brane in a laboratory

Kasamatsu-Takeuchi-MN-Tsubota

JHEP 1011:068,2010[arXiv:1002.4265]

¥ (2> 0)
domain wall (2= ERERKAA TP PP AN A
L N N A Y A AL B R
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Ty "
TTTTTT T Zo10e vov g 100, Ly oy oy L0y
T
\\ /7/

doma1(]%\%3um %// \ \\i ﬁ/f / \\\k\
n\Aall<_,_o—.->—>—> W/ //,// \\\\ \N
] AT !
Y T v v
X fvorte Qt |§;
lll xill -ww w/wowwwm)

Wall position
(Iog bendlng)S =(

sigma model
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u(xl,z) = uw(xl)uv(z), Analytic (approximate) solution
uw(xl) _ e—M(xl—xll)—iqbl 1+ eM(xl_xé)—i(ﬁg, MV(Z) — l/Z
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Untwisted loop
Twisted loop
Vorton (n=1)

Twisted loop
Vorton (n=2)



Untwisted loop
Unstable to decay



Twisted loop



Phase of ‘W,
v/'

Phase of ‘W,

_ Vorton
Twisted loop



Phase of ‘W,
v/'

Phase of ‘W,

| vorton
Twisted loop Knot soliton (Hopfion)

Linking number =1
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§ 4-2 Non-Abelian

gauge field
Artificial “SU(2) gauge field”
stabilizes 3D Skyrmion

Kawakami,Mizushima,MN & Machida

Phys. Rev. Lett. 109, 015301 (2012)
(a)

Published by

American Physical Society, ﬁ Volume 109, Number 1



Non-Abelian gauge fields

VOLUME 52, NUMBER 24 PHYSICAL REVIEW LETTERS 11 JUNE 1984

Appearance of Gauge Structure in Simple Dynamical Systems

Frank Wilczek and A. Zee®
Institute for Theoretical Physics, University of California, Santa Barbara, California 93106
(Received 9 April 1984)

Generalizing a construction of Berry and Simon, we show that non-Abelian gauge fields
arise in the adiabatic development of simple quantum mechanical systems. Characteristics of
the gauge fields are related to energy splittings, which may be observable in real systems.
Similar phenomena are found for suitable classical systems.

Non-Abelian gauge fields is induced on
degenerate states by Berry phase.



Juzelilinas, Ruseckas & Dalibard
Phys. Rev. A 81, 053403 (2010)
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SU(2) gauge fields
Ai — Za,i A‘iao-a

Gauge fields Formulae Generating schemes

Rashba

A x xo, Lin, Garcia, Spielman, Nature 471, 83 (2011
+Dresselhause (1D) z - 5P - 83 (2011)

- ~ Juzeliunas, Ruseckas, Dalibard PRA 81, 053403 (2010)
Rashba (2D) A oc oz +goy Campbell, Juzeliunas, Spielman PRA 84, 025602 (2011)

3D-Rashba A o< xop + i}ay -+ ﬁcry Anderson, Juzeliunas, Spielman, Galitski, arXiv:1112.6022

Non-Abelian A — _ cosé

monopole = —rama€elzt- Ruseckas, Juzeliunas, ef al., PRA 95, 010404 (2005)

We use A =2 Ao, =x,(Xo, +Yo,)+x,20,
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