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tWe present numeri
al analyses of nonequilibrium �eld theoreti
al approa
h of O(N) s
aler modelwith longitudinal expansion in 2+1 dimensions. We in
lude Next-to-Leading Order of 1=N expan-sion as self energy in the presen
e of ba
kground 
lassi
al �eld. We 
ompare quantum dynami
sand 
lassi
al statisti
al approximation. Then we see the di�eren
e of two approa
hes in �nal dis-tribution fun
tions in strongly 
oupled regimes, where Boltzmann tail of distribution fun
tion isgiven only in quantum dynami
s.1 Introdu
tionRe
ently experiments have been done to 
reate and study Quark-Gluon Plasma (QGP) by 
ollidingtwo nu
lei at 
enter-of-energy 200GeV at RHIC and 2.76TeV at LHC. For produ
ed QGP nearlyideal hydrodynami
s su

eeds in des
ribing dynami
s after thermalization of Glasma, for whi
hinitial 
ondition is given by 
lassi
al longitudinal 
olor ele
tri
 and magneti
 �elds with va
uumquantum 
u
tuations. Its su

ess is based on early thermalization of Glasma teq = 0:6-1:0fm=
[1℄. This time s
ale is 
omparable with the formation time of partons [2℄. Then normal partonpi
ture might fail to des
ribe thermalization of Glasma, where parton pi
ture estimates 2-3 fm=
[3℄.Hen
e it is ne
essary to adopt dynami
s beyond parton pi
ture. Furthermore other instability or
lassi
al statisti
al approa
hes do not des
ribe late-time Bose-Einstein distribution. Thus we shouldadopt approa
hes whi
h des
ribe late time true thermalization. As a 
andidate of approa
hesthat are beyond the parton pi
ture and des
ribe late time Bose-Einstein distribution, we adoptnonequilibrium quantum �eld theoreti
al approa
h, whi
h is represented by Kadano�-Baym(KB)equation [4℄ with equation of motion of 
lassi
al �elds.One of the merits of solving these equation is that �eld-parti
le 
onversion o

urs. If parti
les areprodu
ed from 
lassi
al �elds, they 
ollide ea
h other, so that late time Bose-Einstein distributionis realized. The other merit is presen
e of the spe
tral fun
tion with �nite de
ay width, whi
hindu
es rapid 
hange of distribution fun
tion due to 2-to-2 
ollisions 
ompared with semi-
lassi
alBoltzmann equation. They might play a signi�
ant role in des
ribing early thermalization of gluons[5℄. Se
tion 2 is devoted to introdu
tion of time evolution equation for 
lassi
al �elds and quantum
u
tuations. In Se
. 3 we give numeri
al results. We summarize our work in Se
. 4.2 Time evolution equationIn this se
tion we write down KB equation and time evolution equation of 
lassi
al �elds. First westart with a
tion of s
alar O(N) model,S = Z dd+1x �12��a��a � 12m2�a�a � �24N (�a�a)2� ; (1)
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where parti
le 
omponents a runs over 1, � � �; N and d represents the spatial dimension. Themerit of adopting this model is to 
over all time evolution of instability by use of 1=N expansion.Then the equations of motion of 
lassi
al �elds ��a � h�ai = ��Æa1 and quantum 
u
tuationsFab(x; y) � 12 hf~�a(x); ~�b(y)gi �ab(x; y) � h[ ~�a(x); ~�b(y)℄i (that are Fourier transformed), where~�a = �a � ��a, are given by24�2� + 1� �� +m2 + �6N 0���(�)2 + F11(�; �) +Xb 6=1 Fbb(�; �)1A35 ��(�) = � Z ��0 � 0d� 0��11(�; � 0)��(� 0); (2)G�10 F (�; � 0; p) = � Z ��0 � 00d� 00��(�; � 00; p)F (�; � 0; p) + Z � 0�0 � 00d� 00�F (�; � 00; p)�(� 00; � 0; p); (3)G�10 �(�; � 0; p) = � Z �� 0 � 00d� 00��(�; � 00)�(�; � 0; p); (4)G�10 � " �2��2 + 1� ��� + p2��2 + p2T# Æab +M2ab(��)Here we adopt proper time � = pt2 � z2, rapidity � = tanh�1 zt and its Fourier transformed p�to treat longitudinal expansion (we adopt spatial homogeneity) and set initial time �0, lo
al massshift Mab(��) and Next-to-Leading Order self-energy �F;� of 1=N expansion whi
h 
ontains 2-to-2
ollisions non-perturbatively.As an initial 
ondition, we set ��a(�0) = q 6N� �Æa1 with va
uum quantum 
u
tuations for Fand �. Numeri
al simulations are done in 2+1 dimensions for strongly 
oupled � = 10 regimes inan expanding system. Then we 
ompare quantum dynami
s and 
lassi
al statisti
al approximationwhi
h omit �� terms in self-energy [5, 6, 7℄.3 Numeri
al analyses in 2+1 dimension
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Figure 1: Time evolution of the
lassi
al �eld �� for quantum (bla
k solid line)and 
lassi
al statisti
al approximation(red dashed line).
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τ/τ0Figure 2: Time evolution ofF11(�; �; p� = 0; pT = 0; ��=8; ��=4)for for quantum (bla
k solid line)and 
lassi
al statisti
al approximation(red dashed line).In this se
tion we show time evolution of 
lassi
al �eld ��(�) (Fig. 1) and statisti
al fun
tionsF11(�; �; p) (Fig. 2). In Fig.1 
lassi
al �elds damps (due to ��� �� term in Eq. (2)) with os
illation.2



Then �eld parti
le 
onversion o

urs, whi
h means that parti
le produ
tion o

urs due to de
ay of
lassi
al �elds. Time evolution of F in Fig.2 shows this parti
le produ
tion, where F 
hanges fromO(1) to O(1=�). Finally we present the distribution fun
tion np (Fig. 3) by use of fun
tional �t F =C�pm2eff+p2T �np + 12� where C and me� are �tting parameter. In quantum dynami
s the distributionfun
tion is Bose-Einstein type and shows Boltzmann tail (np = 1epT =T�1 with temperature T ) , whileit gives power law np = TpT � 12 in 
lassi
al statisti
al approximation. In 
lassi
al approa
h truethermalization is not realized.
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Figure 3: Number distribution fun
tion np at late time �=�0 = 150.4 SummaryIn this work we have solved the Kadano�-Baym equation and time evolution equation of 
lassi
al�elds for O(N) s
alar model in a spatially homogeneous expanding system in 2+1 dimensions. Wehave in
luded NLO nonlo
al self-energy representing 2-to-2 by use of 1=N expansion whi
h 
oversall time evolution of instability of F from O(1) to O(1=�). In strongly 
oupled regimes � = 10, whilequantum dynami
s shows Bose-Einstein distribution, 
lassi
al statisti
al approximation gives powerlaw behavior in distribution fun
tion, whi
h is not true thermalization. Thus we need quantumdynami
s in order to realize the Bose-Einstein distribution.Referen
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