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p イントロダクション	  
p 摂動論での計算と予想	  
p 格子ゲージ理論での計算結果	  
p まとめと展望	  
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※基研研究会「素粒子物理学の進展２０１３」での野秋氏の講演も参照ください	 



p 細谷機構(Hosotani	  mechanism)[Hosotani(’83)]	  

p コンパクト化した余剰次元を回るWilson-‐loopの
真空期待値でゲージ対称性を破る	  

p 応用：素粒子現象論における「ゲージ・ヒッグス
統合模型」[Manton(‘74),	  H-‐Inami-‐Lim(‘98)]	  

p ヒッグスの質量が２次発散する問題を解決	  
p 動的な起源：Coleman-‐Weinberg型の量子補正に
よる	  
p これまでの研究は主に１ループ摂動論の範囲内	  

p 摂動によらない手法へ	  
p ヒッグス質量の有限性を非摂動的にも確認したい	  
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p 非摂動的な解析：格子ゲージ理論	  
p ユークリッド化した理論での対応	  

p 余剰１次元がコンパクト化した３＋１次元理
論⇔有限温度の場の理論	  
p ウイルソンライン⇔ポリヤコフライン	  
p 余剰次元方向のフェルミオンのtwisted	  b.c.⇔虚
数化学ポテンシャル	  

p まずとっかかりとして両者の対応を確認する	  
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p ３＋１次元でのSU(3)ゲージ理論の１ルー
プ摂動論	  
p ケース１ーゲージ場と随伴表現フェルミオン	  

p 主にフェルミオン質量への依存性を見る	  

p ケース２ーゲージ場と基本表現フェルミオン	  
p 主にフェルミオン境界条件への依存性を見る	  

p ウイルソンラインの真空期待値の周りでの摂
動論	 

2013/Aug/26	 基研研究会「熱場の量子論とその応用」	 5	 



2013/Aug/26	 基研研究会「熱場の量子論とその応用」	 6	 

Bd/2(x) ≡
xd/2Kd/2(x)

2
d
2−1Γ(d/2)

, Bd/2(0) = 1, (4.8)

and Kd/2(x) is the modified Bessel function of the second kind.

In Fig. 2, V g+gh
eff , V ad

eff and V fd
eff for mad = mf = 0, αad = αfd = 0 are plotted. V g+gh

eff has

degenerate global minima at A1,2,3, reflecting the Z3 symmetry. On the other hand V ad
eff has

global minima at six C configutations. V f
eff has degenerate global minima at A2 and A3.

Figure 2: Effective potentials V g+gh
eff , V ad

eff and V f
eff are plotted in d = 4. mf = mad = 0,αf =

αad = 0. R is normalized to unity.

4.2 Vacuum in the presence of fermions

Let us consider a model with Nf fermions in the fundamental representation (fundamental

fermions) and Nad fermions in the adjoint representation (adjoint fermions). For simplicity

we assume that for each representation, fermions have identical mass parameters mf , mad,

and obey the same boundary conditions αf , αad. Thus the one loop effective potential is

given by Veff = V g+gh
eff + NfV f

eff + NadV ad
eff as in (4.6). Since we use the staggered fermions

in the simulations of lattice gauge theory the number of fundamental and adjoint fermions
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for fundamental fermions and adjoint fermions, respectively. Thus the one-loop effective

potential is written as

Veff(θj) = V g+gh
eff (θj) +NfV
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where (mgauge
n )2, (mfd

n )
2, (mad

n )2 are given in (3.2), and Nf and Nad are the numbers of

fermions in the fundamental and adjoint representations, respectively.

In the expression for Veff , both momentum integrations and infinite sums of KK modes

yield ultraviolet (UV) divergences. However, the UV divergences appear only in the θ (and

αf,ad)-independent part. The θ and α dependent parts turn out finite, free from divergences.

Detailed calculations are summarized in Appendix A. The results are
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Bd/2はフェルミオン質量による	  
抑制因子を表す	 

αf、αad	  :	  	  
フェルミオンの	  
境界条件	 

mf、mad	  :	  フェルミオンの	  
質量	 

Nf、Nad	  :	  	  
基本・随伴表現	  
フェルミオンの数	 

d	  :	  
	  （余剰次元を含む）時空の次元	 



p フェルミオンの寄与の大きさにより、
ゲージ対称性が破れのパターンが変わる	  
p 周期的境界条件のとき	  
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各相の名前はCossu-‐D’Elia	  (2009)から採った	 
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θ1	 

θ2	 

(Nad,Nf)=(2,0)で	  
随伴表現フェルミオン	  
の質量を変えたときの	  
有効ポテンシャル	  
（白い方が低い値）	 
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基本表現ポリャコフラインP3	  
[矢印の向きと大きさで表示]の	  
(θ1,θ2)平面でのマップ	 

A1,A2,A3:	  deconfined	  phase	  
B1,B2,B3:split	  phase	  
C	  (reconfined),	  X	  (confined)	 

!1.0 !0.5 0.0 0.5 1.0

!1.0

!0.5

0.0

0.5

1.0

Θ1!Π

Θ 2
!Π
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Table 1: Classification of the location of the global minima of Veff(θj). In the last column
the names of the corresponding phases termed in ref. [32] are also listed for X,A,B,C.

(θ1, θ2, θ3)

with permutations
P3 P8

Symmetry

Phase

X
Large quantum

fluctuations
0 -18

SU(3)

confined

A1

A2,3

(0, 0, 0)

(±2
3π,±

2
3π,±

2
3π)

1

e±2πi/3
1

SU(3)

deconfined

B1

B2,3

(0, π, π)

(±2
3π,∓

1
3π,∓

1
3π)

−1
3

1
3e

∓πi/3
0

SU(2)× U(1)

split

C (0, 23π,−
2
3π) 0 −1

8

U(1)× U(1)

reconfined

Θ1(a)

Θ2,3(a)

(−2a, a, a)

(−2a± 2
3π, a±

2
3π, a±

2
3π)

1
3(2e

ia + e−2ia)
1
3e

±2πi/3(2eia + e−2ia)
1
2(1 + cos 3a) SU(2)× U(1)

(0 < |a| < 1
3π)

Φ1(b)

Φ2,3(b)

(0, b,−b)

(±2
3π, b±

2
3π,−b± 2

3π)

1
3(1 + 2 cos b)

1
3e

±2πi/3(1 + 2 cos b)
1
2 cos b (1 + cos b) U(1)× U(1)

(23π < b < π)

for gauge and ghost fields, and for fermions, respectively. d−2 counts the number of physical

degrees of freedom of the gauge bosons. $d/2% gives the largest integer which is equals to or

smaller than d/2 and thus 2#d/2$ counts the number of degrees of freedom of a Dirac fermion

in d-dimensional space-time.

In the background configuration

〈Ay〉 =
1

2πRg
diag (θ1, θ2, θ3),

3∑

i=1

θj = 0, (4.3)

the operator −D2 is given by

[−D2]jk = −∂µ∂µ −
[
∂y + i

θj − θk
2πR

]
, (4.4)

12
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A1,	  A2,	  A3は	  
もはや同等ではない	  
⇒Z3対称性の破れ	 



p  ゲージ理論の強力な非摂動的解析手段	  
p  観測量がゲージ不変なものに限られる（Elitzuerの
定理）	  
p  ポリヤコフラインのトレースがゲージ不変量	  
p  今回はポリヤコフラインP3の固有値分布にも着目してみる
（摂動論との比較のため）	  

p  摂動論では無視した、Haar測度因子の影響を無視でき
ない(θi間の「斥力」となる。)	  
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p 格子数：16^3x4	  
p フェルミオン:	  Kogut-‐Suskindで	  

p 基本（随伴）表現は４（２）の倍数	  

p 質量の他に、ゲージ結合定数βも変化させ
る。	  
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Figure 14: Density plots at several β’s for the Polyakov Loop and its eigenvalues (θi). All
possibile combination of two of them are included in the plots. Darker colours denote the
highest density regions.

them. Finally the last panel shows the reconfined phase, compared with the last panel of

figure 3. In this case the Haar measure is totally irrelevant (θ couples are all the possibile

combinations of two taken from the set (0, 2π/3,−2π/3)) and the correspondence between

the perturbative shape of the potential and the location of the maximum of the densities of

the measured Polyakov loop eigenvalues is excellent.

All the four predicted phases are clearly represented by these data, thus Hosotani mech-

anism seems confirmed at the nonpertubative level with no measurable correction for the

predicted Veff .

29

（右）	  
格子ゲージ理論での	  
ポリャコフラインの分布を	  
濃度で表したもの	  
	  
（左上）	  
摂動論での図[再掲]	 

confined	 confined/deconfined	 

deconfined	 

split	 reconfined	 

ma=0.1,	  βの小さい順	 
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Figure 6: β-dependence of the susceptibility of Polyakov loop in the fundamental represen-
tation (χ|P3|), the Polyakov loop in the adjoint representation (P8) and those susceptibility
(χP8).

To determine the order of phase transition for each transition point, a detailed study on the

finite size scaling is mandatory.

We also found the value of P8 is a suitable observable for locating the phase transitions.

Although the magnitude of the Polyakov loop suffers from the quantum correction, Table 1

tells us that P8 should change with the following pattern: (negative value)→ (positive value)

→ (zero) → (negative value) along confined → deconfined → split → reconfined phase. The

middle panel of Fig. 6 reproduces the prediction, while the difference between the split

(P8 = 0) and reconfined (P8 < 0) phases is not clear. On the other hand the susceptibility

of P8 does not show a clear dependence.

Furthermore, we study these quantities in the case of different fermion masses: ma = 0.05

and 0.50. We show that the susceptibility of |P3| and P8 and the value of P8 for these cases

in Fig. 7. The left panels denote the data for ma = 0.05 and the right ones denote the data

for ma = 0.50, respectively. The qualitative behaviors are same: there are three peaks of the

susceptibilities and P8 shows the clear phase dependence. Again the critical β determined

by the susceptibilities are consistent with the results of paper [32]. We also investigate the

phase transition for ma = 0.80. Although we expect that the split and reconfined phases

19

相転移点を定量的に決定する
ために、感受率χを基本表現、
随伴表現ポリャコフラインに	  
ついて計算。	  
	  
	  
	  
	  
confined⇔deconfined⇔spl
itの境界で感受率にピーク。	  
split⇔reconfinedでの相転
移はあまりよく見えていない。	  
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Table 2: Critical values of β for each ma.

ma βc/d βd/s βs/c
0.05 5.38(4) 5.56(4) 5.80(8)
0.10 5.42(2) 5.72(4) 6.10 (10)
0.50 5.58(4) 7.50(10) 8.70 (20)
0.80 5.62(4) 9.90 (10) 14.60 (20)

0 0.2 0.4 0.6 0.8
ma

5

10

15

20

β

reconfined/split
split/deconfined
deconfined/confined

confined phase

deconfined phase

split phase

reconfined phase

Figure 8: Phase diagram for the adjoint fermion system with periodic boundary condition.
The critical values of β are determined by the peaks of χ|P3|.

and confined phases in the massive (quenched) limit. However, even in ma = 0.80, where the

fermions can propagate approximately only to neighbor sites, we found that reconfined and

split phases still exist. That is very interesting since these phases induce gauge symmetry

breaking.

5.2 Fundamental fermions with general boundary conditions

In the presence of fundamental fermions, we study the dependence on the boundary phase

αf of P3 and P8 for several values of β. We observe that this setup is equivalent to the

finite temperature QCD with the imaginary chemical potential ν = π + αf . As shown by

Roberge and Weiss [44], the corresponding partition function with SU(N) gauge symmetry

is periodic in ν as

Z(ν) = Z(ν + 2πn/N), n = 1, 2, . . . (5.3)

21

JHEP07(2009)048
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re-confined phase
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Figure 8. Possible sketch of the phase diagram in the β-am plane and approaching the chiral
limit, obtained by means of quadratic interpolations of the critical couplings as in eq. (3.4).

case, since a chirally symmetric phase is expected anyway in the weak coupling regime (i.e.

for short enough Lc), a new exotic phase could exist in which both chiral symmetry and

center symmetry are not spontaneously broken [19, 20].

In figure 10 we show the behaviour of the chiral condensate as a function of β for

different quark masses, as obtained on the 163 × 4 lattice, while in figure 11 we show the

extrapolations of the same chiral condensate values to the chiral limit for different values

of β which cover all the possible different phases described by the Polyakov line. Also in

this case we have used quadratic extrapolations

〈ψ̄ψ〉(am) = 〈ψ̄ψ〉(0) + a1am + a2(am)2 (3.5)

which are shown as dashed lines in figure 11, together with similar extrapolations, including

also a term proportional to
√

am (continuous lines), analogous to those used in ref. [14].

Figure 11 shows that, independently of the extrapolation used, the chiral conden-

sate always extrapolates to a non-zero value, as am → 0, in all the range of β values

going at least up to β = 6.0. That means that the different transitions, corresponding

to different realization of center symmetry, do not affect chiral symmetry, which remains

spontaneously broken.

Instead at the highest value explored, β = 6.50, there is some evidence that the chiral

condensate may extrapolate to zero and chiral symmetry be restored: that would fit the

– 14 –

[Cossu-‐D’Elia,	  2009]	 

Cossu-‐D’Eliaよりもさらに大きなma,βまで	  
相構造を決定	 
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Figure 9: Distribution of P3 measured on gauge ensembles varying α from β = 5.00 to 5.20.

5.3 Wilson line phase on the lattice

In the previous sections we analyzed the existence of different phases looking at the suscep-

tibilities of Polyakov Loop in the fundamental and adjoint representations. We concluded

that in the case of adjoint fermions with periodic boundary conditions four phases can be

identified, a situation different from the case of antiperiodic boundary conditions (finite tem-

perature) where only the confined and deconfined phases are realized. The comparison of

the measured values for P3 and P8 with the ones reported in Table 1 is an indication that

they are related to the Hosotani mechanism.

In order to clarify the connection of these phases with the perturbative effective potential

predictions of Sec. 4.2, in this section we show the results on the eigenvalues of the Wilson line

wrapping around the compact dimension (cf. eq. (2.4)). These observables, gauge invariant,

are the fundamental degrees of freedom in the perturbative description. We first show that

we can match the lattice data with the pertubative results in the weak coupling limit and

also that the strong coupling region has a very good agreement with the Veff calculated in
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βが小さいとき：	  
ポリャコフラインの分布が	  
連続的に変化	  
	  
	  
	  
βが大きくなると	  
ポリャコフラインが	  
A1,A2,A3近傍に分かれる	  
⇒非連続的な変化に近づく	  
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Figure 10: θ as a function of αf with various fixed β.

Sec. 4.2.

On the lattice the Wilson line is given by equations (2.16) and (2.17) that we recall here

for convenience

W (x)fund/ad =

Ny∏

y=1

U (fund/ad)
(x,y),4 . (5.4)

The eigenvalues of the Wilson line eq. (2.6) are independent of the gauge transformations,

and the degeneracy of them classifies the pattern of gauge symmetry breaking as explained

in Sec. 3.

The three complex eigenvalues are denoted by λ = eiθ1 , eiθ2 and eiθ3 . We constrain each

phase within the interval 0 ≤ θ1, θ2, θ3 ≤ 2π, and also show the derived quantities ∆θi,

the differences among them. Note that not all of them are independent quantities since
∑3

i=1 ∆θi = 0.

5.3.1 Weak coupling regime: fundamental and adjoint fermions

We first show that the distribution of the eigenvalue of the Wilson line agrees with the

perturbative prediction in weak coupling regime, β → +∞ (that implies a compactification

radius shrinking to zero), for Nf = 4 fundamental fermions and Nf = 2 adjoint fermions

with periodic boundary conditions. Before showing the lattice results, we summarize the
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Figure 11: (Left) P8 as a function of β for various αf . (Right) The susceptibility of the
absolute value of P3 (upper) and the susceptibility of P8 (lower) as a function of β for
α = 0, π/12, π/6, π/4, π/3.

perturbative predictions. According to the perturbative analysis of Sec. 4.2, we expect the

following results.

• Fundamental fermion with periodic boundary condition

In this case, the gauge symmetry is never broken. The true vacua of the effective

potential are realized at (θ1, θ2, θ3) = (−2π
3 ,−

2π
3 ,−

2π
3 ) or (

2π
3 ,

2π
3 ,

2π
3 ), see Figure 4. In

both vacua, the angle of the Wilson line phase (∆θi) is

(∆θ1,∆θ2,∆θ3) = (0, 0, 0). (5.5)

• Adjoint fermion with periodic boundary condition

In this case, the SU(3) gauge symmetry is broken to U(1) × U(1). The true vacua are

realized at (θ1, θ2, θ3) = (0, 2π3 ,−
2π
3 ) and the permutations, thus all eigenvalues of the

Wilson line are not degenerate. We expect that

(∆θ1,∆θ2,∆θ3) = (±2π

3
,±2π

3
,±2π

3
). (5.6)

with all possible permutations. In any case the peaks of the distribution are expected

at ±2π
3 .

Figure 13 shows the histograms of ∆θ1,∆θ2 and ∆θ3 densities. The left and right panels

show the results in the case of adjoint and fundamental fermions respectively. In both cases,

25

[左図]境界条件αfとポリャコフラインP3の偏角	  
θの関係	  
	  
	  
[下図]	  随伴表現ポリャコフラインP8とβの関係	 
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Figure 12: Phase diagram of the Nf = 4 fundamental fermion case. Solid lines indicate
discontinuity separating the deconfined phase in the period of 2π/3. Dashed lines are the
critical line drawn by connecting the actual data points (red squares) and its copy based on
the symmetry and periodicity explained in the text.

the fermion bare mass is fixed at m = 0.10 and the boundary condition is periodic. From

top to bottom, we change the value of β = 10, 15 and 20.

In the case of the presence of adjoint fermions, the distribution has the expected peaks

around ±2π/3. Furthermore, there is a tendency of the peaks to approach the perturbative

values when β becomes high. The higher β corresponds to the smaller lattice spacing, so that

we can expect that all ∆θi go to |2π/3| in the continuum limit. The lattice data completely

reproduce the perturbative prediction.

On the other hand, in the case of fundamental fermions we can find that the peaks of

∆θi → 0. The trend suggests the agreement with the perturbative prediction. However,

note that there is no probability that the lattice configuration lives in ∆θi = 0 vacuum. This

comes from the reduced Haar measure for SU(3) [47]

∏

i>j

sin2 θi − θj
2

, (5.7)

but not from the potential term. This measure term gives a strong repulsive force for the

eigenvalues. What we want to know is the location of the minimum of the effective potential.

We concentrate on this aspect in the next section, in the discussion of the strong coupling

region.
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細谷機構/w	  境界条件	 

有限温度（松原形式）	  
Wilson-‐line	  phase	  :	  βi	  
虚数化学ポテンシャル：μ	 

Roberge-‐Weiss(‘86)	  の結果を再現	 

c.f.	  	  
de	  Forcrand-‐Philipsen	  (02),	  D’Ellia-‐Lombardo	  (03)	  
	 



p 3+1次元のSU(3)ゲージ理論について	  
(1)ゲージ場と随伴表現フェルミオン（質量の効果）	  
(2)ゲージ場と基本表現フェルミオン（境界条件の効果）	  
を１ループ摂動論と格子ゲージ理論で調べた	  
p 摂動論的領域では両者によい対応関係	  

p 今後の展開	  
p （近い方）split	  phaseの確立、両表現フェルミオ
ンの共存した系での解析、質量スペクトルの測定	  

p （遠い方）オービフォールドの格子上での実現	  
[カイラルフェルミオン、基本表現ヒッグスetc.]	  
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