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Ultracold atoms  (~ 10-9 K)
= nonrelativistic
    point-like particles
    with short-range interactions

Extreme QCD  (~ 1012 K)
= relativistic quarks
    with gauge interactions
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1. “Hard probes” in cold atoms

- Use of  energetic atoms to locally probe
strongly-interacting atomic gases

- Y.N., Phys. Rev. A (2012)  [arXiv:1110.5926]

2. “Quark-hadron continuity” in cold atoms

- Smooth crossover from atoms to trimers
in 3-component Fermi gases

- Y.N., Phys. Rev. Lett. (2012)  [arXiv:1207.6971]
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“Hard probes”

in cold atoms
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• Elliptic flow • Small shear viscosity

• Jet quenching
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• Elliptic flow • Small shear viscosity

• Jet quenching
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? ? ?
What is its analogue in cold atoms ?
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Shoot a probe atom into the target atomic gas
and measure its differential scattering rate

What can we learn from the scattering data
on the (strongly-interacting) target atomic gas ? 

target
atomic

gas

θprobe atom
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n-1/3

k-1

Large k >> n1/3  =>  Few-body scattering problems

d�(k)
d⌦

= · · ·

Shoot a probe atom into the target atomic gas
and measure its differential scattering rate
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k-1

d�(k)
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= f(✓)
n
k

+ · · ·

Large k >> n1/3  =>  Few-body scattering problems

Shoot a probe atom into the target atomic gas
and measure its differential scattering rate
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k-1

d�(k)
d⌦

= f(✓)
n
k

+ g(✓)
C
k2

+ · · ·

Large k >> n1/3  =>  Few-body scattering problems

Shoot a probe atom into the target atomic gas
and measure its differential scattering rate
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R

What is “C” ? 11

Anomalously enhanced probability is
quantified by the “contact density” C

•  noninteracting gas : 

Probability of  finding 2 particles at small separation

•  interacting gas : 

S. Tan, Ann. Phys. (2009);  E. Braaten & L. Platter PRL (2008)

Important characteristic of  strongly-int atomic gases

�n̂(r)n̂(0)� = n2

�n̂(r)n̂(0)� � C
(4�|r|)2

���

|r|<R
�n̂(r)n̂(0)� �

���
��

n2R3

C R



/ 45

R

What is “C” ? 12

Anomalously enhanced probability is
quantified by the “contact density” C

•  noninteracting gas : 

Probability of  finding 2 particles at small separation

•  interacting gas : 

S. Tan, Ann. Phys. (2009);  E. Braaten & L. Platter PRL (2008)

Important characteristic of  strongly-int atomic gases

�n̂(r)n̂(0)� = n2

�n̂(r)n̂(0)� � C
(4�|r|)2

���

|r|<R
�n̂(r)n̂(0)� �

���
��

n2R3

C R



/ 45Formulations à la OPE 13

•  scattering rate : 

Lowest few Oi are needed at large k

Systematic large-k expansion !

•  optical theorem : 

�(k) = �2 Im⌃(k)

�(k) =

ZZZ
d⌦

d�(k)
d⌦

n = h † i, C = h( † )2i, . . .

iG(k) =

ZZZ
dxeikx hT  (x) †(0)i

=
XXX

i

Ai(k)hOii
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d�(k)
d⌦

= f(✓)
n
k

+ g(✓)
C
k2

+ · · ·

Many-body physics

Few-body physics

Few-body physics plays an important role
to probe many-body physics !
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Efimov effect
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For zero-range interactions

New local probe of  strongly-int atomic gases

Backward scattering rate measures contact density
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Azimuthal (φ) anisotropy reveals
 currents in many-body states

d�(k)
d⌦

= f(✓)
n
k

+ g(✓, k/⇤)
C
k2

+16⇥(cos✓) (2 cos✓ k̂+ p̂) ·
~j
k2

+ · · ·

'~k ✓

~p
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Comparison of                   with QMC  P. Magierski et al., PRL (2011)

Reasonable agreement even at  k / kF > 1.5 !
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B Energy-momentum dispersionA Three-level coupling scheme

C Schematic of scattering halo
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University of  Otago
(New Zeeland)

Optics Letters (2012)

Ultracold atom “colliders”
“A laser based accelerator for ultracold atoms”
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target
atomic

gas

probe atom

- Energetic atoms  =>  New tool to locally
   probe strongly-interacting atomic gases

- Systematic large-k expansions are possible

✓ backward scattering   =>  contact density
✓ azimuthal anisotropy  =>  current density
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- Energetic atoms  =>  New tool to locally
   probe strongly-interacting atomic gases

- Systematic large-k expansions are possible

✓ backward scattering   =>  contact density
✓ azimuthal anisotropy  =>  current density

- Close connection to nuclear/particle physics
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- Energetic atoms  =>  New tool to locally
   probe strongly-interacting atomic gases

- Systematic large-k expansions are possible

✓ backward scattering   =>  contact density
✓ azimuthal anisotropy  =>  current density
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“Hard probes” are
useful to reveal
short-range pair 

correlations
both in atomic gases
and nuclei  (QGP?)
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“Quark-hadron continuity”

in cold atoms



/ 4526BCS-BEC crossover
• 2-component Fermi gas

loosely bound Cooper pairs tightly bound dimers

Jin Group at JILA



/ 4527BCS-BEC crossover
• 3-component Fermi gas

?

loosely bound Cooper pairs tightly bound dimers

unpaired atoms



/ 4528BCS-BEC crossover
• 3-component Fermi gas

loosely bound Cooper pairs tightly bound dimers

unpaired atoms unpaired timers

“Atom-trimer continuity”  =  New crossover physics !



/ 45293-component Fermi gas

f(k) =
�1

ik + 1
a

K. M. O’Hara, New J. Phys. (2011)

• 3 spin states ( i = 1, 2, 3 ) of  6Li atoms
  near a Feshbach resonance :

• a12 = a23 = a31
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• 3 spin states ( i = 1, 2, 3 ) of  6Li atoms
  near a Feshbach resonance :

• a12 = a23 = a31  =>  SU(3) × U(1) invariance

f(k) =
�1

ik + 1
a

• Problem !  3 fermions form an infinitely deep
bound state  (Thomas collapse)

No many-body ground state  :-(

L =  †
i

 
i@t +

r2

2m

!
 i +

g
2
 †

i 
†
j j i
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f(k) =
�1

ik + 1
a

• 3 spin states ( i = 1, 2, 3 ) of  6Li atoms
  near a “narrow” Feshbach resonance :

• R regularizes short-distance behaviors

  ( =>  no Thomas collapse)

Universal many-body ground state

(depends only on  a, R, kF)

f(k) =
�1

ik + 1
a + Rk2

re↵ = �2R is the effective range



/ 45

-• •
0

•
0

32Phase diagram
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RkF ?
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← weak
attraction

strong →
attraction

33Phase diagram

RkF

Trimer Fermi gas

BCS 
superfluid

+
Fermi 

surface

BEC 
superfluid

+
no Fermi 
surface?

1/akF

↑ narrow resonance
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34Phase diagram

RkF

BCS 
superfluid

+
Fermi 

surface

BEC 
superfluid

+
no Fermi 
surface

Large RkF expansion

Trimer Fermi gas

?
1/akF
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SF + FSA SF

SF + FST

Trimer FG

-• •
0

•
0

RkF

Unpaired fermions
are atom-like

(meff ~ m) Unpaired fermions
are trimer-like

(meff ~ 3m)

1/akF“Atom-trimer continuity”  =  New crossover physics !



/ 4541Quark-hadron continuity

VOLUME 82, NUMBER 20 P HY S I CA L REV I EW LE T T ER S 17 MAY 1999

Continuity of Quark and Hadron Matter

Thomas Schäfer and Frank Wilczek
School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540

(Received 30 November 1998)
We review, clarify, and extend the notion of color-flavor locking. We present evidence that for three

degenerate flavors the qualitative features of the color-flavor locked state, reliably predicted for high
density, match the expected features of hadronic matter at low density. This provides, in particular,
a controlled, weak-coupling realization of confinement and chiral symmetry breaking in this (slight)
idealization of QCD. [S0031-9007(99)09191-7]

PACS numbers: 12.38.Aw

In a recent study [1] of QCD with three degenerate fla-
vors at high density, a new form of ordering was predicted,
wherein the color and flavor degrees of freedom become
rigidly correlated in the ground state: color-flavor locking.
This prediction is based on a weak-coupling analysis us-
ing a four-fermion interaction with quantum numbers ab-
stracted from one gluon exchange. One expects that such
a weak-coupling analysis is appropriate at high density, for
the following reason [2,3]. Tentatively assuming that the
quarks start out in a state close to their free quark state,
i.e., with large Fermi surfaces, one finds that the relevant
interactions, which are scattering the states near the Fermi
surface, for the most part involve large momentum trans-
fers. Thus, by asymptotic freedom, the effective coupling
governing them is small, and the starting assumption is
confirmed.
Of course, as one learns from the theory of superconduc-

tivity [4], even weak couplings near the Fermi surface can
have dramatic qualitative effects, fundamentally because
there are many low-energy states, and therefore one is
inevitably doing highly degenerate perturbation theory.
Indeed, the authors of [1] already pointed out that their
color-flavor locked state displays a gap in all channels ex-
cept for those associated with derivatively coupled spin
zero excitations, i.e., Nambu-Goldstone modes. This is
confinement. For massless quarks, they also demonstrated
spontaneous chiral symmetry breaking.
In very recent work we [5], and others [6], have rein-

forced this circle of ideas by analyzing renormalization of
the effective interactions as one integrates out modes far
from the Fermi surface. A fully rigorous treatment will
have to deal with the extremely near-forward scatterings,
which are singular due to the absence of magnetic mass for
the gluons, at least in straightforward perturbation theory.
In the earlier work [1], several striking analogies be-

tween the calculated properties of the color-flavor locked
state and the expected properties of hadronic matter at
low or zero density were noted. In addition to confine-
ment and chiral symmetry breaking, the authors observed
that the dressed elementary excitations in the color-flavor
locked state have the spin quantum numbers of low-lying
hadron states and for the most part carry the expected fla-

vor quantum numbers, including integral electric charge.
Thus, the gluons match the octet of vector mesons, the
quark octet matches the baryon octet, and an octet of col-
lective modes associated with chiral symmetry breaking
matches the pseudoscalar octet. However, there are also
a few apparent discrepancies: there is an extra massless
singlet scalar, associated with the spontaneous breaking of
baryon number (superfluidity); there are eight rather than
nine vector mesons (no singlet); and there are nine rather
than eight baryons (extra singlet). We will argue that these
“discrepancies” are superficial—or rather that they are fea-
tures, not bugs.
Let us first briefly recall the fundamental concepts of

color-flavor locking. The case of three massless flavors
is the richest due to its chiral symmetry (and adding a
common mass does not change anything essential) so we
shall concentrate on it. The primary condensate takes the
form [1]
kqia

Laq
jb
Lbeijl ≠ 2kqa

R Ÿka
q

b

RŸlb
e

ŸkŸll ≠ k1da
a d

b
b 1 k2da

b db
a .

(1)
Here L, R label the helicity, i, j, k, l are two-component
spinor indices, a, b are flavor indices, and a, b are color
indices. A common space-time argument is suppressed.
k1, k2 are parameters (depending on chemical potential,
coupling, etc.) whose nonzero values emerge from a
dynamical calculation.
This equation must be interpreted carefully. The value

of any local quantity which is not gauge invariant, taken
literally, is meaningless, since local gauge invariance
parametrizes the redundant variables in the theory, and
cannot be broken [7]. But as we know from the usual
treatment of the electroweak sector in the standard model,
it can be very convenient to use such quantities. The point
is that we are allowed to fix a gauge during intermediate
stages in the calculation of meaningful, gauge invariant
quantities—indeed, in the context of weak-coupling per-
turbation theory, we must do so. For our present purposes,
however, it is important to extract nonperturbative results,
especially symmetry breaking order parameters, that we
can match to our expectations for the hadronic side. To
do this, we can take suitable products of the members of

3956 0031-9007y99y82(20)y3956(4)$15.00 © 1999 The American Physical Society

New link between atomic and nuclear systems !
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SF ! FSA SF

SF ! FST

Trimer FG
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42Mean-field + trimer model

knows correct asymptotic behaviors

⌦MF+T = ⌦mean field + ⌦ trimer

R*kF=0.38
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Extreme QCD Ultracold atoms

Summary of  this talk

New ideas wanted !


