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High-energy scatterings in string theory

String theory scattering amplitudes (bosonic open 4-pt amplitudes)

Ac :/z (ghost) (V1 (k1,x1)Va(ka, x2)V3(ks, x3)Va(ks, x4))

V(k,x) = VPHOX,0°X, - )e"™ ™ - vertex operators

Fixed-angle High-energy limit: a’s — 00 t/s = fixed

» Can be evaluated by the saddle point method [Gross-Mende, Gross-Manes, .. |

Ag ~ A TV (ki) + -

?
T Polynomials in momenta

“Veneziano” part including ¢~ c+1(sinsttinttulnu)
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Linear relations and high-energy symmetry?

Simple relations among amplitudes [Gross]

Helicity basis in the CM frame

Scattering plane

_/I%' THY = /<(— : 8X“8X”)e““'x ;2 gth2 X . ik e :>
el etk 0 ko

4_“—

AT =T (1 4+ 0O(s™"))  :linear relation

‘Infinitely many linear relations

High-energy symmetry: ‘New identity due to enhancement of symmetry?

cf) Decoupling of “high-energy zero-norm states”
[Lee, Chan, Yi, Ho, Teraguchi, Lin, Ko, Mitsuka, ...]
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Plan

1. Introduction

2. Deformation of vertex operators and relation among
amplitudes [Moore (93)]

3. High-energy expansion

4. Conclusion and Discussion
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Bracket operation

V(k,2)} = %—J )V (k. 2) = VP (%, 2)

271

Example:  Ji)(q,w) =i ¢, - 0Xe N (w) - “deformer” operator

Vioy(k, z) =: €% : (2) : “seed” operator

7{27” J(1) q,w V(O)(k Z)
d

— ¢ Y, — \TF Gq - k X 10X (w)+ik-X (2) .
sz,(w z) — —|—2Cq 0X (w) :

Mutually local: q-k € Z
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Bracket operators
0

~

Cq- ke

iC(l) - 0X ei];'X

. (= (20X OXY +i((),0°XH) R X

N

C(Z)w/ = Cq(uqm + (Cq : k)QuQV

(Cq ) k)
2

Gy = Gau + (Cq - K)ay

C@)u = Gau + du

_ ‘Deformation = Specific form of the polarization tensor
Observation:  .The resultant operator level is determined by q. k
‘There are infinitely many choices to give an operator at a level
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Moore's exact 1dentity: Sketch

<v1<k1, 2) VP (g, 0)Va (K3, 1) Va(ka, oo)>

x3

V" (k2 22) = {T(q), Valke, z2)}

Contour
deformation L2

— @
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Moore's exact 1dentity: 4-pt amplitudes

1
With / dx(ghost)x  this becomes a relation among amplitudes
0

0 =A[V1 (k1) V" (k2) V3 (k) Va (ks))
+ (= 1) TR AP (k1) Vo (ko) V3 (k3) Va(ka)]
+ (= 1) 71k AWy (o ) Vo (ko) VS (K3 Va (s )
+ (= 1)@ kst k) ATV, (k1) Vs (Ko) V3 (k) Vi (k)] -

M
In general, () = Z(—l)q'(kﬁ'“km)A [Vl(kl) : --17,,]3;“(/2 )”'VM(]CM)}

m=1
<q+Zki =0, an =m3>

Shoichi Kawamoto (NCTS)




Example: from exact relation to H.E. relations

. Viiy = 4¢; - 0Xe™r X L
Deformer: J1)(q) = i(y - 0X e W C.l

AV, (k1) Vo) (k2) Vo) (k3) V(o) (ka)] = AV (k1) VE (R2) Vo) (3) V(o) (a)]

k br (7. — 4 ’LE:zX
VE (y,2) = (— CRDOXHOX +iC® . 92X) X ; (2) ] V(1)(k2a 2) = i(g-0Xe (2)

C;(i/) (Clv Cq) :(Cq ’ kl)Q(uClu) i (Cl ) Q)Q(ugqu) + Cq(uglu)

_ %( i (Cq - (1) + (Cq - k1)(C1 Q))qqu CRM(CQ) (Cq 2)q,u Cq'u

67 Go) == (G ) 5 (— (G Q)+ (& k)G -0,

Deformation of 3rd and 4th operators trivially vanish.
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Explicit forms of the exact relation

7'[5500] = /<(— t OXHFOXV)eHr X o gthe X oy gths Xy gthar X )
Using 7—[/;000] _ /< iR X Motk X .. gika X L. iksX L. ika X :>

7—[51160] = /<i8X“eZk1'X 10XV ethz X . gtha X .. pthaX :>

(Cq ) kl)Q(uCly) - (Cl )Q(,quV) + Cq(uglu)] 2000]

+=((¢g - G1) — (G- k)G - @) [qquT 2000] T qNTSLOOO]] = (¢ k2)a + qurf[ﬂgo]

This holds for arbitrary ¢i,¢q

Want to translate them to asymptotic high-energy relations.
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High-energy limit and set of “Ward 1dentities”

AWV (k1 + @) Vo (k2) V3 (ks)Va(ka)] = AV1 (k1) V3" (k2 + q)Vs(ks) Va(ka)]

‘Different set of vertex operators
We may want ‘Equal set of momenta
‘The same basis for polarizations (the scattering planes are tilted)

— Deformation of momentum: kl — kl +q

2

2
Mass shell conditions: _ki — mz-

High-energy limit a's — oo

q-k=—lorl —®» InCMframe, ¢ ~~ 0(1)
leading

AV (k1) Va(k2) Vs (ks)Va(ka)] = AVi(k1)V5" (k2)Vs(k3)Va(ka)]
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A convenient basis for physical amplitudes

Standard helicity basis: ¢ ¢

for 1st state
( ) Rearrange — » eTQ, eIQ, e®

Helicity basis w.r.t. the deformation momentum g

. A B _AB T, I ;
The physical bracket operator: (1 =€, (g =¢€7, 7" =e'?, e'?, e’
Ve k1, 2) =: (— ¢Qax ax” +i¢® X )R X (2)

(2) _ CSA_B @ _ 04
C e(u ,/) + q.9v C — qu

2 /
E : CA a/ea
Corresponding state
a’=L,T,I,J;

[aA?+MTB(oz 9+t )] O;l%1> Al = Q, Ty, 1q, Ji

Ori inaIE@is\& B
2 [(aﬁmw)azlag+zaf$aza 4 (G2B 4 @)k o, +-. ]|0;k1>

(¥ = a”

104111)
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Asymptotic expansion of the exact relations

Moore's relation in terms of “familiar amplitudes”

(GA + GAB) 000 +2G7 7-2000 (Gf )Tzooo
= O, GE T + CA 1, GE Tai g + > CA . G T s

1100] [1100] [1100]

Fixed angle expansion: $§ — OC t = t/s = fixed

Expand the amplitudes and the coefficients: Coefficients are functions of t

3 > ki T,T, g
Tia000] = Tpz00013)8° + Tizooo(2)5” + - Grr® = Grr@y T GTT( 1)1
Gy, C%. : Known from the kinematics ~ 7j50; : unknowns to be determined

From this expansion, we find constraints on the leading order amplitudes.
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Asymptotic expansion of the exact relations

(A, B) = (T4, Ty) -

19 1 T 7T
O(s?) : 0 :%7@01(;0](3) + _ﬁgo%o](a) - 7f1fo|o]l(%3)

19 1 e
(32) 0 —% [2000 (2) — 27'2000 13) T 5712]30[60](2) - 7{111%)'0]1(%2)

(4, B) = (I, )
0(33) 7-2000 1(3) — 47’[50160](3)
1 Ir|I
O(s?) : 0= T 2o00)(2) + 6T2000)(3) + gT[zLoI()O](z) + T[ffo'oﬁz)
(A,B) = (J J) :

0(53) 7'2000 1(3) — 7'2000](3)
O(s7) :

LL J|J

: 7’2000](2) — QT (2000](3) T 7-[2000](2) . 7-[1100](2)

S

(A4, B) = (T, 1q), (14, Ty)
O(s?) : 0 =(2¢t+ 1)7; 2 000](3) + \/ 2t(1 + t) [20160](5/2)

0 = =y 2(41?2 "‘ 6t + 1)T2000 (3) + (2{5\2 + 3£+ 1)T2000](2) + \/_2{5\(1 + i\)(l + t)Tzooo](S/z)
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Asymptotic expansion of the exact relations

For leading order part, we can find some linear relations:

Tr|T
7’2000 1(3) — 4T2000](3) 7-2000](3) N 71[1%0]?3)

Known linear relation An inter-level relation

Subleading relations:  Rotational symmetry: ﬁfﬂéR = T[ﬂgo]

Ir|I Tr|T Ir|Ir  _
47'2000 13) T 7'1?11%001%(2) =0, T2000 1(2) 7'[11R00]1(%2) T 7'[111%00?(2) =L

In this way, we can extract lots of nontrivial relations among amplitudes.
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Another example considered

We have also calculated a bit more involved example:

Massive deformer and a level 3 state appears

— > Derive various (known) linear relations,
but not all of them

TTT TLL _ [L;T]
7'3000 1(9/2) — 873000 1(9/2) — _87'[3000](9/2)
Amplitudes are related to one another in a complicated manner.

There are infinitely many ways to construct a given level vertex operator.

— = Through many other amplitudes, they would be related.
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Conclusion (or observation)

We have understood:

High-energy expansion of the relations from bracket deformation
leads to high-energy relations systematically.

“Change of frame” coefficients from the deformation momentum q

(g indeed connects asymptotic amplitudes)
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High-energy symmetry in String Theory? Hint?

7'TT = 4’7'LL : Leading energy part with respect to the scattering plane

Reduction of degrees of freedom? [Gross-Manes]

DDF operators in closed string theory ——* Kac-Moody algebra

| [West-Gaberdiel]

Some algebra from Bracket deformation?
So far, not promising.

Special choice of g: Referring to other states

[West][Moore]
I Troidal compactification
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Future directions...

We want to understand ...

Multi-point amplitudes and higher genus

Another limit, such as Regge limit [INCTU group]

Deformation of vertex operators and world-sheet symmetries

What is the (high-energy) stringy symmetry?
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Thank you for your attention!
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