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“What is the (3d) mirror symmetry ?”
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Why is It believed so ?

- Modull spaces are In agreement
- Global symmetries are same
- Stringy origin (brane construction)

- Direct check based on exact calculation



- Direct check based on exact calculation

—Exact partition function on S; w
SQED|=|XYZ-model

= "Fourier transform of double sine function”
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-Exact Superconformal index on §% x S* w
SQED =| XY Z-model

= "Ramanujan’s sum + g-binomial theorem”

\ J

Exact Superconformal index on RP* x S* \
SQED |=|XYZ-model New result !

= "g-binomial theorem” itself
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@ Superconformal index on M? x S

Reflnement of

Try(—1)"

% 1 counts # of BPS state of the theory




@ Superconformal index on M? x S

Definition

2 N N
I}]\Tﬂheory(xayvo&i) = TrHMQ (_1)F33 BBy (R=Ja) H Oézf?’

1:F'lavors

H.2: Hilbert space of the Theory on M?

F: Fermion number operator
R: R-charge operator

js : 3rd comp of orbital angular operator
f; : i th Flavor-charge operator

% 1 counts # of BPS state of the theory
welghted by symmetries’ fugacities
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@ Superconformal index on M? x S

Definition

Tryy, , (— 1)I3’x—33 —(R—j3) H afi

1:Flavors
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Boundary Condltlon




@ Superconformal index on M? x S

Definition

ZTheory(xﬂy?Oéi) = Iy 2(

Boundary condition

)Fx—j':a —(R—j3) H &fi

1:Flavors

or

z—Theory (ZC, Y, O‘i) IS jUSt d

—uclidean path integral
on M? x Stwith boundary condition along S*.




@ Superconformal index on M? x S

Generalization




@ Superconformal index on M? x S

Generalization
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@ Superconformal index on M? x S

ldea (short-cut)

Integrate out
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@ Superconformal index on M? x S

ldea (short-cut)

) 5
[Z KK fields on} or

2
b

We can read off SCI from
2d partition functions Z[M?].




@ Superconformal index on M? x S

ldea (short-cut)

[>"KK fields on|
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Known fact [Kim, Lee, Yi]

Known fact [Gomis, Lee]
[ Z[57) = z[53_.]

J L

Z|RP}] = Z[RP;_]

SN



@ Superconformal index on M? x S
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[>"KK fields on|
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® M-=S; & mirror symmetry AREVIEW

We can check our method’s validity.

:> 't reproduces known SCI.

SQED|=|XYZ-model|is checked already.
[Krattenthaler, Spiridonov, Vartanov]




@ M°=

Contribution rules
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S; & mirror symmetry AREVIEW
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® M-= S; & mirror symmetry AREVIEW

Contribution rules (21 0)00 = [[ (1 - 2¢")
k=0

SQED XYZ-model
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® M-=S; & mirror symmetry AREVIEW

Numerical check

SQED

In[21]:= Series[

(Ql’ochha.nmmr[::2 (Abs [k]+jel) xz] ) (QPochhammer[xl‘Zj F xz] )

Sum[x”"[k”z
(QPochhammer [x~1+2 (Abs[k]+3+1) 521}  (QPochhammer|x*, x?])

xi (3+1) (_1)3

s (3,0, 10, 1}, {k, -10, 10, 1}|., 0 0, 5
(QPochhammer [x?, x?, j]) i 1A }] o }]

oue1=(DH 2N x B {2Dx>? (F {22 (Dx® (Dx"'? (Ix*'2 s x° + 0[x) 2
A

XY 7Z-model Numerical
error :)

(QPochhamner [::3’2 : xz] )2

In[22):= Series[ {x, 0, 5}]

(QPochhamer[x”z, ::2])2 '

\ 4
0,1[22]=@.@-¢'; .@x ‘@xs.-z @2 ‘@xs /2 @xs ‘@x7'2 @x9 /2 X3 x5 + 0[x) 112



® M-= S; & mirror symmetry AREVIEW

: : L
Contribution rules (2:0)00 = [ [ (1 = 2¢")
k=0
SQED XYZ-model
27 . (e_wx2|s|+1+A;aZ2)oo (€+i9x2|s|+1+A;x2)oo 2—A; 2 go 1+2A; 2 ~
S:monzop()les/o d933| |(e+i9$2|8|—|—1—A;x2)oo (6—19w2|8|—|—1—A;x2)OO (CECUA, xf)g)o EilQA; i2§oo

—/_/
Picking up residue
In fact
=Ramanujan’'s sum formula
+ g-binomial formula
[Krattenthaler, Spiridonov, Vartanov]
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@ M-*= RP; & mirror symmetry

We know our method’s validity.

=

SQED

XY Z-model

This case produces
completely new result |

IS, of course, nontrivial.



Our 1st attempt

SQED

%‘
_ non-trivial !
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@ M-*= RP; & mirror symmetry
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@ M-*= RP; & mirror symmetry

O

Our 1st attempt (2:0)00 = [] (1 — 24%)

SQED =

Simplify[

e =t SOME MISSINGS™?

QPochhammer [x " x‘]

QPochhammer [x2 (1-1/2) | ‘] QPochhammer [x x4

X (1/2-1) 2(1/201)  L2x1/2
x2 QHypergeometrxcPFQ[{x } {x }, x! ’

Ql’ochhaxmmn:[:l:2 L x‘]QPochhamer[x 2 x‘]

1 (1/2.1) QPochhammer[x? (1-1/2), x%] gPochhammer [x®, x*]
x 2

QPochhamer[x2 (2saray x‘] QPochhamer[x‘ 8 x‘]
Q!!ypez:geometx‘:‘.cP!v‘Q[{:n:2 bl AR bt L }, {xs}, Sl ke ] ], b R 10}] ]

X 2<2 X: H 11/ 13/ 7 15/ 17/ 19/ 1 . 7,
1 . L Y Gl S L e U LN R R R 1 zux9‘3x92‘x°»0;x,“"

XYZ model

2 1/2 QPochhamer[x““’ ] [ 2 1/2 1 Ql’ochhalmmavz'[x2 2x1/2
%2574

Smplzfy[ Ser:.es[ ( 2x1/2

:]J, (x, 0, 10}] ]
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@ M-*= RP; & mirror symmetry

Now, 0 has a profound effect.

SQED 0
et e QR s
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@ M-*= RP; & mirror symmetry

Y
N
A s

We should use §2 contribution &

(.’,Ul A; 562)00



Our 1

st attempt
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Precise contributions

SQED
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@ M-*= RP; & mirror symmetry

SQED

Simplify[
4 4
. [ {56 QPochhammer[x s = ]
eries|x
QPochhammer [x?, x*]
1 ., QPochhammer |x? (1-1/2)  x%| gPochhammer |x?, x*%
x Bk [ ] [ Ql!yr.»e::geouuai:r:i.cPFQ[{::c2 il S
QPochhamer[xzj':”z, x‘]QPochhammer[x‘, x‘]
-1 (372 1) QPochhammer[x"’ (1-1/2) | x‘] QPochhamer[xs, x‘]
2

QPochlm:mmax:'[x2 (Zn-R/2) x‘] QPochhamer[x‘, x‘]

QnypergeometricPFQ[{xz“’2'”, x2 (2'”2)}, {xs}, x!, x“l'””]], Eaie i) 10}]]

OGO AG'O OO G GV OO G PG o

XY Z-model

Agree!

simplify[Series[ ‘]] {x, 0, 10}]]

O @ ®E IO Q< OO @O Q" I G

Ql’ochlw.nmmx'[xl'”2 2] [ / Ql’ochhamme::'[x2 2x1/2 x

2 % 1/2

QPochhammer [ e W ] QPochhammer [x

Meaning of agreement in mathematics?



@ M-*= RP; & mirror symmetry

FREDHR,

WERDDA—=)LEXKALBULET,

RARPHRBRNFAFARZEDIORERLET,

BAEUDTVWAIHARTERPELTWEET S, REROBIICHERZTFE L,
FITHRANVWLIEVWTEDNBDA=ILEXRSETWEEZEZET,

AR DJPOER/E NS B TOHF R Tq-Pochhammeric 5 &£ q-hypergeometric functioniC B9 2FHE N ETEF L,
ARERICRTWEEZREVWOTIDN, FOXEHBEDLTHEALWTLESH?

&D UL EBRVELET,

| and Morl : “Is it possible to prove this?”

HaZE A
(ccFREA)

FRESTWeREZE U, BHB—RIELVLKXDHBEHIFERE U, EBEAERDIS
TEY !

FRE

Morita : “l did I" = g-binomial formula



® \Vhat we have done



@® \Vhat we have done

- Localization w/ U(1) gauge symmetry

- Application to check of mirror symmetry



@® Interesting point

- Localization w/ U(1) gauge symmetry
Monopole « sum—Holonomy Z2 sum = Clean!

- Application to check of mirror symmetry
X & Y — one dof on Z2-sphere



@® Problems?

- Localization w/ U(1) gauge symmetry
Monopole « sum—Holonomy Z2 sum = Clean!

-oundation of regularization for Casimir energy

+ Application to check of mirror symmetry

X & Y — one dof on 2-sphere!
One contribution is neglected in our calculation



@® Developments?

- Localization w/ U(1) gauge symmetry
Monopole «» sum—Holonomy Z2 sum = Clean!

-oundation of regularization for Casimir energy
Non-Abelian?

- Application to check of mirror symmetry

X & Y — one dof on 2-sphere!

One contribution is neglected in our calculation
Wilson/Vortex loop?



T ou very much !

- Localization w/ U(1) gauge symmetry
Monopole « sum—Holonomy Z2 sum = Clean!

-oundation of regularization for Casimir energy
Non-Abelian?

- Application to check of mirror symmetry

X & Y — one dof on 2-sphere!

One contribution is neglected in our calculation
Wilson/Vortex loop?







g-binomial formula
Sketch

dividing
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n:even .
on odd

& |SQED

XY Z-model
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even/odd parts
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Global U(1) correspondence

SQED

U(1); topological
J = xdA
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Foundation of regularization for Casimir energy

XN

Zl—loop — H H °f i KK mOdeS

2y + min

K/

H 2sinh 2z

N 2 sinh zp

: —2z
:Hezf—zb (:_—6 f)
O e
‘Casimir energy” finite
— OO0

l

Our remedy : H fr. = exp
k




One contribution is neglected in our calculation

SQED
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x -+ We take.
x -+ We ignhore.

This corresponds to x.



