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Instantons in Lifshitz field theory

1. Introduction

: non-perturbative effects

N
4d gauge theory 2d non-linear 0 model
© Yang-Mills instanton © sigma model instanton
— _—

instanton
asymptotic freedom

generation of mass gap

etc

© 2d NL oM is a toy model of 4d gauge theory | any other modelsﬂ
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_

o Lifshitz scaling (anisotropic scaling)
t — \°t, r — Ax

- kinetic term in Lifshitz type theories : no Lorentz symmetry

S:/dtddx{—¢(af—A2)¢+---}
1
_p2,z

> improved UV behavior z > 1 propagator ~ £2

weighted © renormalizability and unitarity

>

power counting © Derrick’s argument:-- new instanton
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—

o Lifshitz sigma model CP" [Das-Murthy, 2009 ]
z=d O(N) [ Anagnostopoulos et al, 2010 ]

« asymptotic freedom

- generation of mass gap (large N)

[ Horava, 2008 ]

- Lifshitz-Yang-Mills theory [ Kanazawa-Yamamoto, 2014 ] lattice

« asymptotic freedom

©  Horava-Lifshitz gravity [ Horava, 2009 ]

 renormalizable gravity theory
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—

o Lifshitz sigma model CP" [Das-Murthy, 2009 ]
z=d O(N) [ Anagnostopoulos et al, 2010 ]

« asymptotic freedom

- generation of mass gap (large N)

[ Horava, 2008 ]

- Lifshitz-Yang-Mills theory [ Kanazawa-Yamamoto, 2014 ] lattice

« asymptotic freedom

© this talk

instantons in Lifshitz-type sigma model and gauge theory
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2. Instantons in Lifshitz-type sigma models

—

o SUSY algebra + - - (SUSY)"2 = time translation

¢ supercharges : Weyl spinors under SO(2) spatial rotation

Q) —e20), Q) —e "’

D

Q,
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2. Instantons in Lifshitz-type sigma models

—

o SUSY algebra + - - (SUSY)"2 = time translation

in 2+1-dimensions

{Q, Q } — 210, ( + other bosonic symmetry)

¢ supercharges : Weyl spinors under SO(2) spatial rotation

Q) —e20), Q) —e "’

D

Q,
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—

© supercharges
o .= -0
Q—%—FZQ&, Q—a—g——FZH’?i
0o .= _J
D—%—wﬁé, D_(‘?_é_w”(?i’

only time derivative

- algebra

{Q,Q}=—{D,D}=2i,  0={Q,D},--
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supermultiplets

o real superfield & = @

D=+ 0+ 0 + 00F

real scalar + Dirac fermion + real auxiliary field

o chiral multiplet D® = 0

© Fermi multiplet, vector multiplet ----
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action for real multiplets

L= /dede BGachbachb + W(®, 9P, - )]

spatial derivative
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N EEESS— . —.—.————e)
L= /d@d@ [%Gachbachb +W(®D,0;9, - )]

spatial derivative

’ integrating out F

L = Jab B@tqba@tqbb + iwaptwb] — Rabcdwawbqﬁc&d

oW OW
o 00"

spatial derivative

2
+ - ) + fermionic terms
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—

S = /dt d*x <Gab5’t(ba&gq§b + G oW 5W>

dp® dp®

©  “superpotential” -+ + + functional on each time slice
Wi(t) = /deW((/ﬁ, 0i, )

[ P. Horava, “Membranes at Quantum Ciriticality,” (2009) ]

“detailed balance condition”
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—

S = /dt d*x <Gab5’t(ba&gq§b + G oW 5W>

5 Spb

©  “superpotential” -+ + + functional on each time slice
Wi(t) = /deW((/ﬁ, 0i, )

[ P. Horava, “Membranes at Quantum Ciriticality,” (2009) ]

- supersymmetric ground state  (Q]0) = Q]0) = 0

_ (0[0[0) _ [ Dy OV

2d theory
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BPS bound and BPS equation

© Bogomol'nyi completion

S = / dtd?x [%Gab (thﬁa + G“C(Sﬂ) (8tq5b + de@> — 8tW]

3¢ 5o

- BPSbound S >W(t=—-0o0)— W(t=0o0)

oW
G Sob

BPS eq. = gradient flow for W

0y 9" = <+ QY*=0
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—

- target space = simple Lie group G 3 (G ) = 7
instanton number

© “superpotential” W : action of 2d chiral model

W) = a / P e[ (U0, (U0,U)]
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—

- target space = simple Lie group G 3 (G ) = 7
instanton number

© “superpotential” W : action of 2d chiral model

W) = a / P e[ (U0, (U0,U)]

+£& / d>x / dteUKTr[(UTaIU)(UTaJU)(UTaKU)}

I IR - " TS - - " RIS e RIS e RIS o Lo o L o

Wess-Zumino-Witten term
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bosonic part ca supersymmetric Lifshitz model

2
L= Tr{(z‘UTc?tU)Q + |d; ((UTO;U) + i&(iUT(’?[iU)(iUT(‘?j]U)} }

O(0;)

z=2 Lifshitz scaling invariance t— Nt x; = Az

-~ BPS bound

S>¢ / dtd*z 7 Ty [(UTO,U)(UTO;U)(UT0,U)] o né

w3(G) = 7 topological charge (Skyrmion)
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BPS equation = gradient flow

iUT0,U = ad; iUT0;U) + E[UT0.U, UT0,U]

simplified case

S a=0 = iUT0,U = E[UTOU, UT0,U]

/ 0]
-~ area-preserving diff. r; — T;, det Py =1
J
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—

iUT0,U = ad; iUT0;U) + E[UT0.U, UT0,U]

simplified case

S a=0 = iUT0,U = E[UTOU, UT0,U]

/ 0]
- area-preserving diff. r; — T;, det P =1
Ly

( - another simplification :a=¢ wp UTO,U = £0, (iUTaEU)T )
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symmetric ansatz for instanton

¢ fixed point of U(1) C Gy X spatial rotation

for G = SU(2)

_ ¢ —/1—|¢[? _ 0003
U_VT(\/]__’(M2 ; )u V_em(me2)

reduced BPS equation

@ : half plane — disc

(tp=ai+a3) |9l <1

[@+ﬁ%+%@@@—$@@ﬂ¢=o
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—

¢ : half plane — disc

01 +i0,+ 5(6 0,0 — 6 9,6) | & = 0 o= tad) o<1

3.0f
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t
o arrows = (Re¢,Im¢) - shading = action density
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- compactification S L« R?

8

N 7

- fixed point of U(1l) C Gy X spatial rotation

U(l) C G4 X time translation

B o=exp (—QWnp—;it)

Ssol = 87T2n§

X2 °

>

area preserving diff.

X2 °

Xq X4
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3. Instantons in Lifshitz gauge theories

—

- spatial dimension = 2n-1 Chern-Simons term

W = CSZn—l

RQn—l

-~ topological charge
SZ/ Tr[FA--- A F|
R2n

© n=2 : standard Yang-Mills in 4d spacetime
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(6+1)d Lifshitz-Yang-Mills theory

o (5+1)d action dimensionless : renormalizable
1
9
g

z=3 Lifshitz scaling t— )\315, T — AL,

anisotropic Weyl transf. dt® + (dz*)? — \(t,2)°dt® + A(t,z)* (dz")?

i
S = /dtd5$ Ir [FO27, + (eijklijkFlm)Z]
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—

1

~ BPS equation Foi = ZeijklijkFlm

1
- topological charge S=— Tr(FAFAF)

2
dC'Ss

g- JRre

symmetric ansatz

o fixed point of ~ SO(5) C gauge transf. X spatial rotation

© anisotropic Weyl transf.

BPS equation = anisotropic vortex eq. on half-plane
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symmetric ansatz

> SO(5) symmetric SU(4) instanton in 6d

(t7 P = |CE’L|3)
= anisotropic U(1) vortex on half-plane

Fp=——(¢* -1  Dip=i(l¢|* —1)D,¢

> SO(3) symmetric SU(2) instanton in 4d [Witten, 1977]

= integrable U(1) vortex on hyperbolic plane

P, - _p_lzw ~1) D =iD,g
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t t
(a) 4d instanton (b) 6d instanton ~ numerical

isotropic anisotropic

SO(2) € SL(2,R) : isometry of hyperbolic plane




Instantons in Lifshitz field theory

4. Summary

-~ Instantons in Lifshitz-type field theories

> (2+1)d, z=2 non-linear sigma model

> (5+1)d, z=3 gauge theory

© beta function, etc

© localization

- O Do Oe2W
Qo =qoy =0 o GE L0000

(d+1)-dim d-dim
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known example: 2d NLSM (nhon-Lifshtiz)

S = /d2x gabﬁﬂwa"qbb + -

< 2d Kahler NLSM W = / % (d¢aﬁa — d&aga) K
R
- gradient flow (815 + z&,;)qbz = (0 instantons in NLSM

© action at saddle point S = O w Kahler form
R2



