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Level-Rank Duality in SH®

Introduction and Summary

mIn the context of AGT proof, a new algebra appeared!
— SHC

m Rank N representation: Some combinations of the SH® generators give Wy currents.
m Representation space |a, Y) Labeled by N-tuple Young diagrams Y

(@ are parameters related to the momentum of Toda Field Theory)

m Conjecture: SH® describes arbitrary representation of YWy algebra

(+U(1) fact;)r) for any N.

Y

We study the description of minimal models from SH€.

m For YWn minimal model, we found explicit correspondence.

m N-Burge Condition (The condition for states not to have zero norm)

Yir — Yir1rt(m-1) = —(nj — 1).
i3 R the length of the R-th row in the i-th Young diagrams)

n;, N : positive integer which satisfies Z 1 I, <q-—1 Z:\:ll n <p-—1
(p, q the positive integer which determine the weight of WN algebra )

m Singular Vector
—> The number of null states coincides with that of VVy algebra at same level!

m Level-rank duality (well-known duality in WV algebra)

SU(N)k . 511(N)1

Nk = ~ = VWM,
su(N)it1 su(M)i41
with
N M
k = N, |= M.
M N

m Duality of states
N-tuple Young diagrams <:> M-tuple Young diagrams
= Duality of the states is defined by shuffling of lines in Young diagrams!

mIn the case of (N, M) = (2, 3),

this correspondence reproduces Rogers-Ramanujan identity

SH€
mSHC :

spherical degenerate double affine Hecke algebra

We focus only on its rank N representation.

The basis of representation is labeled by N-tuple Young diagrams

and some parameter g .

m [ he generators of SH® : D,y withr € Z and | € Z>.

[Dots D1k] = D1,14k—1, | > 1
[Dot;, D_1x] = —D_14k-1, 1>1
[D—l,ka Dl,l] — Ek-l—la l, k Z 1
[Do,, Dok] = 0, k, > 0
with
E(C) =1+ (1-08)) E¢" =c(¢)D()
1>0
N 1+ (a
C(¢) = exp (—1)""1(:71'(4") = T((,aq), T((,a) =
(,; i ) El " 1+ ¢(a—¢)

(cis are central charges) \(rank N representation)

m N-Burge Condition

Du[(+-- ")) =

o1 f
Y (- 1)(aq+At(Yq))i/\(tv+)(Y)|( - 2"': R )>
q=1 t=1

=0 /

—=> Then this state can not be generated!

N

= This coincides the N-Burge condition known for YWy algebral

m Singular Vector
m The condition for a state to be singular, 1.e.

D_1,a,¥) =0, £>0

(the singular state condition)
the highest states of null states tower

IS
I\gk’_)(é’, ?) =0 forall p,k
(I\[(Jk’_) is defined similarly as I\I(J""").)

= This reproduces the null states in YWy algebral

m [riality

m [ wo symmetries which keep the central charge unchanged.

C = (N— 1)(1—Q2N(N+1))a Q= \/B

m Level-rank duality:

1
/B (here g = NiM)
m [rivial symmetry:

0'1:,81—)%, N +— N
Dg,41 = (—B) Doyt

O‘g:ﬁH%,NI—)M

0|+1 = (8 — 1) 'Do,+1

R
—> Level-rank Duality in SHC .
m Duality for central charges

Cn(¢,a) = Cm(¢, @).

(We can also determine YWy central charges ¢| from the finite combination of ¢ (infinite many).)

When this duality holds,
m Duality for states
m Duality of the states is defined by shuffling of lines in Young diagrams!

mExample in the case of (N, M) = (2, 3)
For A = —1/5 case, (X (X’) : the set of labels of rows in Y (Y))

X=X = {_15 2,—3,—4,-5,—-6,- .

+ } (X, X’ are determined by the eigenvalues of Dy 1.)

Y < {—1,—-3,—-5,---}, Y, & {=2,—5,—8,++},
Y2 <> {_23_4: _6':} Y;(—)‘ {—1,—4, —7,'-'},
Y5<—> {—3 —6,—9,--- }.

—
-

(A : the length of the row)

<

m All the states are generated by the partition,
A(x — N), A\(x — M) < A(x) foreachx € X

Poset and Partition Function

m Actually, the conditions
A(x — N), A(x — M) < X(x) foreachx € X
are what called the " Partition of POSET (Partially Ordered SET)".
(Here POSET is the set of labels of the rows of Young diagrams.)

=> Partition Function is acquired by the mathematical technique.

mIn the case (N, M) = (2, 3), we get

((a; q); = [[L_(1 — ag*) : g-Pochhammer symbol)

1 & g

(95 9) ; CHOM

m On the other hand, by the character formula for YW minimal model, we
know

A=—:
2~ (q) =

(9% 9°) (975 4°) 0o (9% 9°) o

A=—1
Z,,~ ¥(q) =

(a; q)2,
m [ herefore, we get the identity,
(9% 4°) (% %) (9% 9°) oo i
(a:9)2, " (a q)oo — (q; q)«

= This is the first Rogers-Ramanujan identity!

mWe may be able to general this to (N, M) case
— Get some generalization of Rogers-Ramanujan identity!

Further Discussion

m Physical Interpretation
m AGT correspondence

2-dim CFT: conformal block of YWy algebra

()

4-dim .+ = 2 gauge theory: partition function of SU(N) SYM
m Level-rank duality is well-known.

W < W

U

m s there physical meaning of level-rank duality in 4-dim gauge theory?
m What is the meaning of the null states?



