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Introduction

String/ M—theory . Solid Theoretical Frame-work

1) Very Rich, 2) Mysterious Dualities

Quantum field theories

Quantum Gravity

(Blackhole, AdS/CFT) (4d Class S, S-duality)

Mathematics
(Calabi-Yau,Mirror-sym)




Introduction

Analogy with computer science

String/M-theory Hardware
(Dualities) Operating System

Study of QG , QFT, Applications
Mathematics,...
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M5s on 3-manifolds C String/M-theory
1) Still Rich, 2) Still non-trivial Dualities

Quantum field theories

Quantum Gravity

(M-theory on AdS4) (3d N=2 theories)

Mathematics
(Knot theory)




Introduction




Introduction




Introduction




Introduction

| Understand the hardware/OS
‘ of iWatch



Outline

*. M5s on 3-manifolds
(Manual of iWatch )

*

. Computation tools

(Programing Languages)

*

. Summary and discussion



Mb5s on 3-man

- Basic Set-up

- Dualities

Display

Firmly press to
change the watch
face or see options
n an app.

Band release buttons

pigital Crown/

ome button

S td see watch face
screen.

oubie-click to return
to last app.
Press and hold for Siri

Turn to zoom, scroll,
or adjust.

Side button
Press to show or hide
Friends.

Double-click for
Apple Pay.

Press and hold to turn
off or on.

Speaker

Heart rate sensor

Microphone

Press to slide out the band



M5s on 3-manifolds

11d R XT M xR?
N M5s RY“YxM (M :Closed 3-manifold)

IR world-volume theory : T, [M]



M5s on 3-manifolds

11d R XT M xR?
N M5s RY“YxM (M :Closed 3-manifold)

IR world-volume theory : T, [M] e,
Top’l twisting : A°x =@,
I SO(3),, xS0(3), D SO(3),,,

6d An-1 (2,0) theory on R x M (0:2 2 1®3
\=1/4 BPS=3d N =2

/ R 12 / X M

Or, equivalently




Codimension 4 defects in the 6d theory

NMS :012345 6d An-1 (2,0) theory
Detect { M5 @0 3 789 # + codimension 4 defect
branes Lp2 10 3 6




Codimension 4 defects in the 6d theory

N M5 :012345
Defect MS . O 3 7 8 9 #
pranes { M2 :0 3 6
l S!' -reduction
N D4 :012 45
Defect { D4 : 0 7T 89#
branes F1 - 0 6
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+ codimension 4 defect

5d V=2 SUN) SYM
+ Wilson line

W, = Tr, (P ")



Codimension 4 defects in the 6d theory

N M5 :012345
Defect MS . O 3 7 8 9 #
pranes { M2 :0 3 6
l S!' -reduction
N D4 :012 45
Defect { D4 : 0 7T 89#
branes F1 - 0 6

6d An-1 (2,0) theory
+ codimension 4 defect

Labelled by R
R : unitary rep of SU(N)

5d V=2 SUN) SYM
+ Wilson line

W, = Tr, (P ")



Codimension 2 defects in the 6d theory

NM5 012345 6d Ax1 (2,0) theory
Defect M5 : (0123 789# + codimension 2 defect

branes




Codimension 2 defects in the 6d theory

NM5 012345 6d Ax1 (2,0) theory
Defect M5 : (0123 789# + codimension 2 defect

branes

l S -reduction

ND4 :012 45 5d 122 SU(N) SYM
Defect D4 - 012 780 # + 3d Tp[SU(N)] theory
branes [Gaiotto,Witten "08]

s NSS5s

_ >n
Pyt L (2 10) e ns of N
(N=n+..+n,)

rn=n.,rn,=ntn_,,..



Codimension 2 defects in the 6d theory

NM5 012345 6d Ax1 (2,0) theory
Defect M5 : (0123 789# + codimension 2 defect

branes
1 . Labelled by (p,2t,)
l §' -reduction o =1...rank(H )
ND4 :012 45 5d 122 SUN) SYM
Defect D4 - 012 780 # + 3d Tp [SU(N)] thCOI'y
branes [Gaiotto,Witten "08]
s NSS5s

p=ln.n,,..n] (n;2n,) T,O[SU(N)] : 3d N =4
(N=n+..+n) |Flavor symmetry SU(N)xH,

..... _S(HU(z )

n=n.,r,=n+n_,,.. l . the number of times that o appears in p




Codimension 2 defects in the 6d theory

Simplest codimension two defect :
p=IN-1,11, H,=SUMxU1)=U()

called 'simple' or 'minimal’

Maximal codimension two defect :
p=01"1, H,=SU(N)

called 'full' or 'maximal’



M5s on 3-manifolds + defects

Adding Detects to the system
6d Ax-1 (2,0) theory on R x M
+ co-dimension 2 defect R'* x K of type O
+ co-dimension 4 defect R' x K of type R

—- T, [M,K,p]+ line defect L(R,K)

T,[M,K,p] : 3d N =2 theory w/ flavor symmetry H




Supersymmetric ptns

Z|T,[M,K,p] +L(R,K) on B]
Rigid SUSY background
Z = [[d®] exp(iS[®])



Supersymmetric ptns

Z|T,[M,K,p] +L(R,K) on B]
Rigid SUSY background
Z = [[d®] exp(iS[®])

(generalized) Superconformal index
_ Rrank(Hp)

DN _ 2j, B35 F,
Lm it ) =2 =Ty, (D72 ] ag

Squashed 3-sphere ptn Z_(m,)
(b 1zP +bh IlwlP=1}YcC?
Entanglement(Reyni) Entropy



3d-3d Correspondence

[Yamazaki, Terashima:’| I]
[Dimofte,Gukov, Gaiotto:’ | |]

AT,(Mlon 5| = [ZSLV.C) , CSon ]




3d-3d Correspondence

[Yamazaki, Terashima:’| I]
[Dimofte,Gukov, Gaiotto:’ | |]

ftZ[AN—l(zao) theory on 7 X M1]

Iﬁ - ” | [Jafferis,Cordova:’ | 3]
Z[Ty[M] on p— ,;’Z[SL(N,C) ., CS on M]I gz;??]q,mems]

1. Independent on relative size between 5 and M

2. SL(N) CS theory after reduction on

L..=CS[Al+ - CS[A],

and

50(3)M X S0(3)R top twisting X
A=A, +ip, |A: 3 . 1 > 3(A)
p: 1 ,30181 > 39,9101




3d-3d Correspondence + Defects

:Z [A,_, (2 ,b) theory on B X M + codimension 2 on B X K :codimension 4on(S), x 15]

/

AT KT on L) on 1, ASLVEIES o 1 7, K+ Wy 00

\
]

[Kim,Yamazaki,Romo,DG:’15]



3d-3d Correspondence + Defects

lZ[AN_l(zi 0) theory on B X M +codimension 2 on 5B X K + codimension 4 on X Kjl

Z|T,|M,K] on

[Kim,Yamazaki,Romo,DG:’15]

Codimension 4 in 6d (2,0) theory — Tr, P exp( j (A+id))in 5d

{3

— (W) (K)=TrgPexp(| A), (W,) (K)=Tr,Pexp(] A)in SL(N) CS theory



3d-3d Correspondence + Defects

‘LZ [AN_l(i,O) theory on | X M + codimension 2 on 7 X K + codimension 4 on >< /Cj

/

ZIT,[M.K]on B+L(R,K)on (S"),] ZISLIN.C)CS on M +V,(K)+(W,).(K)]
[Kim,Yamazaki,Romo,DG:’15]

Codimension 4 in 6d (2,0) theory — Tr, P exp( j (A+id))in 5d

{3

— (W) (K)=TrgPexp(| A), (W,) (K)=Tr,Pexp(] A)in SL(N) CS theory

Codimension 2 in 6d (2,0) theory — coupling T [SU(N)] in 5d
— V, n (K) = Modromay defect around K in SL(N) CS theory

n, ny &
A) ~ diag(bﬁl,..,mlzb)lz,..,m;,. LM

K

L)

log(Pepr i
M. =2nbm, for Z_.(m,)
M, =(logq/2)m; +logu, tor L(m,,u;q) M—>M\K=M-N,



Holography

® 6d A, (2,0)theory on R x M

6d A, , (2,0) onR"

uv

ﬁ

3d N =2SCFT T,[M]onR"

IR




Holography

® 6d A, (2,0)theory on R x M

6d A, , (2,0) onR" ﬁ

uv

® Corresponding |

AdS, x S*

—

_d+ sin” )"
o 2

8

2
ds,,

3d N =2SCFT T,[M]onR"

{dsz( )+dsz(M)+%(d92+

IR

:‘IOlOgraphiC RG [Gauntlett, Kim, Waldram : *00] [Pernici,Sezgin : '85]

Pernici-Sezgin AdS  solution

dQ?

sin” @

cos” 6
do™) +
1+sin’ 0 ) 1+sin’ 0

for closed hyperbolic ¥ (R, =-2g,,)

® Holography: 3d T,[M]theory = M —theory on Pernici-Sezgin AdS, solution

for closed hyperbolic M (R, =-2g,,)



Holography + Defects

® 6d A, (2,0)theory on R x M

6d A, , (2,0) onR"

ﬁ

+Co-dimension 2 defect p
+Co-dimension 4 defect R

3d N =2SCFT T,[M.K,p]lonR"

+Line operator L(R,K)




Holography + Defects

® 6d A, (2,0)theory on R x M

6d A, , (2,0) onR"

ﬁ

+Co-dimension 2 defect p
+Co-dimension 4 defect R

® Corresponding Holographic RG

sl  |Pcrnici-Sezgin AdS,solution| AdS, x M x §*

+M 5 on AdS, X K x S' (p = simple)

AdS, x §*

77

+M?2 on AdS, (R=n)

M5s on AdS, X S’

3d N =2SCFT T,[M.K,plonR"*

+Line operator L(R,K)

+M?2 on AdS, X K (R=0)

(R=A, ,k~o(N)) M5son AdS,xK xS’ (R=A, ,k~o(N))



Holography + Defects

® 6d A, (2,0)theory on R x M
6d A, (2,0) onR"”| e—- 3] N =2 SCFT T,[M,K.plon R

+Co-dimension 2 defect p
+Co-dimension 4 defect R

+Line operator L(R,K)

® Corresponding Holographic RG
AdS, x S* - | Pcrnici-Sezgin AdS,solution| AdS, x M x §*

n +M 5 on AdS, x K x S' (p = simple)
+M?2 on AdS, (R=n) +M?2 on AdS, X K (R=0)
M5s onAa’S3><S3 (R=A, ,k~0(N)) M5s onAa’SleCxS3 (R=A, ,k~0o(N))

® Holography: 3d T,[M]theory = M —theory on Pernici-Sezgin AdS, solution
M?2 on AdS, X K (R=n)

Line operator L(R,/C) M5son AdS,x KxS* (R=A, ,k ~o(N))

T,[M.K,p=simple]-T,[M] M5 on AdS, X K



Computational tools

- 3d SCFT : Localization
- SL(N) CS Theory

State-integral models

- Supergravity at large N



L.ocalization in 3d theories

3d N =2 theory

Gauge group G, Chiral matters @ in R,
CS interactions k, superpotential W(D)

I_ocalization on

Z = [1d®] exp(iS[®:(G.R.EW(®))])

Localized . J.d ¢,e”'*'Z7°?[¢,] (finite dimensional integration)

If we know the Lagrangian description of 7,[M.K,p]
But most of 7,[M.K,p], we do not know.



Lagrangian description of 7,[M.K.p]

Duality wall theory
T[SU(N),0p] (2, x1),
AdN =2 4d N =2
T P(7)

2, oz ,)

3d N =2 theory with SU(N)Xx SU(N)x U (1)
(U, xU1)

axial

cS0O4), )

axial



Lagrangian description of 7,[M.K.p]

Duality wall theory

TISU(N),p] (%, xX1),

4d N =2"|4d N =2

T o(7)

3d N =2 theory with SU(N)Xx SU(N)x U (1)
(U, xU1)

axial

cS0O4), )

axial



Topology on mapping torus

60 =0 )->

11 §0(211) Z10 =T~ §D(T2

=S’ - @ (p=ST"'S™'T)
- B
!




Lagrangian description of 7,[M.K,p]

T[SU(N),p] theory (2, X1),
T | o0
Z1,1 ¢(Z1,1)
Te(T[SU(N),@]) =, xS,
theory obtained by =(Z,, x[0,1])/ ~,
gauging diagonal SU(N) (x,0) N (@(x),0) .

of T[SU(N),p))

Tr(T[SUN),p))=Ty[M =(T"xS"),,K,,p =simple]



State-integrals in SL(N) CS theory

7 = J[dA] exp(iSCS[A,Z; ])

(M\K ,p)

>JdX exp(zL X-B'AX+ ) Hl// (X ) (finite dimensional integration)

® Firstly developed for ‘maximal co-dimension 2 defects

[Dimofte : "1 1]
[Dimofte, Gabella, Goncharov: " | 3]

® Extend to include for co-dimension 4 defects and non-
maximal p for some examples [Kim Yamazaki, Romo, DG: " 15)

® Can be used to find field theory description for
TN M ,K,p]: Abelian description [Dimofte, Gukov, Gaiotto: " 13]



State-integrals in SL(N) CS theory

7 = J[dA] exp(iSCS[A,Z; ])

(M\K ,p)

>JdX exp(zL X-B'AX+ ) Hl// (X ) (finite dimensional integration)

® Firstly developed for ‘maximal co-dimension 2 defects

[Dimofte : "1 1]
[Dimofte, Gabella, Goncharov: " | 3]

® Extend to include for co-dimension 4 defects and non-
maximal p for some examples [Kim Yamazaki, Romo, DG: " 15)

® Can be used to find field theory description for
TN M ,K,p]: Abelian description [Dimofte, Gukov, Gaiotto: " 13]



Supergravity at large N

® Free energy at large N

® (Codimension 4 defects

® Simple Codimension 2 defect



Supergravity at large N

® Free energy at large N

F(T,[M])=loglZ (T,[M])l= V?Z(M )b+ b ') N* +(subleading in 1/ N
T

® (Codimension 4 defects

® Simple Codimension 2 defect



Supergravity at large N

® Free energy at large N

F(T,[M])=loglZ (T,[M])l= V?Z(M )b+ b ') N* +(subleading in 1/ N
T

® (Codimension 4 defects

F (T, M]+L(R=0,K),)—F (T,[M]) = %m( )N° + (subleading in 1/ N)

® Simple Codimension 2 defect



Supergravity at large N

® Free energy at large N

F(T,[M])=loglZ (T,[M])l= V?Z(M )b+ b ') N* +(subleading in 1/ N
T

® (Codimension 4 defects

F (T, M]+L(R=0,K),)—F (T,[M]) = %m( )N° + (subleading in 1/ N)

/() k

F T M1+ LR = A, K)) = F (T [M]) ===

(1- %)( )N° + (subleading in 1/ N)
for k ~ o(N)

® Simple Codimension 2 defect



Supergravity at large N

® Free energy at large N

F(T,[M])=loglZ (T,[M])l= V?Z(M )b+ b ') N* +(subleading in 1/ N
T

® (Codimension 4 defects

F (T, M]+L(R=0,K),)—F (T,[M]) = %m( )N° + (subleading in 1/ N)

/() k

F T M1+ LR = A, K)) = F (T [M]) ===

(1- %)( )N° + (subleading in 1/ N)
for k ~ o(N)

® Simple Codimension 2 defect

F,_ (T,[M.K,p=smple])—F, (T, [M])= @Nz + (subleading in1/ N)



Consistency Checks

® Tocalization/State-integral model
Z(TN:3[M — (Tz X Sl )q) aK(p 910 = Simple])localization

= ZISL(3),_yon M =(T>x §"),.K,.p = simple )y om checked 1n g expansion
L(Ty_,[M = (T*xS") »+K,,p =simple]+ loop operators), .iaion
= Z[SL(2),_;on M = (T" x Sl)¢,K¢,p = simple + Wilson loop])

state-intgral



Consistency Checks

® Iocalization/State-integral model

Z(TN:3[M — (Tz X Sl )q) aKq) 910 = Simple])localization
— Z[SL(3)k=O on M = (Tz X Sl )¢ 9K¢ 910 — Simple])state-intgral

checked 1n g expansion

L(Ty_,[M = (T*xS") »+K,,p =simple]+ loop operators), .iaion

=Z[SL(2),.,on M =(T*xS"),,K,,p = simple + Wilson loop])

® State-integral/Holography computation

Holographic computations show that the b-dependence of

state-intgral

(S;)— free-energy is very simple at large N (only b~ ,b°,b%).

In CS theory, i=2mib> . Z(SL(N)CSon M)

1

. .
Jl\fIB;loFSJ:O(‘IE:S)’

—351 = —aVOl(M) R

: l :
]1V1EBOFSO = —gVOI(M) , ]1V1£130 N
o1 ]
klg}oFSz = = vol(M),

—0 >lS°+Sl+S2 +...



Consistency Checks

® Iocalization/State-integral model

Z(TN:3[M — (Tz X Sl )q) aKq) 910 = Simple])localization

= ZISL(3),_gon M = (T>x §),.K,.p = Simple ) puom checked 1n g expansion

L(Ty_,[M = (T*xS") »+K,,p =simple]+ loop operators), .iaion
=Z[SL(2),_;on M = (T" x Sl)q,,K(p,p = simple + Wilson loop])

state-intgral

® State-integral/Holography computation
Holographic computations show that the b-dependence of
(S;)— free-energy is very simple at large N (only b~ ,b°,b%).
In CS theory, # =2mib> . Z(SL(N)CSon M) mal >lSO +S'+S%+...

1 1 1

lim — 8, =——vol(M), lim—S, =——vol(M), lanalytlcally confirmed
N—e N 6 N—w N 67

o1 i
klil}oFSz = 71_2 VOI(M),

. .
Jl\fIB;IoFSJ:O(‘IE:S)’




Consistency Checks

® Iocalization/State-integral model

Z(TN:3[M — (Tz X Sl )q) aKq) 910 = Simple])localization

= ZISL(3),_gon M = (T>x §),.K,.p = Simple ) puom checked 1n g expansion

L(Ty_,[M = (T*xS") »+K,,p =simple]+ loop operators), .iaion
=Z[SL(2),_;on M = (T" x Sl)q,,K(p,p = simple + Wilson loop])

state-intgral

® State-integral/Holography computation
Holographic computations show that the b-dependence of
(S;)— free-energy is very simple at large N (only b~ ,b°,b%).
In CS theory, # =2mib> . Z(SL(N)CSon M) mal >lSO +S'+S%+...

1 1 1

lim — S, =——vol(M), lim—, =——vol(M), lanalytlcally confirmed
N N 6 =Y 67

lim %Sz =—vol(M), {numerically confirmed

Noe= N 4r

. .
Jl\fIB;IoFSJ:O(‘IE:S)’




Conclusion

® Various aspects of M5s on 3-manifold + defects

(Localization)

3d SCFTs

3d /3d corresponden:/ wography
SL(N) CS theory AdS, gravity

(state-integral model) (Sugra approximation at large N)

® Applications?



Thank you
for
your attention



CS ptn on mapping torus
® For the case, M_CJNKZ.:(Zg,hXSl)go

® Regarding the circle as ‘time’

ZISLIN)CS (., X8, (P M =Tr, o 5 @

HN(Zg,h’(pa’ma)) Quantlzatlonof( ( oo (Pg s, )) )

P, (Zg,h (P, ,zma)) = {Flat SL(N) connections on 2, with b.c (p,, )}

k+o l_k—a)
"h 8m

1 1 _ B |
o, , ;:%Zj Tr(5A/\5A)+%J Tr(SAASA), (=

® Find a good coordinate system of the phase-space

Loop coordinates : Tr,(Hol(y,)), {y,} :generators of 7,(X, )

Difficult to quantize (complicated relations and @, )



CS ptn on mapping torus
® For the case, M_CJNKZ.:(Zg,hXSl)go

® Regarding the circle as ‘time’

ZISL(N)CS (2, , X Sl)¢ NI E TrH =, (o, TP

HN(Zg,h’(pa’ma)) Quantlzatlonof( ( oo (Pg s, )) )

P, (Zg,h (P, ,zma)) = {Flat SL(N) connections on 2, with b.c (p,, )}

k+o l_k—a)
"h 8m

1 1 _ B |
o, , ;:%Zj Tr(5A/\5A)+%J Tr(SAASA), (=

® Find a good coordinate system of the phase-space

Fock-Goncharov Coordinates for p, = maximal'

(linear relations and simple @, )



FG coordinates

® Ideal triangulation -) Tessellation -) FG quiver

Para’a %4
PaZa 4%

Pa 24 %1%
0 Vet Vit Vil

ideal triangulation of X, ,
® N=2, once-punctured torus

Py (20,0 900) = {3,350y i Y0y = €™ )

O Y} =00, AV Y}, 5 =10,,0,=0,=0, =2

® Holonomy computation

il s 2t

Hol(y )= , Hol(y,)=

1 b))

VY13 Vi V23
1
Ws s Ty, V5




Cluster algebra

® Cluster Algebra generated by FG quiver (g=e",G=¢")

AQ = {y,-,)"/z- (iel) |YjYz‘ = qujYz‘Yj , YiYi = gQijyz'Yj , Yi¥Yi = YiYj }

® Mutation
|Qkil

A A~ — L Qix[Qix]+ ik]+ n(Qxi)(m—121),,—

iy it = g2y @l TT (1 + g @)m=2)y
m=1

_Qij (z=kor]=k),

Qij + [Qik)+[Qkrjl+ — [Qjk)+[Qril+ (3,7 # k) ,

)—sgn(Qki)
(MkQ)z’j = {

® Representation of MCG (mapping class group)

Q= ,LAtchTL , 0,:y, <>y, ,forop=L=ST"'S™
@::ﬁlaR , 0.y, <y, ,forog=R=T



CS ptn on mapping torus

® Regarding the circle as ‘time

ZISLIN)CS (2., X8, (P MII=Tr, o 5 @

H, (Zg,h,(pa,i)ﬁa)) Quantization of( ( o (P, M, )) )
Use FG Coordinates for p, = maximal'

® Inclusion of Wilson loop operator
ZISL(N)CS (%,, % Sl)q) + Wilson loop along y e 7, (2, ) , (p, S )]

=Tr,, S o T Tr,Hol(y) ¢
TI'RHOI(y) _ 26k6a§ Y, Quantization s Tt HOl(j/) 2 aoy, | Ck i N U {O}
k
1=1,2=¢q"+q “,.....ambiguity in quantization unless ¢, =1

Ex) X, with N =2 ,Tr(Hol(y,))= R

W) — pVPVII2Ys | SU2YH2Ys L m12Y -2,
X



CS ptn on mapping torus

® For Non-maximal case, cluster coordinates?

14 »

The answer seems to be “yes

ZISL3) ) CS (Z,,x8"),

=STS™'T

h
(p=[2,11.M = 5m+10g77)]

AAAAA 1~ A A

=Tr h (UsO g1, (1,605~ s ,)

HN:3 (Z] Bl s(p:[ 2 a1]7m:5m+10g 77))

2) 2 ., 2, 6) 2 , 3,
=1+ 2n+—|q* +|8+2N"+— |¢g"+| O6N+— |¢* +| 2-3n"—— |q" +...
n n n n

It matches the index computed using
localization on Tr(T[SU(3),p=STS'T)!!



Cluster partition function

® Generalizing the previous computation, we consider

(ko-) A ~ A ~ A A

de(m) TI‘ (ka)(Q,ﬁ)(‘LLmlo-l‘LLngz"'umﬁo-jj)

® After explicit computation, the ptn can be written as

Trg' s ) = (C, =0,9,|O%) = [d*X (C, = 0,9, I XXX IO™)

. .
:jdﬁx<c, =0,9Jta\X>Hwhﬁ(Xi)
=1

o 1 q +1€ X
0%)=(0))" e, e {xo)-[H=5
H"“? = {spanned by position basis |X )}, Hilber-space obtained by quantizing

. 1 1 — —
a phase-space P={(x =¢*,p=e")}=(C)’ ,a):%dX/\dP+%dX/\dP

M

(01

C . A B
[ I ] =A,-X,+B,-P. (A,B),,, form upper block of Sp(2£,Q) i .e, ( oD ) e Sp(21,Q)
f



