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*We give a proof of one-to-one correspondence between
moduli space of instantons and moduli space of ADHM
datain
* MH&Toshio Nakatsu( ), NC Instantons and Reciprocity,
to appear, [cf. arXiv:1311.5227]
*MH&TN, work in progress.

1. Introduction

¢ Non-Commutative (NC) spaces are defined
by noncommutativity of spatial coordinates:
[x“,x"]=i6"" o
(cf. CCRinQM : [q, p]=i7i)
(= “space-space uncertainty relation”’ =)

Resolution of singularity |‘7 Uq@
(> new physical objects) o

Com. space  NC Space

Ex) Resolution of small instanton singularity
(= U(1) instantons)

[Nekrasov-Schwarz]

ASDYM eq. in 4-dim. with G=U(N)

e ASDYM eq. (real rep.) v =1234
Fo=-Fu. F =0,A-0,A+AA-AA,
F13 = - F42 , Field strength
F14 = - an .

A, Gauge field

(N X N anti-Hermitian)
(& F,+F, =0, F,_ =0 (cpxrep.))
e There are two descripitions of NC extension:
- Moyal-product formalism (deformation quantization)
- Operator formalism (Connes’ theory)

NC ASDYM eq. with G=U(N) in Moyal
ASDYM eq. (real rep.)

Fo =-Fyu, (F, =0,A ~0,A +A *A —A *A)
Fpo = -Fy, o 9
* * w_|-0" 0
Foo = —Fi o= o 0 @
-0° 0
Spell:

Under the spell,

f)*g(x)= f(X)eXP(l20”5,,E7V]g(X) we can calculate :

v
- f(x),g(x)+i%aﬂf(x)avg(x)m(ez) \
Note: Coordinates and functions themselves
;o ’
are c-number-valued usual ones XX, = X" _&v'+L9mv,(x/xu,19m
/T2 2

—ig™

G=U(N) NC ASDYM in operator formalism

* Take coordinates as operators (in 2dim):

[)2, 9] — |9 complex [2’ i] =20 rescale [é’ é+] =1

field (infinite matrix):
F(2,2)=> F,,|m)n|

ann'op. cre op.
acting on Fock space:

. L™ H =®C\n> n=0,12,... k x k Matrix egs.
integration S

LSRN Occupation number basis Sol.= instantons — Sol.=ADHM data

27, F(2.2) o (G=U(N), G> =k) @="U(k)")
F= YF

ASDYM eq. (real rep.) © =, 2nmaelmminn] A, N xN B, tkxk, likxN, J:Nxk
r __E 0
'im = Fj” @ H Gauge trf.: Gauge trf.:
Fpo = —Fy ., 2 H A~ g'Ag+gTo,g B, §7B,0, GeU(k)
Fy = —F, e H geU(N) =g, I J9

2. Atiyah-Drinfeld-Hitchin-Manin Construction
based on duality for the instanton moduli space

4dim. ASDYang-Mills eq. ADHM eq. (=0dim. ASDYM)
(Difficult) (Easy)

Flafn + Flzfz =
S 1:1

[B,.B/1+[B,,B{]+ 117 =371 =0
[B,,B,]+13=0
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Fourier-Mukai-Nahm

and instanton moduli
4dim. ASDYang-Mills eq.

transformation

Beautiful duality between instanton moduli on 4-tori

on the dual tori
4dim. ASD Yang-Mills eq.

Fourier-Mukai-Nahm

and instanton moduli
4dim. ASDYang-Mills eq.

on a 4-torus on the dual torus on a 4-torus on the dual torus
G = = = B
B Fr+Fz =0 2+ Fe Fr+Fz=0
E F F. =0 k X k PDE Ty 1:1 Fie =0 k X k PDE
Sol.=instantons 1:1 Sol.=the dual instantons Sol.=instantons — Sol.=the dual instantons
(G=U(N), C; =k) (G=U(k), C2=N) (G=U(N), G2 =k) (G=U(k), C>=N)
A
~ map F (Dirac eq.) ~
A iNxN v A, kxk A,,(X)=<V,'3HV>;<# A (&) :kxk
Define the maps F & G, NXN VYV gt ® 9 A —ix W =0 e (o1
V:2kx N
On a 4-torus On the dual 4-torus On a 4-torus : X, Family index thm.  On the dual 4-torus : &,

Beautiful duality between instanton moduli on 4-tori

transformation

on the dual tori
4dim. ASD Yang-Mills eq.

Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq.
on a 4-torus

4dim. ASD Yang-Mills eq.
on the dual torus

Sol.=instantons
(G=U(N), C> =k)

A (x):NxN

e’ﬂDuy/:eT“®(a%+A},—i§u)y/:0 kxk v*v:?‘mé%ﬂﬂ-_uﬂw:o
Matrix eq. ! @
v 2N xk V 2k x N
On a 4-torus : X, Family index thm.  On the dual 4-torus : &, On a 4-t0ms—)R4 Linearalg. On the dual 4-torus>1 pt.

£tFg =0
=0

ol ank

- k x k PDE

map G (Dirac eq.)

Sol.=the dual instantons
(G=U(k), C2=N)

A&)=(v.0,p),

Fourier-Mukai-Nahm trf. (radii of the torus—> o)
Duality between instanton moduli on R
and instanton moduli on “1pt.” (ct. van Baal, hep-th/9512223]

4dim. ASDYang-Mills eq.

0dim. ASD Yang-Mills eq.
F.=0& oA +[A,.A]

.z =0

3133

v,
Y

Matrix eq. !
k x k PBE-

&6

B}

Sol.=instantons
(G=U(N), C2 =k)

A, =V73V

map F (0dim Dirac eq.)
—r

Sol.=""dual instantons’’
(G=U(k), "C2=N"")

Kﬂ:kxk

Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction
based on the following duality

4dim. ASDYang-Mills eq.

ADHM eg.. (=0dim. ASDYM)
[2,7]+[2,,7,]

G(4dim D.eq.)

R

Fl
E,

[B,B/1+[B,,B, ]+ 11" =3"J=0
[B,,B,]+ 10 =0
k X k matrix eq.

F(0dim D.cq.)
Sol.=instantons 111
(G=U(N), C2 =k) ]
Proved in the
A, N xN same way as

the Nahm trf.

Sol.=ADHM data
(G="U(k)")
B]‘2 tkxk,

I:kxN, J:Nxk

D-brane interpretation of ADHM Construction

4dim. ASDYang-Mills eq.
(G=U(N), C2 =k)

[Witten, Douglas]

ADHM eq. (=0dim. ASDYM)
(G="Uk)")

G(4dim D.eq.)

—_

aa + Flzi
=0

2, F(0dim D.eq.)

[B,B/1+[B,,B, ]+ 11" =3"J=0
[B,,B,]+1J =0
k % k matrix eq.

SUSY trf. of gaugino \
Sy o« e“T"F,,
= g“diag (75 F,, 1450 Fo)

N D4 branes

/ D-term conditions

0-0 strings & kXk: B
0-4 strings <> kX N:LJ

k DO branes
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ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eq. ADHM eq. (=0dim. ASDYM)

F,, 4 F [B,B1+[By,B ]+ 117=3"3=0
L He = [B,B,]+ 10 =0
! k X k matrix eq.

BPST instanton Sol.=ADHM data
M (G="U(1)")
«— p=0 position

(G=U(2), C2 =1)
i(x-h)" 7P
= 2x2 Bm:alg, 1x1

Y (a-—a)+pt

0
2ip* asD/ A 0
E = I =(p,0),J =
w = Gy s py / x / (ps ){ »

size
p—0

ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) NC BPST instanton (N=2, k=1)

ASDYang-Mills eq. ADHM eq.
o T E, M F (BB 1+[B,, B 1+ 11" =37 =
—0 He F (BB, ]+10 =0
42y .
k X k marix eq.

BPST instanton
(G=U(2), G2 =1)

Sol.: ADHM data
G="U(")
— p=0 positi?n

A,,> Fﬂv rexact sol.

A BLZ =

Do kX k ADHM data give y h = 0
Instanton number k X I = W ,02 4¢40),J —[ ]
in general ? (We prove this.) & i s

size

p—0

3. Proof of the duality: (inst)¢>(ADHM)

G
@WM | NC ADHM |
E
A, :NxN By, tkxk,
l:kxN, J:Nxk

(i) ASD (ASDYM eq.) (i) ASD (ADHM eq.)
(ii) C_2=k (ii) matrix size =k, N
Ay

dil) D72 has i )42 has

(iii) is automatically satisfied in the noncommutative situation
[Maeda-Sako] [Nakajima] (For any 6 [MH, Nakatsu])

F:(ADHM)->(inst):ADHM construction

Odim.
Dirac eq.
VisV =0, V'V =1
A,=V7%0,V:NxN [l, J J Bl,z:kxk,
volz,-

NC ADHM

? B -@-B) l:kxN, J:Nxk
7,-B' z,-B,

0dim Dirac op.(N +2k)x 2k
(i) ASD(ASDYM eq)\chusm—ScImsz (l) ASD (ADHM eq.)
(ii) C_2=k < IMH Nakatsul,... (ii) matrix size=k, N
We prove the NC version of the formula: cf.[Atiyah, Hori]

jd"xTrN F, *F,, = —J'd“xTerQ:W *Q,

v

Proof of the one-to-one ¢ Define the maps F & G where Q,,:=0,0-0,0,+[0,o,].
& GF=id. & F-G=id. 0, =V 20,9, V=Ve© V)~
2k X 2k (N+2k) X 2k

F: (ADHM)->(inst):ADHM construction

[ NCinstamon |5 | wcapmwm |
A VIRV =0, VRV =1,
A, =V %0,V :NxN - , B, tkxk,
Ve[BTB SEIB N, TNk

z,-B  12,-B,

0dim Dirac op.(N +2k)x 2k

-1

) 1 - C
Then: c, ;=@jd“xTrN FoF =1 [d*xTr,Q;, *Q;,
_ 1 -1 3 _ — X“e#
= a7 e TRleTR(@ gy =k, g==

comes from the size of the ADHM data!

Interpretation in operator formalism would be
insteresting. (The matrix g is a shift operator!)

G: (inst)->(ADHM): inverse construction

4dim.
. ' Dirac eq.

8D, %y =0, [dxy *y=1,

NC ADHM

A, iNxN D :4dim Dirac op. B, =[d Xz, 1y wy sk,
] I+’XJ :Nxk
e
(i) ASD (ASDYM eq.) (i) ASD (ADHM eq.)
(i) C_2-k (ii) matrix size= k, N

commutative input
[Maeda-Sako2009] proves existence

of the Dirac zero-mode by a formal w(x,0) Oy + 0y e,
power expansion of 0, recursively. A(x,6) A+ A? 4.,
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GeF=id : (ADHM)->(inst)->(ADHM)

Odim. adim.
NCADHM | Dirag eq- M Dirac eq, ~ | < ADHM
v

v  _n o

B, 1,J A =V %0V — o Bl,=B,,?
- U DL R T}
— in terms of o =Y

the original B, I, I, V
to give the new data

y=y(B,1,IV) <
=V " *Cf The answer

gD, *y =0, J.d"xy/*ﬂﬂ//:lk

B, :IdAXZLz *ylay=--=B,
1.3 1.3 are shown [Maeda-Sako]
~ 2 == 2
r 3

F-G=id: (inst)->(ADHM)->(inst)

Dirac eq. NC ADHM Dirac eq. stanton
4 Vv ,

Aﬂ BI,Z/’JVI/{/‘J//// find A, = A# ?

— in terms of

the original instanton Ap
to give the new instanton

D**V =—4y*C :the answer

[Maeda-Sako] assume the existence of V.
[MH-Nakatsu] prove it

V=V(A,.p)

VsV =0, V'xV =1
A =V %0,V = =A,

are shown (some existence proofs
is also made by us)

Main result: We prove the ADHM duality in the
formal power series of 0-expansion for

1:1
] — |

(i) ASD (ASDYM eq.)
(i) C 2=k

NC ADHM

(i) ASD (ADHM eq.)
(ii) matrix size =k, N

¢ This is valid only in the region that the 6-
expansions converge.

¢ We proceed to reveal the duality in operator
formalism. (mostly completed [work in progress] )




