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A motivation: Instantons in M-theory

○	
  	
  M-­‐theory	
  =	
  Theory	
  of	
  Membranes

○	
  	
  A	
  closed	
  M2	
  brane	
  can	
  also	
  wind	
  compact	
  cycles	
  in	
  space-­‐Mme.

・Studied	
  in	
  worldvolume	
  theory	
  =	
  probe	
  approximaMon

・backreacMons	
  and	
  interacMons	
  are	
  difficult	
  to	
  study	
  in	
  gravity	
  side.

Winding	
  on	
  a	
  3-­‐cycle	
  =	
  “instanton”

[Becker-­‐Becker-­‐Strominger][Cagnazzo-­‐Sorokin-­‐Wulff][Drukker-­‐Marino-­‐Putrov]

closed	
  M2 graviton

[Naghdi][Ferreira]

○	
  	
  In	
  gauge	
  theory	
  side	
  of AdS4/CFT3

e�vol(M2) ⇠ e�R3
AdS ⇠ e�

p
N

Fermi	
  gas	
  formalism	
  gives	
  such	
  non-­‐perturbaMve	
  effects	
  exactly	
  &	
  directly

instanton
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U(N) circular quiver SCCS

general:

[Guloaa-­‐Ang-­‐Herzog]

ABJM:

edge	
  →	
  two	
  bifundamental	
  hypermulMplets
vertex	
  →	
  Chern-­‐Simons	
  vector	
  mulMplet	
  with	
  level	
  k

ki =
k

2
(si � si�1)

logZ ⇠ N3/2
=)

X

i

ki = 0

k-k

○

Numbers	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  should	
  be	
  assigned	
  on	
  edges	
  so	
  that{si}

i

○	
  	
  large	
  N	
  limit	
  were	
  studied	
  exhausMvely
[Suyama][Drukker-­‐Marino-­‐Putrov][Herzog-­‐Klebanov-­‐Pufu-­‐Tesileanu]…

k1

k2

kM

k3

k4



U(N) circular quiver SCCS

general:

[Guloaa-­‐Ang-­‐Herzog]

ABJM:

○	
  	
  For	
  simplificty	
  we	
  consider

edge	
  →	
  two	
  bifundamental	
  hypermulMplets
vertex	
  →	
  Chern-­‐Simons	
  vector	
  mulMplet	
  with	
  level	
  k

dual	
  to

ki =
k

2
(si � si�1)

logZ ⇠ N3/2
=)

X

i

ki = 0

k-k

○

Numbers	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  should	
  be	
  assigned	
  on	
  edges	
  so	
  that{si}

i

(q,p)	
  model:

k

0

0

-­‐k 0
0

s	
  =	
  +1

s	
  =	
  -­‐1i

i ×	
  q

×	
  p

[Imamura-­‐Kimura]{si}q+p
i=1 = {(+1)q, (�1)p}

AdS4 ⇥ S7/�q,p (C4/�q,p = (C2/Zq ⇥ C2/Zp)/Zk)

○	
  	
  large	
  N	
  limit	
  were	
  studied	
  exhausMvely

k1

k2

kM

k3

k4

[Suyama][Drukker-­‐Marino-­‐Putrov][Herzog-­‐Klebanov-­‐Pufu-­‐Tesileanu]…



can	
  be	
  computed	
  by	
  small	
  k-­‐expansion

:	
  one-­‐parMcle	
  density	
  matrix

[ bQ, bP ] = i~ (~ = 2⇡k)

Z(N) =

Z
dµ

2⇡i
eJ�µN○	
  	
  Inverse	
  trsf.:

so	
  that

J(µ)

Fermi Gas formalism for Partition Function

k

0

0

-­‐k 0
0

s	
  =	
  +1

s	
  =	
  -­‐1i

i ×	
  q

×	
  p

Z(N) ⇡ e��N3/2

µ ⇠
p
N

[Marino-­‐Putrov]

O(e�µ)instantons	
  =	
   effects	
  in	
  large	
  µ expansion

○	
  	
  

eJ(µ) =
X

N�0

eµNZ(N) = det(1 + eµ�
bH)

e�
bH

e�
bH
=

✓
2 cosh

bQ
2

◆�q✓
2 cosh

bP
2

◆�p



k→0: “classical limit”

○	
  	
  We	
  have	
  to	
  rewrite	
  small	
  	
  	
  	
  	
  	
  	
  	
  expansion	
  into	
  large	
  	
  	
  	
  	
  	
  	
  expansion.eµ

Tr

bQ, bP Q,P
Z

dQdP

2⇡~

eµ

J(µ) =
1

2⇡~

1X

n=1

(�1)n�1

n
enµ

�
�nq

2

�2
�
�np

2

�2

�(nq)�(np)

J(µ) = Tr log


1 + eµ

1

�
2 cosh

bQ
2

�q�
cosh

bP
2
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�



How to get large     expansion
○	
  	
  Mellin-­‐Barnes	
  representaMon

1X

n=1

(�1)n�1

n
enµZ(n) = �

Z ✏+i1

✏�i1

ds

2⇡i
�(s)�(�s)esµZ(s)

polynomial	
  in µ

e��µs < 0 :	
  instantons

l.h.s.

µ > 0µ < 0

	
  [Hatsuda]

× × × ××××

s

××××× × ×

s = 1, 2, · · ·

① ②

s = 0

Z(s) =
1

2⇡~
�( sq2 )

2�( sp2 )2

�(sq)�(sp)

+	
  perturbaMve	
  correcMonsN3/2
○ ○

○
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○	
  	
  coefficients	
  have	
  poles	
  at

[Moriyama-­‐TN]

???

winding	
  on
Results

:

○	
  	
  exponents	
  modded	
  by	
  orbifold

General	
  properMes	
  of	
  instanton	
  effects:

New	
  hints	
  for	
  instantons	
  in	
  gravity?

S7/�q,p

J(µ) = Jpert +
1

~
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X
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S1/Zq

S1/Zp

(C4/�q,p = (C2/Zq ⇥ C2/Zp)/Zk)

q, p 2 N

Z(s) ! f(s)

g(s)
Z(s)Higher	
  order	
  in	
  semiclassical	
  expansion: (	
  f,g:	
  polynomials	
  )

This	
  structure	
  persist	
  for	
  finite	
  k



Does “divergence” really meaningful ?

:	
  due	
  to	
  the	
  cancellaMon	
  of	
  pairwise	
  divergences

○	
  	
  Poles	
  are	
  visible	
  only	
  aler	
  the	
  deformaMon
nonsense	
  in	
  gravity	
  side	
  !

Can	
  we	
  conMnuously	
  deform	
  theory,
keeping	
  this	
  instanton	
  structure	
  (&	
  tractability)? R-­‐charge	
  deformaMon

4�
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○	
  	
  Actual	
  instanton	
  coefficients	
  are	
  always	
  finite

q = 2, p = 3

q ! q + ✏ 2 N

J(µ) = Jpert +
1
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Example: general R-charge assignment

○	
  	
  Z(N)	
  (localizaMon)	
  do	
  not	
  change	
  drasMcally

○	
  	
  conCnuous	
  deformaMon

[�, e�]X↵
i = �(i✏�µe✏)DµX

↵
i + ✏e✏

✓
i� +

1

2r

◆
X↵

i

ki+1 < ki

X1
i

(X2
i )

†
>

SU(2)i flavor	
  symmetry
doublet	
  in

○	
  	
  Turn	
  on	
  background	
  gauge	
  mulMplet	
  for	
  SU(2) i

8
<

:
[�, e�]X1
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i + ✏e✏
h
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r

⇣
1
2�⇠i

⌘i
X2

i

Z1-loop

hyper,i =

NY

a,b=1

1

2 cosh

�a
i ��b

i+1�⇡i⇠i
2

Fermi	
  gas	
  formalism	
  sMll	
  exist

(A0
i,µ,�

0
i, D

0
i,�

0
i) =

✓
0,� i⇠i

r
�3,� ⇠i

r2
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◆

[Festuccia-­‐Seiberg]



Results

J(µ) = Jpert +
1

~
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○	
  	
  Divergence	
  are	
  visible	
  as	
  we	
  move ⇠, ⌘ conCnuously

○	
  	
  Fermi	
  gas	
  formalism	
  is	
  sMll	
  varid,	
  with

[TN]

e�
bH
=

e
⇠ bQ
4

(2 cosh

bQ
2 )

q/2

e
⌘ bP
4

(2 cosh

bP
2 )

p/2



Outline

1.	
  	
  U(N)	
  circular	
  quiver	
  superconformal	
  Chern-­‐Simons	
  theory

2.	
  	
  non-­‐conformal	
  deformaMon

(=	
  discrete	
  deformaMon	
  of	
  ABJM	
  theory)

3.	
  	
  Summary

(=	
  conMnuous	
  deformaMon	
  of	
  ABJM	
  theory)



○	
  	
  General	
  property	
  of	
  instantons	
  discovered:

○	
  	
  11d	
  gravity	
  dual	
  for	
  conMnuous	
  deformaMon?

Summary

○	
  	
  conMnuous	
  deformaMon

holographic	
  RG	
  flow

○	
  	
  Finite	
  k

instanton	
  coeffs	
  at	
  finite	
  k

New	
  hints	
  for	
  instantons	
  ?

singular	
  coefficients	
  
(&	
  cancellaCons)

poles	
  will	
  be	
  visible	
  also	
  in	
  gravity	
  side

Problems:

(k 2 N) e��µ/k

Other	
  direcMons:

○	
  	
  mass	
  deformaMon ⇠ 2 iR (see	
  poster	
  by	
  K.	
  Shimizu)

○	
  	
  closed	
  expression	
  for	
  full	
  instanton	
  series	
  for	
   k 2 R
(for	
  ABJ(M),	
  q=p=2,	
  OSp refined	
  topological	
  string	
  )

non-­‐canonical	
  R-­‐charges break	
  conformal	
  symmetry [Jafferis]⇠i 6= 0

[Freedman-­‐Pufu][Pilch-­‐Tyukov-­‐Warner]


