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Motivation

Every curved manifold can be isometrically embedded into
some higher-dimensional Euclidean spaces.

Embed as
domain-wall
(Nash [1956]) !

o K

Euclidean lattice space

Curved space

Localize the edge modes of the curved domain-wall fermion.
= they feel "gravity" by the equivalence principle.



Embedding a curved space
For any n-dim. Riemann space (Y, g), there is an embedding
f:Y = R™ (m > n)such that Y is identified as
e :xu(yl’... ) (p=1,---,m)

z# . Cartesian coordinates of R™
y* : coordinates of Y

and the metric is written as
ozt ox¥
9ij = EW:@W Dyt Oy

— vielbein and spin connection are also induced!

Any Riemannian manifold can be identified as a submanifold of
a flat Euclidean space!

Cf. Nash [1956].



"Gravity" in Condensed Matter Physics

z w- 2 J. Onoe et al. observed a
*?.» . .

| ..;“. p /: w‘\ % gravitational effect on 1D
= %b* uneven peanut-shaped Cgo
B0 k<0 k>0 k<0 k>0 polymer.

Rl 1 y h: mean curvature
H=- —0;(v/9970;) + h* — k|, _
2m, [\/g (997 ;) ] { k: Gaussian curvature

— Density of states depends on the curvatures.



Lattice gauge theory on a curved space

Can't put up
a square lattice
around these points

!

We can not approximate d-dim space with d-dim square lattice.
— Can’t handle gravity!



Triangular Lattice

Arbitrary space can be discretezed by a triangular lattice. Their
length and angle represent the gravity. [Regge [1961]; Ambjern et al.
[2001]; Brower et al. [2017]]

Fig 1: Triangular lattice on 2-dim sphere[Brower et al. [2017]]

However, continuum limit is not unique and symmetry
restoration is non-trivial.



Dirac operator With Curved DW

We consider a FREE Dirac operator

2n+1

p=Y" Viaii + msign(f) = D + msign(f)
i=1

{’Ya,’)/b} _ 25(1,17, (a’b =1,---,2n+ 1)

where the smooth function f : R?"*! — R. The edge modes
are

* localized at the domain-wall Y = {f = 0},
* the chiral eigenstate of Yhorma =1 - 7,
+ and feel gravity throguth the spin connection on Y.



Chiral Fermion

2n+1
; Vo + msign(f)

~ony 2t <8 + F) + msign(f)

ot
a 1 b.c f<o
+77| €a + 1 Z Whe,a Y "
be
Y
In the large m limit, D — DY = DY 1(1 4+ ~2"+1).

Similarly, Dt — DY = DY 1(1 — 42+,

— Is it possible to formulate a Chiral fermion on the wall?

We analyze a spectrum of DD and DD,



Anomaly inflow on S? domain-wall System

The center localized mode
cancels chiral anomaly on the
edge.

This mode becomes an obstacle to constructing a chiral gauge
theory on the square lattice.
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Shamir type S? domain-wall

We consider a Dirac operator on B3.
The boundary is S? with the radius r

Shamir Type Domain-wall

Dirac operator:
3 2
3 o) o 1 D3
D:ilgiaxi_ngr<ar+r>_m_ar'f7

3
52 o ; o . a
D = i_g : O'ZLi + 1, (LZ = —ZEl]k.f]axk>
xT Yy ¥4
Op = —01+ —02+ —03
r T r
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Effective Dirac operator on S?

A spin rotation

changes y —+ R~ 'y and

2 . 0 o9 0 i cosf
DS P Y T it
Z(”laeJ’sma(aaﬁz 2 ”1”2>>’
ANN\NN\NN\NNA

Spin¢ connection on 5?2

O, — 03

Edge states feel gravity through the induced connection!
[Takane and Imura [2013]].
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Boundary Condition

At least, physical states should satisfy
de T DI Dy = / dz® (D) Dip.
B3 B3

The boundary term should be zero.
52

D
2,1 - _ 27— —
— /52 dQ Y o, Dp(rg) /52 dQ* - ¥(rg) =0

Since {DSQ,UT} =0, 1(ro) is an eigenstate of o,.

15



Eigenstate of D'D and DD

Let x4 satisfy
DSQXi :)‘X:F7 ()‘: 1727)
OrX+ = X+

In the large m limit, we assume ¢+ = %e‘m“"“o‘xi, then we get
o 1 D5 A
Dy = <a< + > —m - ar>w+ ~ Sy,
or r T

1 DS* A
Diy_ = (—m(a - ) +-m+ ar> o= iy
or r r

— DDy, = (%)2¢+ and DDy = (%)Qw_

Chiral modes appear at the boundary



S? Domain-wall Fermion

We consider a lattice on B? with the
radius ryg.

The (Wilson) Dirac op is

D= a(; {a 2+2vivz} m)
(Vit))z = 9,5 — Va, (Vi)e =, _; — Y
+0OBC

We analyze DD and DD?.

17



Spectrum and Edge modes of DD

We solve DDy = E%4.

DD

[:p Fa(r, 0, ¢)r’sing df de

The edge modes
« are chiral: onormal = 20! + %02 + 20% ~ +1
» have a gap from zero (as a gravitational effect )
+ agree well with the conW

18



Spectrum and Edge modes D D'

We solve DDy = E? as well.

DD

/rlz Tob(r, 6, )rsing do dp

lattice (ro=8.0 x a)
x  continuum on DW

0 10 20 30 40 50 60 o 2 4 6

The result is almost the same as DD, but edge modes are
negative chiral modes.

z Y 9
Onormal = Zot + -0+ - U ~—1
r r r

It seems that a chiral theory is possible...

075
0.50
025
0.00
-0.25
-0.50
-0.75

-1.00
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Chiral Anomaly

S = [+ Dy has a chiral symmetry.
— jh = ¢¥y°y#y is conserved.

Oujly =0

However, a quantum loop correction breaks this conservation
law:

/da:28ujffl:/2l7rF:n+—n_7é0
ne =#{¢| Dy =0,y =%y}

This anomaly is related to the zero-mode!

21



S? with Monopole

A 1— cos@dgb
2
Chiral Anomaly = i/ dA =1
27T S2
Dirac index

xT

Covariant Derivative: (V1) = exp {—z/ A Aida;"] Vors — Yz

—+1
— ma> .

— # of zero-mode of DD should be different from that of
DDt,

Dirac Operator:

D:i(Z

i=1

ViVl
5+ 5 ViVl

o




Anomaly Inflow

e lattice () =8.0x a)
x  continuum on DW

This mode is localised
at the center

0.2 —0.25

It cancels the anomaly <= ,,

W(r, 0, 0)rsing do dp

Ey
Kan's talk (August 9th) oo Lo 23



Adding a solenoid

Adding a solenoid to the inside.

This mode is an obstacle to constructing a chiral gauge theory.
24



Contents

Summary

25



Summary and Outlook

[Summary]
In cases S2, we embodied Nash’s thm in domain-wall.

« Chiral edge states feel gravity through the induced spin
connection.

* New localized mode cancels chiral anomaly on the edge.

» This mode is an obstacle to formulating a chiral gauge
theory.

[Outlook]

+ Gravitational anomaly inflow
* Index theorem with a nontrivial curvature
» Formulate real projective space
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S domain-wall

Domain wall:

e(r) =sign(r — o)

_ -1 (r <)
1 (r>ro)



Spectrum of Edge modes

Effective Dirac operator:

Spin¢ connection
——The edge modes is effectively anit-periodic spinor.

(trivial element of the spin bordism group)
Eigenvalue:

— Gravity appears as the gap of the spectrum



Periodicity of Edge modes

S admits two spin structures:
— periodic spinor and anti-periodic spinor.

(0 +27) gauge trsf
! %
=-x'(6) exp(o1020/2)

Can extend to the origin

Only anti-periodic spinors appear at the boundary.



Continuum limit and Finite-volume effect

Continuum limite =1/N — 0

0.000

Large volume limit L = Na — ~
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Fixed parameter:
L= Na,rg=Na/4,m=14/L

Agree well with

the conti. prediction!
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N=L/a

Fixed parameter:

rog = 10a
Saturates when L > 4rg!




S? with Monopole

1 —cosf

A= ——
2 a¢
1
Chiral Anomaly = — dA =1
2 S2
Dirac index

Covariant Derivative: (V;¢), = exp {—z’ / A Aidflii:|¢x = Yz
x+1

+ ema) .

Hermitian Dirac Operator:

Z-Vz'—VI 1 T

i=1,2,3

H:

Q=




Spectrum (Hy = Ev))

1. e lattice (N=20)

x  continuum limit

-4

Localized mode

20 -0 0 0 20
* 0-modes appear at the wall and the center.
+ Center-localized mode cancels Chiral anomaly on S2!
» Monopole and Edge share one charge.

—— Monopole becomes a dyon with charge 3.
(Witten [1979], Fukuda and Yonekura [2021])



Construct 4

We consider matrix valued function and two action of Pauli
matrix:

% =tho + Pic”,
O'i’L'lp :O,iw, O'i’RT/J _ wo,i

Hermitian Dirac operator H is defined by

N A v |
D= Z ot i fVZVZT + ema
i=1,2,3 2 2
Dl :szo.i,R lot RD



T-Anomaly

“Anomaly” is a phenomenon in which a partition function Z[A]
does not have a symmetry of the classical action S[A].

We assume S[A] = [, D"+ has time reversal symmetry.
However, the partition function

) T
Zesl) =1 557 = 12141 exp(—izn(iD))

breaks T-symmetry (Z[A]* # Z[A])
since PV regulator has no T-symm.
n(iD") = lim lim >

e—+0s—0

AeSpec(z’DY)
= Zsign()\) + #{A =0}

A0

A+e€
’)\+€’1+s



Anomaly inflow

T-anomaly is cancelled by exp(im [ ch(F)), so

Z[A, X] = | Z]A]| exp [m < /X ch(F) — ;n(upy)ﬂ

has T-symmetry! W
—— Anomaly inflow (Cf. Witten [2016])

Y

anomaly
(Bulk)

Anomaly Free!

T-anomaly
(Edge)




U(1) gauge field on a square lattice

U(1)-flux.
1 U(1) gauge field:

A { a(%)QdO (r<mr)

add (r1 <r <o)

s SL:  ,

T .
Covariant derivative: (V;), = exp [z / A Aidcﬁ} Vprs — Y
T+i
Hermitian Dirac Operator:
T
g3 Vz — V 1
H = o iZI; aiTl + ivivj + ema




Spectrum (Hy = Ev))

x 1.00
40 F—— , e e ——YREN
g A e —— 0.75
—— —— 0.50
204
I w—— >
0.25
o =
oo ——— wo O
— o -
w0 O
2.0
[e— ] -0.50
—1nrg - T— 075
40
T -1.00
0.0 0.2 04
o 1
1 1 0 1 n+s—«
H%Hfff:* —l— + - —« 7E: .
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Parity (Time reversal) Anomaly

40 4 B S
miro

o — Vertical
—_—— T Asymmetry
\ S —— l
A T-Anomaly!

00

ETU

nry
40 B — o ——




Anomaly Inflow

40 =m&____-___ ,,,,,, W}
,,,,,, L — Chiral anomaly on Bluk
0 \
£ oo L T— T — — dA =«
[ﬂ \ o T— 27T r<ro
ao| —n) = op{n(e) = —2T cancels the T-anomaly on
| —— e —— Edge
40 ——.... —_—
— - ;‘1',0 — Anomaly inflow (witten [2016])
(&7

APS-index (Fukaya et al. [2020]) describes Anomaly inflow!

1 1 1 1 1
INndpps = — A— —n(HS,) = —=n(H) = :
naps 27 /r<rod '%Z\(/V\e/{/\,)— 277( ) [a+ 2]



When U(1) flux is singular (r; ~ a)

Chiral anomaly on Bluk is not well-defined.
——>Another localized mode canceled the T-anomaly!

Chirality

0
5
0

I3

It is related to “Witten Effect” [witten [1979]]
(cf. Naoto’s talk)



Creation of Domain-wall

\V4 VT

g3 i~ : 1 +
H=— g ; L E -V;V! 1

a ( ;i 5 + 5 ViVi —i—ema)

i=1,2 i=1,2

=IMefra

Wilson term and the U(1) gauge
generate a new domain-wall !




S1 domain-wall on a square lattice

Let (Z/N7Z)? be a two-dim. lattice.
The domain-wall is given by

and the (Wilson) Dirac op is

v,-vi 1
nem( £ [n "5 e

i=1,2

)

(Vith)e = ¥, 47 — Wa, (VI)e =, _; — ta

+ PBC for all direction.

Cf. Kaplan [1992] studied a flat domain-wall in R2m+1

To

T TN

N—_t

L




Spectrum (Hy = Ev))

300 1.00
075
20,0
050
10.0 4
mry 025 o
2
° mry e
L: 00 000 O
—mry E
[3)
_ 025
-10.0 mry
050
200 (Almost) Chiral !
075
300 -1.00

T T T T T T T T T
—400 300 -200 -100 0 100 200 300 400
J

Fig 2: The Dirac eigenvalue spectrum: ma = 0.7,70 = L/4, N = 20

The color = chirality: ynormal = 01 + 202



Edge modes

6.0

@ Lattice (N=20) Bulk mode

| X Conti .. °

Edge mode

®
°
X
o
—mry X
40 o ¢ T

Bulk mode

-12 -8 -4

The edge modes
* have a gap from zero (as a gravitational effect )

+ agree well with the conmlbw



Induced connection and Eigenvalue of the Edge modes

6.0

@ Lattice (N=20) Bulk mode

| X Conti .. °

Edge mode

4
°
X
o
—mry X
404, A g

Bulk mode

-12 -8 -4

1
= — | —7p— —_ E:
H_>Heff 7’0( Zae+2’>7

Spin¢ connection



Recovery of Rotational symmetry in the continuum limit (S')

o
~%

1 «Continuum limit
0

0020

A = (max(peak) — min(peak))/a?

The rotational symmetry
automatically recovers in the
continuum limit!



Effective Dirac op and Dirac op. of 5

The spin rotation using

changes y —+ R~ 'y and

( me O'jaj) . ( : em o3(& + 1+ LogDg)
3
—0

—0ld. — 9 414 1,3 —
0l0; —me L+ 14+ 10%Dse) em

Des— (0 0 L 02 (O 1 cosf
PN TemgNag T2 2

Spin¢ connection on S?
Edge states feel gravity through the induced connection!
[Takane and Imura [2013]].



Continuum limit and Finite volume effect

Continuum limite =1/N — 0 Large volume limit L = Na — oo
0.0 1
® m=10/L 0ss 1 » ° . .
V m=14/L 050 ° i
o e m=20/L H L > 4r,
3..: 075 ° H
"V ee |
- 0 v .V 0.70 :
e v [ ] f 1
th_l v . ° I'u% 065 i
03 v v 060 H
1
055 :
04 . i
«—Continuum limit e . i Large volume limit—

0.00 0.02 0.04 0.06 0.08 0.10 10 12 14 16 18 20 2

a=1/N N=L/a

Fixed parameter:
L= Na,rg=Na/4,m=14/L

Agree well with
the conti. prediction!

Fixed parameter:
ro = 4a

Saturates when L > 4rg!



Recovery of Rotational symmetry in the continuum limit (52)

«Continuum limit

00 006
a=1/N

<<<<<

N ;‘ 'I(
|

: \

(slice at z = N/2)

A = (max(peak) — min(peak))/a>

The rotational symmetry
automatically recovers in the
continuum limit!



Spectrum (Hy = Ev))

1. e lattice (N=20)

x  continuum limit

-4

Localized mode

20 -0 0 0 20
* 0-modes appear at the wall and the center.
+ Center-localized mode cancels Chiral anomaly on S2!
» Monopole and Edge share one charge.

—— Monopole becomes a dyon with charge 3.
(Witten [1979], Naoto’s Talk)



Domain-wall Creation

Wilson term and the U(1) gauge
generate a new domain-wall !




Chiral Fermion

2m+1

D=>Y" Viaxi + msign(f)
=1

yy2m+1g + F + msign(f)

ot
1 .
+7° (ea +3 > wbcmbvc) 1 =0
be r
DY
In the large m limit, D — DY = DY 1(1 + 2™+,

Similarly, Dt — DY = DY }(1 —~42m+1).

— Is it possible to formulate a Chiral fermion on the wall?

We analyze a spectrum of DD and DT D.



The spectrum of D'D and D D' without U(1) gauge field

We solve DDy = E%¢ and DDy = E%.

D'D DD’

+ lattice (n=8.0xa)
x  continuum on DW

o lattice (np=8.0 x a)
x  continuum on DW
30 40 50 60

Weyl fermions appear at the Wall.

It seems that a chiral theory is possible...



Chiral Fermion

2m+1

D=3 55 +msign(f)
=1

0
2L L F o+ msign(f

N ot
+fy (6a+ ZwbcaV’Y
be
DY

In the large m limit, D — DY = DY 1(1 4+ 2™+,
Similarly, Dt — DY = DY 1(1 —~42m+1).
— Is it possible to formulate a Chiral fermion on the wall?

We analyze a spectrum of DD and DT D.



Free Curved Domain-Wall

7 Vi— Vi 1y o {777} = 26"
H=- ~° L4 -V, V| +ma |, _ _
“(E 2 2 (777} =0, =1

Domain-wall

+ Chiral edge modes (vnormal = +1) appear at the wall,
« and feel gravity through the induced spin connection.
[SA and H. Fukaya, 2022]
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