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形式的/技術的な困難
○ゲージ場のヒルベルト空間(ゲージ群)を有限自由度で近似する

量子群に基づく定式化を提案する！

○ ユニタリ性の問題

○ 実装の問題

・リンク変数（演算子）のユニタリ性
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FIG. 1. (a) In a 2+1D Kogut-Susskind LGT [see Eq. (1)]
gauge fields live on links of a spatial 2D square lattice, which
contains elementary plaquettes (blue) and four-vertices (red).
(b) For the gauge-invariant SN basis (see main text) every
four-vertex is split into two three-vertices, resulting in an ad-
ditional link (dashed). (c) The elementary plaquette operator
on the point-split lattice acts on elementary hexagons accord-
ing to Eq. (2). (d) A key feature preserved by our proposed
q-deformed regularization are local unitary transformations
(“F -moves”) that effect a basis transformation between in-
equivalent ways of point-splitting [see Eq. (6)].

Model and truncation.– To be specific, we consider a
SU(2) LGT in two spatial dimensions, but our approach
applies to all SU(N) LGTs in arbitrary dimensions. In
preparation for the q-deformed theory, we start with the
KS Hamiltonian [48, 51]
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where g
2 is the dimensionless bare coupling constant and

a denotes the spatial lattice spacing. Here, E
2
`

is the
electric energy operator acting on every link ` of a 2D
square lattice, while U⇤ acts on the four links forming an
elementary plaquette (see Fig. 1a). In the Hamiltonian
formulation, gauge invariance is expressed by Gauss’ law
operators G+, associated to every vertex + of the lattice,
such that [HKS, G+] = 0 8+, and the gauge-invariant
Hilbert space is spanned by all states | i which fulfill
Gauss’ law G+| i = 0 (in the absence of static charges).

Since we will define the qKS theory in a gauge-invariant
basis formed by spin network (SN) states, we first recall
this construction for the standard KS model [51]. These
states are obtained by solving Gauss’ law in terms of spin
singlets at every four-vertex. To keep track of inequiva-
lent singlets, it is convenient to work on a tri-valent lat-
tice obtained by “point-splitting” every four-vertex into
two three-vertices as indicated in Fig. 1b, a construction
which is also heavily used in the LSH formulation [39, 52].
The fact that this procedure is fundamentally non-unique

implies the existence of local basis changes [see Fig. 1d]
which will become essential for SNAQs. A general SU(2)
SN state has the form |ji = ⌦

0
`
|j`i with one SU(2) rep-

resentation label j` 2 {0, 1
2 , 1, . . . } assigned to every link

of the resulting lattice. The rules of angular momen-
tum addition lead to an additional “triangle” constraint
|j1 � j2|  j3  j1 + j2, together with j1 + j2 + j3 2 N,
which has to be satisfied by all triples of spins (j1, j2, j3)
that meet at a vertex, which we indicate by the primed
product. One can show that the collection of all such SN
states forms an orthonormal basis of the gauge-invariant
Hilbert space (see [51] and SM).

We propose to regularize the KS model by deforming
the corresponding defining Lie algebra. In the present
example, we proceed by replacing the data arising from
the representation theory of SU(2) with analogous ex-
pression for the quantum group SU(2)k (see, e.g., [49]
and the SM). More precisely, we define generalized SN
states with j` 2 {0, 1

2 , 1, . . . ,
k

2}, which truncates the lo-
cal Hilbert space dimension that physically corresponds
to a maximum electric flux jmax = k

2 . Additionally, the
triangle constraint for triples (j1, j2, j3) is replaced by the
SU(2)k fusion rule: j1 + j2 � j3 and j1 + j2 + j3  k.
To remain close to the original KS model, we define the
electric energy operator E

2
`

analogously and only trun-
cate it to admissible states. That is, E2

`
is diagonal and

acts only on the links ` that are also present in the origi-
nal square lattice (the additional links introduced in the
point-splitting do not carry electric energy), where we
have E

2
`
|j`i = E(j`)|j`i with E(j) = j(j + 1).

To complete our construction, recall that in the SN
basis of the KS model, the plaquette operator acts non-
trivially on the six inner links of a plaquette, depend-
ing on the six outer links (see Fig. 1c) [53]. The non-
vanishing matrix elements are most conveniently ex-
pressed in terms of F -matrices (see SM for an explicit
formula in terms of Wigner’s 6j-symbols) as
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where a trivial action for other links ` not touching the
plaquette ⇤ is implicit. For the q-deformed theory, we
define the action of plaquette operators in the SU(2)k
SN basis by Eq. (2) with F -matrices replaced by their
corresponding counterparts for SU(2)k (see [49] and the
SM).

The resulting theory, which we call the q-deformed

Kogut-Susskind model (HqKS), can be interpreted as a
particular perturbation of the stringnet models intro-
duced in [3]. A related q-deformed truncation of the
partition function of 3D SU(2) lattice Yang-Mills theory
was studied with tensor network methods in [42]. While
the present discussion builds on gauge-covariant bases in
the Hamiltonian formulation as introduced in [51], note
that similar constructions have been used for the LSH

<latexit sha1_base64="848qSUGUKGu4JEMylf61+4w1A5o="></latexit>

6=



早田智也 場の理論と弦理論 2023, 2023年8月4日

SU(N)kとグラフの変形ルールI

○Wilson line

○状態のグラフ表現 (2+1次元のYang-Mills理論)
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FIG. 1. (a) In a 2+1D Kogut-Susskind LGT [see Eq. (1)]
gauge fields live on links of a spatial 2D square lattice, which
contains elementary plaquettes (blue) and four-vertices (red).
(b) For the gauge-invariant SN basis (see main text) every
four-vertex is split into two three-vertices, resulting in an ad-
ditional link (dashed). (c) The elementary plaquette operator
on the point-split lattice acts on elementary hexagons accord-
ing to Eq. (2). (d) A key feature preserved by our proposed
q-deformed regularization are local unitary transformations
(“F -moves”) that effect a basis transformation between in-
equivalent ways of point-splitting [see Eq. (6)].

Model and truncation.– To be specific, we consider a
SU(2) LGT in two spatial dimensions, but our approach
applies to all SU(N) LGTs in arbitrary dimensions. In
preparation for the q-deformed theory, we start with the
KS Hamiltonian [48, 51]
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where g
2 is the dimensionless bare coupling constant and

a denotes the spatial lattice spacing. Here, E
2
`

is the
electric energy operator acting on every link ` of a 2D
square lattice, while U⇤ acts on the four links forming an
elementary plaquette (see Fig. 1a). In the Hamiltonian
formulation, gauge invariance is expressed by Gauss’ law
operators G+, associated to every vertex + of the lattice,
such that [HKS, G+] = 0 8+, and the gauge-invariant
Hilbert space is spanned by all states | i which fulfill
Gauss’ law G+| i = 0 (in the absence of static charges).

Since we will define the qKS theory in a gauge-invariant
basis formed by spin network (SN) states, we first recall
this construction for the standard KS model [51]. These
states are obtained by solving Gauss’ law in terms of spin
singlets at every four-vertex. To keep track of inequiva-
lent singlets, it is convenient to work on a tri-valent lat-
tice obtained by “point-splitting” every four-vertex into
two three-vertices as indicated in Fig. 1b, a construction
which is also heavily used in the LSH formulation [39, 52].
The fact that this procedure is fundamentally non-unique

implies the existence of local basis changes [see Fig. 1d]
which will become essential for SNAQs. A general SU(2)
SN state has the form |ji = ⌦

0
`
|j`i with one SU(2) rep-

resentation label j` 2 {0, 1
2 , 1, . . . } assigned to every link

of the resulting lattice. The rules of angular momen-
tum addition lead to an additional “triangle” constraint
|j1 � j2|  j3  j1 + j2, together with j1 + j2 + j3 2 N,
which has to be satisfied by all triples of spins (j1, j2, j3)
that meet at a vertex, which we indicate by the primed
product. One can show that the collection of all such SN
states forms an orthonormal basis of the gauge-invariant
Hilbert space (see [51] and SM).

We propose to regularize the KS model by deforming
the corresponding defining Lie algebra. In the present
example, we proceed by replacing the data arising from
the representation theory of SU(2) with analogous ex-
pression for the quantum group SU(2)k (see, e.g., [49]
and the SM). More precisely, we define generalized SN
states with j` 2 {0, 1

2 , 1, . . . ,
k

2}, which truncates the lo-
cal Hilbert space dimension that physically corresponds
to a maximum electric flux jmax = k

2 . Additionally, the
triangle constraint for triples (j1, j2, j3) is replaced by the
SU(2)k fusion rule: j1 + j2 � j3 and j1 + j2 + j3  k.
To remain close to the original KS model, we define the
electric energy operator E

2
`

analogously and only trun-
cate it to admissible states. That is, E2

`
is diagonal and

acts only on the links ` that are also present in the origi-
nal square lattice (the additional links introduced in the
point-splitting do not carry electric energy), where we
have E

2
`
|j`i = E(j`)|j`i with E(j) = j(j + 1).

To complete our construction, recall that in the SN
basis of the KS model, the plaquette operator acts non-
trivially on the six inner links of a plaquette, depend-
ing on the six outer links (see Fig. 1c) [53]. The non-
vanishing matrix elements are most conveniently ex-
pressed in terms of F -matrices (see SM for an explicit
formula in terms of Wigner’s 6j-symbols) as
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where a trivial action for other links ` not touching the
plaquette ⇤ is implicit. For the q-deformed theory, we
define the action of plaquette operators in the SU(2)k
SN basis by Eq. (2) with F -matrices replaced by their
corresponding counterparts for SU(2)k (see [49] and the
SM).

The resulting theory, which we call the q-deformed

Kogut-Susskind model (HqKS), can be interpreted as a
particular perturbation of the stringnet models intro-
duced in [3]. A related q-deformed truncation of the
partition function of 3D SU(2) lattice Yang-Mills theory
was studied with tensor network methods in [42]. While
the present discussion builds on gauge-covariant bases in
the Hamiltonian formulation as introduced in [51], note
that similar constructions have been used for the LSH
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SU(N)kとグラフの変形ルールII

○Wilson line

○変形ルール
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b
<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="5uaV2vMTrQE2+M48CbTvUwxC4Fo="></latexit>

=
X

c,µ

r
dc
dadb

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c <latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b
<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="ZKGwORx7wpDK6soXNfc2lcAisZM="></latexit>

ā

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="zaXb7Ega9o4VHDFymhY6qCKXhgo="></latexit>

µ0

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="Myt1QttoLAeXNlXiu9PuMwtsWpQ="></latexit>

=
X

f,⇢,�

[F abc
d ](e,µ,⌫)(d,⇢,�)

[Fabc
d ]ef = (−1) ja+jb+jc+jd (2je + 1)(2jf + 1) {ja jb je

jc jd jf}

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="J2AtWaG7Koy//bxldUiKJWQv1gU="></latexit>e
<latexit sha1_base64="PA5qyUZCXyruPlyUOTemv9XOfCQ="></latexit>

f

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

= ∑
f

[Fabc
d ]ef

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c
<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ
<latexit sha1_base64="Gj2dYTN8rPxxrCrdsKEIRHOqEZM="></latexit>⌫

<latexit sha1_base64="KpZk8o4gAqYWZC1IiYF02pVJQAc="></latexit>⇢
<latexit sha1_base64="saoMcFald+R/hP+heEV11ciJips="></latexit>�

[Fabc
d ]ef = (−1) ja+jb+jc+jd (2je + 1)(2jf + 1) {ja jb je

jc jd jf}

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="J2AtWaG7Koy//bxldUiKJWQv1gU="></latexit>e
<latexit sha1_base64="PA5qyUZCXyruPlyUOTemv9XOfCQ="></latexit>

f

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

= ∑
f

[Fabc
d ]ef

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c
<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ
<latexit sha1_base64="Gj2dYTN8rPxxrCrdsKEIRHOqEZM="></latexit>⌫

<latexit sha1_base64="KpZk8o4gAqYWZC1IiYF02pVJQAc="></latexit>⇢
<latexit sha1_base64="saoMcFald+R/hP+heEV11ciJips="></latexit>�

<latexit sha1_base64="ClZ5CIgKid7B59kjfxJphEF1Zdk="></latexit>

da 量子次元

<latexit sha1_base64="WSGk7SJHHpn2wrJeLH6upgBVhIo="></latexit>

a⇥ b =
X

c

N c
abc

Fusion rules
<latexit sha1_base64="naKRkbkVpWRP9rM5WChQ0gTqt3c="></latexit>

a = (pa, qa, · · · ) Dynkin index

<latexit sha1_base64="76A0afOO3q1tmyZcDcJiO4udfvU="></latexit>p
daUa =



早田智也 場の理論と弦理論 2023, 2023年8月4日

SU(N)kとグラフの変形ルールIII

○ユニタリ性

○ pentagon方程式

<latexit sha1_base64="vFiu90vLqpP5cvB5LyBU88Op40Q="></latexit>X

�

[F fcd
e ](g,�,�)(l,⌫,�)[F

abl
e ](f,↵,�)(k,µ,�)

=
X

h,�, ,⇢

[F abc
g ](f,↵,�)(h, ,�)[F

ahd
e ](g,�,�)(k,⇢,�)[F

bcd
k ](h, ,⇢)(l,⌫,µ)

<latexit sha1_base64="9bQGYIF02RW8To2zfzE6dmzIETc="></latexit>

[(F abc
d )�1](e,µ,⌫)(d,⇢,�) = [(F abc

d )†](e,µ,⌫)(d,⇢,�) = [F abc
d ]⇤(d,⇢,�)(e,µ,⌫)

・‘格子間’のユニタリ同値性を保証する
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量子群に基づく格子ゲージ理論の定式化

○ Kogut-Susskindハミルトニアン

H =
X

x,µ

1

2
E

a2(x, µ)� K

2

X

p2P

(trUp + trU†
p)

<latexit sha1_base64="hqATi1YTAudXydZYhrAiWqtAK1g="></latexit>

○状態への作用(ハニカム格子を採用)
<latexit sha1_base64="IFA5DHzIUNUYIt90FhliWhLniTw="></latexit>

(Ea(x, µ))2<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c <latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a <latexit sha1_base64="AIeWdx2dFzJyRCqm+lm4gjMdk1Y="></latexit>=<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c <latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="IoomvRTXHjxxsTnRC7on5w2gmJs="></latexit>

trUp

<latexit sha1_base64="9Xq4G1qpNNKXix1uOXP9xaEU/6s="></latexit>

C2(a)

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5

<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="+QzK9qgyZKm1j68C6cMCc/RIh5U="></latexit>

µ2

<latexit sha1_base64="vNzQd/d0NWVDqztq7ucahmAZZ4k="></latexit>

µ3

<latexit sha1_base64="4x6plDqKG7diLAYIxwvg4GzBEyM="></latexit>

µ4
<latexit sha1_base64="NO9u0pxLPc4Gyw2q7oYjQx2a9Cc="></latexit>

µ5

<latexit sha1_base64="hxHoypZLY3Cvxw0RqEjMykR01ig="></latexit>

µ6
<latexit sha1_base64="4xu6+JF/EZp20W8RNrBQcyuzEbY="></latexit>

µ1
<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04

<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05

<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

<latexit sha1_base64="cp4DJf4XuLklZDIU9Ow3LDQCtz8="></latexit>

µ0
1

<latexit sha1_base64="nhS2xL9bX4Ee0ReHqL57S04dvP4="></latexit>

µ0
2

<latexit sha1_base64="XOBmgW0IZhSHIH+CaAslc0nqyi8="></latexit>

µ0
3

<latexit sha1_base64="q58jpCJiTeQO2/vN/DCK4TaFds8="></latexit>

µ0
4

<latexit sha1_base64="/YQ91s5xJpkgQuiQL5F2d6s1YTo="></latexit>

µ0
5

<latexit sha1_base64="ef/425wNFuovoMlfFpwz1rrM8sg="></latexit>

µ0
6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="n3hItctFg8gGd3/eMGXRBs1mWhw="></latexit>

=
X

{a0
i,µ

0
i}

6Y

i=1

[F ciai�1d
a0
i

](ai,µi,µ0
i+1),(a

0
i�1,µ0

i�1,µ
0
i)

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5

<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="+QzK9qgyZKm1j68C6cMCc/RIh5U="></latexit>

µ2

<latexit sha1_base64="vNzQd/d0NWVDqztq7ucahmAZZ4k="></latexit>

µ3

<latexit sha1_base64="4x6plDqKG7diLAYIxwvg4GzBEyM="></latexit>

µ4
<latexit sha1_base64="NO9u0pxLPc4Gyw2q7oYjQx2a9Cc="></latexit>

µ5

<latexit sha1_base64="hxHoypZLY3Cvxw0RqEjMykR01ig="></latexit>

µ6
<latexit sha1_base64="4xu6+JF/EZp20W8RNrBQcyuzEbY="></latexit>

µ1
<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04

<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05

<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

<latexit sha1_base64="cp4DJf4XuLklZDIU9Ow3LDQCtz8="></latexit>

µ0
1

<latexit sha1_base64="nhS2xL9bX4Ee0ReHqL57S04dvP4="></latexit>

µ0
2

<latexit sha1_base64="XOBmgW0IZhSHIH+CaAslc0nqyi8="></latexit>

µ0
3

<latexit sha1_base64="q58jpCJiTeQO2/vN/DCK4TaFds8="></latexit>

µ0
4

<latexit sha1_base64="/YQ91s5xJpkgQuiQL5F2d6s1YTo="></latexit>

µ0
5

<latexit sha1_base64="ef/425wNFuovoMlfFpwz1rrM8sg="></latexit>

µ0
6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

TH-Hidaka, arXiv:2306.12324 [hep-lat]
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TH-Hidaka, arXiv:2306.12324 [hep-lat]

平均場近似

○変分波動関数

○状態への作用

○グラフ(fusion rulesだけ)を使って期待値を計算できる

<latexit sha1_base64="tnq1ct4/nOMkvVfrRGzjdmyGSaU="></latexit>

trUbf (f)| 0i =

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a

<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c
<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a

<latexit sha1_base64="fDUMQx09KrfD1yGj5cLRgU95zBE="></latexit>

bf

<latexit sha1_base64="IHsVBbFe0QzzvYOLG0ia95y7ams="></latexit>

| i =
Y

f2F

X

af

 (af )trUaf (f)| 0i



早田智也 場の理論と弦理論 2023, 2023年8月4日

平均場近似

○有効ハミルトニアン

○時間依存Ginzburg-Landau方程式

○虚時間発展を解いて基底状態を調べた

TH-Hidaka, arXiv:2306.12324 [hep-lat]
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Cutoff依存性の検証

・Cutoffを臨界値より十分大きくとらなければいけない
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相図
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Confined

・ゲージ群の有限自由度による近似に伴う人工的な相転移
・外挿時のcutoff依存性に気を付ける必要がある
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モンテカルロ計算との比較
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・cutoffを大きくとればモンテカルロの結果に近づく

・平均場が定量的にも使えることが分かった
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張力の結合定数依存性
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・面積則を示せたが定量的には不十分

・平均場の限界 (Wilson loop同士が相関していない)
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○ 量子群に基づく定式化を整備した

○ 今後の展望

・Wilson loop = ユニタリ演算子
・Yang-Mills理論の効率的な実装→ F moveの効率的な実装

・量子計算機/テンソルネットワークを用いた計算の実装
・時間依存平均場近似による非平衡状態の計算

まとめ

・平均場近似を用いたcutoff依存性の解析

・3+1次元への拡張
・格子量子群ゲージ理論の性質の理解

・平均場近似の改善

・フェルミオン
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Casimir scalingの検証

・弱結合/強結合極限から離れた状態
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Wilson loopの計算 I
expressed by a loop encircling the defect,

tr Ud = . (3.9)

Using the deformation rules in eqs (2.5)-(2.7):

eq. (2.5)
=)

eq. (2.7)
=)

eq. (2.7)
=)

eq. (2.7)
=)

eq. (2.7)
=)

eq. (2.7)
=)

eq. (2.7)
=)

eq. (2.6)
=) ,

(3.10)

we obtain eq. (3.7), by tracing the changes of indices.

4 Computational methods

We employ a variational ansatz introduced in refs. [24, 43],

| i =
Y

f2F

X

af

 (af ) tr Uaf (f) | 0i , (4.1)

where | 0i = |0;0i, and variational parameters  (a) are normalized as
P

a | (a)|2 = 1 such
that h | i = 1. We impose open boundary conditions and take the infinite volume limit.
Assuming the translational invariance of the groundstate, we employ the same wave function
for all plaquettes. In the following subsections, we explain how we compute the expectation
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Wilson loopの計算 II

value of an operator in | i using graph rules introduced in the previous sections, and how we
solve the variational problem.

4.1 Expectation values of observables

Let us evaluate the expectation value of an operator hOi := h |O| i. As an example, we
consider the expectation value of a Wilson loop, O = tr Ud(@S), where @S represents the path
of the Wilson loop, which is the boundary of an area S. The expectation value is given as

htr Ud(@S)i

= h 0| tr Ud(@S)

0

@
Y

f2F

X

af ,bf

 ⇤(af ) (bf ) tr Uāf (f) tr Ubf (f)

1

A | 0i

=
X

{a},{b},{c}

0

@
Y

f 02F
 ⇤(af 0) (bf 0)N

cf 0
āf 0bf 0

1

A h 0| tr Ud(@S)
Y

f2F
tr Ucf (f) | 0i ,

(4.2)

where we introduce a shorthand notation,
X

{a}

=
Y

f2F

X

af

. (4.3)

We repeatedly used the fact that all Wilson loops commute with each other. We also used

tr Ubf (f) | 0i =
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bf , (4.4)

and the fusion rule of the Wilson loops in eqs. (2.13) and (2.14) on the same plaquette to
obtain the second line. The nontrivial part of the calculation is now the evaluation of

h 0| tr Ud(@S)
Y

f2F
tr Ucf (f) | 0i . (4.5)

To this end, let us consider the state

tr Ud(@S)
Y

f2F
tr Ucf (f) | 0i , (4.6)

– 10 –

value of an operator in | i using graph rules introduced in the previous sections, and how we
solve the variational problem.

4.1 Expectation values of observables

Let us evaluate the expectation value of an operator hOi := h |O| i. As an example, we
consider the expectation value of a Wilson loop, O = tr Ud(@S), where @S represents the path
of the Wilson loop, which is the boundary of an area S. The expectation value is given as

htr Ud(@S)i

= h 0| tr Ud(@S)

0

@
Y

f2F

X

af ,bf

 ⇤(af ) (bf ) tr Uāf (f) tr Ubf (f)

1

A | 0i

=
X

{a},{b},{c}

0

@
Y

f 02F
 ⇤(af 0) (bf 0)N

cf 0
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and then apply h 0| on the state. We consider a small lattice with boundaries for illustrating
the computation, and the state (4.6) is represented as

Ud(@S)
Y

f2F
tr Ucf (f) | 0i = , (4.7)

where the red line is the path of @S, and the inside region shaded by light gray is S. By acting
h 0| on the state, we evaluate the expectation value. Let us first look at the boundary. A
given boundary plaquette can be deformed as
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When we compute the partial inner product with h 0| for three edges on the boundary in
eq. (4.8), only states with trivial representation survive, since h0|ai = �0a. Thus, we can replace
the plaquette operator by
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Wilson loopの計算 III

and then apply h 0| on the state. We consider a small lattice with boundaries for illustrating
the computation, and the state (4.6) is represented as
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When we compute the partial inner product with h 0| for three edges on the boundary in
eq. (4.8), only states with trivial representation survive, since h0|ai = �0a. Thus, we can replace
the plaquette operator by

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a <latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>
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a
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>
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=
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a <latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
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a
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a
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a
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a<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>
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. (4.9)

The contribution of this plaquette to the expectation value (4.2) becomes trivial:
X

a,b,c

 ⇤(a) (b)N c
āb�

0
c =

X

a,b

 ⇤(a) (b)�ab = 1, (4.10)

– 11 –

where we employ N0
āb = �ab . Repeating this procedure until we reach @S, eq. (4.7) becomes

! . (4.11)

Where the Wilson loops overlap, we can use eq. (2.6) to evaluate
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Here we used the same reduction as eq. (4.9). Repeating this procedure until the red line
shrinks to a point, we obtain
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where we employ N0
āb = �ab . Repeating this procedure until we reach @S, eq. (4.7) becomes

! . (4.11)

Where the Wilson loops overlap, we can use eq. (2.6) to evaluate
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Here we used the same reduction as eq. (4.9). Repeating this procedure until the red line
shrinks to a point, we obtain

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1
<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>
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<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>
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<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>
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<latexit sha1_base64="sUdw8zuRQBAexEjJqmMMY3gnC3E="></latexit>
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<latexit sha1_base64="WP/Vp+fFGalJ4FEVz86B6brUeLU="></latexit>
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where we employ N0
āb = �ab . Repeating this procedure until we reach @S, eq. (4.7) becomes

! . (4.11)

Where the Wilson loops overlap, we can use eq. (2.6) to evaluate

<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c
<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>
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<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="WP/Vp+fFGalJ4FEVz86B6brUeLU="></latexit>
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c
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µ
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<latexit sha1_base64="WP/Vp+fFGalJ4FEVz86B6brUeLU="></latexit>

d
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d
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. (4.12)

Here we used the same reduction as eq. (4.9). Repeating this procedure until the red line
shrinks to a point, we obtain

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8=">AAADMXichVK7ThtBFL1ewiO8TZpIaRAWiMqaR </latexit>c1
<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g=">AAADMXichVK7ThtBFL3ehAQcE0PSINEgLKNU1tgCElEh0qQEHBskY1m7y2BG7Eu7Y0dmxQ8gpQ1FqkSiQJR8Ag0/QOEO0SFKkGhScGa8gAjCzGhn7p655z6OrhU4Ip KMdVPGq9cDb94ODqXfZYbfZ0dGP1QjvxXavGL7jh+uWmbEHeHxihTS4atByE3XcviKtfVVva+0eRgJ3/suOwGvu2bTExvCNiWgst0oNUZyrMD0mnhqFBMjR8la9EdTGVqjdfLJpha5xMkjCdshkyLsGhWJUQCsTjGwEJbQ75x2KA1uC14cHibQLZxN/NUS1MO/ihlpto0sDr4QzAnKs1N2wK7YCTtkF+zfs7FiHUPV0sFt9bg8aGR3x8o3L7Jc3JI2H1h9GBa8+/UkEMlEB6r/dZwb2KqvAPE7YCg86hMhvq9GQgWlRT9vpaFEhi86h4CWgUaUqnavn/b23lV5bjkfT7G/7BJ6/mFddgxFvfa1vb/El3/r6B44P7T6rq7AQ/Ux8BBRd7R1V1cIK9Yo6sIsFf+fnKdGtVQozhZmlqZz8wvJVA3SOE3SJ0zOZ5qnb7RIFWRv0k/6RXvGkdE1zozznquRSjgf6dEyLm8B4Sq1xg==</latexit>c2

<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho=">AAADMXichVK7ThtBFL1eILyDTRqkNCgWKJU1T </latexit>

c3
<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8=">AAADMXichVK7ThtBFL3ehAQcE0PSINEgLKNU1hgZElEh0qQEHBskY1m7y2BG7Eu7Y0dmxQ8gpQ1FqkSiQJR8Ag0/QOEO0SFKkGhScGa8gAjCzGhn7p655z6OrhU4Ip KMdVPGq9cDb94ODqXfZYbfZ0dGP1QjvxXavGL7jh+uWmbEHeHxihTS4atByE3XcviKtfVVva+0eRgJ3/suOwGvu2bTExvCNiWgst0oNUZyrMD0mnhqFBMjR8la9EdTGVqjdfLJpha5xMkjCdshkyLsGhWJUQCsTjGwEJbQ75x2KA1uC14cHibQLZxN/NUS1MO/ihlpto0sDr4QzAnKs1N2wK7YCTtkF+zfs7FiHUPV0sFt9bg8aGR3x8o3L7Jc3JI2H1h9GBa8+/UkEMlEB6r/dZwb2KqvAPE7YCg86hMhvq9GQgWlRT9vpaFEhi86h4CWgUaUqnavn/b23lV5bjkfT7G/7BJ6/mFddgxFvfa1vb/El3/r6B44P7T6rq7AQ/Ux8BBRd7R1V1cIK9Yo6sIsFf+fnKdGdbpQnC3MLJVy8wvJVA3SOE3SJ0zOZ5qnb7RIFWRv0k/6RXvGkdE1zozznquRSjgf6dEyLm8B5sC1yA==</latexit>c4

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI=">AAADMXichVK7ThtBFL1eQgKOiYE0SDQIyyiVNUaYoFQoaSgBxwbJWNbuMpgR+9Lu2MhZ8QOR0oaCKpEoECWfQMMPULhDdIiSSGlScGa8gAjCzGhn7p655z6OrhU4Ip KMdVPGwKvB12+GhtNvMyPvsqNj49XIb4U2r9i+44frlhlxR3i8IoV0+HoQctO1HL5m7XxR72ttHkbC977KTsDrrtn0xJawTQmobDdKjdEcKzC9pp4axcTIUbKW/bFUhjZok3yyqUUucfJIwnbIpAi7RkViFACrUwwshCX0O6c9SoPbgheHhwl0B2cTf7UE9fCvYkaabSOLgy8Ec4ry7JwdsRt2xo7ZFfv3bKxYx1C1dHBbPS4PGtnvE+W/L7Jc3JK2H1h9GBa8+/UkEMlEB6r/TZxb2KqvAPE7YCg86hMhvq9GQgWlRT9vpaFEhgWdQ0DLQCNKVbvXT/vb/k3502o+nmG/2TX0/MW67BSKeu0/9uEKXz3Q0T1wdrX6rq7AQ/Ux8BBR97R1V1cIK9Yo6sIsFf+fnKdGdbZQnC+UVuZyi5+TqRqiSZqmD5icj7RIS7RMFWRv0g/6SfvGidE1LozLnquRSjjv6dEyrm8B6Yu1yQ==</latexit>
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<latexit sha1_base64="sUdw8zuRQBAexEjJqmMMY3gnC3E=">AAADMXichVK7ThtBFL3eAAFiXkmDlAZhGVFZY5QElAolTUrAGFtyLGt3PZiR96XdsZGz8g9EShsXqRKJAqXMJ6ThByjcRemQS0dKkyJnxpsgsDAz2pm7Z+65j6NrBY 6IJGP9lPFganrm4ezc/KP0wuLS8srjo8hvhTYv2r7jh2XLjLgjPF6UQjq8HITcdC2Hl6zma/VeavMwEr53KDsBr7pmwxPHwjYloIJd264tZ1iO6bU2buQTI0PJ2vNXUml6S3XyyaYWucTJIwnbIZMi7ArliVEArEoxsBCW0O+cujQPbgteHB4m0CbOBv4qCerhX8WMNNtGFgdfCOYaZdklO2dDdsG+siv2585YsY6haungtkZcHtSW3q8Wft/LcnFLOrlmTWBY8J7Uk0AkEx2o/us4j7FVXwHid8BQeDQhQvy/GgkVlBaTvJWGEhl2dA4BLQONKFXtUT/td71h4eVBNt5gX9gAen5mffYdinrtX/bZPj/4pKN74Jxq9V1dgYfqY+Ahona19a+uEFasUdSFWcrfnpxx42grl3+Re77/LLP7KpmqWXpK67SJydmmXXpDe1RE9gZ9oI/UM74ZfeOH8XPkaqQSzhO6sYzBX+8htcs=</latexit>
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内側のWilson loopの数を数える
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Wilson loopの計算 IV

value of an operator in | i using graph rules introduced in the previous sections, and how we
solve the variational problem.

4.1 Expectation values of observables

Let us evaluate the expectation value of an operator hOi := h |O| i. As an example, we
consider the expectation value of a Wilson loop, O = tr Ud(@S), where @S represents the path
of the Wilson loop, which is the boundary of an area S. The expectation value is given as
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where we introduce a shorthand notation,
X
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We repeatedly used the fact that all Wilson loops commute with each other. We also used
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and the fusion rule of the Wilson loops in eqs. (2.13) and (2.14) on the same plaquette to
obtain the second line. The nontrivial part of the calculation is now the evaluation of
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By plugging the obtained numerical factor into eq. (4.2), the expectation value of the Wilson
loop is
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where we employ N d̄
āb = Na

db in the second line, |S| represents the number of the hexagonal
plaquettes inside the path @S, and �d is the string tension,
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a,b Na
db 
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. (4.15)

If �d is of order unity, the Wilson loop exhibits the area law. As is seen later, the wave
function in the string net condensed state is  (a) = da/D [42]. From eq. (2.17), we find that
the string tension �d vanishes, or equivalently, the expectation value of the Wilson loop in
eq. (4.2) becomes the unity.

Next, we compute the expectation value of the Hamiltonian (3.5). Using eq. (4.14), the
expectation value of the Wilson loop on the hexagonal plaquette with the representation (1, 0)

is evaluated as
h |tr U(1,0)(f)| i =
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(1,0)b. Using the same method to that of the expectation value of the
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Here, f and f 0 are the plaquettes adjoining the edge e. The contribution from a plaquette not
adjacent to the edge e becomes trivial, as does in the computation of the expectation value of
the Wilson loop. Therefore, it is sufficient to consider the adjacent hexagonal plaquettes. We
use the same technique as before. First, we apply E2

i to the state

tr Ua(f) tr Ub(f
0) | 0i =

<latexit sha1_base64="DxfVtzs4sFRdFRSHU8J7zJPuJl8="></latexit>

c
<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b
<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="5TYLSQkjmU0VaygoCCg+nJ3iyxA="></latexit>

µ

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a
<latexit sha1_base64="wsQ8dz10u97oUgXpP+XUS7M8xhU="></latexit>

b

<latexit sha1_base64="wPY8mtMgQBn4Trh+ix2KgbsIm3g="></latexit>

a

(4.18)

– 13 –

By plugging the obtained numerical factor into eq. (4.2), the expectation value of the Wilson
loop is

htr Ud(@S)i = dd
Y

f2S

X

af ,bf ,cf

 ⇤(af ) (bf )N
cf
āf bf

�d̄cf
dd

= dd

✓P
a,b Na

db 
⇤(a) (b)

dd

◆|S|

= dd exp(�|S|�d),

(4.14)

where we employ N d̄
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