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Anomalous magnetic moment
S B

Fermion’s energy in the external magnetic field:
— ~ (& —
V(z)=—ii,-B jf=g-"38
(z) Hi Hi = Gig o
Magnetic moment Lande g-factor tree level value 2

1928 P.A.M. Dirac “Quantum Theory of Electron”
Dirac equation (relativity, minimal gauge interaction)

1|0, — e, (x) |y (x) = my(x)

Non-relativistic and weak constant magnetic field
limits of the Dirac equation :
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The Muon g-2 experiments
BNL E821 (-2004)

m Mmeasure precession of muon spin very accurately

N(1) = No(E) exp(~t/y7,) [1 + A(E) sin(w, ! + ¢(E)))
[ BNL web page, g-2 collaboration ]
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Recipe of a g-2 measurement

1. Prepare a polarized muon
beam from P-violating
pion decay helicity -1

+ +
u - =

spin 0 helicity -1

Viomentum —>

1. Store in a magnetic field
(let muon spin precessed)

- e - 1 BXE nl - = E
a)z—;{aﬂB—(aﬂ—yz_J c +§(ﬂ><B+;ﬂ
Magic momentum, y=30 (p= 3 GeV/c),

2. Measure positron from P-
violating muon decay

[ Slide from T. Mibe, L. Roberts ]



Various corrections, error budget

[A. Keshavarzi, LAT23]

MANCHESTER
1824

The University of Manchester

The full data-set

Last update: 2023-07-10 10:26(; Total = 21.90 (xBNL)

\/
_ 20 Muon g-2 (FNAL) TDR target was 20 x BNL //
Z Run-6
Xe3
2
= 159 Run-5
g Run-2/3 result Run 4/5/6, aiming for
S announcement on August / another factor of ~2
2 101 10th. RuN-4 reduction in error: 70 ppb
+ o ey - stat @ 70 ppb syst errors
o i e
= | : . -
@ : ' Run 2/3 analysis complete, aiming to reduce
o 51 ! RunT experimental error by 2. Systematics on track for < 100
| . ppb.
! ¢_,f"f5:::;-:2 !
0 Run-1 Run 1 (2020) result ~5% of full stats, 434 ppb stat 69 157 ppb syst errors
AD WD A9 \r\g r)S) "LQ ‘rL'\ O\ '),'\ A \Q} \q:L 0D
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SM Theory

o= TH(q)

2m

= (Al + o )

s QED, hadronic, EW contributions

X

Schwinger term = 5~ = 0.0011614. ..

X
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e

:
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+ ...
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QED (5-loop)
Aoyama Hayakawa,
Kinoshita, Nio
PRL109,111808 (2012)

Hadronic vacuum
polarization (HVP)

Hadronic light-by-ligh
(Hlbl)

Electroweak (EW)
Knecht et al 02

Czarnecki et al. 02
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muon anomalous magnetic moment
BNL g-2 till 2004 : ~ 3.7 o larger than SM prediction

Contribution Value x10'%  Uncertainty x10%0
QED (5 loops) 11 658 471.895 0.008
EW 15.4 0.1
HVP LO 692.3 4.2
HVP NLO -0.84 0.06
HVP NNLO 1.24 0.01
Hadronic light-by-light 10.5 2.6 |
Total SM prediction 11 659 181.5 4.9
BNL E821 result 11 659 209.1 6.3
FNAL E989/J-PARC E34 goal ~ 1.6

a, ¥’ — oM =27.4(2.7) (2.6) (0.1) (6.3) x10~ "
N N N -

FNAL E989 (2017-)
2021-04: announces ~BNL level error, 4.6x10-10
2023-08-10: Run-2, Run-3 results
All 6 Run completed, x22 more statistics than
BNL aiming for error 1.6 1010 0.14ppm

pnium production
25 meV=2.3 keV/c)

J-PARC E34 (IMPORTANT different systematics !)
e SR ultra-cold muon beam
0.37 ppm then 0.1 ppm, also EDM
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April 2020 status muon g-2 HVP

T T | T T T T
HVP from:
BMW20

)

WP20(lattice) P

not used in WP20

Projected final Fermilab uncertainty —

SM  ex 10
(a -a IO)X 10
TR

[M. Hoferichter]

BNL

WP20 e '

1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 | | FINIAll_
-40 -30 -20 -10 0 10
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G-2 from BSM sources

m Typical new particle contribute g-2
g'z = C (m“ / mNP)2
m To explain current discrepancy

1 a (2)?
Mye 2.010% TeV 100135 GeV 571 GeV
[A. Nyfler ]
m SUSY (scalar-lepton )
m 2 Higgs doublet models ! §
Type-X, ... PN
m Dark photons P SRR N

from kinematical mixings

eF, F°
puv topv

// \\ //
/

// H; \\ ; Hi Y

1 \ 1

L 'y e

MR J% Jun MR ML KL
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Hadronic Vacuum Polarization (HVP)
contribution to g-2

, TIPS
q—=—p — DbV -
% O OO0
& O SHNS
8 43 (a) V OE ()T (d) Ta (e) D1 (f) D14
& ¢
S O OO0
o0 OG-0 OO ® O
(g) D2 (h) D2 0 F (j) D3
Quark & anti-quark contribution o o B Y OO
585 (o (
h .9 g (a) M (b) R (©) Ra ) 0
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Leading order of hadronic contribution

(HVP)
s Hadronic vacuum polarization (HVP) /M%M\\

Had
Vi @ Vi = (q2g/w — Q,uQI/)HV(QQ)

quark’s EM current : V& :zf:@ff%f

m Unitarity, Optical Theorem

ImITy (s) = ﬁam(fﬁe— 5 X)

= Analycity 12 oo Ty (s)
miiy (S
I1 — I/ (0) = — d
v(s) v(0) 7 /4 Ss(s—kQ—ie)

2

2
mz

had F. Jegerlehner’s lectures



Leading order of hadronic contribution
(HVP)

s Hadronic vacuum polarization (HVP)

Had
a [ ds ! (1 — )
= — —ImlII(s)K =
7 Jp s (5)K () K(s) /dea:2+(8/mfb)(1—a:)
1 2 Scut K oo K
= (O[] ™ mme) + [ st mygem i)
T m2 Scut $
. 4rra? g " £
R(s) = 0raq(5)/( 35 ) R B A

0.75 0.8 0.85 .9 .9 2 25 3
vs [GaV] Vs [GaV]

Hagiwara, et al. J.Phys. G38,085003 (2011)



g-2 from R-ratio experiments

6 L T T T ::I T |:: T I T I | T T T T | T T I T | T T T T | ! I T I | T ;I T I | T T T T T T T T B
C lo | LI » ]
s 1 ':(D e’e” — hadrons : Vis Vs, E
E ez QCD E E
4 e’ %
Ara® : B
R(s) = a? (s ] 5: :
) = a5/ () e bt :
..... } ) F T l T .
I H] .
] H O BES m Crystal Ball
— exclusive data * M2 4 PLUTO E
0 | | | J/I I‘\-L ‘ I\\I-_l_'l‘l' 1 | 1 | | | | | | | | 1 | | | | | | | | 1 | 1 | | | | 1 | | | 1 | | B
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Vs (GeV)
Central values Uncertainties
27,

> 5. GeV
25 GeV

-2 GeV




[ A. Keshavarzi, LAT23 ]

Comparisons and the 2021 WP result

The University of Manchester

KNT19, Phys.Rev.D 97 (2018) 114025, Phys.Rev.D 101 (2020) 014029. Phys.Rept. 887 (2020) 1-166.
aBad’ LOVP _ 693.84 + 1.1944; + 1.965y5 £ 0.22,, + 0.715, Detailed comparisons by-channel and energy range between
direct integration results:
= 692.78 + 2.42;,;

DHMZ19 KNT19 Difference
! ! ! ! ‘ ‘ ‘ e 507.85(0.83)(3.23)(0.55)  504.23(1.90) 3.62
DEHZ03: 6963272 ————— o ad 46.21(0.40)(1.10)(0.86) 46.63(94) -0.42
HMNTO3: 692.4 6.4 ——@—— Tt 13.68(0.03)(0.27)(0.14) 13.99(19) -031
DEHZO06: 690.9 % 4.4 ————t ntnnOn0 18.03(0.06)(0.48)(0.26) 18.15(74) -0.12
HMNTOS: 689.4 £ 4.6 ————— KK~ 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
106 65215 5.6 KsKi 12.82(0.06)(0.18)(0.15) 13.04(19) 022
10 cor 52 y 4.41(0.06)(0.04)(0.07) 4.58(10) -0.17
1S11: 690,85 47— Sum of the above 626.08(0.95)(3.48)(1.47)  623.62(2.27) 2.46
—_———————— HLMNT11: 694.9 + 4.3 ———@— [1.8,3.7] GeV (without ¢¢) 33.45(71) 34.45(56) -1.00
_ F17:688.1% 4.1 ——r— Iy, p(2S) 7.76(12) 7.84(19) -0.08
OHMZ17: 6831434 [3.7,00) GeV 17.15(31) 16.95(19) 0.20
—_— KNT18:693.3 %25 ——e—— Total af " '© 694.0(1.0)(3.5)(1.6)(0.1),(0.7)pv+qcp 692.8(2.4) 1.2

DHMZ19: 693.9+4.0 ————t—

KNT19: 692.8 4 2.4 mememommms + evaluations using unitarity & analyticity constraints for zz and zzz channels
68|5 6§0 6§5 760 765 7i0 7i5 [CHS 2018, HHKS 2019]

aLlad, LOVP » 1010

Conservative merging to obtain a realistic assessment of the

0 m_ m o ; R
i . Lk > Precision better than underlying uncer.talntles. .
6 5 06 0.4% * Account for differences in results from the same
09 oy (uncertainties include all experimental inputs. ,
available correlations * Include correlations between systematic errors

2 . .
> Clear n*n~ dominance and x* inflation) L4 a}lWP’LO = 693.1(4.0) x 10710 25

18



The Dominant 77t~ Channel (2)

~— _| T T T T ] _| T ]
5 - e'e o' ] n e'e’'-n'n ]
B oaf - 0| .
0 - - [ -
£ - . . ]
(o) - L .
O 005 ~ 0.05 —
= ]
x ]
=S e o a0 ol C S |l 0 H., _
o _
2 - ]
[0] - -
o -0.05 — -] -0.05 ]
8 - d(syst error): : :
(6) L - 1L 4
01— - o1 + KLOE 08 o KLOE 12

C ° BABAR Combined C » KLOE 10 Combined

Ll P S S R TR S | | Loy ] 1 | | T T S R T T TR T R SR T 7

~— _I T T T I T T T I T T I I ] _I T I T T I ]
s r e'e ' ] - ]
g o1l = o1f -
o) - e - L _
E | N . - -
o — — - -
O 005 J } l l_ } i - 005 L
T Bbhhasitictil I :
= R i o hiE
g £l b - .
g -0.05 - — I T —] -0.05 R T —
S r ] - .
(6 L - L 4
01 * BESIII - 0T *CMD-206 ° SND =

C v CLEO Combined C ° CMD-2 03 Combined

_l 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 I 1 1 1 1 l _| 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 N

0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1

\s [GeV] \s [GeV]

EPS 2019, Ghent, July 10-17, 2019 Zhiqing Zhang (LAL, Orsay) Zhang et al. EPS2019 /14+3

BABAR & KLOE dominates 0.6-0.9 GeV nuit  data,

19

Has a large discrepancy between BABAR & KLOE -> inflate error (dominant)



2023 CMD-3 e+ e- to 1+ 1t-

BABAR
—e— BESIII

CLEO18 .......
—&— KLOE10 :
—&— KLOE12

3 - béfore CMDZ
. ~ CMD2 |

CMD3 fit |2-1

IFf/|F,

——— sn
—“H K:LOE cofmb
n  BABAR

e . Bes
. — . cLEO
| . cuos

-0.15

S | T e U P U T P P PO
_0_6‘... oo oo by oy o by oy o by o by o by oo by o by gy g 1y 360 365 370 375 380 385 390
3 04 05 06 07 08 0.9 1 1.1 1.2 P .
/s, GeV a"™ (0.6 <s <0.88 GeV ), 107"

CMD-3, 2302.08834

https://indico.psi.ch/event/13708/contributions/43296/attachments/25270/
46331/pipiFinal_7June2023_ZurichRadcorMC.pdf
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[ A. Keshavarzi, LAT23 ]

MANCHEIER CMD-3 compared to KNT19

The University of Manchester

In collaboration with Genessa Benton, Diogo Boito, Maarten Golterman, Kim Maltman & Santi Peris. CMD-3 [F. Ignatov et al, arXiv:2302.08834]
To be able to compare CMD-3 with KNT19 data combination: 10
« Data published as pion form factor, |F,|?. = 8 i E':,ng
+ Must subtract vacuum polarisation effects using Fedor ".; 6

Ignatov's VP correction update. o4
» Must include final-state-radiation effects. < 2
+ Put data on fine, common binning. 0

10

In the full 2 data combination range, the KNT19 analysis o - . .
found: Qg s SRR Lo )
=9 AR R E
a™ (0305 — 1.937 GeV) = (50346 £191) x 1070, E§ ‘ i
= E‘D: . h

Replacing KNT19 2pi data in the region 0.33 — 1.20 GeV with
CMD-3 data:

|
(&}

B
w 7 oo :
aZ"™ (0.305 - 1.937 GeV) = (525.17 + 4.18) x 1071°, & & — Quadraticfit S
4{.6 4 . . o o
Neglecting possible correlations between e.g. CMD-3 and ® 3 .
CMD-2, this results in a difference of: S 1
© -1
Aaf™ = (21.71 £4.96) x 10710 > 440, E 3
C,—‘) 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
Vs [GeV]

This removes the experiment vs. SM Muon g-2 discrepancy.

21



lattice calculations ™=~~~ ool L

Nature 593 (2020) 51 PRD 73 (2006) 072003

BNL g-2 5 :

~3.70

ENAL o- 5 I;RL 123(:021) 141:801

~3.30
A A

( 4.20 ),

N v
2nonly fram CMD-
CMD3 .

PhysRep 887 (2020) g
* s $ 828 $
Standard Experiment
Model average

17.5 18.0 185 19.0 19.5 20.0 20.5 21.0 21.5

a, - 10° - 1165900

If it will be only CMD-3

than SM will be solved.

But CMD-3 is only one now over
many other experiments
(BaBar, KLOE, BES, CMD-2,
SND, ...)

Unfortunately at the moment,
we don't know the reasons of
the disagreement between
different experiments.

https://indico.psi.ch/event/13708/contributions/43296/attachments/25270/

46331/pipiFinal_7June2023_ZurichRadcorMC.pdf
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g-2 HVP from Lattice

[ T. Blum, 2003] ] p

[Bernecker Meyer 2011, Feng et al. 201 3]

In Euclidean space-time, project verctor 2 pt to zero spacial momentum,
p=20":

w.d, s,

L| (vg @ strong (

faen(w?)

g-2 HVP contribution is
w(t) ~ t*

ay " =3 wt)C()

o0 dw cos wt— 2
w(t) =2 Jy % fopp(w?) <=1 + 4]

e Subtraction I1(0) is performed.

Noise/Signal ~ e(E=~—m=)t " is improved [Lehner et al. 2015] .
23



Comparison of R-ratio and Lattice
[ F. Jegerlehner alphaQED 2016 ]

m Covariance matrix among energy bin in R-ratio is not available, assumes 100%

correlated™™ 'a48-phys-uds d ‘t‘ ‘ ‘9‘2‘3‘5‘ % —
64phy uds.dat’ using 2
i j‘fi%xix muR.dat’ using 1

a_mu =Area . “

e %%%%mrmﬂmﬂﬂl%%T j

| dhinmniies %

T

allVP = 3, w(t)C(t) 1

X dw w 2 :
w(t) = 2 [ % foo(w?) [=f=1 4 4]

25



Im(s)

pQCD OPE R(s)

poles 1/s(s + Q?) h’

Q%) = Q* f;™ dssri
(1/a =1.78 GeV,

. 2
Pihat(Q")
4
3 — —
2 — —
—— Lattice (u,d,s connected, 48cube), X= 2 sin(p/2)
—— alphaQED (Jergerlehner)
—— Lattice (u,d,s connected, 48cube) X=p, Tcut=24
1 —]
| | | |
0
0 2 4 6 8

0’ 1GeV’l

e*e” — hadrons
eEzmEE QCD

[ S N W S N

O BES m Crystal Ball
—= exclusive data M2 A PLUTO
[ 1= Ll | | ' |
05 1 15 2 25 3 35 4 45 5
1 Vs (GeV)

Relative statistical error)

Relative Err of Pihat(Qz)

0.015

0.01

0.005

—— Lattice (u,d,s, connected, 48cube’
—— alphaQED (Jergerlehner)
[ ——
\
2 4 6 8 10

Q* [GeV]
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au10

up/down quark HVP

100 T T T T T T T . T
48 Z, sources/conhg e
Multi-step AMA with 2000-mode LMA (same cost) +——+—1
80
60

40

10
AaM10

100

80

60

40

20

I ' ' ' 48 % sour'ces/conhg

Multi-step AMA with 2000-mode LMA (same cost)
*

*

+

+

%* +++++
++7T

* T
++
}}wwi¥¥¥¥i+++ 1 1 1 1 1 1

T
*
+

5

10 15 20 25 30 35 40
T

120 conf (a=0.11fm), 80 conf (a=0.086fm) physical point Nf=2+1 Mobius DWF
4D full volume LMA with 2,000 eigen vector (of e/o preconditioned zMobius D*D)
EV compression (1/10 memory) using local coherence [ C. Lehner Lat2017 Poster ]
In addition, 50 sloppy / conf via multi-level AMA
more than x 1,000 speed up compared to simple CG
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disconnected quark loop contribution

m Very challenging calculation due to statistical noise

m Small contribution, vanishes in SU(3) limit,

Qu+Qd+Qs =0

m Use low mode of quark propagator, treat it exactly

-

( all-to-all propagator with sparse random source )

m First non-zero signal

Sensitive to m,

crucial to compute at physical mass

5e-05 7 T

aEVP (LO) DISC — _06

(3.3)stat (2.3)sys x 10710

- — iy

Lolw-mode colntribution e 5
4e-05 Full contribution ——+— | Partial
T x 0 + -+
3e-05 1
o -5
. 2e-05 5; o
= 3
©  qeos | « §
T ® 15 |
3 X F-Foy - -
X I TI%% 5
1e-05 | %k x 20 ¢
-2e-05 U ' ' -25 H
0 5 10 20 0 5

I I I
10 15 20
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HVP QED+ strong IB corrections

HVP is computed so far at Iso-symmetric quark mass, needs to compute
isospin breaking corrections : Qu, Qd, mu-md =0

u,d,s quark mass and lattice spacing are re-tuned using
{charge,neutral} x{pion,kaon} and ( Omega baryon masses )

For now, V, S, F, M are computed : assumes EM and IB of sea quark and
also shift to lattice spacing is small (correction to disconnected diagram)

Point-source method : stochastically sample pair of 2 EM vertices a la
important sampling with exact photon

&)

(a) V

(b) S (c) T

OO

(f) F

OO
“ OO

(d) D1 (e) D2

& O

o

O

,\
£
=

>
She

(c) O

OO

=
=
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Window values
Combine R-ratio and Lattice
| Christoph Lehner et al PRL18]

= Divide total a, into { short, mid, long } distance contribtions
m  Useful to crosscheck among different lattice group and R-ratios

450 T ‘

T
C(t) w, 0(t,1.5fm,
t

B 0
400 C(t) w, [1-6(t,0.4fm,0.

350 -

300 -

O(t,u,0) = [1 + tanh [(t — p)/o]]

N

50 -

x 10

200 -

— — .SD W LD 150 |- |
aH—ZWtC(t)_aM +a, +a,
t 100 [

ay =Y C(t)we[O(t, o, A) — O(t, t1, A)],

t
a” =Y " C(t)w:O(t, 11, 1)
t

rati
Light+Strange a': =1.73 GeV
Light+Strange a” = 2.36 GeV

L y /_\

2 / \
© 300 A
x \ / \\

200 |- / \

wl / Lattice \

/'//” “\‘\\ L
C0 05 1 15 2

30

t/fm



Euclidean time correlation from c¢"e¢~ R(s) data

From ete™ R(s) ratio, using disparsive relation, zero-spacial momentum
projected Euclidean correlation function C(t) is obtained

A > R(s) Lattice can compute Integral of
2 2
H(Q ) = @ /0 dss(s + Qg) Inclusive cross sections accurately
) = o [ = o [ ds R v
1272 J, 2w 1272 J,

e C(t) or w(t)C(t) are directly comparable to Lattice re-
sults with the proper limits (m, — mghys, a— 0,V — o0,

QED ...)

e Lattice: long distance has large statistical noise, (short
distance: discretization error, removed by a — 0 and/or

pQCD )

e R-ratio : short distance has larger error
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How does this translate to the time-like region?

Euclidean from Lattice Time-like from e+e-
450 , ; ; oW T . C ””‘sz(t‘) W, i
' 1E+05 |- 5, C(t) w, 0(t,1.5fm,0.15fm) |
400 - C(t) w, 6(t,1.5m,0.15m) | * =, Clt) w; [1°0(1,0.4fm,0.15fm)]
C(t) w; [1-0(1,0.4fm,0.15fm)] 1Es04 | | |
350 |
1E+03 - 1
300 1 1E+02 - .
° 250 | i |
o 1E+01
x 200 1E+00 | g
150 | | 1E-01 | |
100 |- 1E-02 | |
50 - 1E-03 |- .
0 05 1 15 2 25 3 35 4 45 0.1 1 10 100
t/fm sqri(s) / GeV

Blue : low-pass window
Green: high-pass window
Purple : total

Most of mm peak is captured by window from t; = 0.4 fm to t; = 1.5 fm,
so replacing this region with lattice data reduces the dependence on
BaBar versus KLOE data sets. N )

New Fit (local x2 inf)
KLOE (08) —=—
KLOE (10) —*—

h | h | | | | |
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
Vs [GeV]



700

600

500

400

x 10710

300

200

100

R-ratio + Lattice

t0=0.4fm
T I I | I I I I
X % Light + Strange PQ connected ———
X LD R-ratio +——<—
. i
X
X —
X e
X * o
* i
X % ] o
X + ';
* _]
+ X
+ X
ES ]
+ x
+ x
+ i
+
+
| | | | | | | |

710

705

700

695

690

685

680

675

670

[ [ [ [ I [ [
Lattice + LD R-ratio + SD R-ratio ——+—

02 04 06 08 1 12 14 16
ty /fm

t1 dependence is flat => a consistency between R-ratio and Lattice

tl1=1.2 fm, R-ratio: Lattice = 50:50

t1=1.2 fm current error (note 100% correlation in R-ratio) is minimum
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2022/2023 HVP update

m New fine ensemble 961 to check discretization error

m 6 accompanying smaller / heavy pion QCD samples to correct and
check various small mistuning and systematic errors, and Nf=2+1+1
ensembles to check sea charm quark effects

My mg a~l

Name m s L Jeev  1Gev  sgev U m.l B

48] 000078  0.0362 24 141 500 1730 483 x 96 392 213
481 m 00025 00362 24 210 512 1730 323 x64 389 213
481 ms 0.0025  0.05 24 208(2) 6003) 1730 32°x 64 3.85 213
481 mi2 Ls 00055 00368 32 288 530 1730 243 x 48 400 213
481 ml2 Ls2 0002356 0.03366 8 280 530 1730 243 x 48 388 212
481 mi2 00049 00362 24 280 530 1730 243 x 48 388 213
641 ml2 000372 00257 12 280 530 2359  328x64 380 225

m Blind analysis by 5 groups (HVP) and 2 groups (lattice scale and
quark mass) ,

Cb(t) = (bo + b1a“ + b2a4)C0(t)

= Among many other continuum extrapolation and Finite Volume
correction were significant and scrutinized
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New Nf=2+1 DWF QCD ensemble
at physical quark mass

7/ T T ! l’x‘\
1/a=2.7 GeV 481D\

6 el .

> @ 1/a=2.36 GeV 1/a=1.73 GeV oy
321D \%

S e ® -
3 (% 321D fine (%)

31 641 48 - 241D *-+

2 r 1/a=1 GeV

1 L lwasaki  + |

Iwasaki + DSDR X
I\lNasaki (IPIanneg) X

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
a2/fm2




Lattice EM currents:
Two Operators and

Three normalization schemess
m C(t) = Xy Vi (x, 0)V;(0))

= Two variants of lattice EM vector current V;, ) are used to check discretization
error

V; (x) =qx)y;q(x) (local current)
Vilx) =)@ + y)U;(x)yY(x + 1) + c.c. (conserved current)

m  EM vector current V;(x, t) on lattice is matched to continuum current
multiplicatively

V;(x; cont) = Z,V_i(x; lattice)
by matching matrix element of operator to a state
Three variants of states :

Z_V : 0 momentum single pion state,
Z_K : 0 momentum single Kaon state

Z_r :a 0 momentum state state specified by the Euclidean distance from
another vector operator
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Finite Volume correction estimates

m FV correction by long-distance two pion contributions
® scalar QED

® Using pion form factor (Gounaris-Sakurai
parametrization) & Lellouche Luscher’s FV formula

® Hansen-Patella FV correction

o 0125\/:0'641' (321D - 24ID)/32ID vs (model_241D-model_24ID) / 32ID, Mpi=140 MeV (and 190 MeV)
} —— (GS32-GS24)/LAT32 at 140 MeV, nmax=8

MeV, nmax=16
32-dHP24)/LAT32 at 140 MeV
I I\.’ p L O ¥ rel. diff 32c64, /ml0p00107 24c64, /ml0p00107
i o ! l - @ rel. diff 32c64/ml0p004 24c64/mI0PO04
(L/l ) — 0.010

allVP(L = 6.22 fm) — a/]"" (L = 4.66 fm)

21.6(6.3) x 10710 LQCD
20(3) x 10~10 GSL

m Revised FV estimation :

{ 12.2 x 10710 sQED

aHVP(L = o0) — aHVP(L = 5.47 fm) = 22(1) x 1010
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Continuum limit extrapolation
window value [0.4 fm, 1.0 fm)]

Il zv (drop none) Ic zv (drop none) Il zka (drop none) Ic zka (drop none) Il zr (drop none) Ic zr (drop none)

! Il zv popt:131.06(40) (24)_{sys} (47)_{tot} [0.3 %]_{stat} [0.2 %]_{sys} [0.4 %]_{tot}, chi2:0.9(18)
@ | lczv popt:131.06(40) (24) {sys} (47) {tot} [0.3 %] {stat} [0.2 %] _{sys} [0.4 %] {tot}, chi2:0.9(18)
I Il zka popt:131.06(40) (24)_{sys} (47)_{tot} [0.3 %]_{stat} [0.2 %]_{sys} [0.4 %]_{tot}, chi2:0.9(18)
@ Ic zka popt:131.06(40) (24) {sys} (47)_{tot} [0.3 %] {stat} [0.2 %] {sys} [0.4 %] {tot}, chi2:0.9(18)
Il zr popt:131.06(40) (24)_{sys} (47)_{tot} [0.3 %]_{stat} [0.2 %]_{sys} [0.4 %]_{tot}, chi2:0.9(18)
Ic zr popt:131.06(40) (24)_{sys} (47)_{tot} [0.3 %] {stat} [0.2 %]_{sys} [0.4 %]_{tot}, chi2:0.9(18)
142 -
conserved-local
140 GHS local-local
ZV,ZK, ZR
A
136

5% 134 1/a=1.7 GeV

1/a=2.3 GeV

132

1/a =2.75 GeV

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

130
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m Fit forms, a"2, a"2 + a"4, a"2 + a”2 log(a
m Two currents x Three ZV

tSD [fm]: -2.0 tSDI

c [fm]: -2.0 delSD [fm]: 0.1

-10

=15

-20

=25

(0) a~2/ll,lIc, llka,lckal, no drop
° L

(1) a~2 ll,Ic, llzr,Iczr, no drop
P

"2 a~21le, n

drop
|

1
™

(3)a~2 Ilka',lcka,ln? drop

(4) a2 llzr,lcz
1 N

, no drop
iy

(5)a~21lzv (dropl48II)',Ic'zv (drop none)

(6) a~2 Il zka (drop 48]),1
il

o T ") a
L '(8$aA2IIzv(dror‘>4I8I),Ic

Zka (drop none)
21l zr (dropl4§I),Ic zr (drdg

(9) a~2 lljzv

v (drop none) Il zka (drop)
droe 4§I),Ic zv (drop nong) Il zr (drop 48l) Ic zr (drop none)

(11)a~2 1l zv (dré)p

:48I),Ic zv (drop none) Il z

"~ (12) llzv (a™4 drop none),Ic zv (drop none|
]

| (13) Il zka (a™4 dlroal' none),lc zka (drop none

(14) Il zr (a™4 drop none
i}

=(15) Ilzv (a™2 a

~1 drop none),lc zv (dro
i

(16) Il zka (a"2 as*|
;

T drop none),lc zka (drop|
h

17) ll zr (a™2 as’l‘lldrop

(18) Il zv (drop none),

(19) Il z

c zv (drop none) I zka (d

(drop n(?nel),lc zv (drop n}

(20) T zka (ar

op Inor|1e),'|c'zka (drop non

(21) Il zv (drop

nlo'ntlei,lc zv (drop none) I

(22) 1l zv (drop]

none),lc zv (drop none) |
e

(23) Il zv (drop nclmel),

(24) Il zv (drop none),Ic z
: )

25) Il zka (drop none),lc zka (drop

(26) Il zv (drop none),Ic zv
i

(27) lzv (a~2 as""% drop n

(28) Il zv (drop none),Ic z
o f

c zv (drop none) Il zka (df

(drop none) Il zr (a”~4 dn
none) Il zr (a”~4 drop non|
drop none) Il zka (drop ng
pne),lc zv (drop none) Il z|

central value 207.8380
tot stat 0.5835 [0.3] %
tot sys 0.7833 [0.4] %
tot_err 0.9767 [0.5] %

p none)
48l) Ic zka (drop none)

(10) a”2 Il zka (drop 48I'),IE zka (drop none) |l zr (drop 48l) Ic zr (drop none)
° Ly

a (drop 48l) Ic zka (drop none) Il zr (drop 48l) Ic zr (drop none)

,Ic zr (drop none)

none)

none)

hone),lc zr (drop none)

op none) Ic zka (drop none)

one) Il zr (drop none) Ic zr (drop none)

E) Il zr (drop none) Ic zr (drop none)

zka (drop none) Ic zka (drop none) Il zr (drop none) Ic zr (drop none)
zka (drop none) Ic zka (drop none) Il zr (drop none) Ic zr (drop none)
op none) Ic zka (drop none)

bp none) Ic zr (a”~4 drop none)

) Ic zr (a”~4 drop none)

ne) Ic zka (drop none) Il zr (drop none) Ic zr (drop none)

a (a”2 as”™1 drop none) Ic zka (drop none) Il zr (drop none) Ic zr (a”2 as”™1 drop none)

(drop none) Il zka (drop rfone) Ic zka (a”~4 drop none) Il zr (a”~4 drop none) Ic zr (a”~4 drop none)
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Blind analysis

m Blinding procedure :
lattice spacing dependent blind factor

Cy(t) = (bg + bra® + baa™)Co(1)
D groups s

a,V(to = 0.4 fm, t; = 1.0 fm, A = 0.15 fm) +—o—

1.01 |
1.005 |- | T %

1+

0.995 -

0.99 -

0.985




Mid-Window value of g-2
Intermediate energy region

@ RBC/UKQCD 2022

—&— ETMC 2022

S P . ETMC 2021

—&— BMW 2020

{H—e—; RBC/UKQCD 2018
® R-ratio data
| ! | ! | ! |
230 235 240 245
CLHVP’ win X 1010

w

total amu ~ 700, exp vs theory tension ~ 25
mid-window value [0.4 fm, 1.0 fm] ~ rho meson peak



01 -

0.08 -

0.06

0.04 -

0.02 |-

Short distance window
discovered a large discretization error

3 C(t)

pQCD, 3 lattice spacings
Large discretization error at short distance

T T T T T
t3 C() in O(a4) massless perturbative QCD

t3 C'°(t) on 641 with a '=2.35 GeV

t3 C'°(t) on 481 with a™'=1.73 GeV —o—

t/fm

t2 C'°(t) on 961 with a '=2.68 GeV < |
1 x O Of x_& XD
- «
S
| | | | | |
0.2 0.4 0.6 0.8 1 1.2 1.4

0.1 3 Al -1 |
t° C'(t) on 48l with 2" '=1.73 GeV —*—
t3 (1) on 641 with a '=2.35 GeV
[ ] -
0.08 t3 C'(t) on 961 with a '=2.68 GeV =
[
X °
X =x x p
006 | =
Xer
&
0.04 |
0.02 |
0 | | | | | |
0.2 0.4 0.6 0.8 1 1.2 1.4

local-conserved vs local-local

T T T T T
t2 C(t)in O(oc4) massless perturbative QCD

t/fm
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Short distance Window
after MF improved tree-level
correction)

tSD [fm]: -2.0 tSDIc [fm]: -2.0 delSD [fm]: 0.1
['P0 (14+ pl a”~2 + p2 a™4)', 'p0 (1+ pla~2 + p2 a~4)', 'p0 (1+ pla™2 + p2 a™4)', 'p0 (1+ pl a~2 + p2 a™~4)', 'p0 (1+ pl a™~2 + p2 a~4)', 'p0 (14+ pl a~2 + p2 a™4)'] t0=-2.0 fm, t1=0.4 fm, delta = 0.1 fm

52.5

50.0

47.5

45.0

42.5

40.0

375

35.0f @ Il-zka-p popt:45.59(45) (03)_{sys} (45)_{tot} [1.0 %]_{stat} [0.1 %]_{sys} [1.0 %]_{tot}, - ‘.chi2:8.7(51)
@ lc-zv-phat popt:45.59(45) (03)_{sys} (45)_{tot} [1.0 %] _{stat} [0.1 %]_{sys} [1.0 %]_{tot}, chi2:8.7(51)
® Ic-zr-phat popt:45.59(45) (03)_{sys} (45)_{tot} [1.0 %]_{stat} [0.1 %]_{sys} [1.0 %]_{tot}, chi2:8.7(51)
@ ll-zv-phat popt:45.59(45) (03)_{sys} (45)_{tot} [1.0 %]_{stat} [0.1 %]_{sys} [1.0 %]_{tot}, chi2:8.7(51)

3251 @ ll-zka-phat popt:45.59(45) (03)_{sys} (45)_{tot} [1.0 %]_{stat} [0.1 %]_{sys} [1.0 %]_{tot}, chi2:8.7(51)
@ Ic-zr-p popt:45.59(45) (03)_{sys} (45)_{tot} [1.0 %]_{stat} [0.1 %]_{sys} [1.0 %]_{tot}, chi2:8.7(51)

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
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Strange quark contribution

Add a=! = 2.77 GeV lattice spacing

» Third lattice spacing for strange data (a—! = 2.77 GeV with
m, = 234 MeV with sea light-quark mass corrected from global fit):

60 I T T
LL Sin ——+—
LL ——<—
58 1~ Lcsin i
LC

56 |- Published —e—

e

=) .

x 54 / *
52 |
50 | | | | | | |
-0.002 0 0.002 0.004 0.006 0.008 0.01 0.012 0.01¢

a2 / fm?

» For light quark need new ensemble at physical pion mass. Started
run on Summit Machine at Oak Ridge this year (a1 = 2.77 GeV
with m; = 139 MeV). 44



Reconstruction of HVP for LD
from multi-channel Greens function

Correlation function among N operators O_n, n=0,1,..., N-1 A

Y W\J\ 1% % 2N
Point (or smeared) vector Oo = Y ¥(x)vutb(x), € {1,2,3} g
2 T operator o, — ‘nyz BX)F(x — 2)ePr Zrs f(z — y)ily) 2 two pion

rho-rzesonance

(4 ™ operator) ) )
3., B x = y)s0(y)

O47T - nyz QZJ

NxN correlation function < O_i(t) O_j(0) > (using distillation)

Solve NxN spectrum E_n of eigenstates |E_n> and Overwrap factors
<E_n|0_0]0> (GEVP)

Reconstruct V-V correlator, and bound contribution from the (N+1)-th
states and above

(Oo(t)O Z (0]O|n)|*e ™=

+ (contributions from n > N states) 5




GEVP & Reconstruction of I=1 VV
[ Aaron Meyer |

50
local vector current

1-state reconstruction
2-state reconstruction
3-state reconstruction
6-state reconstruction
7-state reconstruction

40+

3
k)
i
]
3
Y

au = 2., w(t)C(t)

W()C(£)/10-10
'
. -

t/a

Cn. rec(t)/CI. vec(t)

1.2

1.0

0.81

[oe]

0.6

0.4

0.2+

0.0+

-0.2

III nn:m:m local vector uncertainty
‘I #mtn &  1-state reconstruction
E e =% A 2-state reconstruction
— -2 W 3-state reconstruction |
$  6-state reconstruction
¥ 7-state reconstruction
5 10 15 20 25 30

Left: a, integrand, Right: ratio reconstruction/local vector

» More states — better reconstruction

» 6 state —> 1o consistent at t > 16a ~ 1.7 fm
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Bounds for a,

m  Upper & lower bounds from unitarity

C(t) t < tmax
C(tmax)e_E(t_tmaX) t > tmax

E(t; tmax, E) = {

Upper bound: E = Eg, lowest state in spectrum

C(tmax)

Lower bound: E = log[ <5 %]

m  Also bounds for the nin [N+1, =] states contribution

NV L 20— Ent
Replace C(t) — C(t) Zn lcnl<e
— Long distance convergence now o e~ En+1t
—> Smaller overall contribution from neglected states
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GEVP + Bounding Method [A. Meyer]

660 e
$®  upper bound
o 6501 . lower bound
— T TC
| - 4259944
Sl ] e
~ = A
2 — !
o ey e Sy |
2U == T md}d}d}d}d’ ANCNCREE N l —
= H:}Ijz =aqditiyiaandil LIT] | ul L i |
§ 6201 [ -
N\ -
= 610

a factor of 2.5 smaller statistical error by bounding method
a factor of 5 smaller statistical error by bounding method + 5 state reconstruction

continuum limit and other systematic studies are on-going (again blinding)

DOU”(]I”g IMeLwnoud Lmax — 9S.V 1111, 1 stdle recCornscructLiorn. d, = UAU.U\I.L)
Bounding method tmax = 2.5 fm, 2 state reconstruction: aZ’VP = 628.2(5.7)
Bounding method tmax = 2.1 fm, 5 state reconstruction: aZ’VP = 626.3(4.4)
Bounding method tya.x = 1.7 fm, 6 state reconstruction:

a/[j—j[VP,COﬂﬂ, iso, 48l — 626.6(2.7)51:31-_(0.4)2\/.48|(2.6)3—1‘48|(0-5)b0und (O.S)exc

Bounding method gives factor of 2.5 improvement over no bounding method

Improving the bounding method increases gain to factor of 5, including systematics
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Use of tau decay data

| M. Bruno |

m Belle Il : tau factory

m Isospin corrections from Lattice QCD
m Different systematic errors to cross- -check @

MOTIVATIONS FOR T

V4(8)

e ALEPH
— Perturbative QCD (massless)
--~ Parton model prediction
=

737° 377° 67(MC) s
mn(iMC).nmo(MC),KKO(MC) e 371_0
2KK(MC)

e, i
P R e e V — A current
0 Lunral Ll Final states I = 1 charged
0 0.5 1 15 2 25 3 35
s (GeV?)

7 data can improve a, 77|
— 72% of total Hadronic LO

— competitive precision on a/‘f’

=}
=
3]

EM current

'O UNIVERSITA'

<«

Final states I = 0, 1 neutral

I=1

5 (@yuu — dy,d) , { =0 } —

Isospin 1 charged correlator G} = % Z/dm (j,(cl’Jr)(z)j]il’*)(O))
k

§G11 =G, — G [MB et al! Latt18]

)(Qu;Qd)‘l[@ N Q@}

Ggl—z4(Q2 Qa)* 4m @ +2x@ O/@
+ZQQ22Qd( - )[2><<> }

. = subleading diagrams

= Z¢ (4na

=
=
=
172
-
=
=
=
Z
=

1C0CC
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Hadronic Light-by-Light (HLbL)
contributions




HLDbL from Models

m Model estimate with non-perturbative constraints at the chiral /
low energy limits using anomaly : (9—12) x 1019 with 25-40%

uncertainty Exp SM
a,” —a, =
83(12) x 1071 —19(13) x 1071 162(3) x 1011
ﬂ'O, n, 7]/ 7.‘.:I:’ K:I:
> P
F. Jegerlehner , x 101! L.D. L.D. S.D.
Contribution BPP HKS KN MV PdRV N/JN
. n,n 85+13 82.7+6.4 83+12 114+10 114+13 99+16
n, K loops —19+13 —4.5+8.1 — 0+10 —-19+19 | -19+13
axial vectors 2.5+1.0 1.7+1.7 — 22+ 5 15+10 22+ 5
scalars —6.8+2.0 — — — —7+7 —7+2
quark loops 21+3 9.7+11.1 — — 2.3 21+3
total 83+32 89.6+15.4 80+40 136+25 105+26 11639




Dramatic Improvement !
Luchang Jin

a=0.11 fm, 243x64 (2.7 fm)3,

My =329 MeV, m, =190 MeV, e=1 N

Oi 6568 —o- Yo ap 7
0.12 : <« -
tsep
0.1 € > _
0.08 - 2.2fm ]'@) l@ _
ME 0.06 |- _ l B
=< our  more than x100 reduced cost !
= 2r  _  coordinate space Point Photo method
OOZ | - Important sampling of EM vertex
ooz - | _ :
.ol - directly taking photon g%->0 by moment
0 ) 10 15 20 20 30 39

tsep

Method Fy/(a/7)?  Neont Nprop Var

Conserved [ 0.0825(32)] 12 (118 +128) x2x 7 0.65
Mon. 0.0804(15)] 18 (118 +128)x2x3 0.24 -




2023 HLDL status

F-{chg%}/elaJrﬁc-)loConZS —O— @ Lattice QCD wmainz 2021, 2022:
Mainz21 (uds) + 22 (c) —C0O—
not used in WP20 aHLbL[uds] =107(15) x 10— M
___________________________________________________________________________________ l/l/
RBC/UKQCD19 | ® | alPlc] = 2.8(5) x 10~
+ charm-loop H
WP20 data-driven ’ = ’ @ New result rBc/UKQCD 2023:
dispersive
WP20 . ai-Huds] = 122(15)x 10"
1 | 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1
0 20 40 60 80 100 120 140 160
HLbL 11
a X 10

[M. Hoferichter ]
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Summary

s FNAL muon g-2 Run-2, Run-3 results will be announced

August 10, 10AM central == August 11, 0:00 Japan
expect a factor of 2 smaller error

R-ratio data driven approach and muon g-2 has 4.2 ¢ tension,

New CMD-3 two pion data is significantly larger, may make muon g-2 value consistent
with SM, if difference between other R-ratio results will be understood.

Lattice QCD
For short distance and mid distance, lattice calculations are now mostly agreeing to each
other, a tension with R-ratio may
m For window value [0.4 fm, 1.0 fm], adding new finer ensemble analysis, our 2018 analysis
seems to underestimate a”4 discretization error
@MN*4 ~ 0.5% forA=0.4fm
BMW results so far only precise SD, MD, LD, close to g-2

m  New full g-2 HVP results including Long Distance contribution soon

Tau decay experiment input + Lattice IB correction may shed a light

For HLbL, good agreement between Lattice and phenomenology, but needs another
factor of 2 improvement for 10% relative error goal.


https://indico.fnal.gov/event/60738/

