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1 Introduction
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Finite QED becomes finite. Quadratic gravity becomes renormalizable

But, Masssive Ghost == Unitarity is violated



Lee-Wick noted:
massive ghost can ”decay” into lepton pair
Pole at one-loop : lepton-loop graph ¥(q)
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Complex poles on the physical sheet! for ghost
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Complex energy E, = 1/q? + M2 = Complex Ghost
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They argue:
Energy Conservation —  Complex ghosts never produced from scat-
tering of physical particles alone —  physical unitarity

Even ghost-anti-ghost pair have complex energy except measure-zero points
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is real only when P | k ; measure zero (2d) points in 3d k space.
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Nakanishi —  Lorentz inv. broken
Coleman —  Causality, broken (2)
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Anselmi(2017,2018), Donoghue(2019, 2021)
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2 Lee-Wick U0OUOOI: EnergyUl OO0 OOOOO
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where Ej;: energy of i-th particle coming into a interaction vertex.
FE; O complex energy I O O O O O O O we need regularization
2t2

»Cint (t) — e " £int (t)

and take lim,_,o finally.
Then, §(F) replaced by

1 [~ 2,2 . 1 272
Aa — dt e ¢ e —izt _ —z/a . 3
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[ts @ — 0 limit defines Complex Delta function (distribution)
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Consider the single ghost production in Lee’s scalar model!

V) +U@) > 6@ by Lue= T4

Then, the invariant amplitude square (Ghost production probabolity) is

proportional to
1 1
MP~ P (6B + LB —wy)) g = VAT

q q

and E = \/pj + p2 + /P35 + 12

So let us examine
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with © = —(EF — Rew)Imw.
a

(B = Rew)” = (In w)?} o

Since
(E — Rew)? — (Imw)? = (F — Rew + Imw)(E — Rew — Im w)

mext section



we have

0c(F —w)=1lim A, (F —w)=0 for

a—0

E < Rew—Imw
{ (5)

Rew+Imw < F

So, in the limit @ — 0, it has the support only in |F —Rew| < Imw. On the
support, it has no definite limit; since it is divergent and rapidly oscillating.
It gives a well-defined distribution. It is as usual for the distribution.

0c(F —w) =lim, 0 Ay(F —w) 00O

e Dirac delta 0(F —w): w=140i, 1/a=>5,20
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e Complex delta §.(F — w): w =1+ 0.5,
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Property of 0.
For test fn Vf(FE): analytic in a rectangular strip D,

/R 1B §.(E — w) f(E) = f(w) (6)

()

/ZdE&@Fw@f@ngg/i@Eki%wml}E—leﬂE>

is evaluated by deforming the contour

R|—00 = +0o0] = (Ci|—o0+i0 = —oo + ilm w]
+ R'[—o00 + ilmw — 400 + iIm w]
+ Cy[+00 + ilmw — +00 + 0] (7)

If f(EYO D (=[C1+ R +C,—ROODODODOODODOODODO

/R, AE 5.(E — w)f(E) = / A S(E — Rew)f(E' + ilmw)

= f(Rew +1Imw) = f(w). qed.
0000 Feynman graph0 00 0 00O f(£) O meromorphic.
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Well-defined distribution?
D000 odood e

) = oo |5 (5

Then, the ghost production probability becomes

P, = —Re f2or /_ B f(B).(E — w)i}

- 2w
= —Re :fQEfpo@)} = —\/%Re [g exp [_%(w ;PO)ZH.

This is finite.

Complex Ghost D0 Rew —Imw < E < Rew+Imw 000000 O
OO00000o000ooaoao
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3 Lee’s Model in “Quanta”

1
000: host [ = A +—(o+¢
5 ¢ 'photon’ \\/é(gp ? )

—B

matterd

L=2Ly+ Ly+ Lint
Ly= _% [(auA>2 T 52142} T % [(auB>2 T mQBQ] N
—v*BC
= —% (0,A)" + 6°A%] + % [auga 0" p + M*p* + 0,0 0! + M*%pﬂ ,
Lonatter = —%(aulb)Z — %M2¢2

where M? = m? + i7? and

(0,C) +m*C”]

DO | —

o =—(B—iC) or

{B = (p+¢")/V2
C=i(p—h)/V2

Sl
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"Photon” A and ghost ¢ , anti-ghosty! interact only through Liy (o, 1)
Free fields:

d?)q . . 0 . . 0
A T) = a 62(1«’13—Wq3? + aT e—zqurwqx 7
o= [ T (0@ @) )

Vg =\ q° + 62
dgp ipx—iEpxY —ipx+ivyr?
w(ﬂﬁ)Z/\/@W)gQE (d('p)ep BT 4 di(p)em P ) Ep=p*+u?.
P

la(p), a'(q)] = [d(p),d'(q)] = —6°(p — @),



Ghost
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where wy is the complex energy

we =@+ M2 = /g% +m? + iy’

CCR

1-ghost states
a(p)) = a'(p)[0), |B(p)) = B'(p)]0)

have off-diagonal innerproduct structure

(a(p)|alq)) =0,  (B(p)|alq)) =& (p —q),
(B(p)|B(q)) =0,  {(a(p)|B(q)) =58 (p—q).
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Propagator:
(0] T@(wg) sogm 0)
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Note that the over-all minus sign implying negative norm.
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This 3d expression over dq can be rewritten into the usual 4d form over

d'q = dqdq’
— _/ &g cia(@—y) [/ dg’ e (10)
(27)3 o2 q2+ M? |’
wh 3 P
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4 Lee-WickUOUOUOUOII: OOOOOOOOOOO
Single ghsot ¢ 4+ matter ¢ production

v(p) +¢(py) —  olg)+¥(p—q)
(p; + P, = p) O cross section [
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and computed it by closing the contour adding infinite semi-circle in upper
(or lower) half plane: (k=p —q)

f? / 3
= d
3272 ) ¢4
1 1 1
X — — : — A
{quk(pouEze p0+y+E—zs>
1 1 1 1 -,
2| wgBg \PW' —w—FE pP+w+FE v
1 1 1
f
— —
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Sum of the last two terms is real, has no imaginary part! He concluded
Ghost is not produced.

What’s wrong?
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/dq —/dq +/ dq’ +/+w)dqo (12)
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5 Conclusion

e Complex ghosts 0 00O O (non-zero) d O O O O O (physical) Unitarity
HREREEN

e Complex ghost U [ unstable particle U 0O O O [
00000 or Anti-stable (Coleman) 0O 0 O O

HamiltonianO O OO0 OO0 OO0O0D0OO0OO0O0OO0OOOOOOOOOO com-
plex ghost O O initial state D OO0 OO0 OO0 0O decayd O 0O 0O 0O 0O O O

00000 physical particleD DO 000D 00O0OOOOODOOOOONO
Jubgtdbotdootdboodgtobd

e Complex ghost theory DO OO OOOOOOOOOO consistent.

OO 0O0Ophysical unitarity U O O 00D 000000 doodoodn
(1 [0 O O mconsistent.

e Lower thresholdD O OO OO0O0O E < RevVM?2—-ImvM?20O000
ghost U O 0O 0O OO OO O O unitarity, renormalizability [ OK.
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Positive Re [(E — wq)?] region and g-contour at E above upper threshold

Evin = Rewg + Imwy.



