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EDK DR =R DM
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. 35D T B
HE%  Siecld] = ¢ ua,¢® @ Hessian A non-degenerate [c &N T,

Slop] = : ¢ i, p? + interactions EWSTEDERAZRFORE .

. D EFiE -

HEI% D Gaussian integral KL = 2EE j@[¢]e%¢“ﬂab¢b=1 .

E.g. ordinary Lagrangians : ¢* scalar, Yang-Mills, lattice, strings and so on.
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BT ANZRICHE T2 YEEIE. EJITFEATWEMN?
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=0 DEZS5 A5 ¢k

Physical states «— E#HARER

NEEE p(x) ZEEEE T 5 “ZRR{K" M %Z. configuration space &AL,
YEA Sl € CX(M,R) ZIZ U, MIEEF M O &135,

. BEAENZ WIS M OE77ZEHE (isolated points) & M|, &<,
YIIREDH D “EAIRIEEE (observables)” &, M|, DEEE &35,

={M|,,, LOBEBDOEE]} [ singular 7&ZEfE]

F lss=0
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COBEXIE. BRZRT —YEHEE

. EBIERDR 65[¢] =

0 l&. POBEEFEINH S E. Noether [EZET, AN S :
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= Blo

T—YBHE < §S5[¢]= 5 S5hp=0 1322 BEEXRNT KNI S¢
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5% DEENT S — Derived Geometry

DX RZI/RDICIFE. F, Z2BTEAEEZD resolution ZZ& ZNiE KU\,

The vector space %, = Sym{ ¢ } is embedded into a sequence of vector spaces . — %_, — F,—> 0

and then F|,._,=%,/Sym{ép} is realized as a cohomology.

— ZREM DER p(x) eM DED T, BERICRDLD Tchain complex #; D5 |

ZIT RBOZTHREEB F_, & WD s ZOERLFET>E LU
ZDIcHDTFED 1 DIc, Koszul-Tate resolution &I 5 757EHH 5,
F_,=Sym{¢*} DEDTT ( Antifields DE{F ) M s DEDJT (BRST-BV EEF)

¢ ERUECIF. RED -1 £ Iniz ¢ ZEANT 3, s|l_, @) - ;[fa , Sl 0 K >THD s ZESD Do

— BUAIMTREE D2, Ker[s]1={¢ )}, Im[s]={s¢*} ={5p} KD, Cohom[s]=Ker[s]/Im[s]=F|_,
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BRST-BV 23\ | HZD#ENT1ZF — Derived Geometry

BRST-BV R [&. <D &K S 7% resolution Z systematic IC5 X 5475 T,
BRI DIEA S[¢p] iS5 (BRST-BVEEF) W2 s=( ,S) BNEFX D

BEEZERE ¢ M - R IZXF L. antifield ¢* e T[-11M % assign Antibracket &IN5, X#E 1 @ Poisson &l ZEH S
5 5 s
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F & (HDHHEm )

. BRST-BV JEX | DO HEF — Derived Geometry
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2 P HHEEEE T the fields ¢* modulo 55;(’5]
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. EOEFRICEWVWT, SEISNSYEE 0, = 0,[¢] DE A (&,

= i 7
A=<OA>=J@[¢]€S[¢] 0, = J9[¢]6Sfree[¢] eSint[qﬂgA
CDEZETHEZoNERDN MUz EET Eh) ZRODDIE. Schwinger-Dyson eq.
J9[¢]i( )=0 = integrand modulo i( )
5ol )= g 5ol
. InEHRERETBHDH. (quantum) BRST-BV .

Quantum BV master equation: A (¢’?10,) =0
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BRST-BV 23\ . D E=Fim — Derived Geometry
. BRST-BV = Tld.

: %) :
integrand modulo g( ...) < integrand modulo A-exacts
—s EBEFEIE. modulo &2 d BRST-exacts + xX# 1 @ BV Laplacian A = (- )% 5;; 5;* ]
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1
hAS+5(S,S)=O , AAO, +(0,,5)=0
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1D BRST op. s=(.,S) & BV Laplacian A Dl s+aA 1 MR &S

(s+hA) =0 ( BRST-BV operator )

O EE ¢ BEMZER M OR RIS, H5H BV 4 BT E ZDEFim . EEAIZER M ORRIC. BV EF HMftE

\Y V4 \Y V4 hA hA hA
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he(F,0) é (F phys » Qohys ) ( strong deformation retract )
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X & & | Homology W& 7T—7%
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Homology BIECiR DfERHI (Hodge 73 FEH #E )

free, classical free, quantum
+hA .

P
hO(‘o/T’Sfree) = ( phys90) é H,O(‘o}’sfree_l_hA) = (‘o}phywo)

l T

T Sint REOY —iBEhEE T Sing
Interacting, classical Interacting, quantum
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h O ( F ’ Sfree+Sint) <_—,) ( LOIphys » Stree ) 9 H O ( Sfree_l_slnt_l_hA ) ( phys » Seff T hAeff)
I

DB p,i.h EBH s, +hA DS, BRUWIBE P,1,H H' systematic ICEN S |
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Projection P = the perturbative path-integral

P _A[(p]_ _ o Gice 5537 _eSim[qb]A[gb]_ _ %J@[qﬁ]ew] _A[¢]_
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PTEP 2022 113 BO4 ( arXiv 2003.05021 hep-th )
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BRST-BV 2=, & Homotopy X ODEZ X
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BRST-BV 2=, & Homotopy X ODEZ X
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BRST-BV 2=, & Homotopy X ODEZ X

DN T OEFED ICTBDBE, TUYVILRE T(V) EORREIERELRS
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BRST-BV 2=, & Homotopy X ODEZ X

AR A+’ =0&KD. V) DEBFRLED WD LT A+u ZEZAD

Hy(F,s+hA) - (F ohys o Seip + HA ) = hey (T(V), u+ hA) o (T(Vonys) » Hegr + 1A )
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( CDRRIC THEBEEERAANEDL S, CEIGER)

_ 1
Homoto T K BARBBED DN : P —
py XX = IIE D Cal p1—(,u+hA)h
_ _ o . mE _ _
PlA[@] | = a0 | eSnl?] A[h] = E[@[qb]es[ﬁb] Al¢]
i _ i 1 =0 i _



Homology/Homotopy{SEUC K B ek /305

CDXDIFREMRDF =

. DySOﬂ 75$§ﬁ : G(p) — Gfree(p) T Gfree(p) Z(p) G(p)

. 2D IE. Homology / HomotopyR&EIC KBS, BARITHKED

h = hpee 0 (f + AA ) R (/REAY—EBEITHESNS h)

. Homotopy R#EIC K Bk TlE. fBDIEH Dyson AIET or ZDIE#E

1

'fﬁ”i(/i\ . lueff — lutree I_th




Plan

() Introduction & summary

(i) Homology/Homotopyft#ic & 235 DIEH

(iil) IABI: <K DhZH P HHERERDLD” 2L



DB . <D ZH
HEHFE “< D ZH” DEE

Free, classical Bare
p P
hb(‘o}“gfree) <_—> (‘O}phywo) EE— hO(‘o}9Sfree+Sint+hA) <_I_> (‘O}phywseff_l_hAeff)
l
Renormalized
Pr
hR O ( F » Stree T Sint T hA—I_Sc.t. ) (I__) ( *ojzphys » Seff, R T hAeff,R)
R

. FHABEER p.i,h + BE s, +nA = Bare action [C &% Feynman RER P

CHDTEL s, ICEBDREAY—EBEZET — <DAFENhf Feynman RER Py
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Free, classical

IENEHZEFX D

p
h O (‘o/T ’ Sfree) = ( phys » O) —» h O ( Sfree_l_slnt T hA) ( phys » Seff T hAeff)

Wi
,||]1]+

HEEF D

ha O (‘/f Stree T Sint T hA-I_S ) ( phys * Seff, a T hAeff,a)

. HABH p,ih + BB s, +nA = EBEFIEZ 0 EAD D Feynman KER P

. BICHEOD T EL. s L:J:%)/_I_\:E]:“_;C;\Ew%ﬁ/? — ﬁﬁF a &DD Feynman X Pa
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0N O6¢(—p)og(p)

 RORABFHOTEADER & 4=, k=K@ , P = J@[qb’] St
A
> (£ d o (s (4] /(o= Steeld]
FZIE . .. Ad—AP (e™5ml?l) = A (9, \K) h P’ (e Smecl?])
k exp S;t[gb] A o A-exact J
. 1 - 2 T
— Aismt[qs]A:l dpAa'Ml ) [ _95ndfly | Ol Pla Ol Pl ( Polchinski eq. )
dA 2. ON | o¢(—=p)og(p)  o¢(p) o@P(—p)

. INiE T REESD < BRST-BVY J/REAOY—DHE P 1 EEEH

<OHZHEEE "TBY AN/ REMNE—RE Z/EIUDD 1 TiNd

= E SR
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— K.Costello, Igarashi-Iltoh-Sonoda, Morris 5 Dt
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Projection P = the perturbative path-integral

~ We consider free field theories S;..[¢] = %gb“,uab ¢’

5 5
e oy

which satisfies AS;..[¢] =0 with A=(-)""

s|_, S|,

( The classical BV-BRST cohomology is empty except for ... — |, — 0.)

. It solves not only the classical master equation (5,5 ) = 0 but also

1
the quantum master equation h A(e”'?) = |AAS+ 5( S.S)| e =0.

. The (Qquantum) BV-BRST operator s + h A is the differential : (s +hA)> =0 .
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Projection P = the perturbative path-integral

. o) . .
~We get a perturbation : s = y,,¢" — s+ nA of differentials .

2

IS the Feynman propagator. We have p=0 and i=1d:

—1\ab — (,—I\ab 4+
(TP ot h= ()¢, 5

Now, the fields ¢ = ¢, ot + Dorrene @re fluctuation around “0” and p(¢) = @, el -

~

=~

. From the original (classical) data 7., (Z,s) é (F 0) + the perturbation 72 A of differentials,

l

phys >

P
we can construct a new (quantum) data H ,,(#,s+7A) 2 (F
I/

ohys » 1) DY solving

the recursionrelations: P=p + P(hA)h and I=i+ h(hA)I .
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Projection P = the perturbative path-integral

~The solutionsare P=p ) [(rnA)R]" and I= ) [h(hA)]".

n

We can check that /P = ip Z [(h A) h]n gives the path-integral.

We noticethat p,i,A,h acton a¢"e F =Sym(F*) (a € R) asfollows:

plag”) =ap(9”)=a(pp)”, i(a@®)=ai(9”)=alig)"

n

a O 0
ACagh =a(—)"" (¢, h(ag) =ah(¢p") =a) ¢ (he)(ipp)™.
S Sepit ~
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Projection P = the perturbative path-integral

. Notethat p(a¢d™)=a(p¢) means p(@") =(p¢)" and p(a)=a fora e R and
that ip(¢) =0 vyields h(ad™) =ah(¢") = a(hp)p™* " .

. We find
5

S

m m-— 5
p(ha)R]"@™) =p[(ha)h]"" @n= D] () 0)(

Sepb #) | ¢

0 ¢)] 2¢2(n—2)

N 5
=p[(hA)YR]" 20— 1)2n - 3) [((u‘l)“b—ﬁb)( 5

O

0
oP°

»)|

m-—-—n —1\a 5
=p[(na)n] " @n=Du (W)

* It implies that m=n..
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Projection P = the perturbative path-integral

. We can further rewrite it as follows:

m m—n —1\a %) %) n
pl(nayn]" ¥ =p[(na)yh] (2n—1)!![((ﬂ h b@(/ﬁ)(éqba(/b)]
- men@n =D S 5 1, . 88
=p[(ha) "= | () (5509) || s | 9
e A R
=p[(hA)h] (2n>!![<(” 1)b5¢b 5¢a] b’

. As a result, we obtain

1 o 1"
P(¢2n) — - [2 5¢b (ﬂ—l)ab 5¢a] ¢2n and P(¢2n+l) -0 .
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Projection P = the perturbative path-integral

. Projection P=p + P(7nA)h reproduces Wick's theorem !l

- With IP =iP, we get the desired result

1 o —l)ab

(. )= ()] = J9[¢]esfree[¢] (Suld) )
$=0

- Hence, the projection onto the (quantum) BV-BRST cohomology,

14 79 P
IP" of H y(F,s+hA) <—7> (F

hs-0) . Indeed reproduces the path-integral.
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