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Graph zeta functions
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Fundamental Kazakov-Migdal model
on the Graph and graph zeta functions



FKM model

Arefeva 1993

Fundamental Kazakov-Migdal (FKM) model on a general graph Ohta-s.m. 2023
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fundamental representation
cf) KM model on the graph «azakov-migdal 1992 (I=1-N,)
Ohta-S.M. 2022 RV
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Ny /
z=1] / [T d®,ide™ T] du, e " A" @
I=1

veV ec

unitary matrix
(color N.)

A(U)vv/ = miévv/lNc T q(AU)vU/ (AU)UU, = Z Ue 5(1},1}’),6

ecEp

2023/08/07 FEEEY R AAESE T Strings and Fields 2023



Partition function as a graph zeta function

[Recall] Bartholdi zeta function in vertex representation

ColgwU) = (1= (1—w?¢®) "™ det (1n,ny — qAu + (1 —u)®(D — (1 — w)ly.ny))

tunning the mass parameter

A),” =m26," 1n. — q(Av),” m% =1 — q2(1 — u)2 + q2(1 — u) degv

Za = (QW)NfNCnV (1 — (1 — u)2q2)Nch(nE_nv> / H dU|Ca(q, u; U)Nf

ecE

FKM model is described by the unitary matrix weighted Graph zeta function
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Effective action and relation to Wilson action
(For simplicity, u = 0 in the following)

Ze = (@m0 (1= )N [T a, a0
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CE€[PR]

S.e(U) = —N e+ i) Vvalid only for small |q|
fc§+; ( ¢ C) (at most |q|<1)

4 )

1
y=Ng/N. q¢—0, 7v—=00, A= o fixed (I : minimal length of the cycles)

Set(U) — —% Z (TrUC + TrUé)
Ce[Hl]

FKM model includes the usual lattice gauge theory with Wilson action
o J

=2
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Duality



When the graph 1s regular
Set(¢;U) = —Nclog (a(q; U)

fact Kotani-Sunada g=t—

When G is d-regular, {;(q) has poles only inal—l_1 < Re(q) < 1.

In particular, there is a simple pole at g = d_1-1'

functional relation for d-regular graph (t =d — 1) Ohta-S.M. coming soon

—tq2(1 . q2) (ne—nc)Nec
1 — t2¢2 )

Cal(q;U)

Ca(1/tq; U) = (tg?)"v e (

The FKM model on a regular graph is symmetric under the dual transformation,

q<—>£ ors<l1—-—s (g=t)
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When the graph is irregular

fact Kotani-Sunada

« All the poles of {;(q) are in:l) < Re(q) <1 (1/w : maximal radius of convergence)
1 1

t S i S t

max w min

» There is a simple pole at g =1/w  natural parametrization : g = w™°
- )t

“functional relation” for irregular graph onta-S.M. coming soon

Ca(1/wq; U) o det(1 — wq (Q‘lWU — (1 — @_1)JU>)_1 (@ = diag, (deg s(e) — 1)

matrix Bartholdi zeta function with (unfamiliar) weights

The FKM model on an irregular graph has also a dual expression in g > 1
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GWW phase transitions



GWW phase transition in the cycle graph

After gauge fixing : U, = ---=U, =1 (U, = U,a = q")

2 Ny Neny m €1 @ n
Ze, = (_77> aNCNf/dUeNf S e (Tr U TrU ™) \
—N/ Hd@ e j#clog sm ' Nf>, log(l 2 cos b;+a )
Eigenvalue den81ty in large N. (v<9>—§525<9—9>) o
acosf — a? :
%<1+ 71—20&00894—0&2)’ (6o =) 7, L0 (1—a)? 2y-1
p(0) = , g (s“ 27 da (771)2>
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—][ dxdy log |sin (z) 5 ) ‘ - fy/ dz log(1 — 2acos O(z) + o)
0 0
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3rd order GWW phase transition
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Wilson limit
1
q—0, v—o00, A=_—7: fixed
7q
1 2
o (1 + 3, €08 «9) (0o = 7)
p(0) —
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the result of GWW model
\ y,

cf) Watanabe-san’s talk
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Partition function for a general graph in large N

/large N decomposition of Wilson loops (gN PR N,)
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Free energy in the both limits

different analytic expressions in the both region

1 _? 2 <1
Fro=— . log e = 2 1Og CG(q ) 71 ] (4 )
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Check In

the cycle graph

[recall] [recall 2] exact solution for C,
— (1 — n\—2 — (1 — —2
el =)= | | -
Me = @y - Dlog(l—a) + Lloga+ f(v)  (af<a<l)
" T {—ap
b =S losce, (@), _ [y log(l - a?)
T~y logCe, () + A Trlog Me, + Slogy + f(7) (27 = Dlog(l - a) + 3 loga + f(7)
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Phase structure of the FKM model

(when all fundamental cycles are symmetric:

The system should have two phases

U,
Feo = —%IOgCG(f) FG=—710g<c:(q)+%TrlogMGJrglogwrf(’y)
p, are all connected p, are all disconnected X
0 GWW 1 1
(when the fundamental cycles are composed of different types of cycles:
The system should have intermediate phases
S S P U P o
® . .. U o | - : s "
2 - C T o= qlesGe(o) + 5 Trios Mg
Fo = _%IOgCG((f) S +glog7+f(7)
. 0 1
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Numerical results



Observables emperature”
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o - , ,
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Tetrahedron

K4, energy, v = 1024.0 K4, specificheat, N. = 16
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* RANK=3 (3 triangles)

© q;=1/4y

« 2nd grder for all region of y

« This is due to the difference of the number of the fundamental
cycles and the number of the cycles of the minimal length.

« symmetric around s=1/2 (consistent to the duality)
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Double Triangle
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Conclusion
We have constructed the FKM model on the graph.

The effective action of the FKM model is written by unitary matrix
weighted graph zeta function.

The FKM model reduces to Wilson’s lattice gauge theory when the graph is
a lattice.

The FKM model has a strong/week coupling duality because of the
functional relation of the graph zeta function.

The FKM model enjoys the GWW phase transition in large N,

The phase structure of the FKM model depends on the structure of the
fundamental cycles of the graph.



Future works

« Analytical description of the intermediate phases?
« Continuum limit?
« dynamical fermions?

« Physical meaning of the Riemann’s hypothesis of graph zeta function
or Ramanujan graph?

« Can graph zeta function be an observable of SUSY gauge theory on
the graph?

« Relation to other zeta functions?
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