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Graph zeta functions
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グラフとサイクル
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基本的な用語
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サイクルの分類と伊原ゼータ関数
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伊原ゼータ関数 cf) リーマンゼータ関数
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伊原ゼータ関数の行列式表示
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伊原ゼータ関数は行列式（多項式）の逆数で書ける
𝑛$: 頂点の数
𝑛%: 辺の数

𝐷: 度数行列
𝐴: 頂点隣接行列
(𝑛$×𝑛$ 𝑚𝑎𝑡𝑟𝑖𝑥)

Ihara 1966
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⇣G(q) = det(1� qW )�1

伊原ゼータ関数の辺表示 Bass 1992

頂点表示

辺表示

𝑊 =

(例) Double Triangle
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Wee0 =

(
1 if t(e) = s(e0) and e0�1 6= e

0 others

辺隣接行列
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e = {e, e�1|e 2 E}
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Bartholdiゼータ関数
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1
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bumpの数
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⇣G(q, u) =
�
1� (1� u)2q2

��(nE�nV )
det

�
1� qA+ (1� u)q2(D � (1� u)1)

��1
,

頂点表示
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Jee0 =

(
1 (e0�1 = e)

0 (others)

辺表示
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⇣G(q, u) = det(1� q(W + uJ))�1

Bartholdi 2000

𝑢 = 0の時、Bartholdiゼータ関数は伊原ゼータ関数になる



行列重み付きBartholdiゼータ関数

2023/08/07 基礎物理学研究所 Strings and Fields 2023 8

Ohta-S.M. 2022
• それぞれの辺𝑒に正則行列𝑋&（サイズ𝐾）を配置する
• 𝑋&!" = 𝑋&!'とする
• 𝐶 = 𝑒("⋯𝑒(#に対し𝑋# ≡ 𝑋&$" ⋯𝑋&$#
• 行列重み付き隣接行列

<latexit sha1_base64="EIfGUvA9o4w/t9cZoUkwTkf2Kc8="></latexit>

A(X)vv0 =

(
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0 others

通常の伊原ゼータ関数と同じく行列式表示を持つ行列重み付き伊原ゼータ関数
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cf) Mizuno, Sato 2003,2006



リーマンゼータ関数についてざっくりと
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(2) 関数等式が成り立つ

完備ゼータ関数：𝜉 𝑠 = 𝜋!
%
&Γ "

)
𝜁(𝑠) 𝜉 1 − 𝑠 = 𝜉(𝑠)関数等式：

𝜁(𝑠)の（非自明な）ゼロ点は、𝑅𝑒 𝑠 = '
)
のみに存在するに違いない

(3) リーマン予想が成り立つと思われている

(1) オイラー積表示を持つ
<latexit sha1_base64="xGagHAR28Lkm2vA9leX5MNjqi9s="></latexit>

⇣(s) =
Y

p

1

1� p�s

ゼータ関数を特徴付ける大切な３つの性質：



伊原ゼータ関数はゼータたり得るか？
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(1) オイラー積表示を持つか？
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⇣G(q) ⌘
Y

[C]:PR

1

1� q|C|

(2) 関数等式は成り立つか？
• グラフを(t+1)-正則グラフとすると、
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�
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• 完備伊原ゼータ関数：
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⇠G(
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tq
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(3) リーマン予想の類似物は？
グラフがラマヌジャンならば、𝜁!(𝑡&')のゼロ点は𝑅𝑒 𝑠 = (

)
上のみに存在する。

（グラフがラマヌジャン：(t+1)-正則グラフで、隣接行列の固有値𝜆が𝜆' − 4𝜆 < 0を満たすグラフ）
証明

グラフが(t+1)正則の時の伊原ゼータ関数：
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&% ≡ 𝑡#'±

𝜆& − 4𝜆 < 0のとき𝑠# = 𝑠(∗なので、𝑡#'# ⋅ 𝑡#'$ = 𝑡#'##'$ = 𝑡#&*+ '# = 𝑡#, （2次方程式の解と係数の関係より）



Fundamental Kazakov-Migdal model 
on the Graph and graph zeta functions
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FKM model
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Fundamental Kazakov-Migdal (FKM) model on a general graph Ohta-S.M. 2023
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cf) KM model on the graph Kazakov-Migdal 1992

Ohta-S.M. 2022

fundamental representation
(𝐼 = 1,⋯ ,𝑁()

unitary matrix
(color 𝑁))
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Partition function as a Gaussian integral

Arefeva 1993



Partition function as a graph zeta function
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tunning the mass parameter
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[Recall] Bartholdi zeta function in vertex representation
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FKM model is described by the unitary matrix weighted Graph zeta function
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Effective action and relation to Wilson action
(For simplicity, 𝑢 = 0 in the following)
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valid only for small |𝑞|
(at most |q|<1)

FKM model includes the usual lattice gauge theory with Wilson action
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Duality
2023/08/07 基礎物理学研究所 Strings and Fields 2023 15



When the graph is regular
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functional relation for 𝑑-regular graph
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(t ⌘ d� 1) Ohta-S.M. coming soon
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fact Kotani-Sunada
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When G is 𝑑-regular, 𝜁8(𝑞) has poles only in 

'
9!'

≤ 𝑅𝑒 𝑞 ≤ 1. 
In particular, there is a simple pole at 𝑞 = '

9!'
.

𝑞 ≡ 𝑡#'

The FKM model on a regular graph is symmetric under the dual transformation, 

𝑞 ↔ '
6:
or 𝑠 ↔ 1 − 𝑠 𝑞 ≡ 𝑡&'



When the graph is irregular
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fact Kotani-Sunada
• All the poles of 𝜁*(𝑞) are in 

+
,
≤ 𝑅𝑒 𝑞 ≤ 1 (1/𝜔 : maximal radius of convergence) 

• +
-!"#

≤ +
,
≤ +

-!$%

• There is a simple pole at 𝑞 = 1/𝜔

0-2 -1 1 2

-5

5

11

natural parametrization : 𝑞 = 𝜔12
𝜔 ↔ 𝑡

“functional relation” for irregular graph Ohta-S.M. coming soon
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matrix Bartholdi zeta function with (unfamiliar) weights

The FKM model on an irregular graph has also a dual expression in 𝑞 > 1



GWW phase transitions
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GWW phase transition in the cycle graph
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the result of GWW model
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3rd order GWW phase transition
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Partition function for a general graph in large N
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Check in the cycle graph
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Phase structure of the FKM model
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Numerical results
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Observables
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Cycle graph (n=3)
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Tetrahedron
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• RANK=3	(3	triangles)
• 𝑞<B ≃ ⁄1 4𝛾
• 2nd order for all region of 𝛾
• This is due to the difference of the number of the fundamental 
cycles and the number of the cycles of the minimal length.

• symmetric around s=1/2 (consistent to the duality)



Double Triangle
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• RANK=2	(2	triangles)
• 𝑞<B ≃ ⁄1 2𝛾
• 2nd order for 𝛾 < ∞
• 3rd order in 𝛾 → ∞
• slightly asymmetric (consistent to the dual 
description)



Triangle-Square
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• RNAK=2	(triangle	and	square)
• there	is	an	intermediate	phase
• 𝑞<'B ≃ ⁄1 2𝛾, 𝑞<)C ≃ 1/2𝛾
• c1: 3rd order for all 𝛾
• c2: 2nd order for 𝛾 < ∞, 3rd order in 𝛾 → ∞
• slightly asymmetric (consistent to the dual 
description)



Conclusion
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• We have constructed the FKM model on the graph.

• The effective action of the FKM model is written by unitary matrix 
weighted graph zeta function.

• The FKM model reduces to Wilson’s lattice gauge theory when the graph is 
a lattice. 

• The FKM model has a strong/week coupling duality because of the 
functional relation of the graph zeta function.

• The FKM model enjoys the GWW phase transition in large 𝑁3

• The phase structure of the FKM model depends on the structure of the 
fundamental cycles of the graph. 



Future works
• Analytical description of the intermediate phases? 

• Continuum limit?

• dynamical fermions?

• Physical meaning of the Riemann’s hypothesis of graph zeta function 
or Ramanujan graph?

• Can graph zeta function be an observable of SUSY gauge theory on 
the graph?

• Relation to other zeta functions?
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伊原ゼータ関数の例
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伊原の定理 ～頂点表示～

2023/08/07 基礎物理学研究所 Strings and Fields 2023 33

伊原ゼータ関数は行列式（多項式）の逆数で書ける
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伊原ゼータ関数の辺表示
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伊原ゼータ関数は辺隣接行列ベースの行列式でも表せる
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