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Symmetry and Anomaly |

 Classical Theory : Conservation low Symmetry (Noether Theorem)

« Quantum Theory : The conservation low may be broken (Anomaly).
> Focus on the Partition function

Z[A4] = / D(field)] eSlfeld A

> How to distinguish the anomaly : Whether the 7 is under a transformation
Z

— Z'[A+00] = / [D(field)] eSlfeld,A+00]

N——

't Hooft anomaly ~ v
=7
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Symmetry and Anomaly |l

> We can predict low energy dynamics of the gauge theory.
X Gauge theory : Theory which describes the Standard Model of particles

v e.g., we decided the theory for the strong interaction is the SU(3) gauge theory
because the theory and the experiment are well matched.

Particle Theory Particle Experiment

Predict
https://www.icepp.s.u-
tokyo.ac.jp/information
‘ /20220426.html
High Low
Energy
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Anomaly and Quantum Field Theory

« The anomaly is a peculiar phenomenon in quantum field theory (QFT).
> QFT has the infinite degree of freedom.
> To define QFT correctly, we let the infinite degree be finite (Regularization).
> This regularization breaks the symmetry (Anomaly).

L@maly ! J

Regularization

The infinite DOF The Finite DOF
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Recent Developments in Anomalies

« Recently, Gaiotto et al. has expanded the concept of symmetry. : Higher Form Symmetry
(Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148[hep-th])
> By anomalies with higher form (and discrete) symmetries, the low energy dynamics of gauge
theories has been discussed. (Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501)

> Many new anomalies have been discovered and related studies has been done.
v' Yamaguchi, arXiv:1811.09390[hep-th]
v Hidaka, Hirono, Nitta, Tanizaki, Yokokura, arXiv:1903.06389[hep-th]
v Honda, Tanizaki, arXiv:2009.10183[hep-th]
v etc.

Lattice Gauge Theory

wMotivation : Understand these anomalies
in the lattice field theory where we treat TG U U
the regularization well.




Anomaly of the SU(N) gauge theory with 8 term

« The SU(N) gauge theory with the 6 term has the time reversal (T) symmetry at 8 = r.

Z :/Da eSlal = /Da eSsumnlalgioQlal -0 ¢ 7

y — | Da GSSU(N)[CL]GW(—Q[G]) — Da BSSU(N)[UJ]GW(‘FQ[G]) €—i27TQ[a] — 7
N——
=1
« Then, we construct the SU(N) gauge theory with the higher form symmetry (Zy 1-form gauge
symmetry). This means we couple Zy 2-form gauge field to the theory.

> The topological charge (TC) becomes fractional, so it is not invariant under the

e—iQWQ ?é 1

O=m, T trans.

Important!!

» This theory at 8 = w has the mixed anomaly between the Zy 1-form gauge and T symmetry.



Topological Charge on the Lattice

« How to calculate the topological charge Q,

Q——247T2Z > EMC,/ A3z tr [(3y, 1,00 Un) (U0 1,0p 0, ) (B OBt

n W,V,p,0 f(n,p)

87T2 D D e /

n  Wu,V,p,0 (n,,u,u)

dz tr {(1771 10,05 )(~_1 OoUn—p, ,/)} :

n—f,v

> v, ,(x) is the gauge translation function (transition function).

« On the lattice, topological values are ill-defined.

> Restricting the size of plaquette (Admissibility condition), Lischer constructed
integer TC on the lattice (Lischer, Commun. Math. Phys. 85 (1982)).

» We aim to construct the TC on the SU(N) lattice by extended the Lischer’s
topological charge.

v ltou, arXiv:1811.05708[hep-th]
v' Anosova, Gattringer, Goschl, Sulejmanpasic, Torek, arXiv:1912.11685 [hep-lat]



Fiber Bundle

« The fiber bundle describes the gauge theory.

» Covering a manifold M by patches U;, each patch has the SU(N) gauge field a; and
the matter field ¢; with the irreducible representation p.

- Gauge fields at U;; = U; n U; are * At U, = U;nU; n Uy, the cocycle condition
connected by the gauge transformation is satisfied.
function g;;.

aj = gij_laigz'j —igi;dgi

— :0 gzj_l)¢z
U; ‘ Uj
L transition function g;;

04/08/23 Sting&Fields 2023 8
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Transition Function on the Lattice

« The manifold is divided by hyper cubes c(n).

 Fiber bundle describes the gauge theory by transition function for gauge

transformation.

e e.g.,in the 3d

Ty

04/08/23
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Transition Function for Fractional TC

« Coupling Zy 2-form field to the theory, the structure of fiber bundle becomes rich.
U, (1) V0 (1) Uy () ™0y () 7F = 1L

On—ir 1 ()T ()T (1) " ()~ = e N Buv(n=f=0)q,
« We find that the Zy 1-form gauge invariance plays the center role.

> Admissibility condition > Components of transition function
11— U,(n)|| <e =

~

UMV (n) =€ % B (n)

x U(n, )U(n + j,v)U(n + 0, 1)~ U (n,v) ™




Fractional TC

« By the Zy 1-form invariant transition function, we calculate TC.
2y = Z B, mod V.

PE(T?) 0

1 1 1 €pvpo2uv?po
—PQ(Bp)modlé—N Sl 8” &

— 7
N T4 2 _|_

Qtop —

Py(B,) = B,UB, + B, U; dB,

* In the U(1) lattice gauge theory, we make sure that (cf. Abe, Morikawa, Suzuki, arXiv:2210.12967[hep-th])

:  (E a1
53 D 2 CworFu (M Fpe(n+ji+0) € 57 +7

?’LEA u,v,p,0

Qtop —



Anomaly |

« The action on the lattice is
S[Ula Bp] = _SW[Ula Bp] + ithOp[Ula Bp]

« The topological charge is

1 1
Qtop —

- —P5(B)y) + Z = frac|By) + int|U;, By
N Jru 2

< Invariant under the Z, one-form gauge transformation
< 0dd under the T transformation on the lattice,

5
Qtop — _Qtop
» We discuss the anomaly at 8§ = m between the Z, 1-form gauge and T symmetry.



Anomaly |l

« At 6 = &, the partition function is, under T transformation,
7B, = / DU, SULE / DU, e 5w [U1-By] i0Quop U1 By

\ /
-~

__—i27wint[Uy, Bp] —i2mfrac[B.

> B - DU e_SW[Ul ] Zﬂ-( QtOp[Ul )— DU e_SW[Ul7 ] 'Lﬂ-Qtop[Ul ] —ZQWQtop[Ul,Bp]
O=m, T trans. P

:e—iQWfrac[Bp] /DU[ e_SW[Ul7Bp]6i7TQtop[UlaBp] Z[Bp]

7

=Z

« This means that there is the anomaly at 6 = = between the Zy 1-form gauge and T
symmetry.



Conclusion and Future Work

v Conclusion
« We construct the fractional topological charge on the SU(N) lattice gauge theory.

« By this topological charge, we construct the anomaly at 8 = 7w between the Z, 1-
form gauge and T symmetry on the lattice.

s Future work

« Construct the magnetic operator under the admissibility condition on the lattice
v’ cf. Abe, Morikawa, Onoda, Suzuki, Tanizaki, arXiv:2304.14815 [hep-lat]

« Construct non-invertible symmetries on the lattice



U(1) Part



Fiber Bundle and Fractional Topological Charge

 We construct the fiber bundle which makes the topological charge fractional.
('t Hooft, Nucl. Phys. B 153 (1979), van Baal, Commun. Math. Phys. 85 (1982))

271
cocycle condition: Y9ij9jk9ki = €XP (ank)

G 7

-~

Ui U] €ZN
| (non-trivial transition function) ~ w, x (SU(N) transition function)
9ij N factor of fractionalit
¥ We aim to construct the topological charge on the lattice. y
> We utilize the formulation for the topological charge on the SU(N) lattice gauge
theory.

(Lascher, Commun. Math. Phys. 85 (1982))

»We pay attention to the Z, one form invariance.



New Transition Function on the Lattice

transition function with the factor of fractionality in the continuum theory

(non-trivial transition function) ~ w, x (SU(N) transition function)

- We construct the transition function v, , at x € f(n, ) in the U(1)/Z, lattice

gauge theory.
> w, is the factor of fractionality on the lattice.

Vn,u (%) = @y (2) 0,0 (2)

{exp (% D vti Z“zx”) for , = 0 mod L

wy(z) =
g 1 otherwise

Ly

>z, €L and z,, = —zy, [
Zu




Topological Charge on the Lattice

« We calculate the topological charge by the new transition function.

87?2 Z Z 5/u/po/ A%z [vn, 0 (2)0pvn 0 (1) " vn— g (2) " 00vn_p. (2)]
p(n,p,v)

factor of fractionality

« By the new transition function v, ,(x) = Wu(x)@n ()

wu(x) ~ exp = Z Sy
8q Z Epvpo iy Zpo T 87Tq Z 5WPUZWZ Fpo 9.5 L

WV, 0,0 W, V,p,0 1, =0
ﬁFractu)nal” cross term
327T2 z : z : 8/“/100' F (n + 3 + V)
n  p,v,p,0

integer



Anomaly

« The action on the lattice is

=50
E 5 E F/u/ > + Smatter ZQQQ
mn
K> By the Witten effect(Honda, Tanizaki, arXiv:2009.10183)

« The topological charge is 1
qQ = g Euvpoiuv?pe + £ = frac|z] + inta, 2]
8q

V0,0
< Invariant under the Z, one-form gauge transformatlon

< 0dd under the T transformation on the lattice, ¢Q —> —qQ
> We discuss the anomaly at 6 = n between the Z,-one form gauge and the T symmetry.



Anomaly

« Adding the local counter term, at 8 = w the partition function is, under T transformaion,
Z 2] :/Da eSlazl — /Da eo0la:7] gi09Qla 2]

7

y :/DCL eSo[a,z]eiw(—qQ[a,z]) _ /Da eSO[a,z]eiqu[a,z] €—i27qu[a,z]

O=m, T trans.

~~

26—7,27r1nt[a,z] e—zwarac[z]

:e—iQWfrac[z] /DCL eSO[a,z]eiﬂ'qQ[a,z] # 7

J

=7

For g € 2Z, the anomaly exists!

2mi(2k + 1
> eXp | — 7T7/( il ) Z Epvpofuv<po Z

including counter term 8q

M7V7p70
\ J/

—0,48,4+16,-- ,



Back Up



't Hooft Anomaly

't Hooft anomaly :
Couple a background gauge field A, with the preserved current j, related to the
symmetry

Z[A,] = <exp (z’fAMj“» Z|A,+0,0)=Z[A,]exp(s.A(0,A4,))

Phase Gap

« 't Hooft anomaly matching:
The property of matching the 't Hooft anomaly calculated respectively in both UV

and IR theory

> Using the prediction of the low-energy physics of gauge theories



't Hooft Anomaly Matching Condition

> Application example

v'Restricting the low-energy effective theory of QCD, this condition requires
lagrangian to have the Wess-Zumino-Witten term.

v'Since a part of the background gauge field exists as the gauge field in Electro-
Weak gauge theory, 't Hooft anomaly can be observed in the collapse of neutral
meson. To match the experiment with this theory, the strong field theory is
detected to SU(3) gauge theory.



Topological Charge

 Topology :

Same under the
continuum
transformation

« Normal quantum physics : Wave functions are characterized by electron‘s charge.
> There are physics which is characterized by “topological charge”.
v e.g., superconductor, topological soliton,:--

04/08/23 Sting&Fields 2023 24/13



Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148

Higher Form Symmetry |

 First, we look normal symmetry (0-form symmetry)

> (2+1)d
By the field yi(x)’s transformation, the charge . spreads in 2d.

— e p(z)e R = e y(x), Q= [ d%z%), j*(z)=ip(z)v"Y(z)
graphical view A2

| S U | T ——

e ) (a) % E o ¢ 'M(a]

X L’ L~ L~
04/08/23 Sting&Fields 2023 25/13




Higher Form Symmetry |l

« Normal symmetry (0-form symmetry) : transform the point y(x)

v e.g., global U(1) symmetry o(z) — e"*(x)
 Extend the point to 2d, 3d,:-- objects

« zero form symmetry

t

/..

» transform point (x)

\,
Y e e e o e

ik

W

« one form symmetry
» transform loop W (C)

o

N #N
,.--..,.-n,‘.----- I—

____________




Symmetry Operator’s Topological Invariance

 Infinitisimal transformation of M¢,

t t

Uy(M2+ 0X)

Uy (M)

X X

0Q = [aravsasad — Jarad = Joxad = [xadi =0



Zn one-form gauge symmetry

Zn zero-form gauge symmetry

* U(1) gauge field A, and scalar
field ¢ make a pair (4,, ¢) and
construct Z, one-form gauge field.

« Constraint NA, =0,¢
« Zy zero-form gauge trans

O o+ NA
Ay — Ay 4 0u

04/08/23

Zy one-form gauge symmetry

« U(1) two-form gauge field B, and U(1)
gauge field €, make a pair (B, C,) and
construct 7Z, two-form gauge field.

« Constraint _ Written like
NB,, = 8,C, e o
« Zy one-form gauge trans
Cp—C,+ N\,
By — By, + 0,
Sting&Fields 2023 28



Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501

Zn Zero-form Gauge Symmetry

* Introducing the U(1) gauge field 4,
S=[(d*xD,H'D,H+---, D,H=0,H—iNA,H
« Condense the Higgs H. ¢ is a scalar field.
H =he?, ¢~¢+2n
S=[d*zh*(0,¢0 — NA,)>+ -

e VEV h - o0, we get the constraint,
Oy —NA, =0



Zn Zero-form Gauge Symmetry

Constraint: 0,¢ = NA,

It N =1, A, is pure gauge by the constraint, U(1) symmetry is broken completely.
On the other hand, if N > 1, Zy symmetry is remained. Wilson loop is

W = [exp(i [ A,)]" = exp(i [ 99) = 1

By this constraint, a pair, (4,,¢$), U(1) gauge field A, and a scalar field ¢,
constructs Zy one-form gauge field.

This pair, (Aw c|>), has the Zy zero-form gauge symmetry, and the transformation
is b b+ N
Ay Ay 4+ OuA



Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501

Zny One-form Gauge Symmetry

« An example of higher form symmetries, Zy one-form gauge symmetry, is not
familiar.

» Rough method of making Zy one-form gauge symmetry
v’ Consider Zy zero-form gauge symmetry
v'Raise the rank of the derivative

v'Consider Zy one-form gauge symmetry



Couple with SU(N) Gauge Theory with 8 Term

1 7
. Action: S:—@ tr(F/\*F)+$/tr(F/\F) 9 1
S:—2—92/tr[(]:—]lB)/\*(]:—]lB)]+@/tr[(]:—]lB)/\(]:—]lB)]+§/u/\(tr]:—NB)

- Couple the pair, (B, C,), Zy two-form gauge field, with SU(N) gauge theory
> Extend the SU(N) gauge theory to the U(N) gauge theory
> A U(N) gauge field, whose traceless part is SU(N) gauge field A.

> Eliminate the trace-part by one-form gauge symmetry, Zn One-form Gauge Transformation
A— A+ A Cr—C+ N

» Imposing the constraint, B — B4+ d)\
tr(F) =NB

» With the gauge transformation of a pair (B, C), Zy two-form gauge field, F' = F — 1B
becomes A gauge invariant.

> By this F, we obtain the SU(N) gauge action coupling with the Z, two-form gauge field.



Anomaly in the SU(N) Gauge Theory with 8 Term

« Action : S = ! tr(f Axf) + ;//tr(f\/\f) time reversal symat 6 =0,

292

» Replace F = F — B1, we couple Zy two-form gauge field and SU(N) gauge theory.

S:—%/tr[(]—"—]lB)/\(]—"—]lB)]+i/tr[(]—"—]lB)/\(F—]lB)]Jri/u/\(tr]—"—NB)
24 82 2

-
» With Z, one-form gauge sym, under T trans,

T —14+N+2p
Z|B] = Z|Blexp [ AN /NB A NB] 2mi X (fractional)

»Anomaly between Zy one-form gauge and time reversal sym.



Wilson Loop and Transition Function

* Divided the torus into two part,

a;

WX )

gij Yij
) / . . . /
W(C) ety @ity ai gt ) aigi [T a

y y . IZ: wa}.
> gjietls Yiggje Jy o

r—x’ ,y—y’
—gijet o
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Transition Function in SU(N) Gauge Theory

« Transition function is defined in nontrivial patches.

 In 2d, the manifold T2 is divided by four patches

Xy = 4y
X
[" x, =0
X
04/08/23

S— —Q ]
= —
| ~ | ] - -

I qf Us HOID identifyi....oeeeees Qu — hOugo_l

] - %

t N f

Identity
x, =0 _
X, = ay

Sting&Fields 2023 35/13



Zn One-form Gauge Sym and Fiber Bundle

« When the representation p is adjoint, cocycle condition becomes relaxed.

9ij9jk9ki = €XP (%nwk)

- EZ
* Here, {n;;} is mod N and antisymmetric. -
> {n;jx} has gauge redundancy.
» Under trans of transition function, :
gij 7 exp (5 Nij) 9ij = =
. : L N\ ransition Function
we want to be invariant of cocycle condition, in SU(N)/Zy Gauge Theory

Nijk = Nijk + (ON)ijk

(ON)ije = Aij — Aik + Aj
> We call this trans Zy one-form gauge trans and {n;;,} Zy two-form gauge field.



Transition Function in SU(N) Gauge Theory

« By the transition function ﬁu, the cocycle condition is
Qu(xv = a,/)(l,,(aju = O)Q;l(xv = O)le(xu =ay) =1

- To consider the fractional topological charge, we redefine the transition function Q.

(Making SU(N)/Zy bundle)
7 1 factor of fractionality

1 Ny Ly
Wy = exp (N Z ”a T\1>/ SU(N)'s generator

v

> The cocycle condition is relaxed,

2
Qu(zy = a,)Q(z, = O)Q;l(xy =0)Q, ' (v, =a,) = exp (ﬂ )



Cocycle Condition on the Lattice

(new transition function) ~ w,, X (normal transition function)

« By the new transition function, the cocycle condition is

—1
(9 xr . o o —1-
il 7) B (2 () (2)
| ,U”_ R {x\—l . Y (m\ neW
— KA YLV —1

n—i " ()0 ()0 ()

vV vn_I;’M(x)
L» M —e



Lischer, Commun. Math. Phys. 85 (1982)

L Uscher’s |dea

- Topological charge is defined by the continuum function: transition function v, |,

Q(vn, ) 247T2 Z Z / xgwpa Tr((vﬁ,bavvn,u)(U;,Lapvn,u)(’U;,Laovn,u))

n pwipo” 0

xswpa Tr((fun 10, L)(vn i LO0sUn—p, ,,))

« By the interpolate function: “Parallel transporter”, he defined the transition
function v, , on the face f(n, p). — f(n,p

\
e o e e




Lischer, Commun. Math. Phys. 85 (1982)

Interpolate Function in SU(N) Gauge Theory

* Inx € f(n, ),

Difficult!!
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Fujiwara, Suzuki, Wu, arXiv:0001029

Parallel Transporter
in the Lattice U(1) Gauge Theory

- By the parallel transporter w™(x), we obtain the transition function v, in the
continuum point x: v, ,(z) = w" #(z)w"(z) "

lattice . . ——
w"(z) =U(n,1)7*U(n + o011, 2)10)2 Un4+o11l4+092+---+0op_1D—1,D)°P
z=n+>» oui (0, ={0,1})
u=1
Interpolate

[Ty (oku+(1—ok)(1=0.))

w () = 11 w™ (n + E_: m@)
k=1

{O—k:OJ-}k:l’... .D—1

x:n—l—z far, 0<y, <1
k=1

Interpolate Parameter



Image of Parallel Transporter

. Notation fnw
> Example: in 2d, ccn—0) [c(n)

c(n)

Upu(x) & ——
s site n U, W

n © ®-x @
Parallel Transporter 0<y; <1

w"(x) =U(n,1)¥*
C(Tl—?) C(Tl—?-l—i) ,wn—é(x)

— [U(n — Qa 1)U(n —2 + i, 2)]y1 U(n _ Q’ 2)1—y1

p—
)
N @
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Transition Function on the Lattice in 2d

« By using the parallel transport function, the transition function is,

Unp(z) = " F(z)w" (z)

> Example: in 2d,

| U 2() :fw”_é(x)w” (z)~*

vn,Z(x) A A A ~ 1 A 1791
=U(n—2,2) [U(n—-2,1)U(n—2+1,2)U(n,1)"'U(n—2,2)""]
L y(n, 1) =U(n — 2, 2) exp [z’ylFlg(zz — ?)]
LA —1
|2— Flw(n) = B In [U(n,,u)U(n + [, v)U(n + 0, p) " U (n, V)_l]
1 :[U(n—f,l)U(n—QJri,Q)]ylU(n—Q,Q)l_yl
e S
n—2 n—2+1
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Transition Function on the Lattice in 4d

In 2d

>|n 4d, A . A
o () = Uln — 1,1) Upo(z) =U(n —2,2)exp [zylFlg(n — 2)}
X exp [’iy4F14(TL — i) —+ iy3y4F13(TL —1 + 21) —+ ’Lyg(l — y4)F13(n — i)
+ 1y2ysyaFra(n — 1+3+ 21) + 1y2y3(1 — ya) F12(n — 1+ 3)

+iya(1 — y3)yaFr2(n — 14+ 4) +iya(1 — y3) (1 — ya) Fra(n — i)],

Umg(l') == U(n — Q, 2) exp [z'y4F24(n — Q) + iy3y4F23(n — Q + 21) + ’I,yg(l — y4)F23(n — 2)] 5
vn3(z) = U(n —3,3) exp liyaF3a(n — 3)] :
Un,4($) — U(n o 217 4)

> Field strength is
1

Fyw(n) = =1 [U(n, p)U (n + 1)U (n + 0, 1) "' U (n,0) 7]



Parallel Transport Function

« Parallel transport function’s image is “by the interpolate parameter y, the
transition function is defined as the function on an arbitrarily point x on the link”.

()

S @



Link Variables

* In SU(N) gauge field, this process is very complicated.

> By the parallel transport function, we defined the new link variable.
upy = " (@)U (Z, )™ ()

(
y

Image of uy,

n
> By this link variable, we define the interpolate function.



Transition Function

« By the interpolate function made from the new link variable, we define the
transition function as continuum function on the lattice .

On (@) = S () 7 00,0 () 51 (@)

n—mnp n
o

Image of 7, ,

=



Cocycle Condition

« Check the cocycle condition by this new transition function

»In x € p(n,u,v), we define new function,

P (@as ) = (W) (0 )92 (gt i, VY2 it (i, 199]

n,pv Pop2 pP2po Pop2 “pP2pP3 "P3P1 P1Po bopP1\"P1P3
» The relation with S, (x) is
Sptu(@) = Py (@) (x € p(n, p, V) "
Spu(x) = Ry Pl (@) (x € p(n+ A, 1, \)

.

xCK
Po



Cocycle Condition on the Lattice

New Transition Function

Un,u(x) = W/L(x)?vjn,u(x) at x € f(n,p)

- By original transition function v, ,, cocycle condition is

§ 5 g 1. 1 cocycle condition
Vn—p.o ()0 T)v T) Up—pulT =1 - .
« By new transition function v, ,, w, causes gijgjr9ri = 1

Un—ﬂ,V(x)vn,u(x)vn,V(x)_lvn—ﬁ,M (5’7)_1

{exp (%zw) for z,, = x, = 0mod L A7 DIC

1 otherwise
€ Z,



Cocycle Condition

> R™ is
anu o (T, Ty) = [(%3“37“72“20)% U
- (ugruzgugsugs)”” ussug) (ulgugitsus;)
- uy (ugiuisussusg) 1" (ugusyusi uly)” ugy
meﬁ(xa, 5’77) = (%3“37“72“20)% Ugs

RZL/J,,W (xOM xﬁ) :ugé

Y~



Cocycle Condition

» By the new interpolate function, in x € p(n, u,v), the cocycle condition is

O (2) T (2) = (Pry ™ (@) T o pw (W) PRl (@) (Pl (2) " on, (n) Py, (2)

:Pg,;yﬁ_ﬂ(x)_lvn—ﬂﬂ/ (n)vn,l/<n)P7?,uu (ZC)

Un— a0 (%) U, (2) = Pg,/jg_ﬂ(w)_lvn—ﬁ,u(n)vn,u(n)Pgﬁuu ()
»When (cocycle condition)=1 is satisfied at each site,

D (2) 0y (1) 0y (1) 0 ()~ =1



Topological Charge

By the new transition function, the topological charge is

P(0p,,) =

1 _ _
2472 2 Ewwir {3/ 2T [Py s, Op (Pt o) (Boijsn) ™ O Bty
m W, V,0,0 p(n+pa+o,u,v)
o 3/ dQCC Tr [ g—kﬁ,uva/?( g—kﬁ,,ul/)_l(Rg,u;v>_180RZ,u;u]
p(n+o,u,v)

_/ dS:ETr[ g+ﬂ,u8V( Z+ﬂ,u)_1sg+ﬂ,uap( Z+ﬂ,u)_1sg+/1,u80( gﬂl,u)_l]
f(n+i,p)

4 / 4’z Tr [Syy 0, (S )~ Sh 0,(Sy )~ S0 05 (Shy )] }
f(n,p)



Admissibility Condition

e It is impossible to define the topological charge which has intervals on the lattice.
> Under the “Admissibility condition”, the gauge configuration is sufficiently smooth.

Admissibility Condition

~

sup FW(n)‘ <€, 0<e< E
n,pu,v 3q

Sufficiently
Smooth Region

« Field strength is

F(n) = %ln [U(n, 1)U (n + fu,v)U (n+ 0, p) " U (n,v) "]

% q is needed for the invariance under the Z, one-form transformation.



opological Charge in the SU(N) Gauge Theory

- By the new transition function, we calculate topological charge Q(vy,).

 In 4d continuum theory, (van Baal, Commun. Math. Phys. 85 (1982))

1 — — _
Q(Un,u) :24772 Z/d?’aﬂgﬁwaﬁ Tr((vnaﬁb&/vn,L)(vnal«baavn,}ub)(Un,uaﬁvn,/lu))
7
1 - J—
+ — Z/d25uv5uva6 Tr((vn,lyé’avn,y)%:au (vn,uﬁgvn,b)%:o)

=7 + ——— - S EuvaBRuviaf

integer | fractional




Differential Calculus on the Lattice

1
« k-form function: f(n) = o Z furoope(n)da,, - -dz,,

K1, Mk

 The definition of extra derivative: dz, f,,.....(n) = fu,..p. (n + i) dz,,

> By this extra derivative on the lattice, the Leibniz rule on the lattice is

d[f(n)g(n)] = df(n) - g(n) + (=1)* f(n) - dg(n)

> Example: 1
fn)f(n) = 1 Z fur (1) foo(n + o + D)dzx,dx,dz ,,dz s
1 v,p,0
2 1 .
TN =7 Z Euvpo fur (M) foo(n + it + D)dz1drodrsdry



Zq, One-torm Global Symmetry
and Gauge Symmetry

 Zq one-form symmetry is corresponding to multiplying the Z, element by the
transition function from the point of fiber bundle.

> Consider the transformation of the transition function on the lattice

> Firstly, consider the Z, one-form global symmetry



Admissibility Condition

* Field strength is
1

F(n) = i In [U(n, w)U(n+ p,v)U(n+ 0, 1)~ Ul(n, I/)_l}q |Fu(n) <

> Invariant under the Z, one-form gauge transformation

> We require the admissibility condition to the field strength,

sup Fw(n)‘ <e O0<e< l
NTRY 3q

> Under this condition, the Bianchi identity is satisfied.

Z %upaAqua(n) =0

V7p’a



Proof of Admissibility Condition

* Field strength is

1 | A A .
Fo(n) = In {ez(au<n>+ay<n>+ﬂ—au(n+y)_ay<n>>}
1 ) A |
=i i (ap(n) +av(n)+p—aun+70)—ay(n))-q+27iN,,(n)]
27
=Aya,(n) — Aya,(n) + ?NMV (n)

> N, is the function for taking F,, back to the range [—m,m].



Proof of Admissibility Condition

By the admissibility condition,

> cuvpeAuFu(n) < 6e

v,p,o

> By definition,

2T 2T
5 cunpalhs (B 0) = By0(0) + TN 1)) = 25 2y 8 Ny (0
v,p,0 q q v,p,0
2By urpr Ny (n) < 1
OD<be< — = 0O0<e< —



Z, Two-torm Gauge Field

 Zq two-form gauge field is defined by
2w (1) = ZuOn,, . L-10n,,L-1 + Bpzy(n) — Apzu(n) + qNpw(n) € Z
> To protect the antisymmetric value,

0<z,(n) <gq for p < v,
2w (n) = —zyu(n) for p>v

»Under the Z, one-form gauge transformation, Z, two-form field is
Zu(n) = 2z (n) + Apzu(n) — Apzu(n) + Ny (n)



Z, Two-torm Gauge Field

- This Z, two-form gauge field is connected to an arbitrary gauge configuration by
the Z, one-form gauge transformation.

Zuv (M) = 2000, 100, -1 + Apzp(n) — Ayz,(n) +qNyw(n) €7
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Fractional Topological Charge
by Z, Two-form Gauge Field

27T R ~ 27]' ) )
= o3 2 3 e Funl) + 0] [ Epolr 904l )
nel u,v,p,0

Zuy(n) — Z,UJV(SnM,L—l(SnV,L—l + A,uzz/(n) - Ayzu(n) + CIN;W(”) S 7

— 2 § 5,u1/pazw/zpa 87Tq E Epuvpo Z v E Fpa

w,v,p,0 w,v,p,0 1, =0

3271'2Z Z gﬂVPU ,uu pa(n—|—,u—|— )

n Wu,V,p,0




Z, One-torm Global Symmetry on the Lattice

- The factor of fractionality w, is related to the Z, one-form transform.

> Link variable

o
U(n, ) — exp (ﬂzy) U(n, ) n, =0
q

> Transition function € Zq

271 -
exp | &2z, | v x) forx, =1
'Dn,,u(w) N p( q M) n,,u( ) K .
U, () otherwise

> Cocycle condition

Not Ly “Relax”

/

B (@) ()55, ()5, () = 1

04/08/23 Sting&Fields 2023

Wilson Line
W (C)

VvV nM:O

U(n,=0,n, =0,

63/13



Z, One-torm Gauge Symmetry on the Lattice

- The factor of fractionality w, is related to the Z, one-form transform.

> Link variable

271

U(n, 1) — exp [7;@(7@)] Uln, )

> Transition function

271

(o) = exp | 20 )

> Cocycle condition

Vn—p,3(T) V0 (2)Vn, ()

04/08/23

€ Z,

A

Zq “relax”
— [ 2ni
—1 -1 __ ~
Un—/l,z/(x) = €Xp [7/@1&(” — K
€Z,

Sting&Fields 2023

[vnpla) € flnp)




Mixed 't Hooft Anomaly

« ¢S is ,under the T-transformation,

eiqu l; e—iqu _ e—27r7qu ) eiﬂ'qQ

277@
7/71'
— exp ( E € v po ZuvZpo ¢

WiV, p,0
> Introducing a local counter term which is invariant under the Z, one-form gauge
transformation,

S 27mk Z Z .
e counter :eXp E:MVPO'Z,UJV Zpo—(’n,—l—/,L—l—V)
n  wu,v,p,o

2wk
—exp< Z 5ngzu,,ng>

[V, 0,0




Mixed 't Hooft Anomaly

« ¢S is ,under the T-transformation, when 6 = ,

eiqu l; e—iqu _ e—27r7qu ) eiﬂ'qQ

271 -
- P (8_q Z gﬂVPUZMVZpJ> e’

w,v,p,o
> Introducing a local counter term which is invariant under the Z, one-form gauge

transforlnation,
S 2mik Z

q /’l'?V?p?O.




Time Reversal Symmetry

U(n, for 4,
U(n, 1) 5 (7} H) ; h7
U(n —4,4) for p = 4,
- KF,W(T_L) for/ﬁ#ll) V#Zl? rZ’uV<ﬁ)
F,uu(n) — < _F41/(ﬁ' _ Z}) for K= 47 zW(n) I> { —Z4y(ﬁ
| —Fua(n—4) forv= | —24(
sz for p # 4, v # 4,
2w XN § —24, for p =4,
| —2ua forv=4.




Witten Effect

« Setting magnetic monopole with magnetic charge g, electric charge g is induced
by 0 term.

1 0
S:—Z—QZ/tr(f/\*f)—FS?/tr(f/\f) I

> |In the abelian gauge theory, EOM is

e
o = €uwpo Oy (00,As)

0, F" =
L» V- E=-—

> Dirac quaternization is condition: gq =10

A
v

47‘(’ €0 p/eo




Slap, Spw,nyl

Cardy-Rabinovici model

:Skin [&/U S/ﬂ/] + Smatter [&,ua S/MM n,u]

0
Z S ‘|‘ZNZ <nu —|—%ZF($

(w 8% (z,p)




