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Krylov complexity is a measure
of operator growth.

Krylov complexity Ko (t ann (t)]°

[D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, E Altman, 201 8]

Lanczos algorithm i1s a mathematical method
for Krylov basis ©,,for O(1).

O(t) = ) i"ou(t)On

n=0

Lanczos algorithm can determine Krylov basis O,
Lanczos coefficients b, , and wave functions ©n (%)



Universal operator growth hypothesis

Lanczos coefficient b, of non-integrable systems
INn the thermodynamic Iimit grows linearly.
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[D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, E. Altman, 201 8]
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d decrease to zero.

R. Watanabe's talk]



Ak bounds )\,

Smooth linear behavior b,, ~ an + v implies

the exponential growth behavior Ky (t) ~ 2t = e*x?
[J.L.F. Barbon, E. Rabinovici, R. Shir,R. Sinha, 2019]

An exact example

1 . 1.2
C(t) = (cosh(a))7’ by, = av/n(n —1+1n), Ko(t) =nsinh®(at)

Generalized chaos bound
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oroved (T = oo) conjecture (finite T)

[D. E. Parker, X. Cao, A. Avdoshkin, [A. Avdoshkin, A. Dymarsky, 2019],
T. Scaffidi, E. Altman, 2018] [Y. Gu, A. Kitaev, P. Zhang, 2021]



My motivation

- Understand the meaning of CFT results
IN [A. Dymarsky, M. Smolkin, 2021]

- Understand how much difference of Krylov complexity
INn lattice and continuum theories

- Compute Krylov complexity of familiar and simple
theories in QFT’s textbooks
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Outline

1. Moment method

2. Lanczos coefficients and Krylov complexity

iNn scalar QFTs

3. Summary



Expansion of o(t) and inner product

O(t) _ eth(De—th _ Z (Zt) Jéde, ro — [H, O]

n=0

We want to construct an orthonormal basis for {£L"O}
choosing an Inner product.

Choices of inner products

(A|B) := Tr[ATB]/Tr[1] Infinte temperature
1
(A\B)g = ﬁTr[e_BH(ATB + BA")]  Standard inner product
1

W o._ —BH/2 —BH/2
(A|B)5 = ETI’[G PHIZ AT e=PHI B Wightman inner product



Lanczos algorithm

Algorithm to construct a basis
for tridiagonalization of a Hermitian matrix

O-1) =0, [Oo) :=|0), L|On) =an|On) + bn|On—1) + bnt1|On 1)

Krylov subspace

ao bl 0 0

Span{L" O} by a1 by O
Krylov basis (On|L|0,) =] 0 b2 az b3
O ) O O bg as

an, b, : Lanczos coefficients

a, =0 for a Hermitian operator O.



Lanczos coefficients can be
determined from a Zpt function.

t
2pt function C(t) := (O|O(— Z M,, —

1 dmC(t)

Moments My := —o =0 = (Oo|L"[Op)

t=0

Moments determine Lanczos coefficients.

My = (Oy|L]|Og) =ay,
Oy) =ag + by,
Ms = (Oy|L?|Op) ao + 2a0b2 + a1b7,
My = (Oo|L*|Og) =(ag + a1)?*b] + (ag + b7)* + b3b3.
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Time evolution of #-(?)
O() =D i"on()|0n), @n(t) =i "(0,|O(t))

n=0
‘0—1) =0, ‘OO) = ‘(9), ﬁ‘on) :@n‘On) T bnlon—l) T bn+1‘0n+1)

v

don (t)
dt

p—1(t) = 0,900(t) = C(-1), = 1anPn(t) + bnpn—1(t) — bny19n+1(t)

From C(t), we can determine an, by,
and solve o, (t) recursively.

Then, we can compute Ko(t ann
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Outline

1. Moment method

2. l.anczos coe:

Tficients and Krylov complexity

iNn scalar QF

3. Summary
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How to compute b, and Ko (t an

2pt function C(t) = (¢p(t —i5/2,0)$(0,0)) 5

¥ (w) ::/dtC’(t)eM

Wightman power

d—1
spectrum _ 1 / d™ "k I
smb[Fwy2] | (mya 1P k)
1 d*"C(t)
Moments My, =
T (=2 di2n =0
1 O
=— dw w?™ fV (W)
21 ) _

From a given spectral function p(w, k),
we can compute C(t), Ma,, b, Ko(t)
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bn, of free massive scalar theory
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Mass 1 causes the difference between b,qq4 and beven .

b,, is not smooth with respect to " due to mass.
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Ko(t) of free massive scalar theory
1+ Ko(t) Logplotd=5 — Ko(t)~et (1.5< %t < 2.0)

1000+«
[ e Ko(t)=(d-2)sinh?(rtt/B) :

507 -] 2m 4
| Kolt) for fm=0 = - Forfm =0, Ko(t) ~e?
» Ko(t) for fm=10 |

ol T Ko(t) for Bm=50 i [A. Dymarsky, M. Smolkin, 2021]
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Kol(t) for m=100. ="

For 8m +# 0 , \x decreases
due to mass.

Mass violates

the smoothness of b,,
for Ko(t) ~ e**

from b, ~ an +~
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b, With finite UV cutoff A

(d = 5)

Y (W) ~ N(m, B, A) (w2 —m?) e 7 O (jw| —m, A — |w|)
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(d=5m=20,8=1)

boda ~ (A +m)/2

' beven ~ (A —m)/2

UV cutoff A causes the saturation of b,, .
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Ko(t)  Linear plot
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: Ko(t)=3sinh?(r1t/p) |
- Ko(t) for d=5,8m=10,BA=15 |
10+
5
0-1_./. .................................

0 2 3 4 5

Ko(t) With finite UV cutoff A

—arly-time exponential growth,
independent of A

Late-time linear growth
due to saturation of b,,

Saturation of b, and
late-time linear growth of Ko ()

are consistent with free lattice.
[A. Avdoshkin, A. Dymarsky, M. Smolkin, 2022]
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br, in 4d g¢°/3'theory (m=0,8=1,A=200)

One-loop self energy 11, = —Q—

b 0bn = bn(g) — bn(0)
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