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・ Huge number of 4D stable vacua (string landscape)

Generation number of quarks/leptons in the string landscape?

Question :

Introduction ― Atiyah–Singer index

ー 𝑂(10500) Type IIB flux vacua
ー 𝑂(10662) MSSM-like models in Heterotic on CYs

Ashok-Douglas (‘04)

Constantin-He-Lukas (‘18)

--- Counted by the Atiyah-Singer index : 𝜒 𝑀, 𝑉 = 𝑀׬ ch 𝑉 ∧ Td(𝑇𝑀)



Since such background fluxes induce brane charges,
an arbitrary value of background fluxes is not allowed in compact spaces

-- constrained by the tadpole cancellation condition

--- Atiyah-Singer index : 𝜒 𝑀, 𝑉 = 𝑀׬ ch 𝑉 ∧ Td(𝑇𝑀)

Background fluxes on the internal manifold



Short summary

An arbitrary value of background fluxes is not allowed 
(constrained by tadpole cancellation condition) 
→ Upper bound on the Atiyah-Singer Index

(String) Landscape

Pantanal swamp in southern Brazil (Wiki)

Swampland:
The set of theories that 
cannot be consistently UV 
completed by Quantum gravity

Tadpole cancellation

𝜒 𝑀, 𝑉 = න
𝑀

ch 𝑉 ∧ Td(𝑇𝑀)



Outline

✓ Introduction/Short summary

・  Heterotic string theory with line bundles

ー 𝐸6 GUT in 𝐸8 × 𝐸8 heterotic string

ー SU(5) GUT in 𝐸8 × 𝐸8 heterotic string

ー Pati-Salam in 𝑆𝑂(32) heterotic string

ー   Direct flux breaking (hypercharge flux) in 𝑆𝑂(32) heterotic string

・  Conclusions and Discussions

ー   Type II string/ F-theory construction



Heterotic string models

ー CY compactifications → 4D N=1 SUSY

 ー Holomorphic vector bundle 𝑉 on CY
(with group 𝐻 ⊂ 𝐸8 or 𝑆𝑂(32))

・ 10D 𝐸8 × 𝐸8
′ or 𝑆𝑂(32) heterotic string on Calabi-Yau threefolds 



ー 𝐸8 → 𝐺 × 𝐻

𝐻 : Non-abelian (Standard embedding, Monad construction,.. 
𝐻 = 𝑆𝑈 𝑛 , 𝑛 = 3,4,5 leads to 𝐺 = 𝐸6 , 𝑆𝑂 10 , 𝑆𝑈(5)

𝐻 : Abelian (line bundle models)
𝐻 = 𝑈 1 𝑛, 𝑛 = 2,3,4 leads to 𝐺 = 𝐸6 , 𝑆𝑂 10 , 𝑆𝑈 5
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(with group 𝐻 ⊂ 𝐸8 or 𝑆𝑂(32))

・ 10D 𝐸8 × 𝐸8
′ or 𝑆𝑂(32) heterotic string on Calabi-Yau threefolds 

・ 4D gauge symmetry
Candelas-Horowitz-Strominger-Witten (‘85)
L.Anderson, Y.H.He, A. Lukas (’08),…
Blumenhagen-Hocecker-Weigand (‘05),…



ー 𝐸8 → 𝐺 × 𝐻

𝐻 : Non-abelian (Standard embedding, Monad construction,.. 
𝐻 = 𝑆𝑈 𝑛 , 𝑛 = 3,4,5 leads to 𝐺 = 𝐸6 , 𝑆𝑂 10 , 𝑆𝑈(5)

𝐻 : Abelian (line bundle models)
𝐻 = 𝑈 1 𝑛, 𝑛 = 2,3,4 leads to 𝐺 = 𝐸6 , 𝑆𝑂 10 , 𝑆𝑈 5

Heterotic string models

ー CY compactifications → 4D N=1 SUSY

 ー Holomorphic vector bundle 𝑉 on CY
(with group 𝐻 ⊂ 𝐸8 or 𝑆𝑂(32))

・ 10D 𝐸8 × 𝐸8
′ or 𝑆𝑂(32) heterotic string on Calabi-Yau threefolds 

・ 4D gauge symmetry
Candelas-Horowitz-Strominger-Witten (‘85)
L.Anderson, Y.H.He, A. Lukas (’08),…
Blumenhagen-Hocecker-Weigand (‘05),…



𝑐1 𝑉 = 0

Conditions in heterotic string models

𝑐2 𝑇𝑀 − 𝑐2 𝑉 = [5−brane] ≥ 0

1. Tadpole cancellation condition (in compact spaces)

2. “K-theory condition” 

from Bianchi identity of the three-form 𝐻
0 = 𝑑𝐻 = 𝑡𝑟 𝐹2 − 𝑡𝑟(𝑅2)

3. SUSY condition
𝐹𝑎𝑏 = 𝐹 ത𝑎 ത𝑏 = 0, 𝑔𝑎

ത𝑏𝐹𝑎ത𝑏 = 0

4. Finite 4D gauge coupling

Upper bound on CY volume: 𝒱 = 𝑔𝑠
2𝛼GUT

−1 ≤ 25
𝑔𝑠 : string coupling



4D SUSY 𝐸6 GUT from Heterotic string on 6D CY

𝐸8 × 𝐸8
(hidden)

→ 𝐸6 × 𝑆𝑈 3 × 𝐸8
(hidden)

・ 4D gauge symmetry :

・ Index of 27 or 27 matter multiplets

Candelas-Horowitz-Strominger-Witten (‘85)

𝑁gen =
Euler number

2

CY3 in the Kreuzer-Skarke database

Largest Euler number = 960

𝑁gen ≤ 480
Euler number 

Kreuzer-Skarke (‘00)



・  Multiple line bundles 𝑉 =⊕𝑎=1
4 𝐿𝑎 lead to semi-realistic SM spectra:

-- Gauge group

-- Chiral zero-modes

-- Index of SU(5) matter multiplets

due to 𝑐1 𝑉 = 0 (“K-theory condition”)

𝐸8 × 𝐸8 Heterotic Line Bundle Models on CY threefolds
Blumenhagen-Honecker-Weigand (‘05), 
Anderson-Gray-Lukas-Palti (‘11),….

𝐸8 → 𝑆𝑈 5 × Π𝑎=1
4 𝑈 1 𝑎

248  → ۩𝑝(𝑅𝑝 , 𝐶𝑝) 
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ℎ1,1
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c

1

2𝜋
න
Σ𝑖

𝐹𝑎 = 𝑚𝑎
𝑖 ∈ ℤ



・  Upper bound on the Atiyah-Singer index:

𝐸8 × 𝐸8 Heterotic Line Bundle Models on CY threefolds
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・  Upper bound on flux quanta 𝑚𝑎
𝑖 :

--- using the Cauchy-Schwarz inequality with σ𝑎=1
𝑛 𝑚𝑎

𝑖 = 0

𝐸8 × 𝐸8 Heterotic Line Bundle Models on CY threefolds

෨𝐺𝑖𝑗 ≔
𝒱

||𝒕||
𝐺𝑖𝑗  

0 <෍

𝑎,𝑖

𝑚𝑎
𝑖 ෨𝐺𝑖𝑗𝑚𝑎

𝑗
≤ ||𝑐2(𝑇𝑋)||

෍

𝑎,𝑖

𝑚𝑎
𝑖 2

≤
||𝑐2(𝑇𝑋)||

𝜆min
Eigen( ෨𝐺𝑖𝑗)|min = 𝜆min



・  Upper bound on flux quanta 𝑚𝑎
𝑖 :

--- using the Cauchy-Schwarz inequality with σ𝑎=1
𝑛 𝑚𝑎

𝑖 = 0

𝐸8 × 𝐸8 Heterotic Line Bundle Models on CY threefolds

෨𝐺𝑖𝑗 ≔
𝒱

||𝒕||
𝐺𝑖𝑗  

0 <෍

𝑎,𝑖

𝑚𝑎
𝑖 ෨𝐺𝑖𝑗𝑚𝑎

𝑗
≤ ||𝑐2(𝑇𝑋)||

෍

𝑎,𝑖

𝑚𝑎
𝑖 2

≤
||𝑐2(𝑇𝑋)||

𝜆min
Eigen( ෨𝐺𝑖𝑗)|min = 𝜆min

෍

𝑎=1,𝑖

𝑚𝑎
𝑖 2

≥ ෍

𝑏=2,𝑖

𝑚𝑏
𝑖 2

+෍

𝑖

𝑚1
𝑖 2

≥෍

𝑖

𝑚2
𝑖 +⋯+𝑚𝑛

𝑖 2

𝑛 − 1
+෍

𝑖

𝑚1
𝑖 2

=
𝑛

𝑛 − 1
෍

𝑖

𝑚1
𝑖 2



・  Upper bound on flux quanta 𝑚𝑎
𝑖 :

--- using the Cauchy-Schwarz inequality with σ𝑎=1
𝑛 𝑚𝑎

𝑖 = 0

𝐸8 × 𝐸8 Heterotic Line Bundle Models on CY threefolds

෨𝐺𝑖𝑗 ≔
𝒱

||𝒕||
𝐺𝑖𝑗  

0 <෍

𝑎,𝑖

𝑚𝑎
𝑖 ෨𝐺𝑖𝑗𝑚𝑎

𝑗
≤ ||𝑐2(𝑇𝑋)||

෍

𝑎,𝑖

𝑚𝑎
𝑖 2

≤
||𝑐2(𝑇𝑋)||

𝜆min

෍

𝑖

𝑚𝑎
𝑖 2

≤
𝑛 − 1

𝑛

||𝑐2(𝑇𝑋)||

𝜆min

𝑛 : # of U(1)

Eigen( ෨𝐺𝑖𝑗)|min = 𝜆min



・  Upper bound on flux quanta 𝑚𝑎
𝑖 :

--- using the Cauchy-Schwarz inequality with σ𝑎=1
𝑛 𝑚𝑎

𝑖 = 0

𝐸8 × 𝐸8 Heterotic Line Bundle Models on CY threefolds

෨𝐺𝑖𝑗 ≔
𝒱

||𝒕||
𝐺𝑖𝑗  

0 <෍

𝑎,𝑖

𝑚𝑎
𝑖 ෨𝐺𝑖𝑗𝑚𝑎

𝑗
≤ ||𝑐2(𝑇𝑋)||

෍

𝑎,𝑖

𝑚𝑎
𝑖 2

≤
||𝑐2(𝑇𝑋)||

𝜆min

෍

𝑖

𝑚𝑎
𝑖 2

≤
𝑛 − 1

𝑛

||𝑐2(𝑇𝑋)||

𝜆min

𝑚max
2 ≤

𝑛 − 1

𝑛

||𝑐2(𝑇𝑋)||

𝜆min
− (ℎ1,1 − 1)

If 𝑚𝑎
𝑖 ≠ 0  for ∀𝑎, 𝑖

𝑛 : # of U(1)

Eigen( ෨𝐺𝑖𝑗)|min = 𝜆min



・  Upper bound on the Atiyah-Singer index:
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・  Upper bound on the Atiyah-Singer index:

・  Upper bound on flux quanta 𝑚𝑎
𝑖 :

We estimate the bound on “favorable” complete intersection CYs (CICYs).
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Ambient Spaces

カラビ・ヤウ

超曲面

・ Constructing CY manifolds as the intersection of hypersurfaces
・ Ambient spaces are given by products of complex projective space

Complete Intersection Calabi-Yau = 完全交叉カラビ・ヤウ



CY conditions

Quintic

Tian-Yau

General CICY

Complete Intersection Calabi-Yau = 完全交叉カラビ・ヤウ

Candelas-Dale-Lutken-Schimmrigk (‘88)
Candelas-Lutken-Schimmrigk (‘88)



Upper bound on Atiyah-Singer Index in SU(5) GUT

CICYs (ℳ) with 𝒱 = 25 Quotient CICYs (ℳ/Γ) with 𝒱Γ=25 

Note that the CY volume is upper bounded by 𝒱 = 𝑔𝑠
2𝛼GUT

−1 ≤ 25

(σ𝑖,𝑗,𝑘 𝑑𝑖𝑗𝑘 < σ𝑖,𝑗,𝑘 𝑑𝑖𝑗𝑘𝑡
𝑖𝑡𝑗𝑡𝑘 = 6𝒱 ≤ 150)
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・  Conclusions and Discussions

ー   Type II string/ F-theory construction



・  Multiple line bundles 𝑉 = ۩𝑎 𝐿𝑎 lead to semi-realistic SM spectra:

-- Gauge group

-- Chiral zero-modes

-- Index of matter multiplets

𝑆𝑂(32) Heterotic Line Bundle Models on CY threefolds

𝑆𝑂 32 → 𝑆𝑈 4 𝐶 × 𝑆𝑈 2 𝐿 × 𝑆𝑈 2 𝑅 × Π𝑎𝑈 1 𝑎 × 𝑆𝑂 16 hid
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c
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න
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c

c

Index of hidden sector = 0



න
Σ𝑝

𝐹𝑝 = 𝑛 ∈ ℤ

c

Vector-like quarks :

|𝑁gen
(vec)

| ≤
𝑚max 𝑐2 𝑉

4
≤

𝑚max 𝑐2 𝑇𝑋

4

Tadpole cancellation
𝑐2 𝑉 ≤ 𝑐2(𝑇𝑋)

cIndex of hidden sector = 0



න
Σ𝑝

𝐹𝑝 = 𝑛 ∈ ℤ

c

c

Index of hidden sector = 0

|𝑁gen 𝐻 + 2𝑁gen
(quark)

| ≤
𝑚max | 𝑐2 𝑉 |

2
≤

𝑚max | 𝑐2 𝑇𝑋 |

2

Tadpole cancellation
𝑐2 𝑉 ≤ 𝑐2(𝑇𝑋)

Higgs + Quarks(Leptons) :

If   𝑁gen
(quark)

= −3

𝑁gen 𝐻 ≤
𝑚max 𝑐2 𝑇𝑋

2
− 6

Higgs :



Upper bound on ＃Higgs in Pati-Salam

CICYs (ℳ) with 𝒱 = 25 Quotient CICYs (ℳ/Γ) with 𝒱Γ=25 

Note that the CY volume is upper bounded by 𝒱 = 𝑔𝑠
2𝛼GUT

−1 ≤ 25

(σ𝑖,𝑗,𝑘 𝑑𝑖𝑗𝑘 < σ𝑖,𝑗,𝑘 𝑑𝑖𝑗𝑘𝑡
𝑖𝑡𝑗𝑡𝑘 = 6𝒱 ≤ 150)



Outline

✓ Introduction/Short summary

・  Heterotic string theory with line bundles

 ✓ 𝐸6 GUT in 𝐸8 × 𝐸8 heterotic string

 ✓ SU(5) GUT in 𝐸8 × 𝐸8 heterotic string

 ✓ Pati-Salam in 𝑆𝑂(32) heterotic string

ー   Direct flux breaking (hypercharge flux) in 𝑆𝑂(32) heterotic string

・  Conclusions and Discussions

ー   Type II string/ F-theory construction



・  Multiple line bundles 𝑉 = ۩𝑎 𝐿𝑎 lead to semi-realistic SM spectra:

-- Gauge group

-- Chiral zero-modes

-- Index of quarks/leptons

𝑆𝑂(32) Heterotic Line Bundle Models on CY threefolds

𝑆𝑂 32 → 𝑆𝑈 3 𝐶 × 𝑆𝑈 2 𝐿 × 𝑈 1 𝑌 × Π𝑎𝑈 1 𝑎 × 𝑆𝑂 16 hid

496  → ۩𝑝(𝑅𝑝 , 𝐶𝑝) 

|𝑁gen| ≤
𝑚max 𝑐2 𝑉

6
≤

𝑚max 𝑐2 𝑇𝑋

6

𝑐1 𝐿𝑎 =෍

𝑖=1

ℎ1,1

𝑚𝑎
𝑖 𝑤𝑖

c

Tadpole cancellation
𝑐2 𝑉 ≤ 𝑐2(𝑇𝑋)

Otsuka (‘18),….



・ For the CY threefolds in the Kreuzer-Skarke database

For ℎ1,1 ≥ 25

Other CY threefolds ?

||𝑐2(𝑇𝑋)|| ≥෍

𝑎,𝑖

𝑚𝑎
𝑖 ෨𝐺𝑖𝑗𝑚𝑎

𝑗
≥ 𝛼 ℎ1,1

1
2

෨𝐺𝑖𝑗 ≔
𝒱

||𝒕||
𝐺𝑖𝑗

CY volume : 𝒱 ≥ ℎ1,1 −
1

2||𝒕||3

Moduli metric : 𝐺𝑖𝑗 ≃ ℎ1,1 −
1

2||𝒕||

Kreuzer-Skarke (‘00)
Demirtas-Long-McAllister-Stillman (‘18),…

Tadpole cancellation
𝑐2 𝑇𝑋 ≥ 𝑐2 𝑉

𝛼 : O(1) coefficients



・ We propose an upper bound on the Atiyah-Singer index
in heterotic string theories on CY with line bundles

Conclusion and Discussions

(String) Landscape

Pantanal swamp in southern Brazil (Wiki)

Swampland:
The set of theories that 
cannot be consistently UV 
completed by Quantum gravity

Tadpole cancellation



・ We propose an upper bound on the Atiyah-Singer index
in heterotic string theories on CY with line bundles

・     Generation number of quarks/leptons, Higgs are constrained by the
tadpole cancellation : 

・   For ℎ1,1 ≥ 25

・     Similar upper bound in Type IIB string theory

Conclusion and Discussions

|𝑁gen| ≤
𝑚max 𝑐2 𝑇𝑋

4

𝛼 : O(1) coefficients

|𝑚max| ≤
𝑛 − 1

𝑛

||𝑐2(𝑇𝑋)||

𝜆min
− (ℎ1,1 − 1)

𝑛 : # of U(1)

||𝑐2(𝑇𝑋)|| ≥ 𝛼 ℎ1,1
1
2
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