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Abstruct and Introduction
ճͷൃද༰ࠓ
ରশੑٯରশੑͱඇՄ࣍ߴ

ରশੑٯͰͷඇՄۭ͕࣌ͨͬۂ
4d massless QED

U(1)A − gravity2 anomalyͷޮՌ
U(1)3A anomalyͱ U(1)A − U(1)2V anomalyͷޮՌ

4d QCD
π0tr

(
R(2) ∧R(2)

)
͕ͳ͍͜ͱ

·ͱΊ

Appendix
Appendix 1
Appendix 2
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ճͷൃද༰ࠓ

4d massless QED in flat spacetimeʹඇՄٯରশੑ͋Γ
[Choi, Lam, Shao, 2022]
→ curved spacetimeͰ͋Δͷ͔? [Putrov, Wang, 2023]
→ ͋Δʂ

4d QCDʹద༻͠ɺπ0tr
(
R(2) ∧R(2)

)
ͷΛ࠶ಋग़͢Δɻ
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ରশੑٯରশੑͱඇՄ࣍ߴ

p-form U(1)(p) symmetry

อଘଇ d " j(p+1) = 0
=⇒
•

!!!!!!!!!!!
topologicalͳ symmetry operator
on close submfd Md−p−1 (∵ Stokes’ theorem)

Uα(Md−p−1) = exp

(
iα

∫

Md−p−1

"j(p+1)

)
(for eiα ∈ U(1))

• p-dim extended objectʹ࡞༻͢Δɻ
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ඇՄٯରশੑ

symmetry operatorʹඞཁͳ݅
• topological

• gauge invariant

• framing anomaly free ← !ʹճಛࠓ

͜ͷͨΊʹɺsymmetry operator͕ՄٯͰͳ͘ͳΔ (ϢχλϦ
Ͱͳ͘ͳΔ)͜ͱ͋Γ

=⇒ ඇՄٯରশੑ
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4d massless QED

4d massless QED with Nf massless Dirac fermionΛ͑ߟΔɻ

యݹ
ҎԼͷ global U(1)A ରশੑ͕͋Δɻ

U(1)A : Ψi(x)→ eiαγ5/2Ψi(x) (i = 1, · · · , Nf )

Noether current 

jµA =

Nf∑

i=1

Ψ̄iγ
µγ5Ψi
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ࢠྔ
ABJ anomalyͱ’t Hooft anomalyʹΑΓɺอଘଇ͕ഁΕΔɻ

d " jA =
1

4π2

{
κA3

3!
F (2) ∧ F (2) +

κAV2

2!
f (2) ∧ f (2)

+
κAP2

48
tr(R(2) ∧R(2))

}






a(1) : dynamical U(1)V gaugefield, f (2) = da(1)

A(1) : background U(1)A gaugefield, F (2) = dA(1)

ω(1) : spin connection, R(2) = dω(1) + ω(1) ∧ ω(1)
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U(1)A − gravity2 anomalyͷޮՌ

·ͣɺU(1)A − gravity2 anomaly͚ͩ͑ߟΔɻ

d " jA =
κAP2

192π2
tr(R(2) ∧R(2))

→ d
(
"jA −

κAP2

48π
GCS(3)(ω)

)
= 0

GCS(3)(ω) =
1

4π
tr

(
ω(1) ∧ dω(1) +

2

3
ω(1) ∧ ω(1) ∧ ω(1)

)

1

2π
dGCS(3)(ω) =

1

8π2
tr
(
R(2) ∧R(2)

)
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topologicalͳ operator

Uα(M3) := exp

[
i
α

2

∫

M3

(
"jA −

κAP2

48π
GCS(3)(ω)

)]

Λ͑ߟΔɻ

͔͠͠ɺframing anomalyʹΑΔ ambiguity͋Γ!
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! "
ࣜ͏

Uα(M3) := exp

[
i
α

2

∫

M3

(
"jA −

κAP2

48π
GCS(3)(ω)

)]

# $
frameΛ f ∈ Z͚ͩ twist͢Δͱ [Witten, 1989]ɺ

∫

M3

GCS(3)(ω)→
∫

M3

GCS(3)(ω) + 2πf

∴ Uα(M3)→ Uα(M3)e
−iακAP2f/48
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͜͜Ͱɺ

fact[Witten, 1989]! "
Witten-Reshetikhin-Turaev 3d TQFT T ͷؔɺ

ZT (M3)→ ZT (M3)e
2πifc/24

ͱม͢Δɻ(c ∈ Q : ͋Δ CFTͷ central charge)# $
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! "
ࣜ͏ :

Uα(M3)→ Uα(M3)e
−iακAP2f/48

ZT (M3)→ ZT (M3)e
2πifc/24

# $
→ topologicalͰɺambiguityͷͳ͍ operator :

U ′
(c,T )(M3) := Uα=4πc/κAP2 (M3)ZT (M3)

= exp

[
ic

∫

M3

(
2π

κAP2
" jA −

1

24
GCS

)]
ZT (M3)
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U(1)3A anomalyͱ U(1)A−U(1)2V anomalyͷޮՌ

ɺU(1)3Aʹ࣍ anomalyͱ U(1)A − U(1)2V anomalyΛ͑ߟΔɻ

d " jA =
1

4π2

{
κA3

3!
F (2) ∧ F (2) +

κAV2

2!
f (2) ∧ f (2)

+
κAP2

48
tr(R(2) ∧R(2))

}

→ d

(
"jA −

κA3

24π2
A(1) ∧ F (2) − κAV2

8π2
a(1) ∧ f (2)

− κAP2

48π
GCS(3)(ω)

)
= 0
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topologicalͳ operatorͱͯ͠

U ′′
(c,T )(M3) := U ′

(c,T )(M3) exp

[
−ic

∫

M3

( κA3

12πκAP2
A(1) ∧ F (2)

+
κAV2

4πκAP2
a(1) ∧ f (2)

)]

Λ͑ߟΔɻ

͔͠͠ɺ͜Ε gauge invariantͰͳ͍!
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ͦ͜ͰΘΓʹɺ

Z(Λ,n)(M3;A
(1)) :=

∫ L∏

i=1

[DBi]

exp

[
i

2π

∫

M3

(
1

2

L∑

i,j=1

KijB
(1)
i ∧ dB(1)

j +
L∑

i=1

niB
(1)
i ∧ dA(1)

)]

Λ͔͚Δɻ

Bi : dynamical U(1) gaige field on M3

Λ, n ∈ ZL,K ∈M(L,Z) : symmetric
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! "
ࣜ͏

U ′′
(c,T )(M3) := U ′

(c,T )(M3) exp

[
−ic

∫

M3

( κA3

12πκAP2
A(1) ∧ F (2)

+
κAV2

4πκAP2
a(1) ∧ f (2)

)]

# $
ΨεੵΛ࣮͢ߦΔͱɺ

Z(Λ,n)(M3;A
(1)) = exp

[
− i

4π
(nTK−1n)

∫

M3

A(1) ∧ dA(1)

]

→ nTK−1n =
cκA3

3κAP3
, ñTK̃−1ñ =

cκAV2

κAP2

ͱ͢Εྑ͍ʂ
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Z(Λ,n)(M3;A(1))Z̃(Λ̃,ñ)(M3; a(1))͔Βͷ framing anomaly
͋Δɻ
→ central chargeΛ c− signΛ− signΛ̃ʹमਖ਼ͯ͠ɺsymmetry
operator

D(c,T,Λ,n,Λ̃,ñ)(M3)

:= U ′
(c,T )(M3)Z(Λ,n)(M3;A

(1))Z̃(Λ̃,ñ)(M3; a
(1))

4d massless QED ʹ 2π(Q/Z) ͷ non-invertible
symmetry͋Γʂ
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4d QCD

UV theoryͱͯ͠ɺmassless up quark U ͱ down quark D
ͷ͍Δ QCDΛ͑ߟΔɻ

యݹ
ҎԼͷ global U(1)A3 ରশੑ͕͋Δɻ

U(1)A3 :

(
U
D

)
→
(

exp(iβγ5)U
exp(−iβγ5)D

)

Noether current

jµA3 =
1

2
Ūγµγ5U −

1

2
D̄γµγ5D
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ࢠྔ
ABJ anomalyʹΑΓɺอଘଇ͕ഁΕΔɻ

d " jA3 =
1

8π2
f (2) ∧ f (2)

U(1)A3chargeͷ͕ 0 → U(1)A3 − gravity2 anomalyͷد༩
ͳ͠!
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ಉ༷ͷखॱͰɺsymmetry operator

D(c,T,Λ,n)(M3) := exp
[
ic

∫

M3

2π " jA3

]
Z(Λ,n)(M3; a

(1))ZT (M3)

(
nTK−1n = c ∈ Q

)

ͱͳΔɻ
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π0tr
(
R(2) ∧R(2)

)
͕ͳ͍͜ͱ

͜ͷ IR theoryͱͯ͠ɺpion theory

LIR =
1

2
dπ0 ∧ "dπ0 +

1

2e2
f (2) ∧ "f (2) + ia(1) ∧ "jEM

+
i

8π2fπ
π0f (2) ∧ f (2) +

ig

fπ
π0tr

(
R(2) ∧R(2)

)
+ · · ·

Λ͑ߟΔɻ
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pionͷ shift symmetry͔Βಉ༷ͷखॱͰɺsymmetry
operator͕ߏͰ͖Δɻ

͜ͷ 2ͭͷ non-invertible symmetryΛ UVͱ IRͰ matching
→ g = 0 (photon͕ 2ͭͷ gravitonʹ่յ͠ͳ͍!)
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·ͱΊ

• gauge invariant → Z(Λ,n)(M3,A(1)) Λ͔͚Δ
• framing anomalyͷղফɹ→ ZT (M3) Λ͔͚Δ

=⇒ symmetry operatorͷߏ!

ಉ༷ʹͯ͠ɺ





4d axion electrodynamics

4d PSU(Nc) gauge theory with matter

4d axion Yang −Mills(PSU(Nc))

ʹ͓͍ͯ non-invertible symmetry͕ߏͰ͖Δɻ
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ϝϦοτ

π0f (2) ∧ f (2)  π0tr
(
R(2) ∧R(2)

)
ͷܾఆɺ

௨ৗ · · · e ͕খ͍͞ → backgroundͱͯ͠ (Ͳ͜·Ͱ͍͚
Δ?)‘t Hooft anomaly matching

ճࠓ · · · non-invertible symmetry matching

Ͱ͋Γɺe͕༗ݶͷେ͖͞Ͱ͑Δ!
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Appendix 1(Witten-Reshetikhin-Turaev 3d TQFT
ͷͱΓ͔ͨ)

α = 2πp/N ∈ 2π(Q/Z) (p,N > 0)ͷͱ͖

→ྫ͑ɺpNf copies of SU(2) level −(6N − 2)
Chern-Simons theory

total central charge : c =
pNf

N
− 3pNf ≡

pNf

N
(mod1)
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Appendix 2(nͱK ͷͱΓ͔ͨ)

ྫ͑ɺcκA3/3κAP2 = p/q with p, q > 0, gcd(p, q) = 1
ͷͱ͖ɺ

K =





q

q 0
. . .

0 . . .
q




∈M(p,Z), n =





1
1
...
...
1




∈ Zp

ͱ͢Εྑ͍ɻ


