
Krylov complexity and chaos
in quantum mechanics

渡辺涼太 （京都大学）

場の理論と弦理論2023, 2023年8月4日

arXiv:2305.16669
橋本幸士氏（京都大）, 村田佳樹氏（日本大）, 棚橋典大氏（中央大）との共同研究



量子論におけるカオスをどのように特徴づけるか？

• 量子カオスの研究は長く、現在も発展途上

例) 隣接エネルギー準位間隔の統計分布 [Bohigas, Giannoni, Schmit 1984]

• 量子カオス系では演算子（および状態）は時間と共に複雑に発展すると期待

• 複雑性と系のカオス性の指標としてKrylov複雑性が提案された [Parker et al. 2018]

• Krylov複雑性はLanczos係数によって特徴づけられる

[Roberts, Stanford, Susskind 2014]
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• スタジアムビリヤード系でKrylov複雑性を数値的に評価

• ビリヤードの形状を変形したときに次の3つの量の間に相関を確認

• Lanczos係数の振る舞いは量子カオスの良い指標となりうる

• 普遍性：同様の結果はSinaiビリヤードに対しても確認された

カオス性とLanczos係数の振る舞いに相関がある
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古典カオスとは・・・

「非線形な決定論的力学系における、非周期的で初期値鋭敏性を持つ有界な運動」

初期値鋭敏性とは・・・

• 初期値の小さなズレが時間と共に指数関数的に増幅される性質

• Lyapunov指数が古典系のカオスの強さを測る
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: Lyapunov指数
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量子カオス：隣接準位間隔の統計

隣接量子エネルギー準位の間隔の統計分布に注目

• カオスならWigner-Dyson分布 [Bohigas, Giannoni, Schmit 1984]

• 可積分ならPoisson分布 [Berry, Tabor 1977]

ただし、分布を特徴づけるパラメータ [Oganesyan, Huse 2007] [Atas, Bogomolny, Giraud, Roux 2013]
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FIG. 1. Results of energy-level fluctuations for
desymrgetrized Sinai's billiards as specified in the
upper right-hand corner of (a). 740 levels have
been included in the analysis corresponding to the
51st to 268th level for R = O. l, 21st to 241st level for
R =0.2, 16th to 194th level for R = 0.3, 11th to 132nd
level for R =0.4. (a) Results for the nearest-neighbor
spacing distribution. {b) Results for the average value
of the 6 3(1.) statistic of Dyson and Mehta for L =5,
10, and 15. Curves corresponding to the Poisson case
(stretch of uncorrelated levels) and to the random-
matrix-theory predictions (GOE) are drawn for com-
parison. The error bars in (b) {one standard deviation)
correspond to finite-sampling effects as predicted
by QOE.

qual. itative [one would need a spectrum with very
many levels to get a precise evaluation of the be-
havior of p(x) at the origin]. On the other hand,
the information carried by p(x-0) is rather lim-
ited. In particular, it does not give any indica-
tion about the co~relations between spacings
which are responsible for the degree of regularity
of the spectrum. The purpose of this Letter is to
use some of the systematic tools devel. oped in
HMT to make a detailed comparison of the level
fluctuations of the quantum Sinai's billiard (SB)
with GOE predictions, The choice of a bvo-di-
mensional billiard is convenient for our aim for
several. reasons: (i) Billiards have the lowest
possible number of degrees of freedom allowing
for chaotic motion; (ii) for billiards, it is possi-

ble to make a precise separation between global
and local properties [cf. the Weyl formula, Eq.
(1)]; (iii) billiards have a discrete spectrum with
an infinite number of eigenvatues and by comput-
ing a large number of them one can reach a high
statistical significance of the results. Finally,
SB is known to be strongly chaotic (K system) and
there exists an efficient method to compute its
eigenvalues.
We proceed as follows. We determine the eigen-

values E„=k„'/2m of the Schrodinger equation
(6+ k„')g„=0 for the "desymmetrized" SB [see
upper right-hand corner of Fig. 1(a)] with Dirich-
l.et boundary conditions by using the Korringa-
Kohn-Rostoker method as described in Ref. 10.
We compute several sets of eigenvalues {E,.(R)}
for different values of the parameter R (see cap-
tion of Fig. 1). By using the Weyi-type formula, "
which gives the average number of levels up to
energy E,
N(E) = ( 4w)(SE -L—v"E+K),

where S and I, are, respectively, the surface and
the perimeter of the billiard and K is a constant
of the order of unity, we can map the spectrum
(E,.{R)] onto the spectrum (e,.(R)] through e,.(R)
= N(E, (R)) . Each spectrum (e,(R)j has on the
average a constant mean spacing D(R) which will,
be taken as the energy unit. The cumulative den-
sity n(e) of level. s &,. wil. l therefore have a stair-
case shape fluctuating around a straight line of
slope equal to unity. In order to investigate the
fluctuations we study the nearest-neighbor spac-
ing distribution p(x) and the Dyson-Mehta statis-
tic b, 6, is defined, for a fixed interval [x,
x+ L], as the least-squares deviation of the stair-
case function n(e) from the best straight line fit-
ting it:
~,(L,x)
= (1/L)Min„s f„[(en) -Ae —B]' d~.

It provides a measure of the degree of rigidity of
the spectrum: For a given I, the smaller b, , is,
the stronger is the rigidity, signifying the long-
range correlations between levels. We proceed
as described in Ref. 3: Given a stretch of levels
on the e axis, we compute A, (L), for instance,
for the intervals [a,a+L], [a+L/2, a+ 3L/2],
[a+L, a+2I ], [a+3L/2, a+5L/2], . . . until the
stretch [a, b] has been covered. If the spectrum
fluctuations are translationally invariant on the
~ axis, then the average value 4, of 4, will be in-
dependent of the chosen interval. [a,b] [equiva;

[Bohigas, Giannoni, Schmit 1984]
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r̃n ⌘ min(sn, sn�1)

max(sn, sn�1)
(sn = En+1 � En)
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演算子の複雑化をKrylov複雑性で測る

カオス系ではHeisenberg演算子は時間と共に複雑化

Krylov複雑性とは、交換子の個数の期待値のようなもの

1. 演算子空間に内積を導入

2. GS正規直交化（Lanczos法）

3. Heisenberg演算子を展開

4. Krylov複雑性
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Lanczos係数が時間発展を決める

[Parker, Cao, Avdoshkin, Scaffidi, Altman 2018]
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• 予想：量子カオス系ではKrylov複雑性は指数増大する [Parker et al. 2018]

• 予想：Lanczos係数の振る舞いについて、 [Rabinovici, Sánchez-Garrido, Shir, Sonner 2021, 2022]

カオス性とKrylov複雑性
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量子力学系

Krylov複雑性を以下のように評価：

• 無限個のエネルギー準位のうち、初めの𝑁!"# = 100 個のみに注目する

• シュレーディンガー方程式を数値的に解く

• 運動量演算子をエネルギー固有状態について行列表示

• Lanczos法によって演算子を正規直交化し、Krylov複雑性を計算

量子力学におけるKrylov複雑性

𝐻 = 𝑝$% + 𝑝%% + 𝑉(𝑥, 𝑦)

𝑃!" ≡ ⟨𝑚|𝑝#|𝑛⟩, 𝐻 𝑛 = 𝐸"|𝑛⟩ 𝑚, 𝑛 = 1,⋯ ,𝑁$%&
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Figure 1. Geometry of the stadium billiard. Dirichlet boundary conditions are imposed on the
boundaries.

(a) The Lyapunov exponent as a function of a/R.

The area of the billiard and the velocity of the

particle are normalized to the unity.

(b) The ratio hr̃i as a function of a/R. The num-

ber of levels used in this calculation is 100. The

green and orange lines correspond to the values for

the Poisson and the Wigner-Dyson statistics re-

spectively.

Figure 2. The a/R dependence of the Lyapunov exponent and the ratio.

Fig. 3, we show the Lanczos coe�cients for a/R = 0 and a/R = 1. Although the former case

is integrable and the latter is chaotic, the initial behaviors of the corresponding Lanczos

coe�cients are almost identical. We identify the dimension of the Krylov space KP as

KP = 9900. Note that the horizontal axis in Fig. 3 is in log scale.

In Fig. 4, we show the Krylov operator complexities as functions of t for the stadium

billiards with a/R = 0, 0.1, 0.2, · · · , 1. While the stadium billiard with a/R > 0 is chaotic,

the early time growth of the Krylov operator complexity is not exponential.

Figure 4 shows that C(t) saturates by t . 30 and reaches asymptotic values that

depend on a/R. In Fig. 5, we show the dependence of saturation value of C(t) (the average

of C(t) taken over 40  t  100). We discuss its implications in Sec. 7.

4.2 Correlation between Lanczos coe�cients and chaos

The Lanczos coe�cients for a/R = 0 distribute broader compared to a/R = 1 in Fig. 3.

In Fig. 6 we show the variance of Lanczos coe�cients (2.11) as a function of a/R. The

– 15 –
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Krylov operator complexity

50 100 150 200 250
600
620
640
660
680
700
720

1 10 100 1000 104
0

200

400

600

800

n

bn a/R
0

1

Figure 3. The Lanczos coe�cients for the truncated momentum operator P in stadium billiards
with a/R = 0 (blue dots) and a/R = 1 (orange dots). Note that the horizontal axis is in log scale.
The inset is the enlarged version, where the data are used to calculate the variance.

variance becomes larger in the integrable regime compared to the chaotic regime. To

compare with other chaos indicators, we show scatter plots in Fig. 7, where the points are

sampled from 0  a/R  0.5.16 We can see that there are correlations between �,�
2
, and

hr̃i. Quantitatively, a correlation between two sets of data A and B can be evaluated by

the correlation coe�cient defined by

E[(A� E[A])(B � E[B])]p
E[(A� E[A])2] E[(B � E[B])2]

, (4.1)

where E[ · ] means the average value. If there is no correlation between two sets of data, the

correlation coe�cient will be close to zero.17 In Table 1, we show the calculated correlation

coe�cients. Since the coe�cients are far from zero, there should be some correlations

between �,�
2
, and hr̃i. We can see that the quantity �

2 is as good as a possible indicator

of quantum chaos as the ratio hr̃i.

5 Krylov state complexity in the stadium billiard

In this section, we summarize the numerical results on the Krylov state complexity for the

stadium billiard. In Sec. 4 we found that the Lyapunov exponent, variation of the Lanczos

16Changing the sampling region, for example, to 0  a/R  1 does not a↵ect the correlation much.
17The correlation coe�cient takes values between �1 and 1. If the correlation coe�cient is close to 1 or

�1, a linear relationship is likely to exist between the two sets of data.
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𝜎% ≡ Var 𝑥& = 𝑥% − 𝑥 %, 𝑥' ≡ ln
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• The variance becomes larger in the non-chaotic regime compared to the chaotic regime.

• The Krylov complexity does not grow exponentially.
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Correlation in the stadium billiard
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Figure 7. The scatter plots of (a) the Lyapunov exponents and the variances, (b) the ratios and the
variances, (c) the Lyapunov exponents and the ratios. The points are sampled from 0  a/R  0.5.

� vs �
2 -0.720372

hr̃i vs �
2 -0.391709

� vs hr̃i 0.741396

Table 1. The correlation coe�cients between �, hr̃i, �2 for the stadium billiards.

coe�cients with various indicators of the chaos.

5.1 The time dependence of Krylov state complexity

Figure 9(a) shows the time dependence of the state complexity for the stadium billiard

with 0  a/R  1. Despite the system is chaotic for a/R 6= 0, the state complexity grows

almost linearly in time at early time, neither exponentially nor polynomially.

The growth pattern of the complexity at early time, rather than the growth rate

however, shows a clear correlation with the chaos. The complexity reaches the maximum

value at t ⇠ 0.2 before it settles down to the asymptotic value. Although the asymptotic

value is insensitive to the shape (a/R) of the stadium billiard (Fig. 9(b)), the peak value

Cmax of the complexity depends on a/R rather smoothly (Fig. 9(c)). Hence, for the state

complexity, the variation of the Lanczos coe�cients is reflected not in the asymptotic value

but in the peak value at early time.
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Figure 7. The scatter plots of (a) the Lyapunov exponents and the variances, (b) the ratios and the
variances, (c) the Lyapunov exponents and the ratios. The points are sampled from 0  a/R  0.5.
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Figure 3. The Lanczos coe�cients for the truncated momentum operator P in stadium billiards
with a/R = 0 (blue dots) and a/R = 1 (orange dots). Note that the horizontal axis is in log scale.
The inset is the enlarged version, where the data are used to calculate the variance.

variance becomes larger in the integrable regime compared to the chaotic regime. To

compare with other chaos indicators, we show scatter plots in Fig. 7, where the points are

sampled from 0  a/R  0.5.16 We can see that there are correlations between �,�
2
, and

hr̃i. Quantitatively, a correlation between two sets of data A and B can be evaluated by

the correlation coe�cient defined by

E[(A� E[A])(B � E[B])]p
E[(A� E[A])2] E[(B � E[B])2]

, (4.1)

where E[ · ] means the average value. If there is no correlation between two sets of data, the

correlation coe�cient will be close to zero.17 In Table 1, we show the calculated correlation

coe�cients. Since the coe�cients are far from zero, there should be some correlations

between �,�
2
, and hr̃i. We can see that the quantity �

2 is as good as a possible indicator

of quantum chaos as the ratio hr̃i.

5 Krylov state complexity in the stadium billiard

In this section, we summarize the numerical results on the Krylov state complexity for the

stadium billiard. In Sec. 4 we found that the Lyapunov exponent, variation of the Lanczos

16Changing the sampling region, for example, to 0  a/R  1 does not a↵ect the correlation much.
17The correlation coe�cient takes values between �1 and 1. If the correlation coe�cient is close to 1 or

�1, a linear relationship is likely to exist between the two sets of data.
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Correlation coefficients between data 𝐴 and 𝐵 ≡

• Significant correlations exist among 𝜎%, 𝜆, and ⟨𝑟̃⟩.
• 𝜎% can be a measure of quantum chaos. 



実は、量子状態に対してもKrylov複雑性は定義可能



The Krylov state complexity (spread complexity) for a Schrödinger state

is defined as follows:

1. Orthonormalization (Lanczos):                    orthonormal basis

2. Expand again the Schrödinger state as

3. Krylov complexity 

Krylov state complexity

|𝜓 𝑡 ⟩ = 𝑒'&()|𝜓⟩ = C
*+,

-
𝑖𝑡 *

𝑛!
𝐻*|𝜓⟩

{𝐻*|𝜓⟩} → {|𝐾*⟩}

𝐶. 𝑡 ≡C
*

𝑛 𝜓* 𝑡 %

[Balasubramanian, Caputa, Magan, Wu 2022]

|𝜓 𝑡 ⟩ =6
"

𝜓" 𝑡 |𝐾"⟩

(There are two kinds of Lanczos coefficients 𝑎!, 𝑏! in this case)
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Figure 8. The Lanczos coe�cients of the state complexity for equally-distributed initial state in
stadium billiards with a/R = 0 (blue dots) and a/R = 1 (orange dots). The inset is the enlarged
version, where the data are used to calculate the variance.

(a) The time dependence of Krylov state complex-

ity for various values of a/R.

(b) The a/R dependence of the late-time value of

Krylov state complexity.

(c) The a/R dependence of the peak value of

Krylov state complexity.

Figure 9. The a/R dependence of Krylov state complexity. Panel (a): time dependence of the
complexity. Panels (b), (c): the late-time average and the peak value of the complexity. The late-
time average of the complexity is taken over the time range 1 < t < 20.

5.2 Correlation between Lanczos coe�cients and chaos

Now we turn to the correlation between the variation of the Lanczos coe�cients and other

indicators of the chaos, namely, the Lyapunov exponent � and the ratio hr̃i. Prior to such
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version, where the data are used to calculate the variance.
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complexity. Panels (b), (c): the late-time average and the peak value of the complexity. The late-
time average of the complexity is taken over the time range 1 < t < 20.
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Now we turn to the correlation between the variation of the Lanczos coe�cients and other

indicators of the chaos, namely, the Lyapunov exponent � and the ratio hr̃i. Prior to such
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Figure 11. The scatter plots of (a) the Lyapunov exponents and the variances, and (b) the ratios
and the variances. The points are sampled from 0  a/R  0.75.

� vs �
2
a -0.832395

� vs �
2
b

-0.806238

hr̃i vs �
2
a -0.891642

hr̃i vs �
2
b

-0.893569

Table 2. Correlation between �, hr̃i, �2
a,b for the spread complexity of stadium billiard.

an analysis, let us show the dependence of the variance �
2
a,b

of the Lanczos coe�cients

on the parameter a/R in Fig. 10. This figure shows that the variances (both �
2
a and �

2
b
)

decrease as a/R increases in the range 0 < a/R . 0.3, then it stays at the asymptotic value

for a/R & 0.3. Since the Lyapunov exponent is monotonically increasing with respect to

a/R, it is expected that �
2
a,b

and � are negatively correlated.

Such an expectation can be confirmed by explicitly plotting the relationship between

�
2
a,b

and �. Figure 11(a) shows the relationship between � and �
2
a,b

, in which the negative

correlation between these quantities can be observed. Since � and hr̃i are positively corre-

lated as explained in the previous section, hr̃i and �
2
a,b

are negatively correlated as shown

in Fig. 11(b). Quantitative values of the correlations are summarized in Table 2, which

clearly shows the negative correlations of �2
a,b

with � and hr̃i.
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Variances
• The variance becomes larger in the non-chaotic regime 

compared to the chaotic regime.

• The Krylov complexity does not grow exponentially.

• The peak value of Krylov state complexity depends on 𝑎/𝑅.
The peak behavior [Balasubramanian, Caputa, Magan, Wu 2022]

[Erdmenger, Jian, Xian 2023]



Correlation in the stadium billiard
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Correlation coefficients
• A clear correlation exists between 𝜎/,1% , 𝜆, and ⟨𝑟̃⟩.

• 𝜎/,1% can be a measure of quantum chaos. 



他のビリヤード系ではどうなるか？



Universality: the Sinai billiard
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Figure 14. The Lanczos coe�cients for the truncated momentum operator P in Sinai billiards
with l/L = 0.05 (blue dots) and l/L = 1 (orange dots). Note that the horizontal axis is in log scale.
The inset is the enlarged version, where the data are used to calculate the variance.

show the Lanczos coe�cients for l/L = 0.05 and l/L = 1.19 We identify the dimension of

the Krylov space KP as KP = 9900. Obviously, the Lanczos coe�cients for l/L = 0.05

distribute much broader compared to l/L = 1. On the other hand, their initial behaviors

are almost identical.

In Fig. 15, we show the Krylov operator complexities as functions of t for the stadium

billiards with l/L = 0.05, 0.1, 0.2, · · · , 1. While the Sinai billiard is chaotic for l/L > 0,

the early time growth of the Krylov operator complexity is not exponential. The result

for l/L = 0.05 is di↵erent from the others. This is because the behavior of the Lanczos

coe�cients changes abruptly below l/L = 0.1. In Fig. 16, we show the variance (2.11) as

a function of l/L. The variance becomes larger in the integrable regime compared to the

chaotic regime. Similarly to the ratio given in Fig. 13(b), the variance changes rapidly with

l/L.

In Fig. 17, we show scatter plots, where the points are sampled from 0.01  l/L  0.2.20

In Table 3, we show the correlation coe�cients (4.1) calculated from these plots. Since the

correlation coe�cients are far from zero as easily expected directly from the plots, there

should be some correlations between �,�
2
, and hr̃i. Again, we see that the quantity �

2

works as an indicator of quantum chaos as good as the ratio hr̃i does.

19In the rest of this section, we concentrate on l > 0 regime since the integrable case (l/L = 0) is

numerically unstable. We will discuss this issue in App. A.
20Changing the sampling region, for example, to 0  l/L  1 does not a↵ect the correlation much.
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Figure 18. The Lanczos coe�cients of the Krylov state complexity of the Sinai billiard with
l/L = 0 (blue dots) and l/L = 1 (orange dots). The inset is the enlarged version, where the data
are used to calculate the variance.

(a) The time dependence of Krylov operator com-

plexity for various values of l/L.

(b) The l/L dependence of the late-time value of

Krylov state complexity.

(c) The l/L dependence of the peak value of Krylov

state complexity.

Figure 19. The l/L dependence of Krylov state complexity for the Sinai billiard. Panel (a):
time dependence of the Krylov state complexity. Panels (b), (c): the late-time average and the
peak value of the Krylov state complexity. The late-time average of the complexity is taken over
1 < t < 20.

classical Lyapunov exponents and the variances of the Lanczos coe�cients for both the

Krylov operator complexity and the Krylov state complexity. We also found a significant
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𝐿

𝐿

𝑙

• Again, the variance of Lanczos coefficients becomes larger in 
the non-chaotic regime compared to the chaotic regime.

• The result may be universal for generic quantum mechanics.



レビュー：カオスとKrylov複雑性 （5）

Outline

ビリヤードにおけるKrylov複雑性 （4+α）

まとめ



• スタジアムビリヤード系でKrylov複雑性を数値的に評価

• ビリヤードの形状を変形したときに次の3つの量の間に相関を確認

• Lanczos係数の振る舞いは量子カオスの良い指標となりうる

• 普遍性：同様の結果はSinaiビリヤードに対しても確認された

カオス性とLanczos係数の振る舞いに相関がある
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[Hashimoto, Murata, Tanahashi, Watanabe 2023]


