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Backeround: the ODE/IM correspondence

Introduction

An integrable model (IM) is a Hamiltonian system with

number of degrees of freedom = number of conserved charges

® The integrable model has (infinite) numbers of conserved charges.

® The equations of motion for an integrable field theory can be
rewritten into Lax pairs, which lead to two linear problems.

® [Drinfeld, Sokolov] It is possible to diagonalize the linear problems
with affine Lie algebra structures, where the diagonal elements turn to
be classical conserved currents.

® S-matrix in integrable field theory (satisfied by TBA Equations) is

exactly solvable. The Y-function in the TBA equation is a generating
function for conserved charges (The ODE/IM correspondence).

Katsushi Ito, Mingshuo Zhu Tokyo Institute of Technology August 9, 2023



Backeround: the ODE/IM correspondence

Introduction

The ODE/IM correspondence [Dorey-Tateo 9812211]

® |t is a relation between the spectral analysis of the ordinary
differential equation and the “functional relations” in quantum IM.

® The generating function of quantum conserved charges (Y-function)
corresponds to the WKB period of the ODE.

® The simplest one is between [¢202 + V(z) — E]y(z,¢) = 0 and the
Sine-Gordon model (V(z) is a polynomial in z).
® The correspondence can be assumed to be /jassical(2) ~ lquantum(2)-

Motivation
There must be some relations between the WKB solutions to the ODEs
and the classical conserved currents.
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Backeround: the ODE/IM correspondence

Introduction

The classical conserved currents for the Agl) Toda field theory

h(z)= 12,
ey - AT _Te)
1

b(z) = 55 (-5T'(2) = 6T(2)u"(2) + T(2) + 2T(2)*) ,

32

The WKB solutions for the Agl)—type ordinary differential equation
(202 + €ua(2) — p(2))¥(z, €) = 0 with ¥(z,€) = exp(L [* dz P(z,€))

Po(z) = v/ p(2),
P1(Z) = —162 In Po,
P' u(z) 3P
P2(z) = 16P2 2, T 82(16P§)’
/2 1"
P3(Z) _ _az(_ U2(Z) 3P0 PO

4P; ' 16P; sin)’
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Affine Toda field eauations
Affine Toda field equations

The action of § affine Toda field theory in 2d complex plane:
1 —
S = /d2z{262¢.62¢+ ( )[Zexp Baj - @ +exp (ﬁao gb)]}
Its equation of motion: the g§ affine Toda field equation is

0:0,¢4(z, 2) ( >[Z ajexp (Baj- @) + agexp (Bag - ¢)] =

r
v = .
= Za,- ¢i(z, 2), B : a coupling constant,

m: a mass parameter.
v
ai(o]

;) : roots(coroots) of g,
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Affine Toda field eauations
Affine Toda field equations

The affine Toda field equations can be separated into Lax pairs:

L=0,+8) 0:6i(z,2)Hi + mAA,
i=1
L= 05 + e B > ¢iHi(m)\—1/_\) &b Yo biH;
A: a spectral parameter,

En,, E_o;, Hi = a,-v_‘ H (i=0,...,r): the Chevalley generators
N=3oEand A=3"1 E o

The flatness condition B
[£,L]=0

is the integrability condition of the linear problem

LV =LV=0
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Affine Toda field eauations
Affine Toda field equations

Take the conformal transformation (p"

is the co-Weyl vector)
z=w(z), Zow(2), ¢—d=0¢—p"log(d,wds:w),
then the affine Toda field equations will be modified into
0:0:(2,2) — [>_ajexp (aj - ¢) + p(2)p(2)agexp (ag - ¢)] =0
i=1

with p(z) = (0,w)", p(Z) = (9:w)". The modified Lax operators are

Em = az + Zaqu;(Z,Z)Hi + )‘(Z Eai + p(Z)an),

i=1 i=1

Lom=0:+ X 'e "M(p(2)Eay + > E o).
i=1
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The diagonalization approach
The diagonalization approach

It is possible to diagonalize the linear problem and the diagonal elements
are classical conserved currents [Drinfeld, Sokolov (1984)].

Let us focus on the holomorphic part £, ([Lm, Lm] = 0).
We replace the spectral parameter A with Planck constant e = A~ L.

r r
€Ly, =€0, +¢ Z 0,0i(2)H; + Z Eo, + p(2)Eq,-
i=1 i=1

One can view it as a covariant derivative with connection:
r r
A(z) = €D 0:01(2)Hi + Y Ea, + p(2)Ea
i=1 i=1

Then the gauge transformation is given by

GauT[A(2)] = T H(2)A(2)T(2) + T X(2)0,T(2).
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The diagonalization approach
The diagonalization approach

The transformation matrix T can be decomposed into
T(z)=TgTg-1...T3T2T1.

d is the representation dimension and T;(z) are d x d matrices satisfying

1, if a=b,
Ti(2)ap = < gin(z, ), if a=i, b#i, 1<b<d,
0, otherwise.

The decomposition means we diagonalize the connection row by row from
the bottom to the top. For instance

1
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The diagonalization approach
The diagonalization approach

The connection after the first gauge transformation:

Al(z) =

Gaqu [A]d@ Gaqu [A]d_yg s Gaqu [A]ddfl Gaqu [A]d,d

For each step of the gauge transformation Gaur,, we fix gj p(z) such that
the connection A'(z) satisfies

Ap=0, 1<j<d, j#Ii.

There are finally d — 1 constraints to diagonalize the i-th row in A(z) and
fix the diagonal elements perturbatively.
The final diagonalized connection Agiag(z) is given by

Adiag(z) = GauT, 0 Gaur,...GauT, , 0 Gaur, , o GauT,[A(2)].
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The diagonalization approach

The diagonalization of Agl)

The holomorphic part of the modified Lax operator in Agl) is of the form

Lm =€, +ed;p(z)H + Eo + p(2)E_,,

1 0 01 00
(o 5) m=(55) == (5 0)

We decompose the transformation matrix: T(z) = T; T, by

To(z) =H+ g1E o = < 1 0 > , Ti(z) = < 1 gia(z¢€) ) .

g2,1(Z7 6) 1 O ]_

T»(z) is determined to diagonalize the second row

GauT,[A(z)] = < 21+ e/ 1 ) '

with

*2Cg2‘,1@/ + (gﬁ,l - g22_1 +p —81— ¢’
It gives the condition for g»1(z):

g22,1(2> €) + 26g271(2, 6)¢/(Z72) - 6g§,1(27 €) — p(z) = 0.
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The diagonalization approach

(1)

The diagonalization of A;

Diagonal element f(z,€) :== —gn1(z,€) — €¢/(z) satisfies Riccati equation
f2(z,€) + €f'(z,€) — €ux(z) — p(z) = 0.

u(z) = ¢'(z)? — ¢"(z) is the classical energy-momentum tensor in
sine-Gordon theory, where the subscript denotes the spin.

The second gauge transformation T1(z) gives

Gaur, o Gaur,[A(z2)] = ( —f(oz,e) 1— 2g17,cz((zz,,€e))f(z,e) > .

We do not need to extract the diagonalization condition from the first row
since g12 is independent of the diagonal elements (traceless condition).
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The diagonalization approach

(1)

The diagonalization of A;

Let us substitute f(z,€) = Y22, €'fi(z) into the Riccati equation. The

first four orders of diagonal elements +f(z, €) are listed below

5(2) = V/p(2) ~(2) = —V/p(2),

fi(z) = 0. In ~h(2) = fi(2) + 0.,
_ f | w(2) 3 v i

52 = i + 5+ Ouligt). ()= ~h(2).

w(z)  3%% & u(z) 36

f3(z) = 0( 4f02 - Ff.f‘ %)7 —f(z) = f(z) — 9( 2f02 87)‘04

Therefore, the diagonal elements can be summarized as

€0, + Adiag(z) =e€d; + < _f(z, _(6)) ! d(*) f(ZOa 6) > ’

where d(x) denotes total derivatives.
The traceless condition implies f;1(z) are all total derivatives.
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The diagonalization approach

(1)

The diagonalization of A;

Let us pay attention back to f(z,€) and the Riccati equation

f2(z,€) + ef'(z,€) — €ux(z) — p(z) = 0.
The diagonal element f(z,¢€) can also be obtained from the Agl) ordinary
differential equation

[0 — ua(2) — p(2)]9(z,¢) = 0
with the WKB ansatz ¢1(z,€) = exp(L [* dz P(z,€))
P%(z,€) + €P'(z,€) — €2us(z) — p(z) = 0.

There exists an equivalence between the diagonal elements and the WKB

solutions
f(z,€) = P(z,¢)
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The diagonalization approach

The diagonalization of Agl)

The equality f(z,¢) = P(z,€) can be generalized into Agl) types.
There are two scalar fields: ¢1(z) and ¢2(z). The modified Lax operator is

2 2
Lom=e0;+ Y €:0i(z,2)Hi+ Y Ea, + p(2)Eaq

i=1 i=1

Perform the diagonalization by T = T3T,T;5.
The gauge transformation by T3 leads to

b 1 0
Gaur,[A(z)] = 83,1 32+ €(dh — ¢1) 1
Gaur,[A(2)]s1  Gaur[A(z)32  —g32 — €dh

Set f(Z, 6) =—832— €¢/2, GauT3 [A(Z)]371 = GauT3 [A(Z)]372 = 0 gives

F3 4 3eff — Purf + f — Su3 — p = 0.
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The diagonalization approach

The diagonalization of Agl)

After the second gauge transformation To,

€ + g2.1 1 8.3
Gaur,7,[A(2)] = | Gaur,7,[A(2)]21 @32+ €(d — @) — g1 Gaur,7,[A(z)]23
0 0 f

Set h(z,€) = go.1 + ¢}, Gaur,1,[A(z)]2,1 = 0 leads to the equation
h? + fh+ f2 — el + ef’ — ®uy = 0.

ur(z) and wu3(z) are classical energy-momentum tensor and Wi field in
ALY affine Toda field theory with

ux(2) = ¢5(2)2 — $h(2)84(2) + d4(2)? — 61 (2) — B5(2),
us(2) = 2¢5(2)85(2) — $1(2)85(2) — $1(2)d4(2)? + ¥1(2)2¢h(2) — 65 (2).
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The diagonalization approach

(1)

The diagonalization of A;

The Riccati equation satisfied by f(z, €) can also be obtained from

(_6)3(82 - 8Z¢1)(6Z - 6z§b2 + azﬁbl)(az + 8z¢2)¢ + P(ZW =0.
with ¢(z,€) = exp(2 [ dz f(z,€)).

Expand f =) 07 fae” and h =377 hpe". The first four terms are

fo(z) = p*, ho(z) = e~ 5 £y,
f/
fi(z) = —fi: h(z) = fi(z) 4 20:(In fo),
0
fi' | w(2) fo _ om
f2(z) 6f2 + 31% Z(2f2)7 h2(Z) =e3 fz(Z),
us(z) | fyw(2) fi () 4gi tp
f(z) = — - z(**Jr* - ), h(z) = e (H(2) = 0:(535))
32 3 2ff T3 357 3f2
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The diagonalization approach

(1)

The diagonalization of A;

The diagonal connection is summarized as

_ 2

FrzeFg+dx) 0 0
Adiag(z) = 0 e 5 f(z, emTﬂe) + d(x) 0
0 0 f(z,€)

® The traceless condition implies f113;(z) are total derivatives.

® The diagonalization helps us solve some complicated

pseudo-differential equations (Dfl) and Df_zi_)l).
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The diagonalization approach
Generalized to other affine Lie algebras

The ODEs satisfied by 1(z,€) = exp(L [ dz f(z,¢))

AD (=)D, — 0.61)(0. — D.p2 + Do 1)

(02 + 0200 )0(z2, €) = p(2)¥(z; €)
AR N0, — 8.01) - (D — Ber + Brpr—1)(D: + Dahr — Dahr1)

(8, 4 8,01 — 24/ p(2)0./p(2)) = 0
B 1 €(0; — 0:1) - (8 — 20200, + Ozhr—1)D=(D: + 20:¢ — Bzpr—1)

.-(az+az¢1 Yo — 4y/p(2)0:/p(2)1 = 0
D® e@'“)(az — 0:1) -+ (02 — 20207 + 020r1)02(0z + 2026, — Dz 1)

- (0 +az¢1)w 4p(2)0: " p(z)Y = 0
D) . (8, — 8,¢1) - (02 — Doy — Dutpr—1 + Drpr—2)0; "
(02 + 02y + Ozpr1 = Dzpr—2) - (92 + Dz )Y — 4/ P(2)0:/p(2)9) = 0

These (pseudo)-ODEs have been found in the ODE/IM correspondence [Dorey,
Dunning, Masoero, Suzuki, Tateo (2007); Ito, Locke (2015)].
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Conserved current vs. WKB solution

Conserved density vs. WKB solution

The classical conserved densities for the sine-Gordon equations

2T(2) — T2(2
)= BT =T
Is(z) = 312( 5T/(2)2 ~ 6T(2)u"(z) + TW(z) + 2T(2)?),

The WKB solutions for the Agl)—type ordinary differential equation

fo(z) = v/ p(2),
fi(z) = flazln fo,
_ fo” u>(2) 3f5
20 = 16 T o 82(16f2)’
w(z) 312

fé(Z) = _82(_ 4)%2 16f4 8f3)
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Conserved current vs. WKB solution

Conserved density vs. WKB solution

Recall the appearance of p(z): the conformal transformation z — w(z)

o = @z, a(w(2) = s nle) + L]
After the conformal transformation,
fo(w) =1,
hw) = 201,
b = Dol ~ )

They are nothing but the commonly conserved currents. In conclusions,
the quantum period I1; and conserved charges Q; are related as follows:

n,-zfdzf ]{dz\ﬁf j{dwﬁ-(w)EQ;.
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Summarv and future work
Summary and future directions

Summary

o A WKB method is found to diagonalize the linear problem. The
diagonal elements are the WKB solutions to the (pseudo) ordinary
differential equations appearing in the ODE/IM correspondence.

® There is a relation via the conformal transformation between the
conserved currents and the WKB solutions.

Futhre directions
® |t is possible to take exact WKB analysis on the f(z,¢).

e Combine the diagonalization approach with T T-deformation.
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Summary and future work

Thank you for watching.
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