BERAYEF

HE: X B, /\HEE (ERDEZEWMRR)

4 BEOHME-BM: BF-/\FOU-I3—Ob ok ROMEEAEREFER, BLUHREROHR
MoBmd 5. BMEORBAERZRRI S5-OICRELLLZLS AR (FIHER. G-matrix | #i5
DEMR., BIEESHETF QCD ) , N N—BERRIGOCEAA LV RGEERT D L TRELESNDIRFRZKR

IR (EHERG. BXEES)  SOERORMITOVTRHTHEHRIZ, ChSIZTOVWTOREDTHE
BRIZDOVWTHBN T 5.

8 BREFEEAE
BF-/\FOoy- bt—bwﬁwmﬁﬂiﬁﬁ&ﬁﬁﬁﬁ&itl-cb\'cu'Fd)Wef#%ﬂ'éo

(b) QCD ﬁ?ﬂ]ﬁﬂ(ﬁ*ﬂ 31‘7’/-31%”;-! Mt S+ QCD)
(c) HHXEMIOTEIFER

1. SR
(a) FFREMKRFEHNIFER. FHREERBERILYTUFER. RERE,
(b) HHRYUSILXBOFAFIHR
() BIRLX—EASAEEOHERLEHXBEROBERH,

2. EERICENR
(a) BiF-BFHE. BHECBE. EDHHEEEA ( G-matrix)
(b) NFOY- BRI (FEPEER, (2 0VZER, T—VBE%E) .
INAI— 8- B F R A R R O 8 ST 4 I P 22 0D 8 R 491
(€0 BIRLF—EBRIE (791 \—EE, N\FOVHEIE)

8 FARRHE QT A E# . BERARULE—NMILVREFFET S,
SEE Quark Gluon Plasma, K.Yagi, T.Hatsuda, Y.Miake (CAMBRIDGE).

HF LDBZDEER, Iiﬁﬂ’,(/:l.j’//i‘l—"/—w\/)

Lecture Sec. 1.1 1



FIorS1>

s %/, Sec.1
o HRRE DDA M

* BB RN, A—VVyFRE, XFH. BHRBO S EREAH
o hAZNHERENIL HE

* HA4SILXFRtE. Nambu-Jona-Lasinio (NJL) #&  hLSJLIBEEH
° BFLDIGZOEHAPT

* }&F QCD . Plaquette ¥EFH. #&F Fermion . Y298 &% .
o HEEEHF QCD

* BBREESHBR TO string tension EFHART I vIL,
mfESRE. RV 7a7-0—7

° BEEWMED QCD AMRE

* Bag #2%!. Quark-Meson $2%!, Polyakov loop extended Quark-Meson
(PQM) #=E, Polyakov loop extended NJL (PNJL) %!

o FHX A F G RE

Lecture Sec. 1.1 2



OCD Phase diagram

# Phase transition at high T QGP/e%p . Hadronic
W, Matter
@ Lattice MC & RHIC L —
A % @
. o e . . 170 ~ 200 f=fu e
# High p transition has rich physics MeV /&‘; ®
. ‘ CSC
@ Various pl}ases, CEP, . . @9
Astrophysical applications, ... MeV .
. Po 0
@ Models & Approximations ;: ° N Strange Matt
are necessary ! e @
+ Lattice MC works only for small p ear Hatter
(Tayler, AC, DOS, Canonical, ...) = o
or in the Strong Coupling Limit(SCL) 7 1= “e™
(MDP) Karsch, Mutter ('89), 150 e Tml
de Forcrand, Fromm ('09) i
1 I T
+ Eff. Models: NJL, PNJL, PLSM, .... [ S Sy o
* Approximations: | | . ||
Large Nc¢, Strong Coupling, ... ’ et
C a ¥ &0 2N 1000 & -.I;:-;Ir SO0

Lecture Sec. 1.1 3



| Field Theory at Finite T I
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GRS

s BEFNFTOREETES (Path integral)
o %l 1, THIE ¢, ICWVRIFAEZ] ¢ THIE ¢ [CEIETHRIE

S =gt exp[—i H(t,~1)]q,. t.)=] Dgexp(iS[q])
5 [Q]: fq(l‘):qi,q(tf):qf dt L(q.§)

B 90 [2OLTOH — BBES
o K

>

A 4

s IGDE

BEFORDYISEEDOH (c- H) TRES,

;;FFFJ S DEAFFICIEERZBMBARZAVSCEICKYIEFRIDETZMYA

R=FERTOBOEIE o(x.t) ZERETIEFHE

S =¥ Jexp[—i H(t,~1)]|¥Y,)=| Dpexp(iS[])
S[b1=J oy vy, 4 X L($,0, )

Lecture Sec. 1.1 5



SIS —0) R 1E
s HEEHK

Z—Zexp —EIT) Z<n|exp —HIT]|n)
—Z<n|exp <tf—r>]|n>tf —ar=] Ddbexp(=S,[$])

:fod”l' X Ly($,0,4,0:d) lyxp)-g(x.0
LE<(I)’6i¢’aT¢>:_L<¢’ai¢’i8t¢>
(=—it, 8,=—id, p=1/T
is=i[ dt[dx1=] dvdxL=—[ dvdxL,

o T HFOLERBIEFRRFERDIRIEOMTHS,

@ 2TOREIZOVNTHZESDT, =0,p CTRABMEBREFHZDOHT
FEED ox,t) [TDLWTRELEDES,

Lecture Sec. 1.1 6



Example: Scalar Field

# Lagrangian density

_1 gy L 242
L=30,$0"b—om & ~U(d)

Euler-Lagrange equation (principle of least action)

0, oL —a—Lzo — 8u8“¢+m2c|>+aU:O(Klein-Gordoneq.)
0(0, d)

o 0P
# Euclidean Lagrangian
@ Euclid EDIL—IV  t=-ir,x=1,g =(1,1,1,1), L =L

LEzééucb@uchr%mzd)er U(d)
— HEERANGIMESICERICEREBESLTHAELLD,

Lecture Sec. 1.1 7



Partition Func. of Free Scalar Field

s BHRHADZ—I50D SR
o FERODYAXDE (AHE V) OPhTEHRANT—IH (U=0)%EZS
F 7—UI£1§

b, W >, exp(-iw,vik-x), (k)

Periodic boudnary condition w,=2ntnl, k,=21tnlL

Sl\) 3

Euclidean action SEzé Z( +E+m?) b (k)

n,k

o J—IEEIIIA=R)—FHI=h b,
RADAEIEDLLEL, (BREHE)

Db=N d k
b 11 b, (k) 1/T¢

o HYRHES — HEEY /
Z=f Doe=N]] \7271lei+k2+m2]_1/2 ‘L\A L
n,k

Lecture Sec. 1.1 8



Partition Func. of Free Scalar Field (cont.)

s HRIRILF—
Qz—TlogZz%Z TZlog(ooiJrkz#—mz) + const.
n

k

E;

=%Z I(E,,T)+const.
k

s ¥AJRF] (Matsubara Frequency summation)

Z 1 Tt _|coth(mtal/2) (7=2n)

= X
~ a’'+n° 2a (tanh(mwa/2) (n=2n+1)
oI(E,,T) 2TE,  l+exp(—E,/T)

OE, =2

~ w*+E>  l—exp(—E,/T)
I(E,.T)=E+2Tlog(l—exp(—E,/T)|+const.

Lecture Sec. 1.1 9



Partition Func. of Free Scalar Field (cont.)
s BHIRILF—(TIVE-RToI%IL)

)

g

E _
—k+T10g(1—e BT Lt const.

E _
2k+T10g(1 —e E"/T)]

FORIRILE— (Fn/2) BB

PORIRILE—EHDER/EALTHIBERT B,
BEDODENZRS,

——Q/V =

k kv ™ _OE,
(2“_)3 3 l—e_Ek/T @k

B — Fuclid & + Imag. Time — #EtH%E

Lecture Sec. 1.1 10



Appendix: Matsubara Frequency Summation

# Contour integral technique \ ®,
S=TZg((on=2TrnT,Tr(2n—|—1)T) C ®
: Resg(w) “gg
I D e ACACA: AT g
Po C
(g: meromorphic ( FEH), ® :

no pole on real axis,

decreases faster than 1/®m at @ — )
: C
@ Applicable to more general cases ! m v
@ Anti-periodic condition — Fermi-Dirac dist. r -

s Example: g(w)=1/(w*+E?)

-
— o= *iE, Res g = £1/2iE
1 e +1 C

S =
BE —
2FE "7 F1 C+C,+C +C =0

11
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EREEDIZEDEG Short Summary

s BF - BOES
o BEMSLoTEABOH (- ) 1253
° 1L, 2TORBORELEDEINBE,
s HEET - RN
o BEMIZEPERILIZLY, SEMRSERRS TRATES,

o 1—YYykREdHEIzkY, FEEEMZERBRICHRAS,
f=f=L. (EE) B t (=ir) OEBEICITFIRHA DL (0<1t<P)

o NEBAMITIRTOREBTOHFEDH
— =0, p TRMREFRFEH - RREEBH o =270 T

(FZLEFUDGFEITIIREAMBEREHS. o =271 +1/2) T)
s BRANT—IHD 5 EEIE
o RRIESIMICOLVTOM — FORDIRILY— + BHES
s I RECL
@ J1)—2Ba%. {£85%. Hard Thermal Loop . Debye E#. ...

b AV AT HE,

Lecture Sec. 1.1
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FIorS1>

s 5%/ Sec. 1(b)
o HRRE DDA M
* BB R, —VVyFRE, AR, BHRBO SRR
A1V HERBE NILRE
r * HA4SILXFRtE. Nambu-Jona-Lasinio (NJL) #&  hLSJLIBEEH
* BF LEDIZOEHAF
* }&F QCD . Plaquette ¥EFH. #&F Fermion . Y298 &% .
o HEEEHF QCD

* BBREESHBR TO string tension EFHART I vIL,
mfESRE. RV 7a7-0—7

° BEEMED QCD A3

* Bag #2%!. Quark-Meson $2%!, Polyakov loop extended Quark-Meson
(PQM) #=E, Polyakov loop extended NJL (PNJL) %!

Lecture Sec. 1.1 13



I Chiral Transition and NJL model I
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Quantum Chromodynamics (QCD)

# QCD Lagrangian notation: Yagi, Hatsuda, Miake
. 1 ;
L=q(zy“Du—m)q—§terF“

D,=0,+ig A, (Covariant derivative)

FuvzéuAv—avAu—ig[Au,Av]z_—l[Du,DV] (Field strength)
4

A=At ("=SU3) generator,[ta,tb]zifabctc,tr(tatb)zééab)

# Gauge transformation

q(x)=V(x)q(x), g4,(x)=V(x)(g4,(x)=id,)V (x)
Fo(x)=V (x)F V7 (x), Dy(x)=>V(x)D,(x) V" (x)

1RY u

Lecture Sec. 1.1 15



Chiral Symmetry

# Chiral transformation
= indep. rotation of left- and right-handed quarks

1 , 1 :
QLZE(I_Y5>Q_)Q =Viq;, QR:§<1+Y5>Q_>Q =V r4qr

‘g=(u,d,s,...), V, R€SU(N /)

axial-vector transformation

i

q%exp(—g?\fefys)ﬁ V44

# QCD Lagrangian is invariant under chiral transformation
when quarks are massless.

L=q(iy"D,—m)q
—>q Viy'(iy'D,—m)V ,q=g(iy"D,—V ,mV ,)q

1 o
6Lq:§qzy5{?\]61,m}q—>0 (m—0)

Lecture Sec. 1.1 16



Chiral Symmetry (cont.)

# Chiral transformation of hadrons (SU(2),)

S=gq (Scalar), P'=giy,t"q (Pseudo scalar)
[ I

Sqg= 2ef2\fy5q, 651:—54791'2«'}/5 (infinitesimal transf.)

S—-8'=5S—-0“P", PP-P""=P'+0"S
— Scalar and Pseudo scalar mixes under chiral transf.

@ P D 0 ARDOEDE P. 02 ROMNLDOKESE 0 LT HL.
chiral transf. & (S, P) Z/MTODmlEx

S —0)(S) 5 S”+ P°=const. (chiral circle)
P'l \6 1 \P

s EEFI~THFIEEZDE, 6 (J=0") & n(J™=0) ODBEITHEET
BIET N, BNRAAT—hRBFIEFELELELY,
— WD B RUEN

Lecture Sec. 1.1 17



sigma model

# Chiral symmetric Lagrangian Gell-Mann, Levy ('60)
1 U W
LZE((?“U@ o+0, -0 1T)—U(cr,1't)
A, - ) 5y Wigner
U(U,“)Zz(ﬁ +m—f7) In Nuclei(?)
@ Invariant under chiral transf. ﬁ,*: ¢+ Nambu
e e 7

do=—0-m, 6mm=00 o
@ ¢ and m masses = T
O T

fi<0-mi=mi=—\f"

[7=0-(0)=f
Ulo, )= m @+ x0xm’+0((@. 7)) (@=0-f)
— When a member condensates, their masses split,

and massless modes appear !

Lecture Sec. 1.1 18



Nambu-Jona-Lasinio (NJL) model

# NJL Lagrangian )

L=5]<i>/”5u_m)q+2(/;\z[(c‘lq)2+(@i>/5T q)] \@/
QCD IZHBUT quark DEEBER S .
luon T4 = = /4_»\
— QCD DX FtEZE{R-T- Al

quark DBFER
(m=0 T chiral sym. Z%D)

S=qq,P=qiy;Tq
— §°+ P*=invariant under chiral transf.
# Euclidean

(x)e=(t=it,x), (y,);=(y,=iy"y)

2GA2 (gqP+(giystq)]

Nambu, Jona-Lasinio ('61), Hatsuda, Kunihiro ('94)

Lecture Sec. 1.1 19



NJL model: Partition Function

# Partition Function

—_— _ — _ —_@—
ZNJL:fDqDQexpl—jd4xLNJL] G = G, - G, 2G
M 2
:fDquDZexp[—f d4x{q(—iy6+m+GZ)q+A7(02+1T2)}]
D

=f DZeXp[—Seff(U,Tt;T)]

# Bosonization (Hubbard-Stratonovich transt.)
G’ [, _ A’ I
—2A2[(qq)2+(611y5w)2] - (0" )+ Gglo+iysTm)g
a8 Effective Action

2
Seff(Z,'T)z—logdetD+f d” x A

5 [(rz(x)—l—nz(x)]

BREBECHEVT, FzILA UL A7 Grassmann £

2.

Lecture Sec. 1.1 20



Aegendz’x: Bosonization & Grassman Integml

# Bosonization (Hubbard-Stratonovich transt.)

(G252 Al 6sY Gis
ex =|ldoexp|l——|lo—— | +
p_2A2_ J P2 ( A 2A°
- - 2 -
GZ(Pa>2 . A2 ; GPa G2(Pa>2
ex = | dmiexp|l—— |1t — 4
P 2A° f PIT5 A° 2A°

# Grassman number

fd -1 =anti-comm. constant=0 |, fd ¥ X, =comm. constant=1
_ _ _ 1 -
fdxdxeXp[xAx]=fdxdxﬁmAx)N:-":detA

=exp|—(—logdet 4)]

Bi-linear Fermion action leads to -log(det A) effective action

|
“m™mm m  YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS

21



Fermion Determinant with Mean Field Approximation

# Fermion determinant ZUL\NZEHETHIN?
— LT +Fourier EHIZKY ., BTN HEMNTTEE

Mean field approx. 3 (x)=0= const

Fourier transf. q(x)= \/ﬁ Z exp(—iw, t+ik-x)q, (k)
Fermion matrix (XX EKRIELRS,

D=—iy-V—-iy,0.+M=y-k—y,0+M=y-k—iy ,w+M
_[—iw+M k-c
—k-o iw+M
det D= H (W +k>+M>)""? (d ;=4 N_N ,=Fermion d.o.f.)
n,k

2
- F Q/V——?logZ——— Z log(w>+k*+ M)+ 12 /; o’
n,k

Lecture Sec. 1.1 22



Effective potential of NJL model

s WRIREIF — ARRT v

3 k Ek

|2 +Tlog(1l+e
FORIRILY— + V3—ODRBIERS + #Bh5

s HZ (T=0, p=0) THOHXRTI¥IL (chiral limit, m=0)

dyen Pk, A  d X

2 A4 f
Ek+7()_ —A —7](X>+2G2

—Ek/T>

Fu=QlV=—d,| (g

Feff_ 2 ! (2Tl'>3
A T(MIA)

Far__ 4y X1 _
A 16 2|GP G
G>G_ DEE, 2ROFMMNE —HATLHFHED B RH0EN

1
16T’

(x=MIA)

—

1 1

+0(x"logx) (G:=8w’/d )

1

~~

81T

2

/ 2
\/l+x2(2+x2)—x410g1+ L+x
x

1+x2+%x4 +O(x6)]

1+410g§
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Spontaneous breaking of chiral symmetry

s F_WRIMIGSH o HERBRETIS (Gap equation)
1 OF _df dl (x) x

At Ox 2 dx  G?

G>G, DEEHRRD o(~ ¢ q) DENIRILF—R/IREEEZS

quark BDSI AN+ RBEITNIE. o(~q""q) HiEEHEL.
BRFIA—ODEELZEAHT , (Nambu, Jona-Lasinio ('61))

d, d/dx /2

>

’m>0 x=Go/A

Lecture Sec. 1.1 24



Chiral Transition at Finite T

Effective potential at finite 7 in NJL

F d, d, e
L=l I(x)-—LP(M;T)+
A 2 A’ 2G
d, d,7(7\" 2|1 1 2(T)2
S S X TT 4
=— - ==+ ——|1—-=—{%] ||[H+O(x"]
161'[2 90 8 A 2 G2 Gi 3 A (X ng)
Stefan-Boltzmann THANDODEEMFIE
o dk K 1
TS (2m) 3E exp(E/T)+1 AFeff =1,
T=T,
— T<3" A/r OEBHET,
DS EERHIECSILT G
HREETD T<T,
HAZIVIHEEE 2R

Lecture Sec. 1.1 25



B S/ 155 ENIL $BE Short Summary

s HLZILxFRE

@ JA—DHEEMNIPILNEZIZ QCD AiE DX FitE

o BERMWLGHMSILAIREDENALSNFAVERZEART,
s EE-3F5 =3 EE (NJL)

@ D= -RIA—IVDEIADBWMERIZIX, V4—0 - RIA—I% (" q)
ga;i;%;mﬁ (BAoIEBE LT. BRFIA—VDEEL

°* ARBETIXIA—VDRMEMNRICLYRELABOLON, HHERETH
TaHSHAS (DA HAFRMED EE) .

s FRHTR7ZEER S

o BEHRENICTHLVT Fermion (X AT#L%LE Grassman TR,
( Fermion determinant, X [E#EREH)

o VF—VRDOBREERDORYEIZLDHEL
(Hubbard-Stratonovich transt.)

Lecture Sec. 1.1 26



Appendix: Finite u
s ARZEEDFSIC. PEEARIIESIEDLLIN?
s Example: Relativistic Mean Field (RMF)

L=@(iy" 0,~m—Z)Y+ L, (P) (P=0,w,p)
S=g,0+y (g,w +g,p T)

s Euclid 1t + {EZHRTUIvILDEA
Z=[ DyDIDP exp|—[d*x(L—ny )
= DYDGDP exp[—[ d*x [P DY+ Ly (®)]]
= D®exp|[—S (@, T, )]
D=—iy0—uy +M+3
s BEER

Su=S"+8 == logdetD, ,+ [ d*xL
n,k

meson

|
m  YUKAWA INSTITUTE FOR 2 7
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Appendix: Finite u (cont.)
s —IR7GIHERE — Fourier EHICKY DETOvIXALL
D, .=y (—iw,~(u=V")+y-k+M+g,o
—det D=|(w,+ip" P+ E?]
W=p—g.,w'—g,p'T, E*=K*+M*? M'=M+g, o
s RIREIBMMZEELT

FH=— ff d’k [E +Tlogll1+e *)/T)—I—Tlog(l+e_<E*+”*)/T)]
T('

FoR  HF(&F) RAF (R%F)

Adk Nf

-Bn:f—.il*»ﬂ@—(i&%w»—jb\bﬁmé
— @HE RMF Tl

s mkE 0 0)*%‘“‘

(F)
eff

E"—p’ Pg (dN:df/2>

|
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FIorS1>

s 5%/ Sec. 1(b)
o HRRE DDA M
* BB R, —VVyFRE, AR, BHRBO SRR
o hAZNHERENIL HE
* HA4SILXFRtE. Nambu-Jona-Lasinio (NJL) #&  hLSJLIBEEH
BFLDOZOERAMN
I. * }&F QCD . Plaquette ¥EFH. #&F Fermion . Y298 &% .
o HEEEHF QCD

* BBREESHBR TO string tension EFHART I vIL,
mfESRE. RV 7a7-0—7

° BEEMED QCD A3

* Bag #2%!. Quark-Meson $2%!, Polyakov loop extended Quark-Meson
(PQM) #=E, Polyakov loop extended NJL (PNJL) %!
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' Introduction to Lattice Field Theory I
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¥ F_L DIFDEE T

s FOBEGE=RIEEHE
o R BFBICETEFT—RICIIEH — BEMIZHEL

o ROFLNED LIRS @
- TRHRME - AROKTLCRE, BHERELS,

8 AHh5—15
o EHEER (Euclidean) D{EA (@ BHR)

] ] ]
Scomzfd“x 55u¢5u¢+§m2¢2+4—/?\¢4]

* BFLDIEH
» EFBERT S, [T—H
»S__ ETESEITRILHMHIEZRHD

Slat:_%zd)(n)¢(”+ﬁ)+¢<n—ﬁ)—2¢(’?)+a4zBm2¢2(n)+i¢4<n)
n,u n

e 4/
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tEFLEDIZBDEEG (cont.)

4 *ﬁ?J:d)ﬂi : ANS—I5ERR
s, _——Z (1 d(n+i)+d(n—p)—2¢(n)

2

4}

—|—a42 S5 m ‘b (n +4A/c|>4(n)

n=(n,,n,, n_):spacetime point on the lattice

(i :unit vector in the positive p direction.

@ a— 0 OERT, ERBRDIEFRE—H

° ¢ —-¢ FORHBIEZERD,
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Gauge field

# Gauge action (Euclidean)

S, = zl,z [d*xteF, ,F*, F, A =06,4,—0,4,~i[4,, A,],

A=A ([ )=i [t (tt")==5,)
(BB TREEHL cBEDT, g4 >4 ERT—)L)

# Gauge transformation . .
A, (x) =V (x)(4,(x)=id,) V" (x), F, (x)=>V(x)F,,V (x)

8 F—OREREFLOBRTFLDIEAZEDSSIZELIM?
- YO IEH

U(x,y)=Pexp

i fj dz,A,(z)| (P:path ordered product) y

JOOERIEHmD R TODY —OEBWEZITS
U(x,y)=U'(x,y)=Vx)U(x, )V " (»)
X

Lecture Sec. 1.1 33



Appendix: Gauge transformation of U

# Proof of U(x,y) —» VX)U(X,y)V'(y)
N—1
U(x,y)=lim [] 14+iA4,(x,)Ax,] (x,=x+nAx)
N—w© p=0
(multiply (1+i A Ax) to the right!)
By using the gauge transformation of A,
A (x)-V (x)(A4,(x)=i8,)V " (x) X=X,

and the unitarity of V, V(x) V"(x)=1, we get
14+id",(x,)A x,

=1+iV (x,)4,(x,)V " (x,)Ax,+V(x,)0, V" (x,)Ax,
=V (x,)V" (x,.)+iV (x,) 4 u(xn>V+( n+1)Ax +0((A x)*)
=V (x,)[1+i4,(x,)Ax, ]V (x,,)+O((A x))

U (x,y)=V(x)U(x,y)V" (y)

|
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Gauge action

VOB U, .=U(n,n+p)
U, =U(n,n+i)=explia 4,(n)]€eSUN) P
) TERISTRO A TOY —SERE Ut Uit )
Z(T5DT. IBAL-AZRICE-TRE o :
EdE. D trace [IT5—OFE, n n+g
H U——>V H U
neC neC C
Plaquette
Lattice £ THE/INSZE loop [ wao Uslntv)
n—-n+p—-n++v-—on U (n) U.(n+0)
UFW(n)EUn,uUﬂ+ﬁ,VU:+v,uUn+,v '
n A
Gauge action (plaquette action) Uu(n) n+
|
Se=B, D I-—RetrU,,(n) (B,=2N, /g’

plag. ¢
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Appendix: Plaquette and continuum action

s F—IB0OFER N U, (n+v) -
ntu+v
1 + N
S¢=B, Z [I—VRetr qu(n)} U, (n)|:| U,(n+)
plag. c " A
o UQD) (BHiR) DI/E : AIRS =rotation OEIRA — F F
o JER[S —DBDIFE : Hausdorff AXDFIFA eAeB:eA+B+;[A,B]+...

ial A, (x)+A,(x+(i)+ial4,, 4,)/2+ ] —ia|A,(x+V)+4,(x)—ia[A4,, 4,]12+:]

trU,,(x)=tre Xe

ja[(A,(x+0)= A4, (x) = (4, (x+9)=4,(x))+ia[4,, 4,]+0(a)]

=1re
=tr[1+ia’F, +a'X,~a'F} 12+0(a")]
6 4
lim §.= Z Bgtr[l—a—Fﬁv]
a—0  pptv 2 S. Aoki, Text

|
m™m = w  YUKAWA INSTITUTE FOR
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Link Integral
s F—IgDREBES
Z, fHa’U Lexp(— fHdU explB, D, tr(U,+U;)]

PE plaqg.

@ dU l'ct ¥J:0)T % I B ( Haar measure)
— =R

U, —~V U, V' (nt+i)
[ZHLTRELGRS ORESRE
s YU U1R5 SUN)

o F—UREMRDHT, Y VERDEREXDES KIFFRFES,

: dU 1=1 (normalization), f dU U ,=0

. |
Jau U, U =--5,5,
[avu,u, U, —Nie (N=3)

/ abc z]k

Lecture Sec. 1.1 37



* [dUuU,=0
o LHS=R_ &<, WAIZEMD SUN) 1751 V &L

LHS= | dU (VU),=[ d(VU)(VU),=R,,, RHS=(VR),

VIZEE®D SUN) O5EREMS, R, =0

s [quu, U;:% 8,8

@ LHS=T% &84, U, U" BLU, UL LE®RTS&5 L, L' EHT5,
LHS= | dU(LU),(LU); =] d(LU)(LU),,(LU);=T?
RHS=L, T, L, —» LT,=T,L — T$=S,38"

EE®D SUN) OTEERTZOTLBEEISONT T ILEETH,
FHEICEZRLT S HEMAFTHICHH,
a=j EBLNTHIEEDE, KBRS UN £503,

|
== m m  YUKAWA INSTITUTE FOR
" THEORETICAL PHYSICS

bi
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Proof of the one-link integral formulae

1
N / EabcEijk (

* [auU,U,U,= N=3)

abc def
Tijk _LadLbech Tz'jk

ol Eﬂé Tabcijk &8(0 U éEﬁmo

EEDLIZHLTARELZIBOTUVIVIESRERFTHETOVILDH
H%?ﬁ%lﬂﬁo Tabc_ abc

@ [AIC abe ZMMTTHIEEY., det U=1 #{FES5& c=1/N!

|
W YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS
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Wilson Loop

s One link integral formulae DGAELT,
nR§E & pRis TD Wilson loop @%ﬁfﬁ’&*&)fﬁi'd'o

s Wilson loop L

w(C=LxN )=t [ U] M

o ERAML . AR N OIL—FZE>T, N,

VI OEBZETEDET=DD,
o BRRDIF

HARZICHIGAENIA—IM DY, \J .

L TRV T &S,

%gﬁiﬁ Nt DRICRICHMETHRMNITS

(O,(N,)O;(0))ccexp(—=V (L)N,) (forlarge N )
V ( L)=Interquark potential
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Wilson loop (cont.)
o RS SR TO R
(W(C=LXN.))=[ DUW (C)exp| 5 tr(U,+U})
g P

o YLOEBAEOTINSEESLTO, L

— Wilson loop ICTEFENDTAATD - >
)2 % plaquette MoD') D& A T
HAEHETHIDENDS,

o HEENBLEE, TEDRITDLELED — ——r—
plaq. CHTIZIE, Wilson loop % N_ I\
FHEEIZ plag. TEOHNIEKLY, —— e

S
<W<C>>=N( 2 ) -V (L)=Llog(g"N) || rar—r—
g N
safa SR TIXERA
— 9A—YDEALAD | J I ) S | S |

K.G.Wilson, PRD10('74),2445
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Strong Coupling Lattice QCD: Pure Gauge

# Quarks are confined K. G. Wilson, PRD10(1974),2445
in Strong Coupling QCD M. Creutz, PRD21(1950), 2308.

G. Munster, (1980, 1981)
@ Strong Coupling Limit (SCL)

SU2), wek

— Fill Wilson Loop N SC-LQCD
with Min. # of Plaquettes e MC
— Area Law (Wilson, 1974)

1 ) y
JE'rL'[:ECD = — —2 Z tI‘ |:L"|: ‘I— LI&]
@ Smooth Transition from SCL

to pQCD in MC
(Creutz, 1980; Munster 1980)

L
- -
A _
N, 0 1 ) 2 3
=2Ndg (Nc=2
Y =1/ Nc g2 P I Mul)zster, '80

Lecture Sec. 1.1 42



Fermions on the Lattice
# Fermion action (Euclidean)
qucomzf d4xq(—iyuDu+m)q, D, =0,+i4,
8 BBFED action » Link TEHOFIFE

glx)T',U x+0)—g(x+0)T, U gl(x
S ;((1( )T U, .4l M)MCJ( T, UL, q(x))
X Lk

+mq(x)q(x)

@ q, U OEBRENST—DOFE
q(x)=V(x)q(x), U, —~V(x)U, V" (x+)
o EHIBRT S ~

q, cont

U=1+id,a, Sy 1at—>a4z g(x) Fu(ai—l—iAuq)—l—m q(x)
, - X,

ru:_iyu
:nulﬁs I Ey s X, _)xotl./i-g-o
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Fermions on the Lattice (cont.)

s —REIIZS5EMN. BERM .. - FT5—
BHIFEDIF S . Fermion M hopping matrix # Fourier 9 5¢&

p=ir, S (s ILan =01, L—1)
A

G+) RFEARFLET. D (& 16 [@ 0 &%, (p=0,n/a)
— BEIRILX—THENSD Fermion DFEFEH 16 18X 5,
s Nielsen-Ninomiya 0)EER

NESGRE (FITREBAEE. DAL xFE. BRTE, TILS—Fh
. MM ) ZiET-94&F Fermion [ZIXFTS5—MNEET S

s BRRTTE

@ Wilson Fermion : a — 0 T JS5—M R ICELLGSHESIC 2 B 1<xt
I3 AEEMAD. (ALTILIFREDRLY)

@ Domain wall Fermion, Overlap Fermion, ....

@ Staggered (Kogut-Susskind) Fermion
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Staggered Fermion

s Staggered Fermion : Spinor {#i&- v fTHZ#HEAFn TEHE S,
X=Y3 Y2 Y1 Yo'q
— A — Xy Xy X, _ X, X, x,+1 A
=q(x)y,q(x+0)=x () Y3 ¥, Y Yo Yu¥Yo Y ¥y x(x+i)

=n, (%)% (xX)y3 -y vy Yy (e Hi)=n, (x)x (x)x (x+ )
nu(x):<_l)x0+x+ X,

@ Lattice action with staggered Fermion
Z nu lXx x uXx+u_Xx+u Ux uXx]—I_Z mXxXx

Fermion @ 4 ﬁﬁﬁﬁéf%ﬁﬁo 1 ﬁﬁﬁ@ﬁi%lf&b‘o
— 16 DA TS5—h, (Dirac Fermion T)4 DDFT5—&%5,

o DASIVEHS: 1, 0 IZDNWTRL. BY B of=y THOLLE
. —exp(i0e(x))y., x.—exp(i0e(x))y,, e(x)=(—1)""""
- BELGHLIILHHIEESLD
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Lattice QCD with staggered Fermion

# Lattice QCD action with (unrooted) staggered Fermion

Z nu [Xx X, pr—i-u_Xx-l—u Ux uXx]_l_Z mX Xx

@ Spinor #EEAS simple( ELY) — IR - BUEMG ST E ARG HE

@ m=0 (chiral limit) TR chiral X¥FEZHD
— DA IVHER O SMmA A fE

o EFMEE (2> 0,a—0) TIE N=4 1208, HBRD a TIETL—/\—% TR
HITEh TS,
@ Chiral anomaly (U(1),) [CDULTIE controversial
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Monte-Carlo simulation in Lattice QCD

s BRI (or ‘EEﬁﬁiﬂ.Eﬁ&)
§S=S.(U)+gDgq, Z

_8Z|J]

+(0)=

0J

J]=] DU det D(U)exp[—S,(U)+J O]
fDUdetD( )0<U)exp[ S.(U)
| DU det D(U)exp[—S(U)]

@ Monte-Carlo ETIlE. BEFIZ Fermion determinant ZFE{fiL.
JOOEBDELE MC EZTRDS, 7r— 8L EEFDFTEICIE,

propagator z &2 (ZFFHil.

04 06 08 1 12
A | CoTry e/l

:; I l:.l'le- - -

0 w1 T

T [MeV]
100 15[] EDD 25[] 300 350 41}[] 450 5[][] 550

g8
B
a4t
2
0

Hot OCD (2009)

2000-
: +0
1500 Eg';E
> o il
S 1000 -
= J ==
= 1 &
50 0_’ K — experiment
1 == width
i QCD
=T
0

BMW collaboration, Sceience 322(2008)1224
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B LEDIFDEH Short Summary

s }F QCD
o UUOEBDBEAIZKY, B2ETF—ONHEEERE

@ J)L—A>24EHR : Plaquette (7354 vk ) ¥EF (or its improved ver.)
— EHER (« — 0) CERBRDT—IEH

o VA—VER I OERERAWVTT —ORFEEZR TS,
# Monte-Carlo simulation
o JEFEEIERA QCD ZHEICRR{E—RERE.
o KSEHY : 747—IDELCRASH, /NFOVHE, QCD HHE# (n=0)
@ DATILRMEICIZSLOREHY

+ Staggered fermion: Fast, but ugly (N =4 — quarter root, anomaly, ...)

* Wilson fermion: Explicit chiral symmetry breaking at finite a.

* DW/Overlap fermion: large numerical cost.

s HEFETOHEF QCD MC simulation [FFRESNF-KE=LRE.,
@ [KZERLEAS postdoc [TEZ TIEWFTEWLNT—TI (BARSA)

Lecture Sec. 1.1
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Monte-Carlo Integral: Importance Sampling

8 Metropolis sampling
= One of the typical (popular) method of importance sampling

P, =1

B—A

Config. A |« Config. B
SenlA) | S(B) S_.(A)<S_ (B)
PA—>B= 28 Y [Seff(A)'Seff(B)]

@ Trial prob.: P™ =P "™  (detailed balance)

@ Pickup prob.: According to S .
@ In equilibrium, P(A) P, =PB) P, , — P(A)  exp[-S_(A)]

|
m™m = w  YUKAWA INSTITUTE FOR 49
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FIorS1>

s FEE; Sec. 1(b)
o HREEDIZD AP
* BB RER. —VVVFEHZE, 2R, BHZO 5 EREM
o hAZNHERENIL HE
* HA4SILXFRtE. Nambu-Jona-Lasinio (NJL) #&  hLSJLIBEEH
@ BF LDIZDERHAPT
* }8F QCD . Plaquette YEf. #&F Fermion | Y>85 .

S HEF QCD
* BBREESHBR TO string tension EFHART I vIL,
RESER. RU737-IL—F

° BEEWMED QCD AMRE

* Bag #2%!. Quark-Meson $2%!, Polyakov loop extended Quark-Meson
(PQM) #=E, Polyakov loop extended NJL (PNJL) %!

Lecture Sec. 1.1 50



i Strong Coupling Lattice QCD I
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# QCD Lagrangian

# Lattice Action

Lattice QCD (1)

(FF)

_ 1
T (M
w = Quark, F' = Gluon tensor, m = (small) quark mass
U +
Soco=S¢+ S pt+myxx U\{buv
1 Y

So=—— 2. Tr|Uu(x)+Uj(x)]

1}
—»0O0 0@
Y U;y M=7x
O=w0

g P=(x,u>v)

1

Sp=7 2 (D7 (060 (07, U (0,

X

H

N, (x)=(=1)""""""(u>0), exp(p)(u=0)

X:
U=

”:

starggered fermion (quark)
link variable [1 SU(N ) (gluon),

quark chemical potential
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Lattice QCD (2)

a Full QCD MC Simulation
— Monte-Carlo Integral of Det (Fermion Matrix) over links (U)

@ Big Task!!
Matrix Size= 4 (spinor) x (Color) x (Space-Time Points)
Eigen Values are widely distributed

@ Complex Weight with finite p

fd)_(ddeeXp(—SG—l—)_(Ax):de A 4NchNs3
# Quenched QCD

@ Assuming Det =1 ~ Ignoring Fermion Loops

@ Works very well for hadron masses
a8 Strong Coupling Lattice QCD (g >> 1)

@ Pure gluonic action becomes perturbative
— Approximate but Analytic evaluation of Fermion Det.

Lecture Sec. 1.1
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s SRR RE =1/g’ TORE = T35 7YMITO R

@ ERDPT, TS5 vkc 1/g2 OEFHDL,
— hR#E SR (g>>1) Tl gluon M hopping RWZ SIS,

° M RMADFIR

* READXRBZEEZS.

> ISk ® (Do) BIE 5 A 5.

* OF—HERZEBRL. YV OBRRICRD TSN IA— 59T (¢ Uy)
DRAEHEEEZ 5.

* Y ORPERT )
— A=Y DBEHER (X OREDEKLY)
ZEI I DB ERIT
— VF—Y LRI VDAEMER (FREEDEEL)

*» BEIZIHCTOA—VBMEEEREEZRYEL.,
Fermion fT5IRXZ&&.

* B VOB R EET (FREEOERIELY) .
» BAL-HBIBIZOLWTEHEHZELS,

|
mw™m m m  YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS
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Strong Coupling Limit

s BEAER (g — «)

o IS IbEMN0 > TREND Y HZEIMILIZTHS FIRE

Ef DU,  exp —;

3

1

=| DU[1—=(x U U,
f [ 4<X Xx+u)<Xx+u X ) 48

@ 494A—DIE — 24N, 6 9+—VIE — 34kA
— DA—OBDVIFVIEZRES (1/d BR)

1 .
=1 = () (o) +-]

1 _
:[ 4N X X+ ] (Mx:XxXx>

I
—=xP [4 N,

— YUHBESZEYN\ROVDEDERA

_[nuXTx UuXx+ﬁ_n|,_ll>_<4x+ﬁ U:Xx]

(3 U oewn) o]

e—O
| _
Enx,uXx Ux,uXx—l—ﬁ

O—=9

1 1 -

_Enx,pr-l—ﬁ U)—:,uXx

" Yo
my %
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Strong Coupling Limit (cont.)

s SECRA¥ A
ZSCL:fDXD)_( exp(—S. ) / 517 X X+ H

—
Seff:mZMx—4N > M. M., :——ZMV M+mZM
X cXx,U xy

+0

X

1
TGN,

J Hubbard-Stratonovwh transf. (fEBIEDEA )

lMVM

%

<6y X+ v, x—ﬁ)

1(0+M)V(G+M)+1MVM —lO'VO'—O'VM

—fD(re 2 —fDGe 2

ZO‘V O'-I—ZO'V M+mOZM
xy X,y

L3530 6 = const. — Fermion {THIXMFERI,

1 » T 1

Feffzabgcr —?logdet(mql)zzbg(rz—Nclog(bU0+m0)

(m,=b,0+myb,=(d+1)/2N )

L
Il
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SCL-LOCD: Tools (1) --- One-Link Integral

# Group Integral Formulae U Uy (U

[duu, Ut=-"15_s, M(x) M(x+j) H

NC B=eXXX/6 B=eXXX/6

|
[dUU,, U U, = [avu,ut==25.5,

€ ace € baf cd N,
l

f dU U.{Ib U-::'d Uef 6 aceEbdf

J dU exp(—ax (x) U (y)+bx(y)U % (x))
= dU_l—absc(anabx( )>Z< ) Ul (x)+:]
=1+

=1+ablyx)(x)xx)(y)+ M (x)M(y)+
=exp[abM(x)M(y)+---]

Quarks and Gluons — One-Link integral
— Mesonic and Baryonic Composites
2TYITP

57



S CL-LQCD: Tools (2) - 1/d Exgansion

# Keep mesonic action to be indep. from spatial dimension d
— Higher order terms are suppressed at large d.

> (U L) RU] 1) === 2 M ()M (x+5)=0(1)

J ¢ J

—>Moc1/\/g,xocd_l/4
> XU x)xU,x)xUx)—N /Z B(x)B(x+})=0(1/Vd)

J

2 (U2 (U x )= 2, M (x)M*(x+j)=0(1/d)

J
We can stop the expansion in U,
since higher order terms are suppressed !

|
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S CL-LQCD: Tools (3 ) --- Bosonization

# We can reduce the power in ¥y by introducing bosons
| 1
exp (EM ):f do exp(—za —CO M)
1, _ _ 1. >
Nuclear MFA: V=-— 2(L|J ) Qy)==U(yp L|J>-|-§U

expl—; ]fd(pexpl— —z(pM]

Reduction of the power of y
— Bi-Linear form in y — Fermion Determinant

p Y T P
m™mm m  YUKAWA INSTITUTE FOR 5 9
LN THEORETICAL PHYSICS



S CL-LQCD: Tools (4 ) --- Grassman Integml

# Bi-linear Fermion action leads to -log(det A) effective action

f dy dyexp|y Ay |=det A=exp|—(—logdet A)

f d -1 =anti-comm. constant=0 , f d -y =comm. constant=1

1

fdXd)_CGXP[)_(AX]:fdxdiW(AX)N:'“:defA

‘ Constant o — - log o type potential I

|
b
. -
||
m™mm m  YUKAWA INSTITUTE FOR 60
Ll THEORETICAL PHYSICS



Effecitve Potential in SCL-LOCD

a8 Effective potential

Feff_%bcr()_ —N log(b, 0 +m,)

v T HER (H4F VR m=0)

OF N, 0 — N | 2
60 o= d+1
E ﬁﬁ‘“*ﬂﬂd)ﬁﬁﬁﬁﬂl?&b\
(1/d BB, zero T treatment .
FIFELL) ISENT, 1A LR FREAS
BREMICEhSEN TSN,

Kawamoto, Smit, 1981

Strong coupling limit lattice QCD [,
DA —VDEALIASD . AL T IV X FRMED B RN
EWLVSIEERTIN OCD O 2 KAIEZEHTrIIEREAT 5
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Effective Potential in SCL-LOCD (Zero T)

# Effective Pot. at Zero T

Kawamoto, Smit, 1981 Feff(G)
Kluberg-Stern, Morel, Napoly, Petersson, 1981
F _ Ly 2N
4(0)==b,0"—N logo

2

Spontaneous Chiral Symmetry breaking
at T=0 is naturally explained !

‘ No Phase Transition ? I GE c

# Grassman integral at each space-time point
in Zero T treatment
— “Temporal” Correlation X
and Anti-periodic Boundary Cond.
would be important at Finite T ! N=1/T

‘ Let's go to Finite T I "
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Strong Coupling Lattice QCD: Finite T treatment

s RREFHEMOEEMSSNBIESIC. BEAFROEREY
( Boson D EHAER . Fermion [TDOWTO REHERSEH)

[FZRENFZH, Zero T treatment TIFEY AN SITRLY,

# Finite T treatment
Damgaard, Kawamoto, Shigemoto, 1984, Bilic et al., 1992, Nishida, '04,; Fukushima, '04,

Kawamoto, Miura, AO, Ohnuma, '07;
o FEIAMDIVZFRL. RAMPERFHZRYANTIZIILESFITHX
28T 5.

o ZERYYVITRG . RV ILERDBEMNER

1 _ I :
S¥>=52(6“XXU (X)%, 5= “xx+oUo<x)xx)=x 'y

ZO_ V X y + Z Xx‘r )ij,‘r’
xy

XTT 7

D

m, =V, o+m

o N.xN_fI5IDFFIRERDZDEL DS,
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SC-LOCD: Finite T (cont.)

# Fermion determinant (Temporal gauge)

detD:det!XN@)chre_“/TU++(—1)NTe”/TU“Nc [, =2m,(x,7})

For constant o, X is obtained as

Xy=exp(E IT)+(—1)"exp(—E,IT)

E =arcsinh(m,)

sinh((N +1)E_/T)
sinh (E_/T)

— det D= +2cosh(N u/T)
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Fermion Determinant

Faldt, Petersson, 1986
# Fermion action is separated to each spatial point and bi-linear

— Determinant of Nt x Nc¢ matrix

exp(—V o /T)=] d

Nc x N7t

= [ dU det| X, [o]®1,+e " U +(—1) e U ‘Nc

=X,—2X,+2cosh(3N, )

I.12=[c(x)+ie(x)m(x)]/2N_y*+m,ly 5 e
Xy=By+By_,(2;N-1) et b
BN:INBN—1+BN—2 = O e

.n \PQS
T YTSPJ it AR D F QCD 94— 0MEBE OFE (Kifh)



Effecitve Potential in SCL-LOCD: Finite T treatment

Damgaard, Kawamoto, Shigemoto ('84); Faldt, Petersson ('86);

s Effective potential
¢ P Bilic, Karsch, Redlich ('92); Fukushima ('04); Nishida ('04)

Fefszfgx'—zlogdetD—lb(,(r +V (m u,T)
_V 2 1
sinh(N_ +1)E IT)

V. =—TI - t——+2cosh(N pu/T

7 S| sinh(E,/T) cosh(N u/T)

E =arcsinh(m,), m,=b,o+m,=b,=d/2N,

o IFSHBROAREEDEIFEL (1/d BB, F¥IFEEL) [THELVT,
s BR-EBETHASIAFFENB RNICHA.
* &R or BEETHIETS
MRS,

Strong coupling limit lattice QCD(Finite T treatment)
— QCD [TE3<KQCD HEMHEE®REICLT=,
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Eff. Pot. in SCL-LOCD (Finite T) (cont.)

s What can we discuss by using F__?

@ Behavior of F__at finite T and p
@ Phase diagram =
Note: These are the results with
staggered fermion !
1.2 . S
G::ﬂ I.St - =
1 e 2nd --- —
T~<_ | TCP =
0.8 -\
= 0.6 520 X .05t D
0.4 (one local min.) \ "% 1+
. \ Tast T T
0.2 o _
- ] (two local min.) 21 . .
0 == 0 1 2 3 4
0 0.1 0.2 03 0.4 0.5 o
WT,

Kawamoto, Miura, Ohnishi, Ohnuma ('07)
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Evolution of Phase Diagram

@ Phase Diagram “Shape” becomes closer 1,  pamgaad, Kawamoto, Finite T
to that of Real World,
R=3 n /T ~(6-12)
@ 1985 — R=0.79 (Zero T / Finite T)
@ 1992 — R=0.83 (Finite T & p)

Shigemoto, 1984 T =1.1 GeV

— Conjecture !

Damgaad, Hochberg,
Kawamoto, 1985

o >, Flnite p
@ 2004 — R=0.99 (Finite T& p) M
1985 |, =290 Mev
@ 2007 — R=1.34 (Baryon) ¢
1.2 —
3 — G“=" Dt:::“g S
T - 2004 ! 2007 03
:z i Ind-order | . 0.8 1 l¢}’1ﬁ _____
RN - —_— T& = 0.6 KT
o o £, I1INITE | , -
| Finite T& p : G0 H 04 1 :
1992 | o | ol
8.0 0.2 0.4 yy 0.6 ol .Cﬂ:nﬂ. 1Tt_mdf‘r 0 01 02 'h:* 0.4 0.5
ore 1] 0.2 _0.4 _ 0.6 l_l C
Bilic, Karsch, Quazk Chemical Potential 4 Kawamoto, Miura, AO,
Redlich, 1992 Fukushima, 2004 Ohnuma, 2007
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g S 1BRIEF QCD: Short Summary

# Strong coupling limit of lattice QCD (SCL-LQCD)

@ SCL-LQCD describes
“confinement of quarks”
and
“Spontaneous breaking and restoration of chiral symmetry”
analytically based on QCD (with staggered fermion).

s LHLGH L, BLOBEEREATNS,
o EIEBT N=4 &15% staggered Fermion [Z&kBEER,
« gggﬁé%%u%ﬁo F=1/d BREADOXEEHDOHA, HDO—k- BTG EY
o BERNLILIFBHSIE. Np/T ~1 BEL/NSNIEIEARSLMRE,
(Te=200 MeV &F5H&E, Np =200 MeV << M
— [RFEIMMENTELY, (Baryon mass puzzle))

- ARBSHIR
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Finite Coupling and Polyakov loop Effects
on the QCD Phase Diagram
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Towards the phase diagram in the real world
s Fermion Z2 56 . RIESH#EMR (Strong coupling limit; SCL) TI&XK

SRR ThZ IO 158 ...
o BREEABER (g —

@ Staggered fermion (:EHMEIET N, — 4)

o MITHEHEAETIL Larged 3Bl (1/d BE® LO) +F 193155841
@ Polyakov loop (JERACAHIREERDHEFER ) Z=FHL

— JERFCAHHEEBAREBR TS

o 1\UAERIVE (N p <M, ; BOBHTEZHIIRES )
s HRESHR-RUFITNL—THREESORESETF QCD

NLO (1/g°): Miura,Nakano,AO,Kawamoto, PRD80('09),074034.
NNLO (1/g*): Nakano, Miura, AO, PTP123('10)825.
Polyakov loop: Nakano, Miura, AO, arXiv:1009.1518

Miura, Nakano, AO, Kawamoto (LATI10)

— BHED QCD HEIDEREICRIT71-%

ROER
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Strong Coupling Lattice QCD

# Lattice QCD action
1 - 1 _ _
SLQCDZEZ [V;__Vx ]"‘moz Mx_l__z n]x(Xx Uj,xXx_Xx—I-j U;_xXx)
X xX,J

X

1 + e ¢ —
) Z (Up+Up) &—0 D
g p . ‘5 Oe«—o : y
Mesonic composites vioovy o XegeXed ) Up’

Mx:;(xXx’ V::eu;(x UO,xXx+6’ Vx :e_uix+6 U(_)txXX
a8 Effective Action & Effective Potential (free energy density)

Z=f Dy, X, Uo,Uj]eXP<_SLQCD>

X

2%, Uplexp(~See ) (exp(=S)) (U integral)
me %% Uglexp(=Seelx, %, Uy Pyoe )  (bosonization)
~exp(—V F (&, T,u)IT) (fermion+ U ,integral )
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Finite Coupling Effects

# Effective Action with finite coupling corrections
Integral of exp(-S_) over spatial links with exp(-S,) weight — S__

-1y,
Seff:SSCL_IOg<eXp<_SG)>:SSCL_Z ( n’) <SG>C

<§,"> =Cumulant (connected diagram conf'rj c.f. R.Kubo('62)

DR OE

MMMM MMMMMM VIV MM VIV-MM

SCL (Kawamoto-Smit, '81)

) 1m0k [MMMM| jicx NLO (Faldt-Petersson, '86)
x,j=0k=0k+j
Pz P N Bss
Y WW W W), — MMMM) i, [MM] . ;
2d -r-fz}ﬂ[ ! ]jh M{d_ l}(d_ 2} _r.j::-ﬂ.|kzii=-ﬂ.|!|j::-ﬂ[ ]ﬂ; [ ]Jh F
K27, 11, 11 #IK]
t gd{f:i 0 Y VIV +viviL ([M M) i+ [MM] _jhr_|_;:-_|_{"j) NNLO (Nakano, Miura, AO, '09)

x, j=0,|k|# ]
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Cumulant EFi

= exp Sl
—  n!
n=>0 -

:).|
s Connected diagrams 'C*“@EFaﬁ
(58)= > TI(S).= (a7 + gy gy (S0 (S2). -+ + (58,

partition o«

8 Cumulant EH

,-5a) 2{1

@ 5E—I8 — (Volume)" — exp DFIZFEESHE NLO 1§

@ RENDIE — (Volume)' — DI/ T/HELY
— B{ES R ~ V5R5—RH

S2 k, S3 ky Sn k,
L/<S’Z;>: Z — 1]( /<SG>k1< 2G/>c <3G/>c < G/c
1 ko 42k, 4nk, =n "1 "2 n - ° 1
. I (SR s sE st
(exp(55)) =2, T A A YR VR % k!
ZUYITP '



Finite Coupling Effects (cont.)

s #isESh 1= Hubbard-Stratonovich (EHS) Z

@ B7;3% Composite DFEDHEIAIRE
Miura, Nakano, AO (09), Miura, Nakano, AO, Kawamoto (09)

exp (x4 B)
=[dodpexp[—a(@’~(A+B)p+d>—i(A—B)d)]
Nexp[_u(q—) P _ALI) _LI_) B)]stationary
s FRESEHIR

o HEIBIBRYIAATERDEIL (EEEAR® hopping NAE1L)

@ ANUA—VEEDZEIL (4 Fermi + 8 Fermi + 12 Fermi)

o BMEFERTUIOYILOEIL (RIMIVHITEFERIS)

@ RYML-RDF—HEE

in)ngghninii=Sal

' MMMM V-V MMMM MMMMMM V*V-MM VAV-MM
Ww
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Polyakov loop effects in SC-LOCD

# Polyakov Loop D ; A ;
| L= ) ATTee}
WLz -0 0 )

N
B T

PzNLtrL, L=Texp!—ifo dx4A4]=T| | U, (7, x)
=1

@ Order pcarameter of the deconfinement transition in the heavy quark mass
limit.
A.M. Polyakov, PLB72('78),477; L. Susskind, PRD20('79)2610; B. Svetitsky,
Phys.Rept. 132('86), 1.

@ Interplay between PL and y cond. is known to be important in effective

models
A. Gocksch, M. Ogilvie, PRD31(85)877; K. Fukushima, PLB591('04),277.

Polyakov loop will definitely affect QCD phase transition.
— Let's evaluate its effects in SC-LOCD
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Effective action with Polyakov loop

a8 Polyakov Loop action in the leading order of 1/g>
@ After integrating out plaquette action over spatial links, we get

1 \"

g'N

AS, =— N’ Z [PxPx+}.+h.c.] (LO in SC expansion)

x,j>0

(.55

@ Polyakov loop coupling with =~

Z~I1 [ dL(x)e ** det |1+ Le " 7 14 L7 e 50T

c

:Hfdpd]_)[_[(p’p) [1+N Pe BT LN P ﬁ)/T+e—3(Eq—ﬁ)/T]

—(E,+)/ 2(E, +u)/T+e—3(Eq+ﬂ)/T]

x[1+N Pe 4N Pe

Finite Polyakov loop [ enables one- and two-quark excitation
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8 {LERTUIVIL-TIL—F>2 L Fermion OFES

qy()(ing"'U)q

- gA, [HEERTFU v L ORBEH LS

u/

B
exp(u/T)—exp[(p+igd,)/T]=e" exp ifo gA,dT
8 RILYT - TPHR—~DEE

L=diag(exp(i61),exp(i@z),exp(i63)) (61+62+63=0)

—det(1+Lexp(—(E—w)/T))

3
=[1[1+exp(—X+i0,)]=1+N_le "+ N Te F+e ™
k=1
(X=(E—u)/T)
- BRORI7AT V=T E194—9. 20— OBEEHT

|
mw™m m m  YUKAWA INSTITUTE FOR
THEORETICAL PHYSICS

78



Chiral condensate and Polyakov loop

# Chiral and Deconf. transition correlate ! I

# SC-LQCD w/o PL: quarks are confined.
— PL promote quarks to deconfine !
(cf. Quarks are not confined in NJL

— PL confines quarks in PNJL.)

Polyakov Loop

Order Parameters

# Tcis suppressed with PL

00 200 300

Temperature [MeV]
2
| P=2N/g"=4.0,1=0, m=0.05 Fukushima ('04)
6/N.wPL —— 1.4 , YRy
6/N.w/o PL —----. @ By 1 B—
m,=600[MeV] -.-.—. -
1 P———mem —
0.5 ¢ = osf ]
o 06F e - -
0.4 |- ! -
0 0.2 F / e
0.5 1 DD.“I [::.|15 — (}I.Z (}.|25 0.3
T T[GeV]

Nakano, Miura, AO, Latl0 & in prep.

Sakai, Kashiwa, Kouno, Yahiro ('08)
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Critical Temperature at u=0

8 SC-LQCD w PL seems to be ) 5 m=0.0 |
qualitatively promising. ' B(T=1/N_, u=0)(MC) —s—
Is it quantitatively good ? 2t TSCL p=0)MC) —=—1

T 1.5 A\

@ Improved from SC-LQCD 3|* .. NNLO w/o PL

w/o Polyakov loop. N e e
@ Polyakov loop suppresses T . 05 1 NNLOw/PL = “

{] 1 1 1 1 1

(cf. PNJL) 0 1 9 3,4 5 6
@ Quantitavely, not bad for p <4 in p=2N/g

T, (B)

@ In the “scaling” region (p>5), we do

not see further bending of T in SC- Nakano, Miura, AO, LATI10 & in prep.
MC Results:

LQCD. Ph. de Forcrand, M. Fromm ('09),
Ph. de Forcrand, private comm.,
S.A.Gottlieb et al. ('87),
D'Elia, Lombardo ('03),
Z.Fodor, S. D. Katz ('02),
R.V.Gavaiet al. ('90)
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Comparison with Other Models

Quark-Gluon Plasma

Temperature T

Matter ___--moa———=

..
X CFL-KD, Crystalline CSC

Meson supercurrent Baryon Chemical Potential s
Gluonic phase, Mixed phase

Fukushima, Hatsuda ('10)

Nuclear Superfluid

Miura, Nakano, AO, LATI0, in prep.

Grozman et al. (08)

CAJARE - GLINON MATTER

T [GeV]

T T I
02 _||||Ililll||ll||ru.."h
a‘,‘.‘“
015
01
chiral =——
0.05 - quarkyonic ==~
dECan "IIIIIT]
CEP =
0 I | I

u [GeV]

[ 0 I EL'IF:' I 4';]& I 600
i Q Sf Cuark Chemical Potential [MeV]

0 005 01 015 02 025 03 0.35

Abuki et al. (08)

Hadromic - like

(I P
0 100

| B | R
200 300
w [AleV]

IR A
400 500

_F ulkulshilmal ( 08) |

_—

L L .
Critical End—Peint i

Deconfinement Crossover

) ' 5= Chiml Crossover |
— 200F
-
- W F
=
e 5
= AN
2 1F v Chiral Crossover G e
5

McLerran, Pisarski, Sasaki ('09)
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e ER. K73z )—=7 Summary

# Strong coupling lattice QCD (SC-LQCD) has been developed to
describe the QCD phase diagram at finite T and p.

@ Approximations: double expansion (1/g%, 1/d) and mean field.

@ Recent development: NLO and NNLO in 1/g%, Polyakov loop effects
cf. Jolicoeur, Kluberg-Stern, Morel, Lev, Petersson ('84)
— NNLO at T=0 treatment (no phase diagram study)
Gocksch-Ogilvie model
— SCL-LQCD + phen. string tension

# SC-LQCD may serve a qualitatively competitive framework
to effective models such as PNJL in some aspects of the QCD phase
diagram.

@ NNLO w/ PL (bosonization method) roughly (i.e. 10-20 % precision)
explains T in MC simulations for f§ < 4.

@ NLO w/ PL (Haar measure method) predicts the existence of the
quarkyonic matter.
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FIorS1>

s 5%/ Sec. 1(b)
o HRRE DDA M
* BB R, —VVyFRE, AR, BHRBO SRR
o hAZNHERENIL HE
* HA4SILXFRtE. Nambu-Jona-Lasinio (NJL) #&  hLSJLIBEEH
° BFLDIGZOEHAPT
* }&F QCD . Plaquette ¥EFH. #&F Fermion . Y298 &% .
o HEEEHF QCD

* BBREESHBR TO string tension EFHART I vIL,
SR, R 737 )L—7

I- EREMED QCD EHER

* Bag #2%!. Quark-Meson $2%!, Polyakov loop extended Quark-Meson
(POM) 1=EE, Polyakov loop extended NJL (PNJL) &%
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Effective Models of OCD
at High Density
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Effective Models of QCD

s Effective model &[X?
o BEFRICIL....

FEITHSBHEUNERS L. tOEREFALHBAEZEZAHEE

* ROMIEKTII ....
FTDEMMOMNFEGTEZREL, FHITHDE

SiBTT S
# Effective models of QCD

@ Quark BE - BRFI/+—o&0+—IRBOHBEERIZKY.

NFAVDARYML -BRIFIEE 28

@ Bag {RE : AAITHEERNEZNRELTNSEE R,

current quark [CEY/\FAVDARIRL

FRTEE TR

 NJL BRE:U+r—IRDAAFIWHHEHEER — SSB EEDEIE
@ Quark-Meson #&H® : V4—HLHfEF — ySSB & DEIE

@ Polyakov loop extended Quark-Meson (PQM)

=&, Polyakov loop

extended NJL (PNJL) & — NJL,QM & + RYy7az)—7
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Bag &%

# Bag model
o AAFILATMENEIEL-BEIRIHEZE
LR D P EIH—D HIER) BT ILRFREA BN T
i AR WO RN ERRY S R 22
M =2 +70 By
R " 3 }9
EWT LY K Eﬂfé AT, q 4
ITHLE— Ud)ﬂf‘aﬁ? \
DE. ..
@ BKH2D bag DHRTIA—Y D Diraceq. & \
LR x=2.04 ...
@ B: WL RFFENENIEEITKY BAZ IV FRED

BoONDIRILEX—FE : B~ (220 MeV)* BREMICEN-E2

Chodos, Jaffe, Johnson, Thorn, Weisskopf ('74)
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Bag 8% (cont.)

# Bag model EOS

o EBRMNEZ )
— HAZIILHFRELNERNICEN-EZ(MEBENEZ)IZHERT
BOIRILY—FRE

L=L

—B - T"'=T%Y

particle particle

(F—=UITHILF—)
@ HIFMMDIEN (Stefan-Boltzmann Bll)

+g"'B

—P Q/V__%T

7
Zg-B_I_S Zg-F)

@ DA—D-TGIN—F2TS5XR: 04—, . TI—F 2 LEBHBHNEZR

3717 4 371°
P o= o0 T*—B, €= 20

2 2
31T 4 RE 4

o NFOVIR:BVBBE - SEEOF Pi="0 T 4=,
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Bag 8% (cont.)

s HHECH:
@ YA IN—H2-TS5X<

» HIFATFELLZTNIE, BERPOEZEEY

HYEZLYILFF=EDRZE
» RENKEGNIE, KELTZEHED
=&, EATEZS
DOF=2(spin)X2(q,q)*3(color
X 2 (flavor)X 7/8(Fermion)
+ 2 (spin) X 8(color)

o N\FA
s MEHEZNREHOELE
(HFLS D E AHIXO)
» BT O B HER/ISL
— &R =/\FO . BE =QGP
E DR ELLGH =GR
IRIILXF—FBEIIKRE<EE

ENDREGHEBE2HZEZLDOS

Tc T

Pressure
4

Bag Model

Hagedorn

-

Energy Density
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Polyakov loop extended NJL model (PNJL)

# NJL model + Polyakov loop
K. Fukushima, PLB591('04)277;PRD77('08)114028.

AT AT dgp : —{E — }fT —(FE ]XT
— IN.N; . {EF+T111[1—|—.9 P~/ + Tin[l+e (Eptnu ]}
{EERTIIYIL-TI—F2 & Fermion DFES

—  0/.
gy (igd,+1)q
— gA [IEERTFUIPIILDEBEALED !

u/

exp(u/T)—exp[(pn+igd,)/T]=e" exp

ingAOdT

S 1
Q/V = Veme[L] + 55(M — my, )

o 1 1 ;
— 2N N / {;T};E{Ep + TETTC In [1 - Le_[EP_“}'*’T} + T%Tl‘.: In [1 + L—er_':EPﬂ‘]fT] }
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PNJL model (cont.)

8 194+—9 . 29— DOk

L=diag(exp(i0,),exp(i0,),exp(i0;)) (0,+0,+0,=0)
—det(l1+Lexp(—(E—pn)/T))

3 _
=k1}1 [1 —I—exp(—XJriek)]: 1+N le"+N le " +e ™
(X=(E—u)/T)
S RYFPATIN—TF | KEBTHAE. e

1 quark, 2 quark DRIEZEEFT S
B T ey ;f TN

B | / .

E VL
0 =_::£i;___-1;=1~===j_m
100 llj'.':l 3|I:||.'.'

Temperanme [MeV]

Lecture Sec. 1.1 90



Quark Meson Model

8 JA—YEHEFEEEITHAEBRELLTRYANSESE
(~RYMELT=NIL & + 7RV D Kkinetic term)
B.-J. Schaefer, J. Wambach, NPA757('05)479

, . 1 . 1
[A[®] = /EEJII {Lﬂ‘y#ﬁ# +g(o+iTmy5)]q + afﬁﬂ’j) 3(‘:}#7_) + V(o ’ :‘:2)}
: h N
Va(o?+7%) = Qﬂ{g +7°) + 7 (0°+7)°
® #RYAHTIRE,
> MYAAHBEHEXD
AAEHFLELTRRASIS, 160
140 b,
120 |
100 |
= of © T
= 8¢
O 15 J
e | /\
10 | /
or L g ] |
0t L ]
o240 250 260 270 280 290 =y
0 50 100 150 200 250 300

u [MeV]
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Polyakov Quark Meson model

8 Quark Meson model & Polyakov loop Z#E&LT-1&H!

B.-J. Schaefer, J.M.Pawlowski, J. Wambach, PRD76('07)074023
V. Skokov, B. Friman, E. Nakano, K. Redlich, B.-J. Schaefer, PRD82('10)034029.

: . ol L. L . 5
L =GP —g(o+iy77)) g+ 5(8.0)° 4+ 5(0u7)* —U(0, %) — U(D, D)
A 2 —2

Ulo,7) = I(J + 72 —v*)? —co D(®) = 7,0, — ivoAo(P)
U, P) ba ITRT 1 = by
L — = (|d]= D w3 3y 4 % 2
7 T (BF + 1) — (27 + &%) + — (/P ®|2)”

s FORIRILF—ZIYANGOERYHKL 1

(B.-J. Schaefer et al. ('07)) TIX. 0s
2 flavor DAL ZIVEEIR TH1 MR, G'.
s £0 JQI*)D¥T§HRUlh6& 5 0‘4'_
HEBORMA QCD hoDdFHE—H, " i3 =
(V. Skokov et al. ('10)) R e =L | |
005 01l 015 o2
T [GeV]
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Model dependence of the critical point

# Bag model

° NFOVHEE QGP HZEFDEHBEET
— QCD IR IILVOTH—R

# Chiral Effective models (NJL, PNJL, QM, PQM)

@ WML RHELZEE
— HJARF—7\— (n=0) H'5 1 RIBEEFE~

o REURFIEXFERLEFELKREL

s

100 .
10 [TE04 ppgn -
T L EET Vo -
MeV 70 g = gLl
" *
ol
_ .'::1:‘-3.r it
1 r * * *#30L
Cog9 Lsamop COTaz
*
) WILESh
. NILO] "
e
INILOS MIL39
:I 1 1
0 0 o i 0 1000 1400 a0
e, Mel'
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BEEREWED QCD FXNHEE Short Summary

s BEENEOHEELRRE
= ZLDEBAERSN, REW TS,

s Bag fHE
@ QCD EZDNZEALZMYANT=-BRIDDI U TIVIGER
o HHEERITEIC1IR

s HASILERHIER oo — :
o THAZLHFHED BRI ™ %ﬁk
SU(N)), x SU(N,), — SUN)), N

ZEE

o HA—HEBICLBMEBRED
BYTHYZEBA

o BRFRICOVTIIRBUKFERK

Ms

0 FHud Qo
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RSB DIEF OCD E0+—0YEDIEE

s BBENBEDHILL
* FRBEEDIRDERAM
* BEBEART. 1 —VVVFRFZE, AR, BEHREZO S ERH
WA AHERENIL RE
* AL SILXFitE. Nambu-Jona-Lasinio (NJL) #& A5 /LIRS
° BFLEDZOERAM
* }&F QCD . Plaquette {EA. VI8 . #8F Fermion
* RIS MF QCD

» BBREES1BE TO string tension EFHART I vIL,
SR, RY7aT- -7
@ 3F—
MBIESHKRF QCD NoMBEDHEEREBAER~A— RIRERE -
o BEEPHED QCD EHIER

s SREALI-CLE: BRES. RRESEM. FORITRILE—,
OB, hATILRFHE, RY e,  RUF7aoIL—T, &,
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Lih— &

s RYMELENIL BEROEANIMNSHFELT,. TOBE(T=0) TOED
RToovILERD K,
o RE . FREE-FEERE (ABRLLERTUIOYIL) TOEHRTOYIL
FREFIOA—VBET 2 RETERL. 2 Mﬁiﬂ@ﬁ#‘
T2+pg2/3n2 =T 2 THEALGNSHILETRHE

s ) OW|HERMALT, Wilson )b—jd)%qﬁﬁﬁ’&?‘ﬁﬁiéﬁﬁﬁ’éﬂw);o
?&iﬁ‘“*ﬂﬂf@ﬁ%khﬂz_’c Vg RMENREDELITEZAONEINER

s bag IEERBFEXICEVVTHER N ECSEEZ bag constant B &
JVWTERE N\FAVBIE3 DDA VEERZ, VA—D T IL—F>
HTRI+—IDIL— 1 —BE3LT 5,

#¥] 1228 . KEAEPEET,
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